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REDUCTION  OF  NON  LINEAR  RESONANCE  EXCITATION  FROM 
INSERTION  DEVICES  IN  THE  ALS* 

D.  Robin,  G.  Krebs,  G.  Portmann,  A.  Zholents,  Lawrence  Berkeley  Laboratory, 
Berkeley  CA  94720  USA,  and  W.  Decking,  DESY,  Hamburg,  Germany 


Abstract 


11.  OBSERVING  STRUCTURAL  RESONANCES 


Theoretical  studies  of  Lawrence  Berkeley  Laboratory’s  Ad¬ 
vanced  Light  Source  (ALS)  storage  ring  predict  strong  field  in¬ 
sertion  devices  will  break  the  rings  symmetry,  increasing  reso¬ 
nance  excitation  that  may  reduce  the  dynamic  aperture  and  thus 
the  beam  lifetime.  We  have  embarked  on  an  experimental  pro¬ 
gram  to  study  the  strength  of  nonlinear  resonance  excitation  in 
the  ALS  when  insertion  devices  are  present.  We  observe  an  en¬ 
hancement  in  the  resonance  excitation  of  a  third-order  resonance 
when  the  gap  of  the  insertion  device  is  narrowed.  We  also  find 
that  it  is  possible  to  suppress  this  resonance  by  detuning  two 
quadrupoles  on  either  side  of  the  insertion  device.  The  results  of 
this  study  are  presented  in  this  paper. 


1.  INTRODUCTION 

The  ALS  is  one  of  the  first  members  of  a  new  family  of 
synchrotron  light  sources  called  third-generation  light  sources. 
These  new  light  sources  are  designed  to  generate  a  small  beam 
emittance  to  enhance  the  brightness  of  the  radiation  emitted  from 
insertion  devices.  In  these  rings  the  natural  chromaticity  is  very 
large.  This  is  due  to  the  strong  focussing  quadrupole  magnets 
that  provide  the  small  emittances.  As  a  result  strong  sextupole 
magnets  are  necessary  to  correct  the  rings  natural  chromaticity. 

The  effects  of  alignment  errors,  magnetic  field  imperfections 
and  insertion  devices  (undulators  and  wigglers)  on  the  size  of  the 
dynamic  aperture  has  been  studied  theoretically[l][2][3].  These 
studies  have  shown  that  the  single  most  important  parameter  in 
causing  the  reduction  in  dynamic  aperture  is  the  distortion  of  the 
periodic  betatron  phase  between  the  sextupole  magnets.  The  lin¬ 
ear  focussing  of  an  insertion  device  can  distort  the  betatron  phase 
to  a  such  a  degree  that  the  resulting  reduction  in  the  dynamic 
aperture  is  greater  than  a  lattice  with  random  magnetic  errors  but 
no  insertion  device.  Several  linear  compensation  schemes  were 
studied  showing  that  the  dynamic  aperture  can  be  restored  to  a 
large  degree  by  using  a  global  matching  technique  to  minimize 
the  distortion  of  the  betatron  phase[4].  In  a  earlier  study  [5]  we 
observed  the  onset  of  resonances  when  the  symmetry  of  the  lat¬ 
tice  was  broken  by  deliberately  detuning  one  quadrupole. 

In  this  paper  we  report  on  the  results  of  an  experiment  where 
we  observe  the  onset  of  resonances  when  an  insertion  device  is 
closed.  By  carefully  adjusting  a  few  select  quadrupoles  near  the 
insertion  device  we  were  able  to  suppress  a  third  order  resonance 
to  the  same  level  when  the  undulator  gap  was  fully  open. 
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When  excited,  structural  resonances  may  alter  the  behavior 
of  particles  in  the  beams  tail.  Resonances  may  cause  particles 
to  increase  and  decrease  their  transverse  amplitudes  or  to  be 
trapped  at  large  amplitudes.  Therefore  by  monitoring  changes 
in  the  beam  tails  as  the  betatron  tunes  are  varied,  it  is  possible  to 
observe  the  onset  of  resonances. 

The  way  in  which  we  monitor  the  tails  is  by  limiting  the  trans¬ 
verse  physical  aperture  with  a  beam  scraper  and  measuring  the 
beam  lifetime  as  a  function  of  betatron  tunes.  If  resonances  are 
present  in  the  vicinity  of  the  tunes,  more  particles  will  hit  the 
scraper  when  they  make  large  amplitude  excursions  resulting  in 
a  shorter  beam  lifetime.  If  resonances  are  not  present,  fewer 
particles  will  hit  the  scraper  resulting  in  a  longer  beam  lifetime. 
Thus  if  we  vary  the  betatron  tunes  while  simultaneously  observ¬ 
ing  the  beam  lifetime  we  will  see  the  lifetime  drop  when  we  move 
onto  excited  resonances. 

A.  Experimental  Method  and  Apparatus 

The  experimental  technique  was  very  similar  to  that  used  in 
VEPP-4  [6] — to  measure  the  effect  of  the  beam-beam  force  on  the 
tails  of  the  beam.  A  detector  consisting  of  two  plastic  scintillators 
with  photomultiplier  tube  outputs  in  coincidence  (y-telescope) 
was  located  just  down-stream  of  a  horizontal  scraper.  The  y- 
telescope  detected  gamma  radiation  emitted  when  electrons  hit 
the  scraper.  The  count  rate  detected  is  proportional  to  the  rate  at 
which  particles  hit  the  scaper  and  is  related  to  the  beam  lifetime 
in  the  following  way: 


Beam  Lifetime  a 


Beam  Current 
Detector  Count  Rate 


(1) 


We  measure  beam  lifetime  versus  beam  current  and  y-telescope 
count  rate  and  found  that  equation  1  was  valid  between  beam 
lifetimes  of  1  to  12  hours  (see  figure  1).  Therefore  by  observing 
the  change  in  the  ratio  of  the  beam  current  to  the  detector  count 
rate  as  a  function  of  betatron  tune  we  were  able  to  observe  the 
onset  of  resonances.  Because  of  the  high  counting  rate  of  the 
detector  (~lMHz),  this  technique  is  a  faster  and  more  accurate 
method  of  measuring  changes  in  the  beam  lifetime  than  the  more 
direct  lifetime  measurement  of  beam  current  verses  time. 

Our  experimental  procedure  was  the  following.  We  would 
first  change  the  tunes  by  changing  two  families  of  quadrupoles 
according  to  a  previously  measured  transfer  matrix.  After  the 
quadrupole  fields  settled  we  measured  the  beam  current  and  the 
count  rate  in  the  detector  for  a  1  second  interval.  The  whole 
process  was  automated  and  took  about  2  seconds  per  tune  point. 
In  order  to  check  how  well  our  predicted  tunes  agreed  with  the 
measured  tunes  we  periodically  measured  the  tunes. 
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Figure.  1.  Relationship  between  the  beam  lifetime  and  the  de¬ 
tector  count  rate. 


III.  TUNE  SCANS 

We  chose  to  scan  in  a  region  of  tune  space  where  two  reso¬ 
nances  are  present:  Sv^  =  72  and  3vx  —  43  (see  figure  2).  The 
resonance  5vjc  =  72  is  allowed  by  the  rings  natural  12-fold  sym¬ 
metry  .  However  the  resonance  3vjc  =  43  is  unallowed  unless 
the  12-fold  symmetry  is  broken.  The  3vx  resonance  is  very  sen¬ 
sitive  to  lattice  errors  because  the  strength  of  the  resonance  is 
linearly  proportional  to  the  strength  of  the  sextupoles.  Therefore 
even  small  lattice  errors  can  cause  an  observable  enhancement 
in  that  resonance. 


Horizontal  Betatron  Tune 

Figure.  2.  Tune  portait  of  all  betatron  resonances  up  to  fifth 
order.  The  thicker  lines  are  the  allowed  resonances. 


A.  The  Unperturbed*'  Machine 

The  first  scan  was  made  with  the  undulator  gaps  fully  open. 
The  scan  covered  a  rectangular  region  in  tune  space  (14.3  < 
Vx  <  14.45  and  8.155  <  <  8.270).  Within  this  region  we 

scanned  150  horizontal  tune  values  by  10  vertical  tune  values 
(Avx  steps  of  0.001  by  Av^,  steps  of  0.012). 


Figure.  3.  Contour  plot  of  the  tune  scan.  Three  resonances  were 
clearly  seen. 

All  the  quadrupoles  in  each  family  were  set  to  the  same  current 
value  and  all  the  insertion  device  gaps  were  open.  Figure  3  shows 
the  results  of  the  scan.  Three  resonances  can  be  seen  in  the  scan: 


SV;,  =  72 

(allowed) 

II 

(unallowed) 

2V;^:  +  Vy  =  37 

(unallowed) 

B.  Symmetry  Breaking  by  Detuning  2  Quadrupoles 

Next  we  investigated  the  effect  of  detuning  two  quadrupoles 
symmetrically  on  either  side  of  the  sector  7  straight  section.  We 
scanned  horizontally  in  tune  (AV;^  steps  of  0.001)  keeping  the 
vertical  tune  constant  (v^  =  8.15).  We  found  that  as  the  amount 
of  quadrupole  detuning  increases  there  was  an  enhancement  in 
the  3vx  resonance  (see  figure  4).  In  fact  when  the  magnets  were 
detuned  by  more  than  ±  2.5%,  it  was  not  possible  to  cross  the 
3v;c  resonance  without  loosing  a  good  fraction  of  the  beam. 


Figure.  4.  Horizontal  tune  scans  (v^,  =  8.15)  for  undulator  7  gap 
open,  closed  and  closed  with  QDs  detuned. 

C.  Resonance  Excitation  from  the  Sector  7  Undulator 

We  then  investigated  the  effect  of  narrowing  the  gap  of  the 
U5  undulator  in  straight  section  7.  This  undulator  consists  of  89 
periods  of  5  cm  each.  When  the  undulator  is  at  its  minimum  gap 
(14  mm)  there  is  a  peak  field  on  axis  of  '^1  T. 
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When  the  undulator  gap  was  narrowed  to  14mm  we  measured 
orbit,  tunes,  beta- functions,  and  resonance  excitations  and  com¬ 
pared  them  with  measuments  taken  when  the  gap  was  fully  open. 
We  found  that  the  change  in  orbit  was  less  than  100  fim  in  both 
planes.  We  measured  a  horizontal  tune  shift  of  Av;^  =  0.003 
and  a  vertical  tune  shift  of  Av^  =  0.02.  By  changing  individual 
quadrupole  fields  and  measuring  tune  changes  we  found  a  10% 
change  in  the  beating  of  the  vertical  beta  function.  (We  were 
unable  to  measure  the  change  in  the  horizontal  beta  function  be¬ 
cause  the  change  was  smaller  than  the  resolution  of  our  measure¬ 
ment.)  At  minimum  gap  there  was  an  enhancement  of  the  3vj^ 
resonance  (see  figure  5).  However  there  is  no  enhancement  of 
the  5vjc  resonance. 


Figure.  5.  Compensation  of  the  3vjc  resonance  (V;,  =  14.3333). 

In  order  to  suppress  the  excited  3vx  resonance  we  detuned 
two  quadrupoles  on  either  side  of  the  undulator.  (These  are  the 
same  quadrupoles  which  were  discussed  in  the  previous  section.) 
These  two  quadrupoles  were  chosen  because  simulations  pre¬ 
dicted  they  would  be  very  effective  at  suppressing  the  beta  beat 
and  phase  distortion. 

We  found  that  by  detuning  the  quadrupoles  we  are  able  to  sup¬ 
press  the  resonance  (see  figure  5).  The  optimal  value  of  detuning 
the  quadrupoles  was  found  to  be  about  -1  %.  The  resonance  was 
suppressed  to  the  same  level  when  the  undulator  gaps  were  fully 
open  (see  figure  5). 

IV.  INTERPRETATION  OF  THE  RESULTS 

The  condition  for  minimum  resonance  excitation  corre¬ 
sponded  to  a  quadrupole  detuning  of  -1  %.  Since  we  did  not  have 
a  direct  measurement  of  the  distortion  of  the  horizontal  betatron 
function  we  tried  to  infer  the  distortion  indirectly  by  introducing 
a  quadrupole  component  in  the  model  of  our  undulator  which 
generated  the  measured  horizontal  tune  shift.  From  the  model 
we  then  extracted  the  distortion  of  the  betatron  function,  about 
+2%.  Furthermore  from  the  model  we  predict  the  settings  for 
the  quadrupoles  which  minimized  this  distortion.  To  minimize 
the  distortion  the  model  predicted  that  the  quadrupoles  should  be 
detuned  by  +2%.  This  optimal  detuning  is  opposite  in  sign  from 
what  was  found  experimentally  (-1%). 

We  repeated  these  measurements  on  several  occasions  with 
similar  results.  Moreover  we  found  a  similar  result  on  another 
undulator  in  the  ring  (U8  in  sector  9).  In  order  to  resolve  this 


conflict  we  intend  to  look  at  the  effects  of  vertical  resonances 
because  the  distortion  of  the  betatron  amplitude  and  phase  is 
larger  in  the  vertical  plane  and  are  directly  measurable. 
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Abstract 


=  -dAs/dy,  hy  =  dA^/dx, 


The  joint  effect  of  an  arbitrary  sum  resonance  and  a  linear  cou¬ 
pling  resonance  =  0  on  stability  of  betatron  oscilla¬ 

tions  in  a  circular  accelerator  is  studied.  The  presence  of  linear 
coupling  is  shown  to  result  in  splitting  of  the  cluster  of  sum  res¬ 
onance  straight-lines  into  a  family  of  hyperbolic  curves.  The 
analytic  results  obtained  are  verified  by  numerical  simulations. 

L  INTRODUCTION 

At  present,  the  design  employed  of  SC  dipoles  for  high  energy 
accelerators  does  not  ensure  the  small  enough  values  of  the  skew 
quadrupole  field  errors,  Refs.[l],[2].  This  gradient  brings  about 
the  major  contribution  to  linear  coupling  between  horizontal  (a:) 
and  vertical  (y)  betatron  oscillations. 

The  effect  of  this  coupling  on  the  motion  has  been  studied 
in  many  papers  (refer,  say,  to  Refs.[3]-[8])  of  which  we  would 
distinguish  quite  a  rigorous  and  consistent  Ref.[8].  These  pa¬ 
pers  treat  the  problem  in  terms  of  normal  oscillation  modes  and 
the  relevant  tunes  the  latter  being  quite  distinct  from  the 
unperturbed  betatron  tunes  However,  to  analyze  the  joint 
effect  of  linear  coupling  and  magnetic  nonlinearities,  it  might 
be  more  convenient  to  employ  y- modes  of  the  unperturbed 
oscillations. 

In  frames  of  the  first-order  perturbation  approach,  linear  cou¬ 
pling  shows  itself  up  as  an  excitation  of  sum  and  difference  res¬ 
onances  Qy±Qx  =  Being  treated  isolately  from  the  other 
resonances,  the  linear  difference  resonance  is,  by  itself,  not  dan¬ 
gerous  for  the  motion  of  beam  with  equal  betatron  x-  and  y- 
emittances.  The  total  energy  of  2-D  oscillations  being  kept  in¬ 
tact,  this  resonance  gives  rise  to  energy  exchange  between  x- 
and  y-directions.  Nonetheless,  such  a  resonance  can  result  in 
an  unstable  motion  in  the  presence  of  an  additional  sum  reso¬ 
nance  (not  necessarily  driven  by  the  skew  quadrupole)  which 
is  far  enough  from  the  working  point  not  to  inflict  any  danger, 
provided  the  "switched-off  linear  difference  resonance. 

The  common  vision  that  the  loss  of  stability  occurs  only  on 
the  condition  nQ  k  being  satisfied  seems  to  be  not  quite 
the  case.  It  does  hold  true  for  the  isolated  sum  resonance, 
given  there  exists  only  one  such  a  resonant  straight  line  in  plane 
{Qx,  Qy]  near  the  working  point.  By  a  simple  example  of  joint 
action  of  an  arbitrary  n-th  order  sum  resonance  and  a  linear  dif¬ 
ference  resonance,  it  would  be  shown  here  that  there  exists  a 
family  of  (n  -h  1)  hyperbolic  curves  in  the  betatron  tune  plane  at 
which  the  loss  of  stability  is  possible. 

11.  ANALYTIC  RESULTS 

A.  Betatron  Oscillations  of  the  Reference  Particle 

Components  h^^y  of  the  magnetic  field  imperfections  are 
expressed  in  terms  of  the  longitudinal  vector  potential  Ag  : 


^  ^  ^AHy 

— 2r 

n=0 


^y,n  A" 
2r^{n  -h  1) 


■{x  +  iyY 


where  AHx,n{s)  are  additions  to  the  field  introduced 

by  the  n-th  order  normal  and  skew  nonlinearities,  respectively, 
taken  at  (3:  r,  y  =  0) ;  r  is  a  reference  radius. 

Up  to  the  first  order  in  perturbation,  equations  of  betatron  mo¬ 
tion  of  the  on-momentum  particle  in  such  a  field  acquire  the 
canonical  form,  Ref.  [9]: 


die  _  dr}e  _  d{D) 

de  ~  drfe  ’  d0  die' 

r,  _  ^dmaxRo  ^  (j.  a\ 

C  ~  Pei^)  f  ^max  "I"  ^c) 

where  C  is  an  equation  symbol  for  either  x  or  y;  Rq  and  R  are 
the  average  and  curvature  radii,  respectively,  of  the  reference 
orbit  in  field  H;0  is  a.  generalized  azimuth  which  may  be  ex¬ 
pressed  by  the  longitudinal  coordinate  s  as  ^  =  s/ Rq;  {6)  is 
beta- function  and  A  Xc  unperturbed  phase  with  a 

periodic  part  Xc(^)‘  Thus,  y/T^  is  the  (’-oscillation  amplitude 
normalized  to  r  and  taken  at  azimuth  where  =  Pmax  •  The 
operator  (...)  denoting  the  averaging  over  0  removes  fast  har¬ 
monics. 

By  taking  into  account  the  periodic  dependence  of  D  on  ft  = 
{pxjpy)  and  azimuth  9,  one  can  put  down 


D  ^ 

— 

X 


00 

EE  Da^kilx ,  ly)  e^T>{i{nQ  -  k)0  +  infj} 

k—-~oo  ft 


1 

(2;r)3 


^/I^cosae,0} 


exp  {i[k9  -f  nx{9)  —  na]}  da^daydO 


where  n=  ,  Uy) ,  ,  A:  are  integers. 

The  resonant  harmonics  enter  {D)  as  complex  conjugated 
pairs,  {n,  k}  and  {-n,  -k},  which  are  responsible  for  excita¬ 
tion  of  fiQ  =  k  resonance.  The  infinite  increase  of  the  total 
energy  /  =  is  possible  under  the  impact  of  the  isolated 

sum  resonance  n  with  rix  ’  riy  >  0.  Due  to  this  reason,  the 
1-D  resonances  n  =  0)  and  ft  =  (0,  Uy)  should  rather  be 

treated  as  sum  ones.  Simplify  expression  for  amplitude  Dft^k  of 
the  resonant  harmonic  by  retaining  the  contribution  only  from 
the  nonlinearity  of  minimal  power  allowed  for  the  given  order 
of  resonance.  Then 
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Pft.k 


^max 


Trrn 


27r 


fAHy_n-l 


Kl 


I  (4/?ma37 ) 

AH,,„ 


RH 


-sin||nj,|} 


where  n  =  |na;|  +  |nj/|  is  the  order  of  a  resonance. 

Let  the  cross-point  Q*  of  the  n-th  order  sum  resonance  with 
the  line  of  difference  resonance  mQ  =  p,  m  =  (—1, 1)  be  re¬ 
ferred  to  as  the  n-th  order  cluster.  No  more  than  (n  -f  1)  sum 
resonances  of  n-th  order  can  cross  such  a  node:  n  =  (n  ~~  j,  j) 
where  j  =  0, . . . ,  n.  All  these  resonances  can  be  driven  by  the 
same  (n  —  l)-th  power  field  nonlinearity. 

The  joint  effec^of  a  sum  resonance  n  and  a  difference  res¬ 
onance  m  near  is  described  in  terms  of  variables  {/,  ff} 
through  the  canonical  Eqs.l  with  Hamiltonian: 

{D}  =  {P^,pe'^^  +  c.c.}y/U^ 

+  +  (2) 


/c  = 


Pn,j  — 


X 


j-0  j=0 


X 


exp{i[ne„j0  +  jrji  +  {n  -  j)r]2]}  +  c.c.} 
Pit,kpnj  exp{i(7Zj:  -  ny)(arg  ^Vn,p)/2} 


E 


l=ln 


rix  \ 

i-0 


(cosa)"^+^-2'(sina)”--J+2' 
m.ax{05j  ^r}?  ^max  — 
(^j:  +  Sy)/2  +  a;(l  —  2j/n) 


Any  of  Kjij  can  result  in  an  infinite  increase  of  the  total  energy 
of  oscillations,  given  certain  resonant  conditions  are  fulfilled.  In 
absence  of  a  difference  resonance  m  there  would  have  been  a 
single  straight  line  n(5“  =  0  in  the  plane  ^j/}.  However,  on 
this  resonance  being  taken  into  account,  a  set  of  (n  +  1)  resonant 
curves  Snj  =  0  emerge.  These  curves  are  given  parametrically 
through  Eqs.  to  follow, 


where  tZ;  =  SO-i-ff;  S  =  (Q  — Q*)  is  the  working  point  detuning 
from  the  cluster;  >0. 

B.  Effect  of  Isolated  Difference  Resonance  rh 

Study  of  motion  in  the  vicinity  of  the  isolated  difference  re¬ 
sonance  m  shows  that  any  particle  has  its  I^^^y  varying  harmon¬ 
ically  with  a  frequency  2a;  =  2y^|P^  p|2  +  {mS/2)^.  Fre¬ 
quency  uj  does  not  depend  on  oscillation  phase  and  amplitude, 
which  allows  one  to  transfer  to  new  variables  A  ^2  and  771^2,  the 
latter  being  the  integrals  of  motion, 


20  =  m^^-hargP^^p,  tana  =  ^  0  <  a  <  7r/2. 

u  -j-  mS/2 

Transformation  by  Eq.3  does  not  change  expression  for  the 
total  energy  /  =  4  +  4 

C.  Effect  of  Difference  Resonance  and  Sum  Resonance 

Whenever  simultaneous  effect  of  a  sum,  n,  and  a  difference, 
m,  resonances  in  the  neighborhood  of  the  n-th  order  cluster  is 
taken  into  account,  the  quantities  4^2,  7?i,2  would  no  longer  be 
integrals  of  motion.  Still,  the  use  of  these  variables  as  indepen¬ 
dent  ones  allows  us  to  transfer  from  Hamiltonian,  Eq.2,  to  a  new 
one,  /C,  in  terms  of  which  the  resonance  rh  would  be  formally 
absent.  According  to  Eqs.l,  3,  on  being  put  down  in  terms  of 
new  variables,  the  Eqs.  of  motion  would  retain  their  canonical 
nature: 


\P^A 

sin  2a 


cos  2a  H- 


(J)(l  -2i/n)} 


Depending  solely  on  the  cluster  order  n,  these  curves  form 
a  family  of  hyperboles  with  asymptotes  being  given  by 
~  I  (1  —  2j /n)  =  0.  It  Can  be  easily  found  that 
the  asymptotes  coincide  with  resonant  lines  of  all  the  n-th  order 
sum  resonances  which  may  cross  the  cluster  in  question.  Thus, 
the  ^switching-on'  of  the  difference  resonance  yields  splitting  of 
the  sum  resonance’ s  cluster. 

Figs.la,b,  where  designates  /|Pm,p  |»  show  the  splitting 
of  sum  resonances  h  =  (1,1)  and  n  =  (3, 0)  driven  by  a  skew 
field  gradient  and  a  normal  sextupole,  respectively.  The  width 
of  split  resonant  lines  is  chosen  as  proportional  to  j. 


III.  COMPUTER  SIMULATION 

Assume  the  field  imperfections  that  excite  resonances  h  and 
m  under  study  be  localized  at  the  quadrupole  centers  of  all  N 
cells  of  an  accelerator.  Suppose,  that  at  these  centers  the  fol¬ 
lowing  conditions  are  met:  =  ^y,def  -  /?max,  = 

Pyjoc  ~  /?min>  betatron  phase  advance  between  centers  of  adja¬ 
cent  F-  and  D-quads  being  the  same.  Take  the  following  parame¬ 
ter  values  appropriate  to  the  UNK  case:  A  =  160,  r  =  35  mm, 
Anax  =  152  m,  /?min  =  32  m.  Distribute  field  imperfections 
along  the  lattice  so  as  to  excite  in  the  vicinity  of  the  working 
point  only  a  sum  resonance  h  and  a  linear  difference  resonance 
rh  with  arg  ^  0  and  arg  =  0. 

A.  JointEffectofn=[l^l)andm=:[—l^l) 

Effect  of  these  two  resonances  treated  in  variables  4^2,  ??i,2 
results  in  emerging  of  three  split  resonant  lines  in  plane  {4 ,  (iy  }, 
see  Fig. la.  Take  the  split  resonance  3  =  2  and  treat  it  separately 
from  the  others.  In  such  a  case 


K  ~  /C/t,2  ==  -4{|Pri,fc|  ♦sin2a}cos(2e2,2^  +  2?7i)  (5) 


(9/C  drji  _  die 

drji '  dO  dli  ’ 


and,  thus,  4  and  772  are  kept  intact,  i.e.  hi^)  =  ^2(0)  and 
^  ^  772  (^)  —  ?72(0).  Put  the  working  point  exactly  at  the  resonant 


dli 

le 


7  =  1,2 
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curve  £2  2(a)  =  0.  Then  Eqs.4,  5  with  f/i(0)  =  ±7r/4  yield 
=’»?i(0)  and  total  energy  at  /2(0)  =  0  varying  in  accor- 
dance  with 


I[9)  =  7(0)exp{±2lP«,fe|sin2Q;  •  (6) 

For  the  preset  values  of  |Pri,fel  and  |P^,p|  the  skew  gradient  in 
/-th  period  is  given  by 


/Ag.,iA5\ 

V  HRr 


x{iPn,p|  +  2lF„-fe|cos(— (/-t))} 


(7) 


where  f  =  1/2  and  f  =  1  for  F-  and  D-quads,  respectively. 
Fig.2  shows  the  values  of  I{0)  calculated  via  Eq.6,  and  via  the 
numCTical  tracking  during  a  hundred  of  turns  with  |Pfi,fc| 
0.01,|P%,pl  =  0.1, 7(0)  =  1.0  for  1:  =  73,p  =  O.a  =  80®,i.e. 
4  =  0.56713,  Sy  =  0.01763.  The  agreement  of  results  is  fairly 
well. 


B.  Joint  Effect  of  ft  =  (3, 0)  and  in  =  (-1, 1) 

As  in  the  previous  example,  for  isolated  split  resonance  /  =  3 
one  has 

)C  ~  /C«,3  =  Ii''^{\Pn.k\ ■  cos^a}cos(3e3.3(a)  •  ^  +  ^i) 

Herefrom,  72(^)  =  /2(0),  mi^)  =  »?2(0).  and,  given  die 
position  of  the  working  point  exactly  at  the  resonance  line 
£3, 3(a)  =  0  with  initial  values  171(0)  =  ±7r/6,  one  gets 
rji{d)  =  const,  while  the  expression  for  the  total  energy  of  os¬ 
cillations  at  72(0)  =  0  acquires  the  form  of 

!{$)  =  7(0)  •  {1  T  3v^|Pfi.fc|  cos^o;  •  (8) 

For  the  preset  values  of  |P;j,fc|  and  |Prii,p|  the  distribution  of  the 
skew  gradient  is  still  given  by  Eq.7,  provided  a  single  differ¬ 
ence  resonance  in  is  excited,  while  the  distribution  of  quadratic 
nonlinearity  acquires  the  form  of 

7A77p,2As\  ^  487r  |P^,fc|  ^ 

HRr  )i~  N 

/  <»s{2j5i(I  - 1)}  forF 

cos{2^(/-l)}  forD 

Fig.2b  shows  the  values  of  the  total  energy  I {9)  calculated 
with  Eq.8  and  numerical  tracking  results  at  |P,t,fe|  =  0.01, 
|P,R_p|  =  0.1,  7(0)  =  0.33  for  k  =  110,  p  =  0  a  =  80»,  i.e. 

=  0.56713,  Sy  =  0.01763.  The  quantitative  disagreement 
of  theory  against  the  numerical  results  can  be  accounted  for  by 
the  second-order  effect  introduced  by  the  quadratic  nonlinearity 
which  were  omitted  in  the  analytical  treatment.  Nevertheless,  at 
least  the  qualitative  agreement  is  still  satisfactory. 


IV.  CONCLUSION 

The  presence  of  linear  difference  resonance  changes  the  loca¬ 
tion  and  shape  of  resonant  lines  in  plane  of  unperturb^  betatron 
tunes.  Namely,  the  cluster  of  sum  resonances  is  split  into  family 
of  hyperbolic  resonant  curves.  These  split  resonances  are  capa¬ 
ble  of  increasing  the  total  energy  of  oscillations  and,  thus,  can 
decrease  the  dynamic  aperture,  which  has  been  found  in  Ref.[8] . 
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Figure  1.  Splitting  of  sum  resonances;  n  =  (l,l)(a),  n  — 
(3,0)(&) 


Figure  2.  Comparison  of  theory  (— )  against  tracking  (o)  for 
n  =  (1,  l)(a)  and  n  =  (3, 0)(&) 
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LINEAR  ORBIT  PARAMETERS  FOR  THE 
EXACT  EQUATIONS  OF  MOTION* 

G.  Parzen,  Brookhaven  National  Laboratory,  Upton,  NY  11973  USA 


Abstract 

This  paper  defines  the  beta  function  and  other  linear  orbit  pa- 
rameters  using  the  exact  equations  of  motion.  The  p,  a  and  ^ 
functions  are  redefined  using  the  exact  equations.  Expressions 
are  found  for  the  transfer  matrix  and  the  emittance.  The  dif¬ 
ferential  equations  for  t]  =  is  found.  New  relationships 

between  or,  ^  and  v  are  derived. 


L  INTRODUCTION 

This  paper  defines  the  beta  function  and  the  other  linear  or¬ 
bit  parameters  using  the  exact  equations  of  motion.  The  usual 
treatment  [1]  of  the  linear  orbit  parameters  is  based  on  the  ap¬ 
proximate  equation  of  motion 

(fix 

-j^^K{s)x  =  {)  (1) 

Approximations  are  made  in  obtaining  Eq.  (1)  which  are  usually 
valid  for  large  accelerators. 

The  exact  linearized  equations  of  motion  can  be  written  as 
=  Anx  +  Anpjc 

=  A21X  -h  A22PX  (2) 

X  and  px  are  the  canonical  coordinates  in  a  curvilinear  coordinate 
system  based  on  a  reference  orbit  and  the  A/^  (5)  are  periodic 
in  s  with  period  L.  The  approximate  Eq.  (1)  assumes  that 
All  =  A22  =  0,  Ai2  =  1  and  A21  =  —K{s).  The  exact  values 
of  the  Aij  are  given  in  [2]. 

A  treatment  of  the  linear  orbit  parameters  based  on  the  exact 
equations,  Eqs.  (2),  rather  than  the  approximate  Eq.  (1)  may  be 
desirable  in  the  following  situations: 

1 .  Symplectic  long  term  tracking  using  a  procedure  where  the 
magnets  are  replaced  by  a  sequence  of  point  magnets  and 
drift  spaces.  For  the  tracking  to  be  symplectic,  one  has  to 
use  the  solutions  of  the  exact  equations  of  motion.  The 
linearized  equations  of  motion  then  have  the  form  of  Eq. 
(2). 

2.  Small  accelerators  where  the  approximations  made  in  de¬ 
riving  Eq.  (1)  may  not  be  valid. 

Many  of  the  results  found  using  the  approximate  equations 
carry  over  for  the  exact  equations.  A  few  of  the  changed  results 
are  the  following: 


dx 

7^ 

dpx 

ds 


a 


1 

An 


A 


ds 

‘"7 


(3) 


V 


lit  Jo  p 


where  C  is  the  circumference  of  the  accelerator. 


IL  EIGENFUNCTIONS  OF  THE  EXACT  LINEAR 
EQUATIONS  OF  MOTION  AND  THE  LINEAR 
ORBIT  PARAMETERS 

The  problem  now  is,  given  the  exact  linear  equations  of  mo¬ 
tion,  Eq.  (2),  how  does  one  define  the  linear  orbit  parameters 
P,  a,  y,  ir,  v  and  the  emittance  and  what  are  the  relationships 
that  hold  between  them.  To  do  this,  one  has  to  repeat  the  well 
known  treatment  of  the  linear  orbit  parameters,  and  see  where  the 
definitions  and  relationships  change  for  the  exact  equations.  The 
treatment  given  below  is  believed  to  reduce  the  amount  of  alge¬ 
braic  manipulation  required,  and  makes  few  assumptions  about 
the  Aij  coefficients  in  the  linear  equations. 

For  the  x  motion,  the  linear  equations  are  written  as 

=  Anx  +  AnPx 

=  A21Px‘^A22X  (4) 

The  transfer  matrix  M(s,  jq)  obeys 

X  =  M(5,  Sq)Xo 

’  =  (;,)  ® 

d 

—M  =  AM 
ds 

One  may  note  that  the  symbol  x  is  used  in  2  different  ways. 
The  meaning  of  x  should  be  clear  from  the  context.  The  matrix 
M  is  symplectic  as  the  equations  of  motions  are  derived  from  a 
hamiltonian.  [1,3]  Thus 

MM  =  7 
M  ^  SMS 

*  =  (-. 

S  is  the  transverse  of  S,  Also  \M\  =  1;  \M\  is  the  determinant 
ofM, 

The  one  period  transfer  matrix  is  defined  by 

M{s)  =  M{s  +  L,s)  (7) 

where  L  is  the  period  of  the  Aij  in  Eq.  (4).  One  can  show  that 
M{s)  and  M{so)  are  related  by 


dx 

d^ 

dpx 

ds 


*Woiic  performed  under  the  auspices  of  the  U.S.  Department  of  Energy. 


M{s)  -  M{s,  so)Mso)M{sq,  s)  (8) 
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The  eigenfunctions  and  eigenvalues  of  M(5)  are  defined  by 

M{s)x  =  Xx, 

\M-XI\  =  0,  (9) 

X^  —  (mil  +  m22)X  +  1  =  0 

where  mij  are  the  elements  of  M,  and  using  \M\  =  1. 

Eqs.  (9)  shows  that  the  two  eigenvalues  A-i,  X2  obey 

XxX2  =  1,  (10) 

and  for  stable  motion,  |X|  =  1  and  X2  =  A.*,  and  we  can  write 

Ai=exp(i/i)  (11) 

Given  the  eigenfunction  at  sq,  xi(^o)  one  can  find  the  eigen¬ 
function  or  any  other  point  s  using 

XX  (s)  =  M(s,  so)xi  (sq),  (12) 

and;ci  (.s)  has  the  same  eigenvalue  Ai.  This  follows  firomEq.  (9), 
using  Eq.  (8)  to  relate  M(s)  and  M(so).  Also  a:i(5)  obeys  the 
linear  equations  of  motion, 

■^xi^Axx,  (13) 

as 

which  follows  from  Eq.  (12)  and  Eq.  (5).  One  can  show  that 
^iWAf^  =  /iW,  (14) 

where  /i  (s  +  L)  =  f\ (s).  This  follows  from 
/i(s  +  L)  =  + 

Thus,  one  can  write 

a:i(s)  =  expO>s/L)/i(s) 

/,(5  +  L)  =  U{s)  (15) 

Eq.  (15)  can  be  rewritten  as 

Jci(^)  =  /3(j)'^^exp(iVf) 

Vf(i)  =  iisIL-Vgiis)  (16) 

gi(s  +  L)  =  gi(i),  fi(s  +  L)  =  p{s) 


For  xi  one  uses  Eq.  (16)  and  for  p^c  i  one  finds  from  the  equations 
of  motion 

W  =  X2Pxl  -  PxtXl 

„  =  (20) 

as  as  J  Ai2 

W  = 

An  * 

The  beta  function  is  normalized  by  normalizing  the  eigen¬ 
functions  so  that  ^ 

W  ^Xx  Sxi  =  2i  (21) 

which  gives 

(22) 

ds  P 

Eq.  (22)  replaces  the  familiar  result  df/ds  =  \/P  which  is  ob¬ 
tained  when  A 12  =  1 .  From  Eq.  (22)  one  can  find  a  result  for  the 
tune.  Using  27rv  =  ^(C)  -  ^(0)  where  C  is  the  circumference 
of  the  accelerator,  one  finds 
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From  Eq.  (19)  we  now  find  for  px\ , 


-(/  —  a)Qxp(ixlr) 


Eq.  (25)  provides  the  new  definition  for  the  a  parameter,  which 
replaces  the  familiar  result  a  —  —^dfifds.  At  this  point  the 
definition  of  a  may  seem  arbitrary.  It  will  be  seen  to  be  the 
convenient  definition  of  a  when  the  emittance  and  transfer  matrix 
are  considered. 

The  eigenfunctions  can  now  be  written  as,  using  Eq.  (16)  and 
Eq.  (25), 


1 

?  2(—Qf  +  /)_ 


exp(«» 


X2  =  Xj 


For  the  results  for  the  emittance  and  transfer  matrix,  see  [2]. 


Eq.  (16)  defines  the  beta  functions,  P  (5),  except  for  a  normaliza¬ 
tion  multiplyer,  for  the  eigenfunction  jci(.y).  The  normalization 
multiplyer  will  be  defined  below.  It  will  be  shown  first  that  yjr 
and  P  are  related.  To  find  this  relation,  one  uses  the  Lagrange 
invariant  [1] 

W  =X2  Sxx  (17) 

where  jci,  X2  are  two  solutions  of  the  equations  of  motion.  Eq. 
(17)  corresponds  to  the  Wronskian  in  the  treatment  of  the  ap¬ 
proximate  equations  of  motion.  For  jci  and  X2,  we  use  the  two 
eigenfunctions  ;ci  and  X2  —  x\. 


III.  DIFFERENTIAL  EQUATIONS  FOR  THE 
LINEAR  ORBIT  PARAMETERS 

This  section  finds  differential  equations  for  and  t] 

A.  Second  Order  Dijferential  Equation  for  x 

From  the  first  order  differential  equation  for  x,  px,  Eq.  (4), 
one  can  eliminate  px  to  find  a  second  order  equation  for  x.  See 
[2]  for  details 


It  has  been  assumed  that  An  =  —  A22- 
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B.  Differential  Equation  for  f 

To  find  a  differential  equation  for  p,  into  Eq.  (27)  for  put 
the  eigenfunction 


X  =  b  exp(i\lr) 

b  =  (28) 


We  find  then,  see  [2]  for  details, 


(29) 

Eq.  (29)  is  a  second  order  differential  equation  for  Z?  —  It 
can  be  compared  to  the  result  found  when  A\2  =  1  and  An  =0, 


ds^ 


(30) 


C.  Differential  Equation  for  q 
q  and  x  are  related  by 

x=bq,  b  =  p^/'^  (31) 

In  the  differential  equation  for  q  the  independent  variable  is 
or  6  which  are  related  to  s  by 


dyjr  = 

de  = 


(32) 


We  find  dxjds  2ix\dd{A[2dx/ds)/ds  which  are  then  substituted 
intoEq.  (27)  to  get  the  equation  for using  Eq.  (29)  to  eliminate 
derivatives  of  b.  This  gives,  see  [2]  for  details, 


d^T]  2 

+  =  ° 


The  differential  equation  for  q  is  unchanged. 


(33) 


IV.  PERTURBATION  THEORY  USING  THE 
DIFFERENTIAL  EQUATION  FOR  rj 

The  equation  for  q,  Eq.  (33)  is  often  used  as  a  starting  point  in 
finding  the  effects  of  a  perturbing  field.  The  particle  coordinates 
are  measured  relative  to  a  reference  orbit  which  is  the  particle 
motion  in  a  known  magnetic  field  with  components  B,  .  The 
exact  equations  of  motion  can  then  be  written  as 


are  given  by 


fz  =  —(l+x/p)ABy 

bp 

U  =  ~{\^xlp)AB, 
Bp 


(35) 


Repeating  the  above  derivation  of  Eq.  (33)  for  q,  including  the 
fi  terms,  one  finds  the  q  equation  for  the  x-motion 


d^q  2 


112 


fx 


de  =  A 


12 


A? 

A 

ds 

VxPx 


A  similar  equation  can  be  found  for  the  y  motion, 
d^7] 


VyPy 


fy 


A34 

Al. 


For  the  case  of  a  gradient  perturbation 


AJ9y  =  —Gx 


(37) 


(38) 


one  can  use  Eq.  (36)  to  find  the  change  in  V;c>  Av^c.  One  finds 

=  (39) 

This  well  known  result  for  A  V;f  is  not  changed  by  using  the  exact 
linear  equations. 
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axi  \ ^ 

■^  =  Z,  1  =  1, 4, 7  =  1, 4  (34) 

J 


where  the  f  includes  all  the  terms  not  included  in  J^AijXj. 
These  include  terms  due  to  fields  not  included  in  the  reference 
field  Bi ,  which  may  be  referred  as  A  5, ,  and  nonlinear  terms  due 
to  the  terms  in  the  exact  equations  of  motion  that  do  not  depend 
on  Bi. 

One  can  see  from  the  exact  equations  of  motion,  that  the  con¬ 
tributions  to  fi  which  depend  explicitly  on  A  5/,  when  ABs  =  0, 
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TUNE  MODULATION  DUE  TO  SYNCHROTRON  OSCILLATIONS  AND 
CHROMATICITY,  AND  THE  DYNAMIC  APERTURE* 

G.  Parzen,  Brookhaven  National  Laboratory,  Upton,  NY  11973  USA 


Abstract 

A  tracking  study  was  done  of  the  effects  of  a  tune  modula¬ 
tions,  due  to  synchrotron  oscillations  and  the  tune  dependence 
on  momentum  (chromaticity),  on  the  dynamic  aperture.  The 
studies  were  done  using  several  RHIC  lattices  and  tracking  runs 
of  about  1  X  10®  turns.  The  dynamic  aperture  was  found  to 
decrease  roughly  linearly  with  the  amplitude  of  the  tune  mod¬ 
ulation.  Lower  order  non-linear  resonances,  like  the  1/3  and 
1/4  resonance  are  not  crossed  because  of  the  tune  modulation. 
Three  different  cases  were  studied,  corresponding  to  RHIC  lat¬ 
tices  with  different  /?* ,  and  with  different  synchrotron  oscillation 
amplitudes.  In  each  case,  the  tune  modulation  amplitude  was 
varied  by  changing  the  chromaticity.  In  each  case,  roughly  the 
same  result,  was  found.  The  result  found  here  for  the  effect  of  a 
tune  modulation  due  to  chromaticity  may  be  compared  with  the 
result  found  for  the  effect  of  a  tune  modulation  due  to  a  gradient 
ripple  in  the  quadrupoles.  The  effect  of  a  tune  modulation  due 
to  a  gradient  ripple  appears  to  be  about  4  times  stronger  than  the 
effect  of  a  tune  modulation  due  to  chromaticity  and  synchrotron 
oscillations. 


1.  INTRODUCTION 

A  tracking  study  was  done  of  the  effects  of  a  tune  modula¬ 
tion,  due  to  synchrotron  oscillations  and  the  tune  dependence  on 
momentum  (chromaticity),  on  the  dynamic  aperture.  The  stud¬ 
ies  were  done  using  several  RHIC  lattices  and  tracking  runs  of 
about  1x10®  turns.  The  dynamic  aperture  was  found  to  decrease 
roughly  linearly  with  the  amplitude  of  the  tune  modulation  and 
may  be  represented  by 

A  =  Ao(l-10Ai/)  (1) 

where  Ao  is  the  d5mamic  aperture  for  Au  =  0,  and  Ai/  is  the  tune 
modulation  amplitude.  In  Eq.  (1),  the  range  of  Ai/  is  such  that 
lower  order  non-linear  resonances,  like  the  1/3  and  1/4  resonance 
are  not  crossed  because  of  the  tune  modulation. 

Three  different  cases  were  studied,  corresponding  to  RHIC 
lattices  with  different  and  with  different  synchrotron  oscil¬ 
lation  amplitudes.  In  each  case,  the  tune  modulation  amplitude 
was  varied  by  changing  the  chromaticity.  In  each  case,  roughly 
the  same  result,  Eq.  (1),  was  found. 

The  result  found  here  for  the  effect  of  a  tune  modulation  due 
to  chromaticity  may  be  compared  with  the  result  found  [1]  for 
the  effect  of  a  tune  modulation  due  to  a  gradient  ripple  in  the 
quadrupoles,  which  was 

A  =  Ao(l-42Ai/)  (2) 

The  effect  of  a  Ai/  due  to  a  gradient  ripple  appears  to  be  about 
4  times  stronger  than  the  effect  of  a  Ai/  due  to  chromaticity  and 
synchrotron  oscillations. 

•Work  performed  under  the  auspices  of  the  U.S.  Department  of  Energy. 
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Figure.  1 .  A  plot  of  the  dynamic  aperture,  Asl  » versus  the  tune 
modulation  amplitude,  Av. 


II.  TRACKING  RESULTS 

The  tune  of  the  particle  is  modulated  with  time  due  to  the  chro¬ 
maticity  and  the  synchrotron  oscillations.  If  the  chromaticity  is 
given  by  (7® ,  Cy  and  the  amplitude  of  the  synchrotron  oscillation 
in  momentum  is  given  by  ±Ap/p,  then  the  tune  is  modulated 
with  time  with  a  tune  oscillation  amplitude  given  by 

Avx  =  Cx  Ap/p 

Avy  =  Cy  Ap/p  (3) 

The  frequency  of  the  tune  modulation  is  that  of  the  synchrotron 
oscillation.  For  one  case  that  was  studied,  the  synchrotron  oscil¬ 
lation  frequency  is  about  260  hz. 

Figure  1  shows  the  d5Tiamic  aperture  Asl  versus  Ar*  for  a 
RfflC  lattice  with  =  6  at  all  6  insertions.  The  synchrotron 
oscillation  amplitude  is  held  constant  at  Ap/p  =  0.005,  Au 
is  varied  by  varying  the  chromaticity  (7*  =  Cy  from  0  to  10 
producing  a  maximum  Av  of  50  x  10“^.  The  nominal  tune  is 
i/x  =  28.826,  Vy  =  28.821  and  with  this  range  of  Ai/  low  order 
resonances  like  the  1/3  or  1/4  resonances,  are  not  crossed.  Fig¬ 
ure  1  shows  a  roughly  linear  decrease  of  the  dynamic  aperture 
with  Ai/  from  Asl  =  9-5  nun  at  Ai/  =  0  to  Asl  =  6.5  mm  at 
Ai/  =  50  X  10-®. 

Three  cases  were  studied  with  the  same  RF  system  which  at 
the  energy  corresponding  to  7  =  30  has  a  synchrotron  oscillation 
frequency  of  about  260  hz.  These  three  cases  are  listed  in  Table 
1.  Case  2  has  /?*  =  6  and  Ap/p  =  0.0025.  Case  3  has  /?*  =  2 
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A/AO  vs  Av 
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Figure.  2.  A  plot  of  Aj Aq  versus  Ai/  for  three  different  cases.  A 
is  the  dynamic  aperture,  Ao  is  the  dynamic  apertue  for  Ai/  =  0. 


and  Ap/p  =  0.0018.  The  height  of  the  RF  bucket  in  Ap/p  is 
Ab  =  0.006  in  the  3  cases  at  7  =  30. 

Table  1 :  A  table  of  3  cases  studied  where  the  synchrotron  oscil¬ 
lation  frequency  was  held  constant  at  f,  =  260  Hz. 


Case 

p* 

(m) 

Ap/p 

Synch.  Osc.  Amp. 

1 

6 

0.005 

2 

6 

0.0025 

3 

2 

0.0018 

Figure  2  plots  the  tracking  results  for  A  jAo  against  Av  for  the 
3  cases.  A  is  the  dynamic  aperture,  Aq  is  the  dynamic  aperture 
for  Av  =  0,  and  Av  is  the  amplitude  of  the  tune  modulation, 
which  is  varied  by  changing  the  chromaticity  C^-Cy.  Figure 
2  indicates  that  the  data  for  all  3  cases  lie  roughly  on  the  straight 
line 

A  =  Ao{l-lOAv)  (4) 

In  the  range  of  Av  covered  in  Fig.  2  there  is  only  one  low  or¬ 
der  resonance,  which  is  below  tenth  order,  that  is  reached  by  the 
tune  modulation.  This  is  the  5/6  resonance  at  v  =  28.83333. 
The  unperturbed  tune  is  at  i/*  =  28.826  Vy  =  28.821.  The  5/6 
resonance  is  reached  at  a  tune  modulation  of  Ai/  >  7  x  10“®. 
The  results  in  Fig.  2  do  not  clearly  show  the  presence  of  this  res¬ 
onance.  The  runs  done  with  Av  >  7  x  10~^  sweep  over  the 
5/6  resonance  many  times  in  10®  turns,  yet  the  dynamic  aperture 
found  for  Av  >  7  x  10~®  does  not  show  much  effect  from  the 
5/6  resonance. 

One  may  speculate  as  to  under  what  conditions  the  result,  Eq. 
(4)  may  be  roughly  valid.  One  may  conjecture  that  Eq.  (4)  for 
the  dependence  of  the  dynamic  aperture  on  the  amplitude  of  the 
tune  modulation  may  be  roughly  valid  under  the  following  con¬ 
ditions: 


1.  The  tune  modulation  does  not  sweep  over  the  lower  order 
resonances  like  the  1/3  or  1/4  resonances. 

2.  The  field  error  multipoles,  or  a„,  are  roughly  given  by 
bo/ET,  where  bo  ~2x  10“^  and,  usually,  R  is  roughly  the 
magnet  coil  radius. 

3 .  The  tune  modulation  is  generated  by  the  presence  of  a  tune 
dependence  on  momentum  (chromaticity)  and  synchrotron 
oscillations,  and  the  frequency  of  the  synchrotron  oscilla¬ 
tions  is  small  compared  to  the  particle  revolution  frequency 
in  the  accelerator. 

The  result  found  for  the  decrease  in  dynamic  aperture,  Eq.  (4), 
may  be  compared  with  the  result  found  for  the  effect  on  the  dy¬ 
namic  aperture  due  to  a  tune  modulation  generated  by  a  ripple  in 
the  gradient  of  the  quadrupoles,  which  is  given  by 

A  =  Ao{l  —  42  Av) ,  gradient  ripple.  (5) 

One  sees  that  a  Av  due  a  gradient  ripple  is  more  effective  in  re¬ 
ducing  the  dynamic  aperture  than  a  Av  due  to  chromaticity  and 
synchrotron  oscillation  by  about  a  factor  of  4. 

III.  DEPENDENCE  OF  DYNAMIC  APERTURE 
ON  THE  SYNCHROTRON  OSCILLATION 
FREQUENCY 

The  frequency  of  the  synchrotron  oscillation  frequency  can  be 
varied  by  varying  the  voltage,  V,  and  the  harmonic  number,  h, 
of  the  RF  cavity.  If  this  is  done  holding  V/h  constant,  then  the 
height  of  the  RF  bucket  in  Ap/p  is  not  changed. 

The  dependence  of  the  d)niamic  aperture  on  the  synchrotron 
oscillation  frequency  /,  was  studied  for  the  case  Ai/  =  50  x 
10“®,  Ap/p  =  0.005,  =  Cy  =  10,  /?*  =  6.  This  case  has 

the  largest  tune  oscillation  amplitude  studied.  The  results  for  the 
dynaimc  aperture  Asl  vs.  f,  for  this  case  are  shown  in  Figure 
3.  /,  was  varied  from  /,  =  16.25  hz  to  520  hz.  Figure  3  does 
not  show  much  dependence  of  Asl  on  /,  over  this  range  in 
-4sl  is  given  by  5.5  d:  1  mm  over  the  range  in  /,.  There  appears 
to  be  a  small  decrease  in  Asl  for  lower  /, .  One  should  note  that 
the  tracking  results  for  Asl  become  more  doubtful  at  lower  val¬ 
ues  /,.  At  /,  =  16.25,  there  is  time  for  about  250  synchrotron 
periods  in  1  million  turns.  This  effect  would  probably  reduce  the 
dynamic  aperture  at  lower  values  of 

IV.  COMMENTS  ON  THE  TRACKING 

It  is  important  that  the  tracking  be  symplectic.  To  achieve 
this,  the  ORBIT  program  was  changed  [2]  to  allow  the  use  of 
point  magnets.  The  methods  used  are  similar  to  those  used  in 
the  TEAPOT  [3]  program,  with  some  modifications,  including 
the  choice  of  the  reference  orbit  [4]. 

One  160  MHz  RF  cavity  with  an  RF  voltage  of  4.5  MV  was 
used  in  the  tracking.  The  bucket  height  is  Ap/p  =  6  x  10”®  at 
7  =  30  and  Ap/p  =  2  x  10”®  at  7  =  100. 

Random  and  systematic  field  errors  were  present  in  each  mag¬ 
net  at  the  level  given  in  Ref.  5.  Field  error  multipoles  up  to  order 
10  were  included.  The  studies  done  in  this  paper  were  done  for 
a  particular  set  of  field  errors  which  gave  the  smallest  dynamic 
aperture,  out  of  ten  different  distributions  of  the  random  field  er¬ 
rors,  in  the  absence  of  tune  modulation. 
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Figure.  3.  A  plot  of  Asl  versus  /,,  the  synchrotron  oscillation 
frequency. 


The  dynamic  aperture  is  computed  by  doing  a  series  of  runs 
with  the  starting  conditions  a;'  =  ]/  =  0,  and  find¬ 

ing  the  largest  betatron  oscillation  anq)litude  that  is  stable  for 
800,000  turns. 
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Abstract 

The  motion  of  a  particle  in  6-dimensional  phase  space  in  the 
presence  of  linear  coupling  can  be  written  as  the  sum  of  3  normal 
modes.  A  cubic  equation  is  found  for  the  tune  of  the  normal 
modes,  which  allows  the  normal  mode  tunes  to  be  computed 
from  the  6  X  6  one  turn  transfer  matrix.  This  result  is  similar  to 
the  quadratic  equation  found  for  the  normal  mode  tunes  for  the 
motion  of  a  particle  in  4-dimensional  phase  space.  These  results 
are  useful  in  tracking  programs  where  the  one  turn  transfer  matrix 
can  be  computed  by  multiplying  the  transfer  matrices  of  each 
element  of  the  lattice.  The  tunes  of  the  3  normal  modes  for  motion 
in  6-dimensional  phase  space  can  then  be  found  by  solving  the 
cubic  equation.  Explicit  solutions  of  the  cubic  equation  for  the 
tune  are  given  in  terms  of  the  elements  of  the  6  x  6  one  turn 
transfer  matrix, 

1.  INTRODUCTION 

The  motion  of  a  particle  in  6-dimensional  phase  space  in  the 
presence  of  linear  coupling  can  be  written  as  the  sum  of  3  normal 
mode.  A  cubic  equation  is  found  for  the  tune  of  the  normal 
modes,  which  allows  the  normal  mode  tune  to  be  computed  from 
the  6  X  6  one  turn  transfer  matrix. 

This  result  is  similar  to  the  quadratic  equation  [  1]  found  for  the 
normal  mode  tune  for  the  motion  of  a  particle  in  4-dimensional 
phase  space.  These  results  are  useful  in  tracking  programs  where 
the  one  turn  transfer  matrix  can  be  computed  by  multiplying  the 
transfer  matrices  of  each  element  of  the  lattice.  The  tune  of  the  3 
normal  modes  for  motion  in  6-dimensional  phase  space  can  then 
be  found  by  solving  the  cubic  equation.  Explicit  solutions  of  the 
cubic  equation  for  the  tune  are  given  in  terms  of  the  elements  of 
the  6  X  6  one  turn  transfer  matrix. 

11.  A  CUBIC  EQUATION  FOR  NORMAL  MODE 

TUNES 

The  particle  coordinates  are  assumed  to  be  x,  y,  py,  z,  Pz- 
Then  the  linear  motion  of  the  particle  about  some  central  orbit 
can  be  described  by  a  6  x  6  transfer  matrix  T(^,  ^o). 

x(5)  =  T(.y,  5o)x(.yo) 


Note  that  the  symbol  x  is  used  to  denote  the  column  vector  x  and 
also  the  first  element  of  this  column  vector.  The  meaning  of  x 

♦Worked  performed  under  the  auspcies  of  the  U.S.  Department  of  Energy. 


should  be  clear  from  the  context.  This  notation  is  used  in  several 
places  in  this  paper. 

It  is  assumed  that  the  equations  of  motions  can  be  derived  from 
a  hamiltonian,  and  the  matrix  T  is  symplectic: 

IT  =  / 

T  ^  STS  (2) 

T  is  the  transpose  of  T. 

/  is  the  6  X  6  identity  matrix,  and  S  can  be  written  in  terms  of 
2x2  matrices  as 

'  5  0  0  ■ 

5=  0  5  0  (3) 

0  0  5  ^ 

The  2x2  matrix,  also  called  5,  is  given  by 


It  is  convenient  to  also  write  T  in  terms  of  2  x  2  matrices 
Til  Ti2  Ti3 

T  =  T21  T22  T23  (5) 

T31  T32  T33 

One  may  note  that  the  2  x  2  matrices  of  T  are  (T)/y  =  Ty,  .  The 
eigenfunctions  of  the  one  turn  transfer  matrix  T(5  +  L,  5),  where 
L  is  the  period  of  the  forces  acting  on  the  particle,  obey 

T(s  H“  L,  5)jc  =  Xx 

Because  T  is  symplectic  then  if  X  is  an  eigenvalue,  1/X  is  also 
an  eigenvalue  [1,2]  and  the  6  eigenvalue  can  be  arranged  in  3 
pairs  of  X  and  l/X.  For  stable  motion,  |A.|  =  1  and  A  can  be 
written  as 

X  =  exp(i/x) 

=  27rv,  (6) 

where  it  is  assumed  that  the  period  is  one  turn. 

To  find  the  tunes  of  the  normal  modes,  one  has  to  find  the 
eigenvalues  of  T,  A,  which  are  given  by  |T  —  A/|  =  0,  where  |T| 
indicates  the  determinant  of  T.  It  is  more  convenient  to  find  the 


eigenvalues  of  the  matrix  C  defined  by 

C  = 

1(T  +  T) 

(7) 

The  eigenvalues  of  C,  A,  are 

A  = 

^a+iA), 

A  = 

COSH 

(8) 
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and  the  A  are  determined  by 

|C-A/|=0  (9) 

It  is  convenient  to  write  C  in  terms  of  2  x  2  matrices.  Note 
that  the  2  X  2  elements  of  C  are 

Cij  =  (Tij  +Tji)/2  (10) 

and  thus 

Qi  =  ^TrCr,;)/ 

Cij  =  Cji  (11) 

We  can  then  write  C  as 

t\I  Ci2  Ci3 

C=  C21  til  C23  (12) 

C31  C32  tsi 

ti  =  ^T,(T,i) 

To  evaluate  |C  —  A/|,  C-A/  will  be  multiplied  from  the  left 
by  a  sequence  of  matrices,  each  with  determinant  1,  to  produce 
a  matrix  which  is  upper  triangular;  that  is,  the  elements  of  this 
matrix  below  the  diagonal  are  all  zero.  This  triangular  matrix 
has  the  same  determinant  as  C— A/,  and  its  determinant  can  be 
found  by  multiplying  all  the  diagonal  elements  of  this  matrix. 
First,  multiply  C-A/  from  the  left  by  the  matrix 

1  0  0" 

— 1  0  (13) 

0  0  1  _ 

7i  =  -  A 

This  matrix  is  designed  to  eliminate  C21  and  the  multiplication 
gives  the  result 


This  gives 

'  1\I  C12  Ci3 

0  (72  -  IC12I/F1)/  C23  -  C21C13A1  (18) 

_  0  0  til  . 

ti=  [73  —  |Ci3l/7i  —  IC23  —  C21C13/71 1/(72  —  |Ci2|/7i)] 

The  matrix  Eq.  (18)  is  a  triangular  matrix  with  zero  elements 
below  the  diagonal  and  its  determinant,  and  thus  |C  -  A/|,  can 
be  computed  by  multiplying  the  diagonal  elements  which  gives 

|C-A/1‘^^  =  7i(72-|Ci2|/tl)[f3-lCl3l/^l 

-IC23  -  C2iCi3/7i  1/(72  -  |Ci2l/7i)] 

1C-A/|'/^  =  7i  [(72  -  |Ci2l/7i)(73  -  |Ci3|/7i) 

-|C23-C2iC,3/7i1]  (19) 

|C-A/|*/^  =  (l/7i)[(7i72-|Ci2l)(7i73-|Ci3l) 

-|C237i  -C21C13I] 

To  simplify  Eq.  (19),  note  the  following  result 

|C237i  —  C21C13I/  =  (C23fl  —  C2lCi3)(C23tl  —  C13C21) 

=  |^|C23|ti  —  Tr(C23Cl3C2l)7i  +  |C2l|lCi3lj  I  (20) 

which  gives 

|C-A/l‘^^  =  7i7273  -72|Ci3l-73|Ci2|-7l|C23l+Tr(C23C3lCi2) 

(21) 

Finally, the  normalmodes  tunes,  whichare  given  by  IC-A/1  =  0 

are  determined  by  the  cubic  equation 

(A-ri)(A-f2)(A-r3)-(A-ri)|C23l-(A-f2)|C3i|-(A-r3)|Ci2l 


■  7l/  Ci2  Cl3 

0  (72  -  |Ci2|/7i)/  C23  -  C2iCi3/7i  (14) 

C31  C32 

The  result  C12C12  =  IC12I  has  been  used.  Note  that  C21  =  C12. 
Now  multiply  the  matrix  Eq.  (14)  by  the  matrix 

1  0  0" 

0  1  0  (15) 

_  -Cn/h  0  1  _ 

which  replaces  the  third  row  in  Eq.  (14)  by  the  third  row  plus 
-C3i/7i  times  the  first  row  giving 

■  hi  C12  Ci3  "I 

0  (72  -  |Ci2|/ii)/  C23  -  C21C13/71  (16) 

0  C32  -  C3lCi2/tl  (f3  -  |Cl3l/tl)/  . 

One  more  matrix  multiplication  is  required  to  reduce  C-A/  to 
an  upper  triangular  matrix.  Multiply  matrix  Eq.  (16)  by  the 
matrix 

■  1  0  0  ■ 

0  1  0  (17) 

0  -(C32  -  C3iCi2/7i)/(72  -  lCi2|tl)  0  _ 


-T,(Ci2C23C3i)  =  0 
A  =  cos/i,  II  =  271V 

h  =  ^T,(Tli),  t2  =  -Tr(r22).  f3  =  2"l^r(T33)  (22) 

C=  i(T  +  T) 

C/y  =  \<Jij  +T;/) 

The  lij  are  the  2  x  2  elements  of  T  and  C.y  are  the  2  x  2  elements 
ofC. 

Equation  (22)  is  a  cubic  equation,  and  the  3  roots  of  this  equa¬ 
tion  A;  =  cos/Zi,  i  =  1, 3  will  give  the  3  tunes  of  the  normal 
modes,  v,  =  If  m;  is  real  the  mode  is  stable;  if  ij,  has  an 

imaginary  part  then  the  mode  may  be  unstable. 

To  get  aresult  for  4-dimensional  coupled  motion,  we  put  C23  = 
C31  =  0  and  Eq.  (22)  then  gives 

(A  —  fi)(A  — 12)  —  IC12I  =  0 

Cl2  =  i(Tl2+T2l),  fi  =  iT,(Tii),  t2  =  ^<r(T22)  (23) 
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Eq.  (23)  is  the  known  result  [1,3]  for  the  tunes  of  the  2  normal 
modes  for  coupled  motion  in  4-dimensional  phase  space. 

In  the  4-dimensional  case,  Eq.  (23)  can  be  solved  to  find  the 
two  cos  jXi  of  the  normal  modes.  This  gives  the  result  for  cos  fi 

cos  n  =  ^(ti  +  la)  ±  -  [(/i  -  ta)^  +  4|Ci2l]*^^ 
h  =  ^T,(Tu),  t2  =  iT,(T22)  (24) 

IC12I  =  IT12  +  T21I/4 

where  lij  are  the  2  x  2  elements  of  the  one  turn  transfer  matrix. 
If  one  computes  T  by  multiplying  the  transfer  matrices  of  all  the 
elements  in  the  accelerator,  then  one  can  find  cos /it,  and  the  v 
values,  using  Eq.  (24). 

Equation  (24)  is  useful  in  tracking  programs  for  finding  the 
normal  mode  tunes,  from  the  one  turn  transfer  matrix,  for  coupled 
motion  in  4-dimensional  phase  space. 

A  similar  result  can  be  found  for  coupled  motion  in  6- 
dimensional  phase  space  by  solving  the  cubic  equation,  Eq.  (22). 
Equation  (22)  can  be  written  as 
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A^  +  a2A^ +aiA  +  ao  =  0 
ai  ==  —  (ti+t2  +  ^3) 

a\  =  tit2  +^2^3  +^3^1  IC12I  —  IC23I  “  IG31I 

Oq  =:  — tit2t3  “  Tr(Ci2C23C3i)  +  ti|C23|  +  t2|C3il  +  t3!Ci2l 

h  =  ^T,(Tu),  r2  =  ^T,(T22),  f3  =  ^T,(T33) 

Q;  =  <25) 


The  solutions  of  Eq.  (25)  when  the  3  roots  are  all  real,  can  be 
written  as  [4] 


cos  (li 
Si 
b 

r 

q 

tana 


(ti  4-^2  +  h)l'i  +  2(r^  +  cos(a/3  +  S,) 

0, 27t/3,  —In  12) 

l(aia2  -  3ao)  -  (26) 

1  1  2 

3->  -  9-2 

bjr 


Note  that  the  3  values  of  3,-,  5,-  =  0, 2;r/3,  =  27r/3  will  give  the 
3  roots  firomEq.  (26). 

The  condition  for  the  3  roots  to  be  real  is  [4] 


+  (27) 

If  ((^  -I-  r^)  >  0,  then  2  roots  are  imaginary  and  the  motion  may 
be  unstable.  In  order  to  get  <0  and  stable  motion,  one 

has  to  have  q  <0. 

Equation  (26)  can  be  used  in  a  tracking  program  to  find  the  3 
normal  mode  tunes  from  the  one  turn  transfer  matrix.  The  one 
turn  transfer  matrix  can  be  computed  by  multiplying  the  transfer 
matrices  for  each  element  in  the  lattice. 
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Abstract 

Beginning  with  a  tracking  code  for  the  LHC,  we  construct  the 
canonical  generator  of  the  full-turn  map  in  polar  coordinates. 
For  very  fast  mapping  we  adopt  a  model  in  which  the  momen¬ 
tum  is  modulated  sinusoidally  with  a  period  of  130  turns  (very 
close  to  the  synchrotron  period).  We  achieve  symplectic  map¬ 
ping  of  10^  turns  in  3.6  hours  on  a  workstation.  Quasi-invariant 
tori  are  constructed  on  the  Poincare  section  corresponding  to 
multiples  of  the  synchrotron  period.  The  possible  use  of  quasi¬ 
invariants  in  deriving  long-term  bounds  on  the  motion  is  dis¬ 
cussed. 


1.  Introduction 

In  [1],  we  showed  how  to  construct  the  mixed- variable  gener¬ 
ating  function  for  the  full-turn  map,  using  only  single-turn  data 
from  a  symplectic  tracking  code.  The  generator  is  represented 
as  a  Fourier  series  in  angle  variables,  the  Fourier  coefficients 
being  B-spline  functions  of  action  variables.  The  symplectic 
map  induced  by  this  generator  gives  a  good  representation  of 
the  dynamics  defined  by  the  tracking  code  (according  to  physi¬ 
cal  criteria  to  be  stated  presently),  even  with  moderate  numbers 
of  Fourier  modes  and  spline  knots.  There  are  two  special  fea¬ 
tures  of  the  B-spline-Fourier  basis  that  promote  fast  map  iter¬ 
ations:  (i)  the  B-spline  basis  functions  have  “limited  support,” 
which  is  to  say  that  only  a  few  of  the  functions  are  non-zero 
at  a  particular  point,  and  (ii)  among  all  Fourier  amplitudes  with 
mode  numbers  less  than  some  cutoff,  a  great  many  are  found  to 
be  negligible. 

A  method  to  set  long-term  bounds  on  nonlinear  motion  was 
proposed  in  [2].  The  idea  is  to  make  a  canonical  transformation 
to  new  action-angle  variables  ( J,  ^),  such  that  the  action  J  is 
nearly  invariant,  and  then  examine  the  residual  variation  of  J. 
In  [2]  the  method  was  illustrated  only  in  a  simple  example  of 
transverse  motion. 

In  this  paper  we  construct  maps  for  a  realistic  injection  lat¬ 
tice  of  the  LHC.  The  maps  are  sufficiently  fast  so  that  one  can 
economically  follow  single  orbits  for  10^  turns,  and  also  con¬ 
struct  quasi-invariant  surfaces  with  account  of  synchrotron  os¬ 
cillations.  We  make  the  first  steps  toward  derivation  of  long¬ 
term  bounds,  but  find  that  the  method  of  [2]  must  be  elaborated 
if  one  is  to  find  good  bounds  at  large  amplitudes. 
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76SF00098 
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II.  Poincare  section  at  the  synchrotron  period 

Long-term  behavior  of  transverse  coordinates  is  strongly  af¬ 
fected  by  momentum  oscillations,  but  the  synchrotron  motion 
itself  remains  roughly  harmonic.  For  a  first  view  of  the  full  six¬ 
dimensional  system,  it  is  then  reasonable  to  modulate  the  mo¬ 
mentum  externally,  and  ignore  the  coordinate  conjugate  to  mo¬ 
mentum  (time-of-flight).  Experience  with  tracking  shows  that 
such  a  model  gives  results  rather  similar,  if  not  identical,  to  those 
of  the  full  six-dimensional  treatment.  Hie  synchrotron  period  of 
the  LHC  injection  lattice  is  nearly  1 30  turns.  We  suppose  it  to  be 
exactly  130,  and  take  the  momentum  deviation  at  the  mth  turn 
to  be 


Po 


=  So  sin 


27rm 


(^0  =  5  •  10“^ 


(1) 


The  momentum  change  is  localized  at  a  single  r.f.  cavity.  For 
the  rest  of  the  ring  we  have  a  4-dimensional  map  for  fixed 
S,  which  is  represented  in  terms  of  coordinates  centered  at  its 
(^—dependent  fixed  point  [1].  To  save  computing  time  in  map 
iteration,  we  store  the  coefficients  that  determine  the  4-d  gener¬ 
ating  function,  for  each  of  the  130  values  of  S. 

The  Hamiltonian  is  periodic  in  s  with  period  130(7,  where  C 
is  the  circumference  of  the  reference  orbit.  The  surface  s  =  0 
(mod  130C)  is  then  a  Poincare  section  on  which  there  exist 
two-dimensional  invariant  surfaces  and  resonances  that  can  be 
studied  in  the  usual  way.  In  comparison  to  the  situation  for  the 
single-turn  map  at  fixed  S,  we  find  many  more  low-order  reso¬ 
nances.  This  is  not  surprising,  since  even  without  modulation 
of  S  the  130-th  power  of  the  map  will  have  many  more  reso¬ 
nances  than  the  first  power.  The  resonance  condition  for  the 
N-ih  power,  Nm  •  i/  =  P,  has  more  solutions  than  that  for  the 
first  power,  m  u  =  p,  where  P,  p  and  the  components  of  m 
are  any  integers. 


III.  Construction  and  Validation  of  Full-turn  Map 
for  the  LHC 

In  contrast  to  the  approach  based  on  Taylor  series,  we  do  not 
look  for  a  map  to  be  valid  over  all  of  the  relevant  phase  space. 
Rather,  we  concentrate  our  approximative  power  in  a  small  re¬ 
gion  of  action  space,  over  which  the  map  has  relatively  little 
variation  in  action.  We  can  then  get  high  accuracy  from  a  small 
set  of  spline  basis  functions,  and  that  allows  fast  iteration  of  the 
map.  For  a  global  study  of  stability  we  string  together  several 
overlapping  regions,  and  make  a  map  for  each  region. 

To  set  the  scale,  we  first  run  the  tracking  code  to  determine 
the  short  term  (2000  turn)  dynamic  aperture.  In  the  plane  of 
our  action  variables  (/i,  /2),  described  in  units  of  lO^'^m,  this 
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aperture  roughly  follows  the  straight  line  from  (6, 0)  to  (0, 9). 
To  illustrate  map  construction,  we  discuss  a  map  that  is  valid 
for  initial  actions  /i(0),  /2(0)  (with  initial  angles  being  zero)  in 
the  region  R  such  that  1  <  /i(0),  /2(0)  <  1.5.  This  region  is 
located  at  about  one  half  of  the  short-term  aperture  in  the  plane 
of  displacements  xijX2.  The  generator  is  determined  in  a  larger 
region  Ri,  to  allow  for  smear  of  orbits  (as  determined  by  short¬ 
term  tracking)  and  an  extra  “apron”  to  account  for  possible  long¬ 
term  drift.  The  map  iteration  is  programmed  to  stop  if  the  orbit 
leaves  i?i. 

The  map  in  question  has  10  Fourier  modes  for  each  angle, 
10  spline  interpolation  points  for  each  action,  and  6  for  S.  The 
splines  are  cubic  polynomials  locally.  The  construction  of  the 
generator  requires  264600  turns  of  tracking,  with  68ms  per  turn 
(thus  5  hours)  on  an  IBM  RS6000  Model  590  workstation.  The 
resulting  implicit  map  (made  explicit  by  Newton’s  method)  can 
be  iterated  in  1.2ms  on  the  same  machine,  giving  10^  turns  in  3.6 
hours.  The  map  agrees  with  the  tracking  code  to  about  1  part  in 
10"^  at  one  turn.  The  accuracy  of  agreement  can  be  increased  es¬ 
sentially  at  will  by  increasing  the  number  of  Fourier  modes  and 
spline  points,  or  the  order  of  the  splines.  The  time  for  iteration 
does  not  increase  with  the  number  of  spline  points  if  the  spline 
order  is  fixed  (thanks  to  the  limited  support  of  B-splines),  but 
the  construction  time  is  proportional  to  that  number. 

Rather  than  trying  for  higher  accuracy,  we  consider  it  most 
interesting  to  work  with  a  map  of  modest  accuracy  (hence  short 
iteration  time)  and  try  to  show  that  it  gives  essentially  the  same 
physical  picture  as  the  underlying  tracking  code.  We  do  that  by 
comparing  resonances  and  quasi-invariant  surfaces  of  the  map 
and  the  tracking  code.  An  easy  way  to  find  resonances  (on  our 
Poincare  surface  at  the  synchrotron  period)  is  to  look  for  or¬ 
bits  confined  to  narrow  bands  in  the  plane  of  angles  ^2; 
see  [2].  In  the  case  of  relatively  broad  resonances,  of  which 
there  are  great  many  at  moderate  amplitudes,  we  always  find 
that  an  initial  condition  giving  a  resonance  of  the  map  also  gives 
the  same  one  in  tracking.  In  trying  the  same  test  for  narrow, 
high-order  resonances,  we  found  a  62-nd  order  resonance  of 
the  map  at  (/i(0),  /2(0))  =  (1.1, 1.1).  This  did  not  appear  in 
tracking  from  the  same  initial  condition,  but  another  59-th  order 
resonance  did  appear.  Readjusting  slightly  the  initial  condition 
of  the  map  trajectory,  we  found  the  59-th  order  in  the  map,  at 
(/i(0),  h{^))  =  (1.09983, 1.1).  This  orbit  of  the  map  is  plot¬ 
ted  for  10000  synchrotron  periods  in  Fig.  1.  The  corresponding 
orbit  of  tracking  for  5000  synchrotron  periods  agrees  very  well 
on  visual  inspection;  (quantitative  comparison  is  difficult,  since 
the  points  fill  the  “curves”  differently  in  the  two  cases). 

To  compare  quasi-invariant  tori  of  the  map  and  tracking,  again 
on  the  Poincare  surface,  we  constructed  a  torus  by  the  method 
of  [2]  in  which  a  nonresonant  orbit  is  fitted  to  a  Fourier  series  in 
angle  variables.  Taking  20  modes  for  each  angle,  a  few  quasi¬ 
invariant  tori  of  the  map  were  computed.  It  typically  took  about 
7000  synchrotron  periods  of  mapping  to  compute  a  torus,  requir¬ 
ing  about  20  minutes  on  the  Model  590.  We  check  invariance 
under  the  map  or  under  tracking  by  starting  orbits  at  many  ran¬ 
domly  chosen  points  on  the  torus,  and  see  how  close  the  orbit 
is  to  the  torus  after  one  synchrotron  period.  With  50  randomly 
chosen  points,  a  typical  surface  was  invariant  to  one  part  in  10^ 
under  the  map  from  which  it  was  constructed,  and  invariant  to 


Figure.  1.  ^2  vs.  on  a  59th  order  resonance  of  the  map, 
33z/i  ±  26i/2  =  p,  for  10000  synchrotron  periods.  Initial  condi¬ 
tions:  /i(0),  /2(0)  =  (1.09983, 1.1)  •  10-^  m. 

one  part  in  10"^  under  the  tracking  code. 

These  and  other  tests  convince  us  that  the  Hamiltonian  system 
represented  by  symplectic  maps  of  modest  one-turn  accuracy 
(1  part  in  10^)  represent  a  physical  system  very  similar  to  that 
of  the  underlying  tracking  code,  at  least  at  amplitudes  not  too 
close  to  the  dynamic  aperture.  At  very  large  amplitudes  it  is 
not  easy  to  validate  the  map  by  the  above  arguments,  since  one 
finds  large-scale  chaotic  behavior  rather  than  clean  resonances 
and  quasi-invariants. 

IV.  A  String  of  Large-amplitude  Maps  and 
Long-term  Mapping 

In  one  over-night  run,  using  a  small  fraction  of  available  CPU 
time  on  a  “farm”  of  workstations  at  SLAC,  we  produced  a  string 
of  five  maps  in  partially  overlapping  rectangular  regions.  Num¬ 
bers  of  modes  and  spline  knots  were  the  same  as  in  the  example 
above.  This  gives  a  continuous  strip  of  allowable  initial  condi¬ 
tions  (with  =:  c^2  =  0),  between  two  lines  running  parallel 
to  the  short-term  aperture.  The  outer  border  of  the  strip  is  at 
70%  of  the  aperture.  The  outer  comers  of  the  rectangles  go  be¬ 
yond  the  strip,  and  allow  orbits  that  go  within  at  least  85%  of  the 
aperture.  At  the  time  of  writing  we  have  done  a  few  runs  of  10^ 
turns  using  these  maps.  Fig.  2  shows  a  plot  of  /i  at  every  eighth 
synchrotron  period  in  such  a  run.  The  vertical  frame  size  of  the 
graph  indicates  the  domain  of  the  splines  in  /i.  The  domain  of 
the  maps  does  not  include  the  coordinate  axis,  h  =  0, 12  =  0. 
The  map  construction  fails  in  a  small  neighborhood  of  each  axis, 
since  the  polar  coordinate  system  becomes  inappropriate. 

V.  A  First  Try  at  Long-term  Bounds 

Here  we  are  concerned  solely  with  the  dynamics  defined  by 
the  map.  For  a  first  attempt  at  long-term  bounds  we  work  at 
smaller  amplitudes,  in  a  region  with  0.4  <  /i(0),  /2(0)  <  0.6 
(in  units  of  10“^m).  Following  the  method  of  [2],  we  construct 
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Figure.  2.  /i  vs.  number  of  synchrotron  periods,  for  10^  turns. 
Initial  conditions:  /i(0),  /2(0)  =  (1.87, 0.937)  •  10“^  m. 


a  set  of  9  tori  on  the  Poincare  section,  for  points  close  to  a 
3x3  rectangular  grid  in  /i(0),  72(0).  These  tori  have  twenty 
Fourier  modes  in  each  variable,  and  are  invariant  to  about  1  part 
in  10^.  We  next  interpolate  the  tori  in  actions,  so  as  to  define  a 
smooth  canonical  transformation  to  new  action-angle  variables 
J,  Although  J  is  fairly  constant  on  and  near  the  original 
tori,  it  remains  to  be  seen  how  much  it  varies  in  the  region  of 
interpolation. 

Let  Q  denote  the  region  in  which  J  is  defined.  Suppose 
that  SJ  is  an  upper  bound  for  the  change  in  \Ji  \  during  m  syn¬ 
chrotron  periods,  for  any  orbit  beginning  in  Q.  Let  Qo  be  a  sub- 
region  of  Q,  and  let  A  J  be  the  minimum  distance  from  Qo  to 
the  boundary  of  f2.  Then  an  orbit  beginning  in  Qo  cannot  leave 
Q  in  fewer  than  nm  synchrotron  periods,  where  nSJ  =  AJ. 
Then  we  have  stability  (in  the  sense  of  being  confined  to  Q)  for 
N  =  130mAJ/^J  turns. 

We  take  m  =  1000  and  try  1000  randomly  chosen  initial  con¬ 
ditions  in  Q  to  estimate  SJ.  We  find  that  SJ  is  about  0.01,  which 
is  much  larger  than  the  variation  of  J  for  orbits  starting  on  the 
original  tori.  If  we  take  to  be  a  small  box  in  the  middle  of 
Q,  then  A  J  is  about  0.1,  and  we  can  predict  stability  only  for 
iV  =  1.3  •  10®  turns,  a  disappointingly  small  number. 

The  reason  for  the  large  variation  of  J  is  the  presence  of  a 
fairly  broad  resonance  inside  Q.  A  sufficiently  isolated  reso¬ 
nance  in  mode  m  —  (mi ,  m2)  can  be  identified  by  plotting  the 
change  of  m  ♦  J  against  m  •  ^  at  constant  K  =  mi  J2  ^2^1 
[2].  As  is  shown  for  a  (6, 1)  resonance  in  Fig.  3,  these  vari¬ 
ables  perform  a  pendulum-like  motion.  Note  that  this  motion 
would  be  hard  to  see  without  first  transforming  to  J,  The 
resonance  could  be  quite  stable,  but  still  lead  to  large  oscilla¬ 
tions  in  J.  In  order  to  make  our  argument  for  long-term  bounds, 
it  will  be  necessary  to  find  quasi-invariants  of  resonant  orbits. 
Preliminary  work  by  Armando  Antillon  showed  that  a  sin5)le 
pendulum-type  Hamiltonian  H{m  ♦  J,  m  •  TC)  could  be  fit¬ 
ted  to  orbit  data  so  as  to  provide  at  least  a  rough  quasi-invariant; 
K  is  a  second  quasi-invariant.  We  hope  to  use  H  and  K  in  place 
of  Ji ,  J2  in  our  argument  for  long-term  bounds.  It  may  be  nec- 


Figure.  3.  Plot  of  m  dJ  vs.  [m  •  ^  (mod  27r)]/27r,  where  rh 
is  the  unit  vector  in  the  direction  of  m  =  (6, 1),  and  dJ  is  the 
deviation  of  J  from  a  fixed  “average  action,”  Jq.  Each  of  the 
9  orbits  plotted  is  started  at  the  same  value  of  K  =  m27i(0)  - 
^i»72(0).  The  action  unit  is  10“^  m. 

essary  to  refine  the  definition  of  these  quantities,  so  that  they  are 
functions  of  all  the  canonical  variables  J, 
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Abstract 

Synchrotron  radiation  has  been  traditionally  treated  as  an  effect 
which  only  depends  on  the  linear  beam  dynamics.  Electrons 
in  advanced  accelerators  and  storage  rings,  however,  can  lose 
several  percent  of  their  energy  in  one  turn,  especially  when  the 
ring  incorporates  synchrotron  radiation  sources  or  free  electron 
lasers.  In  these  machines  nonlinear  effects  can  become  impor¬ 
tant,  not  only  because  of  the  high  variation  of  the  particle’s  en¬ 
ergy  around  the  ring,  but  also  because  of  the  necessity  to  have 
very  good  beam  quality  in  wigglers,  undulators,  and  free  elec¬ 
tron  lasers.  Since  these  instruments  can  have  helical  structure, 
a  general  reference  frame  with  torsion  is  used  and  the  Lorenz- 
Dirac  radiation  reaction  of  the  charged  particle  is  taken  into  ac¬ 
count.  We  will  utilize  the  Differential  Algebra  technique  to  com¬ 
pute  nonlinear  transfer  maps  of  general  optical  elements.  Ap¬ 
plications  include  radiation  damping  in  multipoles,  its  effect  on 
closed  orbit  distortion  in  a  storage  ring,  and  nonlinear  tune  shifts 
due  to  various  radiating  devices .  The  software  provided  will  also 
be  useful  in  simulating  Siberian  snakes. 

I.  INTRODUCTION 

If  the  energy  of  a  charged  particle  is  conserved,  the  equations 
of  motion  are  Hamiltonian.  The  Hamiltonian  structure  of  these 
equations  implies  that  their  flows  are  symplectic.  The  symplectic 
symmetry  poses  several  constraints  on  the  motion.  Liouville’s 
theorem  is  an  especially  famous  consequence  of  this  property.  If 
energy  is  lost  during  the  motion,  as  in  the  case  of  electrons  in 
a  storage  ring,  the  equations  of  motion  are  not  Hamiltonian  and 
knowledge  about  symplectic  flows  cannot  be  applied.  If  one  sets 
out  to  describe  high  energy  electron  motion,  it  is  therefore  best 
not  to  start  with  a  Hamiltonian  but  directly  with  the  equation  of 
motion.  It  is,  however,  not  sufficient  to  solve  the  Hamiltonian 
equations  of  motion  without  radiation  and  to  simulate  an  effec¬ 
tive  loss  of  energy  after  each  dipole,  since  the  phase  space  de¬ 
pendence  of  the  lost  energy  is  essential  even  in  the  linear  theory 
[1].  The  general  equation  of  motion  for  charged  particle  optics, 
especially  when  used  to  compute  highly  energetic  electron  mo¬ 
tion,  should  therefore  include  the  energy  loss  due  to  radiation  and 
the  reaction  of  the  particle  to  is  own  electromagnetic  field. 

The  behavior  of  a  charged  particle  in  the  superposition  of  an 
external  field  and  its  own  retarded  field  cannot  be  described  with¬ 
out  problems  [2],  [3],  [4],  the  classical  limit  is  discussed  in  [5]. 

After  an  appropriate  average  in  the  Lorentz-Dirac  equation, 
we  reformulate  the  equations  in  such  a  way  that  they  have  a  suit¬ 
able  form  for  the  conventional  description  of  particle  optics.  We 
will  keep  the  argumentation  completely  general  and  allow  refer¬ 
ence  curves  with  torsion.  Thus  we  obtain  the  equations  of  motion 
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with  path  length  along  some  space  curve  as  the  independent  pa¬ 
rameter.  These  are  the  general  equations  of  motion  for  describ¬ 
ing  charged  particle  optics. 

To  solve  these  equations  of  motion,  we  implemented  the 
method  of  Taylor  maps,  which  are  computed  with  the  Differen¬ 
tial  Algebraic  (DA)  technique.  In  standard  devices  like  dipoles, 
quadrupoles,  and  higher  order  multipoles  the  equation  of  motion 
can  be  integrated  with  an  exponential  operator,  such  that  the  full 
power  and  speed  of  the  DA  method  is  obtained  even  with  radia¬ 
tion  effects. 

IL  THE  LORENTZ-DIRAC  EQUATION 

To  analyze  the  influence  of  radiation  effects  on  particle  motion 
consistently,  we  have  to  consider  the  field  produced  by  a  moving 
charged  particle.  Then  we  can  compute  the  particle  motion  under 
the  influence  of  its  own  field  and  an  extern^  field.  To  derive  this 
equation,  one  can  proceed  in  the  following  steps: 

1.  Derive  the  small  velocity  limit. 

2.  Write  the  general  and  covariant  form  of  the  equations  of 
motion  which  satisfies  the  low  velocity  limit. 

3 .  Reformulate  the  differential  equation  into  an  integral  equa¬ 
tion. 

4.  Approximate  the  integral  equation. 

5.  Transform  the  covariant  equation  into  a  specific  inertial 
frame. 

These  steps  can  be  extracted  from  the  references  mentioned. 
As  a  result  one  obtains  the  equation  of  motion 


dr  V  47r 


(1) 

DTrc"*  dr  dr 


which  in  the  lab  frame  is 


7/  =  ’’- 


Gttc^ 


(2) 


with  the  external  force  F  =  q{E  -\-v  x  B)  particle  optics 
we  require  an  equation  of  motion  of  the  form  F  =  f{z,  s)  for 
phase  space  variables  z.  It  indeed  turns  out  that  such  a  formula¬ 
tion  is  possible.  After  introduction  of 


— p  =  mja  -h  m’^{vd)v 
and  several  algebraic  manipulations  one  is  led  to 


(3) 


67rm^c^  ’ 


(4) 


r 

1  +  A-r{nF  -  S{n  x  F)2)  -  1]  . 
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We  can  expand  to  the  first  power  of  S\F\  and  obtain 


We  use  standard  particle  optical  phase  space  coordinates 


=  F  -  nS[{n  X  Ff  +  ^{nFf] .  (5) 

This  expansion  is  valid  even  for  very  high  energy.  For  an 
electric  field  of  10^^,  this  electron  energy  would  be  around 
2700GeV.  For  a  magnetic  field  of  lOT,  this  energy  is  about 
150GeV. 

IIL  THE  CURVILINEAR  COORDINATE 
SYSTEM 

We  want  to  introduce  a  coordinate  system  with  which  particle 
motion  close  to  some  reference  curve  R{s)  parameterized  by  its 
path  length  s  can  be  described  well.  For  that  purpose  one  defines 
s  dependent  unit  vectors  and  ey  in  such  a  way  that  close  to  this 
curve  space  points  r  can  be  expressed  as 


a  —  j  6  —  j  T  —  (i^o  i)  ,  0 
Po  Po  Po 


where  subscripts  0  refer  to  a  reference  particle,  which  in  gen- 
eral  does  not  have  to  follow  the  reference  curve  R{s)  however. 
By  defining 


S  —  E^d  -f  Eyb  +  Eg —  ,  (12) 

Po 

B  =  Bxd  +  Byb  +  Bg  —  , 

Po 

the  general  equations  of  motion  which  are  obtained  with 
dsfdi  =  vfh  ^  Pgjp  simplify  to 


f  =  R{s)  +  xex{s)  +  yey{s)  (6) 

and  the  unit  vectors  eg  =  dg  R,  ,  and  Ey  build  a  right  handed 
coordinate  frame.  The  reference  curve’s  curvature  k  can  have  x 
and  y  components  and  Ky.  There  are  three  reasonable  possi¬ 
bilities  with  different  forms  for  their  s  derivatives. 

1 .  The  horizontal  system  in  which  one  chooses  always  per¬ 
pendicular  to  one  fixed  space  direction  ei : 


ds^  ^  tan(Zeie5) 


tan(Zeie5) 


)ey  +  (1  +  xKx  +  yK,y)eg 


2.  The  Frenet  coordinate  system  in  which  one  chooses  the  e^ 
direction  always  parallel  to  the  curvature  vector,  which  ro¬ 
tates  around  the  reference  curve  with  the  torsion  T: 

+  (i/  +  xT)ey  +  (1  +  xK)eg  .  (8) 

3.  The  curvilinear  system  in  which  the  effect  of  the  torsion  is 
compensated  by  a  reversed  rotation  [6].  In  this  case  the  ori¬ 
entation  of  the  coordinate  system  at  s  depends  on  the  his¬ 
tory  of  the  torsion  between  0  and  s  and  is  therefore  not  de¬ 
fined  locally.  This  disadvantage  can  be  compensated  by  the 
simplicity  of 

—  X  Cx  “f"  y  Cy  -|“  (1  “h  XKx  "h  •  (^) 

IV  THE  LORENTZ-DIRAC  EQUATION  IN 
CURVILINEAR  COORDINATES 

In  this  coordinate  system  we  therefore  have 


/l  =  1  +  XKx  +  y«y  , 

T,[  =  +  + 

P  ^  Px^jT  ”1"  Py^y  F  Ps ^5  j 

Y/  -  (P®  ~  PsKx)ex  +  {P'y  -  PsKy)ey 

+  (K  +  PrKx  +  PyKy)es  . 


x'  =  ,  ]/  =  hh—  ,  (12 

P>  Ps 

_  ,  hopo  hp  Kq 

'"VoPsO  vp,  Po  ’ 

a'  =  -^{mjEx  +  po{bB,  -  —By)}  +  — /c,  -  Co  , 

PsPo  Po  Po 

h'  =  -^Ffjn^Ey  —  po{aB, —  —Bx)} +  —Ky  -  , 

PsPq  Po  Po 


PsRo 

where  the  damping  terms  are 


(g0^3rg2  ,  ^2. 

[hE,  -  ^Ey  -  -^{Bxi 
Po  ^7 


[E±Ex  -  aE, 


+  [“^y 


mj  Po 

-^{By{^)^-bB}r 

mj  Po 

mj  Po  Po 


'  mjKo 


It  is  worth  mentioning  that  the  right  hand  side  can  be  cho¬ 
sen  origin  preserving  and  s  independent  in  standard  devices  like 
dipoles,  quadrupoles,  and  multipoles.  The  transfer  map  can 
therefore  be  computed  with  the  exponential  operator  exp(Ly*) 
[7]  and  the  full  speed  and  power  of  the  DA  technique  can  be  used 
even  with  radiation  effects. 

V  THE  IMPLEMENTATION 

Routines  were  written  which  integrate  the  equation  of  motion 
with  the  8^^  order  Runge  Kutta  integrator  of  the  DA  program 
COSY  INFINITY[8].  By  integrating  with  DA  techniques,  one 
obtains  the  phase  space  curve  of  the  reference  particle  Fo(s)  si¬ 
multaneously  with  the  Taylor  map  M  to  arbitrary  order  such  that 
z{s)  =  £0(5)  -h  M[z{Q)  —  io(0)]  for  particles  starting  in  phase 
space  at  z{0)  close  to  the  reference  particle  at  ;?o(0). 
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Figure  L  No  radiative  energy  loss:  15/M^I  =  1 


The  figures  (1)  and  (2)  show  an  electron’s  path  through  a  con¬ 
stant  magnetic  field  with  and  without  synchrotron  radiation.  The 
second  order  transfer  maps  are  displayed  in  the  adjacent  tables. 
The  Jacobians  of  the  linear  transfer  maps  are  1  for  the  energy 
conserving  calculations  and  0.023  for  the  calculations  with  radi¬ 
ation.  This  test  manifests  what  is  known  as  phase  space  damping 
in  electron  synchrotrons. 


Our  main  purpose  in  using  the  constructed  software  will  be  the 
analysis  of  nonlinear  effects  in  helical  structures  in  proton  ma¬ 
chines  (Siberian  snakes)  and  electron  machines  (wigglers).  Also 
the  possibilities  of  influencing  damping  distributions  with  mul¬ 
tipole  wigglers  should  be  analyzed. 
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Figure  2.  With  radiative  energy  loss:  =  0.023 
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Abstract 

Magnet  imperfections  and  misalignments  are  analyzed  in 
terms  of  their  effects  on  the  dynamic  aperture  and  closed  orbit  of 
the  IPNS  Upgrade  synchrotron.  The  dynamic  aperture  is  limited 
primarily  by  the  presence  of  chromaticity-correcting  sextupoles. 
With  the  sextupoles  energized  to  the  values  required  to  adjust  the 
chromaticities  to  zero,  further  reductions  of  the  dynamic  aperture 
caused  by  dipole  strength  and  roll  errors,  quadrupole  strength 
and  alignment  errors,  and  higher-order  multipole  errors  are  stud¬ 
ied  by  tracking.  Design  specifications  for  the  dipole  corrector 
magnets  are  obtained  and  the  dynamic  aperture  is  studied  before 
and  after  correction  of  the  closed  orbit.  The  use  of  harmonic- 
correcting  sextupoles  to  reduce  the  amplitude-dependent  tune 
shifts  driven  by  the  chromaticity-correcting  sextupoles  is  inves¬ 
tigated. 


SD  QF  SD  QF  S1  QF  QF 
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QD  SF  QD  SF  QD  QD 


I.INTR  ODUCTION 

The  proposed  IPNS  Upgrade  is  a  dedicated  source  for  neu¬ 
tron  scattering  experiments  that  uses  a  rapid-cycling  synchrotron 
(RCS)  to  accelerate  1 .04^"^  protons  per  pulse  from  400  MeV  to 
2  GeV.  A  summary  description  of  the  machine  is  given  else¬ 
where  in  these  proceedings  [1].  The  RCS  lattice  is  190.4  m 
long  and  contains  four  superperiods.  Each  superperiod  consists 
of  three  FODO  cells  of  about  90°  advance  in  each  transverse 
plane,  two  dispersion-suppressor  cells,  and  two  dispersion-free 
straight  cells.  The  orbit  functions  for  one  superperiod  are  shown 
in  Figure  1,  which  has  mirror  symmetry  at  both  ends. 

The  key  design  feature  of  the  RCS  is  the  prevention  of  beam 
losses  during  the  injection,  capture,  and  acceleration  processes. 
Beam  loss  prevention  in  the  transverse  phase  space  is  achieved 
by  providing  large  dynamic  aperture  in  both  transverse  planes. 
We  have  performed  tracking  studies  to  ensure  that  the  RCS  has  a 
dynamic  aperture  larger  than  the  physical  aperture  of  the  vacuum 
chamber,  taking  into  account  magnetic  field  imperfections  due 
to  fabrication  tolerances  and  misalignments  caused  by  surveying 
tolerances.  In  this  paper,  we  present  the  results  of  tracking  stud¬ 
ies  of  closed-orbit  distortions  and  dynamic  aperture  reduction  in 
the  RCS. 

H. CLOSED-ORBIT  DISTOR  TIONS 

We  investigated  closed-orbit  distortions  (COD)  caused  by 
quadrupole  misalignments,  {8z)q,  field  deviations  in  dipole 
magnets,  (8B/B)b,  and  dipole  roll  angle  misalignments,  {80)b. 
The  nominal  tolerance  values  for  these  quantities  were  estimated 
based  on  the  actual  measured  data  from  the  7-GeV  Advanced 
Photon  Source  (APS)  booster  synchrotron  [2],  and  are  shown  in 
Table  1.  In  the  table,  (8z)q  denotes  quadrupole  misalignments 

Work  supported  by  U.S.  Department  of  Energy,  Office  of  Basic  Energy 
Sciences  under  Contract  No.  W-31-109-ENG-38. 


Figure  1 

Lattice  Functions  for  One-Half  of  a  Superperiod. 


in  either  the  jc—  or  y  —  plane. 

Table  1 

Nominal  Alignment  and  Field  Quality  Tolerances 


(Sz)q 

(SB/B)b 

(Sd)B 

0.2  mm  rms 

0.1%  rms 

1  mrad  rms 

The  analytically  derived  amplification  factors  for  quadrupole 
misalignments  in  the  RCS  lattice  are: 


Ax  =  (Ax)niax/i^x)Q  =  33,  Ay  =  (Ay)max/{8y)Q  =  24, 


where  (Az)max  is  the  maximum  COD  in  the  horizontal  or  vertical 
direction,  (Az)max  =  ^(Az)rms^  and  a  Gaussian  distribution  is 
assumed. 

The  amplification  factors  for  field  deviations  in  dipole  mag¬ 
nets  are: 


A. 


=  IQ  A  ^  (Ay)  max 

{sb/b)b  ~  y-  (sb/b)b 


12  m. 


where  orbit  distortions  in  the  vertical  direction  are  caused  by 
dipole  roll  angle  misalignments. 

Using  these  amplification  factors,  the  estimated  maximum 
orbit  distortions  are  (Ax)fnax  =  18  mm  and  (Ay)max  =  14  mm. 
An  effective  scheme  to  reduce  the  orbit  distortions  is  therefore 
needed. 

The  orbit  corrections  were  simulated  by  using  the  program 
MAD  [3].  Since  the  number  of  simulations  is  finite,  we  used 
relaxed  tolerances  of  (8z)q  =  0.4  mm  rms  to  cover  the  worst 
cases  and  increase  the  level  of  confidence  on  the  results.  The 
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corresponding  specification  of  the  required  corrector  strengths 
is  conservative. 

The  simulations  were  carried  over  30  different  machines.  In 
the  RCS ,  horizontal  and  vertical  beam  position  monitors  (BPMs) 
are  located  in  the  focusing  and  defocusing  quadrupoles,  respec- 
tively.  Similarly,  horizontal  and  vertical  correctors  are  located 
near  the  focusing  and  defosusing  quadrupoles.  There  are  a  total 
of  28  BPMs  and  28  correctors  in  each  plane.  Horizontal  and 
vertical  correctors  of  up  85  and  71  G-m,  respectively,  permit 
correction  of  the  orbit  to  within  the  rms  BPM  accuracy  of  0.1 
mm.  The  maximum  dipole  corrector  strength  is  specified  as 
1 10  G-m.  The  engineering  design  for  corrector  magnets  with  an 
effective  length  of  15  cm  is  detailed  in  [4]. 

HI .  D  YNAMI C  APER  TURE 

The  dynamic  aperture  in  the  RCS  is  limited  primarily  by 
the  presence  of  chromaticity-correcting  sextupoles.  The  nat¬ 
ural  normalized  chromaticities  of  the  lattice  are  =  *“1  -06  and 

=  —1.20.  Chromaticity  is  adjusted  by  16  horizontal  focusing 
and  16  horizontal  defocusing  sextupoles.  With  the  sextupoles 
energized  to  the  values  required  to  adjust  the  chromaticities  to 
zero,  we  investigated  further  reductions  of  the  dynamic  aperture 
caused  by  random  misalignments  and  magnet  fabrication  imper¬ 
fections.  Dynamic  aperture  limitations  were  simulated  by  using 
the  symplectic  kick  code  RACETRACK  [5]. 

The  dynamic  aperture  was  defined  as  the  limiting  stable  beta¬ 
tron  amplitude  of  a  particle  that  survived  2,000  turns  in  a  static 
field.  This  corresponds  to  about  two  synchrotron  periods  at  in¬ 
jection.  Tests  carried  out  up  to  10,000  turns  showed  very  little 
difference  from  the  results  obtained  with  2,000  turns.  The  dis¬ 
tribution  of  errors  was  assumed  to  be  Gaussian,  with  a  cutoff 
of  ±5a,  and  the  simulations  were  performed  for  10  different 
machines. 

Dynamic  aperture  reductions  caused  by  closed-orbit  distor¬ 
tions,  arising  from  the  alignment  tolerances  discussed  in  the 
previous  section,  with  and  without  closed-orbit  corrections,  are 
shown  in  Figure  2.  The  lines  in  the  figure  are  the  averages  and  the 
error  bars  are  the  standard  deviations  for  the  10  machines.The 
dynamic  apertures  are  displayed  at  the  focusing  quadrupole.  The 
dynamic  aperture  of  the  perfect  machine  and  the  beam-stay-clear 

region  (BSC),  defined  as  -I-  COD,  where  r]  is  the 

dispersion  function,  s  is  the  emittance,  and  8p/p  is  the  momen¬ 
tum  deviation,  are  also  shown.  The  closed-orbit  was  corrected  to 
0.1  mm  rms,  as  described  in  Section  II.  Before  orbit  correction, 
the  dynamic  aperture  is  still  sufficient  to  permit  beam  injection. 
Correction  of  the  orbit  restores  the  dynamic  aperture  to  that  of 
the  perfect  machine. 

Dynamic  aperture  reductions  due  to  magnetic  field  imperfec¬ 
tions  were  studied  by  using  the  multipole  coefficients  and  bn, 
shown  in  Table  2.  The  coefficient  values  were  obtained  by  scal¬ 
ing  the  measured  data  of  the  APS  booster  synchrotron  magnets 
to  the  RCS  magnets.  The  magnetic  field  expressed  in  terms  of 
these  coefficients  is: 

00 

B  =  Bq  ^(bn  +  ian)(x  +  iy)",  (1) 

n=0 


where  an  and  bn  are  the  normal  and  skew  coefficients  in  units  of 
cm~^. 


Table  2 

Multipole  Coefficients  of  RCS  Magnets 


Multipole* 

Random  cm  " 

Systematic  cm  " 

b\D 

2.60E-6 

-7.10E-6 

biD 

3.90E-8 

-0.70E-6 

biQ 

4.90E-4 

2.50E-4 

a\Q 

1.70E-4 

-0.40E-4 

biQ 

4.80E-6 

-1.20E-6 

a2Q 

0.13E-4 

0.28E-6 

bsQ 

1.20E-6 

-5.50E-6 

a^Q 

0.62E-6 

0.22E-6 

b4Q 

3.60E-8 

0.30E-8 

«4j2 

4.50E-8 

-0.80E-8 

biQ 

0.24E-8 

1.95E-8 

bis 

1.36E-3 

5.00E-4 

3.30E-4 

-4.90E-4 

bis 

0.17E-4 

-2.40E-6 

«3S 

0.61E-4 

3.20E-6 

*  D  =  dipole 

Q  =  quadrupole 

S  =  sextupole 

There  were  no  appreciable  effects  on  the  dynamic  aperture 
for  multipoles  up  to  twice  the  values  depicted  in  Table  2.  A 
reduction  of  15%  was  observed  for  multipoles  at  four  time  those 
values. 

Finally,  misalignments  were  included  along  with  multipole 
components.  Reductions,  both  before  and  after  closed-orbit 
corrections,  were  studied.  The  results  are  shown  in  Figure  3. 
The  dynamic  aperture  before  COD  corrections  is  still  as  large 
as  the  BSC,  thus  permitting  the  establishment  of  a  closed-orbit 
solution  at  injection.  The  dynamic  aperture  after  correction  is 
very  close  to  that  obtained  for  multipole  components  only,  as 
expected. 

IV.  Harmonic  Correction 

The  tunes  of  the  bare  lattice  are  Vx  —  6.821  and  Vy  =  5.731. 
However,  the  tune  shift  due  to  space  charge  forces  moves  the 
working  point  to  the  proximity  of  the  3vx  =20  resonance  line 
[4].  This  resonance  can  be  driven  by  the  the  chromaticity- 
correcting  sextupoles  and  can  have  a  deleterious  effect  on  the 
circulating  beam.  The  20^^*  harmonic  of  the  sextupole  compo¬ 
nent  is  suppressed  by  placing  harmonic-correcting  sextupoles 
(denoted  by  SI  in  Figure  1)  in  the  dispersion- free  sections. 
Horizontally  defocusing  sextupoles  with  integrated  strength  of 
0.4m“^,  placed  in  the  eight  dispersion-suppressor  cells,  elim¬ 
inate  the  20^^  harmonic.  The  phase  spaces  with  and  without 
harmonic-correcting  sextupoles  are  shown  in  Figure  4.  The 
dynamic  apertures  with  and  without  harmonic-correcting  sex¬ 
tupoles  are  shown  in  Figure  5. 


2812 


Figure  2 

Dynamic  Aperture  in  the  Presence  of  Quadrupole 
Misalignments,  Dipole  Field  Deviations  and  Dipole  Roll  Angle 
Misalignments.  (The  dynamic  aperture  for  the  perfect  machine 
is  shown  for  comparison.  The  ellipse  represents  the  BSC 
region  at  the  focusing  quadrupole.) 


Figure  3 

Dynamic  Aperture  Reductions  Caused  by  Misalignments  and 
Multipoles,  Plotted  before  and  after  Corrections  of  the  Closed 

Orbit. 


V.  Conclusion 

Linear  and  nonlinear  effects  on  the  lattice  of  the  IPNS  Up¬ 
grade  RCS  were  studied  in  terms  of  the  closed  orbit,  dynamic 
aperture,  and  harmonic-correction  techniques.  The  simulations 
showed  that  the  closed  orbit  distortions  can  be  corrected  within 
the  desired  accuracy,  and  the  dynamic  aperture  is  large  enough  to 
contain  the  beam- stay-clear  region.  Harmonic-correcting  sex- 
tupoles,  properly  placed  in  the  lattice,  can  effectively  remove  the 
dangerous  resonance  line  3vx  =  20  driven  by  the  chromaticity- 
correcting  sextupoles,  without  degrading  the  dynamic  aperture. 
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Figure  4 

Horizontal  Phase  Space  Motion  with  Vx  =6^  without  (a)  and 
with  (b)  Harmonic-Correcting  Sextupoles. 


Figure  5 

Dynamic  Apertures  with  and  without  Harmonic-Correcting 
Sextupoles. 
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Paraxial  Expansion  of  a  Static  Magnetic  Field  in  a  Ring  Accelerator* 


Lee  C.  Teng 

Argonne  National  Laboratory,  9700  So.  Cass  Ave.,  Argonne,  Illinois  60439,  U.S.A. 
Abstract  H  .Scalar  Potential 


In  the  paraxial  approximation,  trajectories  of  beam  particles 
in  a  ring  accelerator  are  computed  expanded  in  powers  of  lat¬ 
eral  displacements  and  slopes  from  a  closed  reference  orbit.  To 
do  this,  one  needs  first  the  expanded  expressions  of  the  mag¬ 
netic  field  and  potentials  producing  the  particle  motion.  This  is 
derived  here  in  a  most  general  form. 


To  expand  the  paraxial  particle  trajectory  in  powers  of  x  and  y 
(and  jc'  and  y '  with  prime  indicating  d /dz)  we  need  to  first  write 
the  magnetic  field  (considered  static)  in  an  expanded  form.  In 
vacuum,  the  magnetic  field  can  be  expressed  in  terms  of  either 
a  scalar  potential  0  or  a  vector  potential  A  .  It  is  simpler  to  start 
with  the  scalar  potential.  We  shall  write 


I  .IntiDduction 

In  a  storage  ring  or  a  ring  accelerator  the  ideal  closed  orbit  is 
generally  a  planar  curve.  All  particles  in  the  beam  travel  near 
to  the  closed  orbit.  Thus,  for  the  study  of  the  particle  motion 
it  is  convenient  to  use  the  closed  orbit  as  the  reference  axis  and 
compute  the  particle  trajectories  in  the  paraxial  approximation. 
The  right-handed  coordinates  used  are  shown  in  Fig.  1  and  are 
described  below.  Also  shown  in  Fig.  1  is  the  local  radius  of 
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where  the  coefficients  an,m  =  cin,m(z)  are  functions  of  z  and 
the  parenthesized  superscript  (n)  indicates  that  the  quantity  is  a 
homogeneous  expression  in  jc  and  y  of  total  degree  n. 

The  Laplace  equations,  =  0,  to  be  satisfied  by  </)  is,  in 
these  coordinates. 
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Straightforward  but  laborious  expansions  of  (1  +  kx)~P  factors 
and  realignments  of  indices  give  the  following  recursion  formula 
on  index  m 


~^n+m+2,m+2  <2«+m+2,m 
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where,  as  before,  prime  means  d/dz.  This  is  a  rather  messy 
and  obscure  formula.  It  is  instructive  to  look  at  the  first  two 
recursions  forn  =  0 and  1, 

/X  =  0 


Figure  1 

x:  horizontal  (in  orbit  plane)  along  the  outward  normal  of  the 
closed  orbit,  y:  vertical,  z:  horizontal  and  along  the  forward 
tangent  of  the  closed  orbit. 

curvature  p{z)  and  the  center  of  curvature  “C.”  The  metric  of 
these  rotating  coordinates  is 

ds^  =  dx^^-dy^  +  {l-\-kxfdz^,  (1) 

where 

/c  =  /c(z)  =  l/yo(z)  =  curvature. 


*  Work  supported  by  U.S.  Department  of  Energy,  Office  of  Basic  Energy 
Sciences  under  Contract  No.  W-31-109-ENG-38. 


^m+2,m+2  —  ^m+2,m  “b  -j-  (5) 

n  =  1 

“^m+3,m+2  ”  ^m+3,m  4“  ^^m+2,m 

~  ^  ^m,m  ""  ^  ~  2ka^  (6) 

These  relations  reveal  clearly  the  hierarchy  of  the  recursion. 
Because  of  the  double  step  recursion  in  m,  there  are  two  sets 
of  solutions.  The  field  with  odd  m  values  starting  with  m  =  1 
is  symmetric  with  respect  to  the  orbit  plane  and  is  the  normal 
design  field.  The  field  with  even  m  values  starting  with  m  =  0 
is  anti-symmetric  with  respect  to  the  orbit  plane  and  is  the  skew 
field  arising  only  from  construction  imperfections. 
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m.Ma  gneticFieldComponents 

The  components  of  the  field  B  are  given  by  B  =  or 
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On  the  orbit  plane  j  =  0,  for  the  normal  field  (m  =  odd)  we 
have 


B. 


n=\ 


oo  n-1 


(8) 


BAy  =  0)  =  BAy  =  0)  =  0, 
and  for  the  skew  field  (m  =  even)  we  have 
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The  standard  (American)  multipole  coefficients  defined  by 
By  -\-iBx  =  Bo  ^(bn  +  ian)ix  +  zy)",  i  =  \/^,  (10) 

are  related  to  the  double  indexed  coefficient  Un^m  by 
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IV.  Vector  Potential 

In  the  vector  potential  A  wechoosethegaugejcAj^+yAj,  =0 
(the  equivalent  of  Ar  =  0  in  the  case  of  a  linear  reference  orbit 
and  cylindrical  coordinates  (r,  9,  z)-  Then  we  can  write 

Ax  =  -yF,  Ay  =  xF,  =  ,  (12) 

(1  +  kx) 


where  F  —  F(x,  y;  z)  and  G  =  G(x,  y;  z)-  The  relation  B  = 
V  X  A  is,  then 
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This  shows  that  G  or  is  given  by  Bx  and  By,  and  that  F, 
hence  Ax  and  Ay,  are  given  by  B^.  Applying  Euler’s  theorem 
for  homogenous  forms  to  give  and  G^p^  in  terms  of  Bx^\ 
By^^  and  Bz^\  then  substituting  firom  Eq.  (7)  we  get 
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Eqs.  (12),  (14),  and  (15)  give  the  necessary  expanded  forms 
of  the  vector  potential  components  for  insertion  into  either  the 
Lagrangian  or  the  Hamiltonian  function  of  the  particle  motion. 


V.  Lagrangian  Formulation 

To  proceed  we  could  employ  either  the  Lagrangian  or  the 
Hamiltonian  formulation.  Here  we  present  the  simpler  and  more 
symmetric  Lagrangian  formulation.  The  orbit  Lagrangian  is 

L(x,  y,  y,  y';  z)  =  [(1  +  kxf  + 

+—  [x'Ax  +  y'Ay  +  (1  +  kx)Az] 

=  A!"  (kinematic  term)  +  D  (dynamic  term),  (17) 


where  e  and  p  are  the  charge  and  the  momentum  of  the  particle. 
The  expanded  forms  of  K  and  D  are 
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It  is  easy  to  show  that  to  the  first  degree  terms  one  gets  the  well- 
known  linear  equations.  To  get  the  second-  and  higher-order 
terms  the  procedure  is  equally  straightforward  but  increases  pro¬ 
gressively  in  complexity. 


EXPERIMENTAL  DETERMINATION  OF  LINEAR  OPTICS  INCLUDING 

QUADRUPOLE  ROTATIONS* 

J.  Safranek 

National  Synchrotron  Light  Source,  Brookhaven  National  Laboratory,  Upton,  NY  11973 


Abstract 

The  measured  response  matrix  giving  the  change  in  orbit  at 
beam  position  monitors  (BPMs)  with  changes  in  steering  mag¬ 
net  excitation  can  be  used  to  accurately  determine  many  im¬ 
portant  parameters  in  a  storage  ring.  Using  the  NSLS  X-Ray 
Ring  measured  response  matrix  we  have  determined  the  gradi¬ 
ents  in  all  56  quadrupole  magnets;  the  calibration  of  the  steer¬ 
ing  magnets  and  BPMs;  the  rotational  mis-alignments  of  the 
quadrupoles,  steering  magnets,  and  BPMs  about  the  electron 
beam  direction;  the  longitudinal  magnetic  centers  of  the  orbit 
steering  magnets;  and  the  transverse  mis-alignments  of  the  sex- 
tupoles.  Random  orbit  measurement  error  of  the  BPMs  prop¬ 
agated  to  give  0.04%  rms  error  in  determination  of  individual 
quadrupole  gradients  and  0.4  mrad  rms  error  in  the  determina¬ 
tion  of  quadrupole  rotational  alignment.  Small  variations  of  a 
few  parts  in  a  thousand  in  the  quadrupole  gradients  within  an 
individual  family  were  resolved.  The  improved  understanding 
of  the  X-Ray  Ring  has  enabled  us  to  better  control  the  electron 
beam  size. 


I.  INTRODUCTION 

A  precise  understanding  of  the  linear  optics,  including  cou¬ 
pling,  in  a  storage  ring  is  critical  to  achieving  maximum  per¬ 
formance.  Recent  results  from  Fermilab  [1]  illustrate  the  im¬ 
portance  of  understanding  and  controlling  coupling  in  collid¬ 
ing  beam  machines.  Careful  coupling  control  will  also  be  cru¬ 
cial  in  damping  rings  for  linear  colliders.  In  synchrotron  light 
sources,  minimization  of  coupling  minimizes  the  vertical  elec¬ 
tron  beam  size  and  produces  the  brightest  possible  photon  beam. 
Here  we  will  present  a  method  for  experimentally  determining 
the  sources  of  coupling  in  a  storage  ring. 

Previous  work  [2-7]  has  shown  that  it  is  possible  to  accurately 
derive  the  normal  gradient  distribution  in  a  storage  ring  by  ana¬ 
lyzing  the  orbit  response  matrix.  In  this  paper  this  technique  will 
be  extended  to  include  a  derivation  of  the  skew  gradient  distri¬ 
bution  in  the  NSLS  X-Ray  Ring.  The  X-Ray  Ring  BPM  system 
permits  fast,  highly  accurate  measurement  of  the  orbit  response 
matrix  [8].  In  less  than  one  second,  the  orbit  at  all  48  horizontal 
and  vertical  BPMs  is  read  256  times  and  averaged.  The  result 
is  a  reading  of  the  orbit  limited  mostly  by  the  2.5  /im  digital 
resolution.  These  accurate  orbit  response  measurements  yield 
detailed  information  concerning  the  X-Ray  Ring  optics. 

II.  METHOD 


the  model  and  measured  orbit  response  matrices  {Mmod  and 

^meas)' 


E 


(M, 


meas^ij 


where  the  sum  is  over  the  90  orbit  steering  magnets  (51  hori¬ 
zontal  and  39  vertical)  and  the  96  BPMs  (48  horizontal  and  48 
vertical).  The  matrices  include  the  coupling  terms  (i.e.  the  shift 
in  vertical  orbit  with  horizontal  steering  magnets  and  horizon¬ 
tal  orbit  shifts  with  vertical  steering).  The  ai  are  the  measured 
noise  levels  for  the  BPMs.  The  minimization  was  achieved 
by  iteratively  solving  the  linear  system  of  equations, 


~Vk  — Aa^n,  (1) 

(IXfi 

where  Vk  =  {Mmeas^ij  —  Mmod,ij)/o‘i  with  k  ranging  from  1  to 
8640  for  the  8640  elements  of  the  orbit  response  matrix.  The 
are  the  parameters  varied  to  fit  Mmeas  to  Mmod-  Solving  equa¬ 
tion  1  for  gives  the  change  in  the  parameters  to  minimize 
X^/c  which  is  equivalent  to  • 

The  parameters  varied  to  fit  Mmeas  to  Mmod  include  each  of 
the  gradients  in  the  56  X-Ray  Ring  quadrupoles;  the  small  gradi¬ 
ent  in  the  dipole  magnets;  the  gains  of  the  96  BPMs;  the  calibra¬ 
tions  of  the  90  orbit  steering  magnets;  and  the  rotational  align¬ 
ment  of  the  quadrupoles,  steering  magnets,  and  BPMs.  Also 
included  in  the  fit  is  the  energy  shift  associated  with  changing 
each  orbit  steering  magnet.  When  a  steering  magnet  strength  is 
changed,  the  total  path  length  around  the  ring  must  stay  constant 
to  keep  the  electron  bunches  in  synchronism  with  the  rf,  so  there 
is  an  energy  shift  of  the  stored  beam  with  an  associated  shift  in 
the  closed  orbit  proportional  to  the  dispersion. 

A  fourth  parameter  was  varied  for  each  BPM.  Three  parame¬ 
ters  for  each  BPM  were  already  mentioned:  the  horizontal  gain, 
the  vertical  gain,  and  the  rotational  alignment.  By  adding  a 
fourth  parameter  we  are  varying  all  the  possible  parameters  of 
a  two-dimensional  linear  fit  between  the  two  signals  from  the 
BPM  and  the  actual  horizontal  and  vertical  orbit.  This  is  neces¬ 
sary,  because  there  is  significant  variation  of  the  linear  mapping 
from  BPM  to  BPM.  The  BPMs  in  the  X-Ray  Ring  were  con¬ 
structed  by  welding  a  disk  with  two  pick-up  electrodes  to  the  top 
of  the  vacuum  chamber  and  another  such  disk  to  the  bottom  of 
the  vacuum  chamber.  Due  to  the  tolerances  in  this  welding  pro¬ 
cess,  there  is  significant  variation  in  the  response  of  the  BPMs. 
The  following  gives  the  full  linear  transformation  used  in  fitting 
the  orbit  measurements  for  each  BPM: 


The  MAD  [9]  accelerator  optics  modeling  program  was  used 
to  calculate  the  model  response  matrix.  The  parameters  in  the 
MAD  model  were  varied  to  minimize  the  x^  deviation  between 

*  Work  performed  under  the  auspices  of  the  U.S.  Department  of  Energy 
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The  four  parameters  varied  for  each  BPM  are  horizontal  gain 
vertical  gain  (gy),  rotation  (0),  and  C  which  is  a  parameter 
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associated  with  errors  in  the  construction  of  the  BPM  in  which 
one  diagonal  pair  of  pick-up  electrodes  is  closer  together  than 
the  other  diagonal  pair. 

Even  with  the  above  parameters  varied,  the  orbit  response  of 
certain  orbit  steering  magnets  could  not  be  fit  to  the  BPM  mea¬ 
surement  noise  level.  The  magnets  with  the  poorest  fit  were  the 
ones  closest  to  other  ferromagnetic  material  in  the  ring.  The 
steering  magnets  have  long  end-fields.  When  they  are  located 
near  other  ferromagnetic  material,  the  end  fields  are  clipped  and 
the  longitudinal  magnetic  center  of  the  steering  magnet  is  shifted 
from  its  physical  center.  We  varied  the  positions  of  the  steering 
magnets  in  the  MAD  model,  so  the  fitting  converged  to  give  the 
longitudinal  magnetic  centers  of  the  magnets.  As  expected,  we 
found  that  the  closer  a  steering  magnet  was  to  some  other  ferro¬ 
magnetic  ring  element,  the  more  the  fit  for  its  magnetic  center 
deviated  from  its  measured  physical  center.  With  the  corrected 
longitudinal  position,  the  model  and  measured  responses  agreed 
to  about  the  noise  level  of  the  BPMs. 

In  all,  626  parameters  were  varied  to  fit  the  8640  elements 
in  the  X-Ray  Ring  response  matrix.  When  the  fit  had  con¬ 
verged,  the  rms  difference  between  Mmod  and  Mmeas  was  1.2 
fim  which  is  primarily  due  to  the  digital  accuracy  (one  bit  is  2.5 
//m)  of  the  BPM  readings.  The  fit  converged  to  values  to  each  of 
the  626  parameters.  In  the  next  sections  we  discuss  how  accu¬ 
rately  these  parameters  reflect  the  real  gradients,  rotations,  and 
calibrations  of  the  elements  in  the  X-Ray  Ring. 

III.  ERROR  ANALYSIS 

Random  errors  on  measured  data,  such  as  the  random  noise 
on  the  orbit  response  matrix  measurement,  propogate  in  a  pre¬ 
dictable  way  to  give  well-defined  error  bars  on  fit  parameters. 
Unknown  systematic  errors,  on  the  other  hand,  propogate  in  un¬ 
known  ways,  making  it  is  difficult  to  determine  the  size  of  the 
error  bars.  Every  effort  was  made  to  ensure  that  the  difference 
between  the  model  and  measured  response  matrices  converged 
to  the  noise  level  of  the  BPMs,  because  this  ensures  that  there 
is  no  remaining  systematic  error  in  the  model.  If  all  626  param¬ 
eters  were  not  included  in  the  fit,  the  rms  difference  between 
the  model  and  measured  response  matrices  would  not  have  con¬ 
verged  to  1.2  fim.  The  additional  error  would  have  been  due 
to  systematic  error  and  would  have  contributed  an  unknown 
amount  to  the  error  bars. 

The  number  of  data  points,  8640,  is  much  greater  than  the 
number  of  parameters,  626,  but  this  does  not  in  itself  guarantee 
that  the  solution  is  unique.  One  way  to  test  for  uniqueness  is  to 
look  at  the  eigenvalues  associated  with  the  matrix,  dVk/ dxn,  in 
equation  1.  If  this  matrix  is  singular,  it  will  have  eigenvalue(s) 
equal  to  zero,  and  there  will  be  an  infinite  region  in  parameter 
space  over  which  the  fit  gives  the  minimum  In  such  a  case, 
our  fit  parameters  would  have  infinite  error  bars  regardless  of 
how  small  the  BPM  noise  is.  There  is  actually  one  singularity  in 
dVk /dxn ,  which  is  due  to  the  fact  that  if  all  the  steering  magnet 
calibrations  and  all  the  BPM  gains  were  increased  together,  the 
response  matrix  would  not  change.  This  means  that  when  ana¬ 
lyzing  the  orbit  response  matrix  data  alone,  only  the  relative  cal¬ 
ibrations  of  the  BPMs  and  steering  magnets  can  be  derived.  The 
absolute  calibrations  have  infinite  error  bars.  The  absolute  cali¬ 
brations,  however,  can  be  derived  by  comparing  the  shift  in  orbit 


with  rf  frequency  to  the  model  dispersion.  The  model  dispersion 
is  well  known  from  the  quadrupole  calibration,  so  the  absolute 
gain  calibration  of  the  BPMs  can  be  derived.  The  singularity 
in  dVk/dxn  was  avoided  by  inverting  the  matrix  using  singu¬ 
lar  value  decomposition  (SVD)  [10].  The  SVD  threshold  was 
adjusted  to  eliminate  the  one  very  small  eigenvalue.  The  eigen¬ 
value  associated  with  the  steering  magnet/BPM  degeneracy  was 
15  times  smaller  than  the  next  smallest  eigenvalue.  That  all  the 
other  eigenvalues  were  much  larger  indicates  that  there  are  no 
other  degeneracies  in  dVk/dxn  (see  [10]). 

The  easiest  way  to  determine  how  much  the  fit  parameters 
vary  due  to  random  errors  in  the  measurements  is  simply  to  take 
many  data  sets,  analyze  each  one  separately,  and  see  how  much 
variation  there  is  between  fit  parameters  for  the  different  data 
sets.  We  measured  the  response  matrix  ten  times,  and  fit  a  model 
to  each  response  matrix.  Then,  for  each  of  the  parameters  we 
took  the  average  over  the  ten  data  sets  and  calculated  the  rms 
variation  from  the  average.  The  results  are  shown  in  table  1. 


Table  1,  These  rms  variations  are  the  error  bars  on  the  fit  param¬ 
eters  due  to  random  orbit  measurement  errors. 


Parameter 

rms  variation 

quadrupole  gradients 

.04% 

quadrupole  rotations 

.4  mrad 

BPM  gain 

.05% 

BPM  rotations 

.5  mrad 

BPM  C-parameter 

.0004 

steering  magnet  calibration 

.05% 

steering  magnet  rotations 

.8  mrad 

steering  magnet  longitudinal  center 

2  mm 

steering  magnet  fractional  energy  shift 

3.4E-7 

The  size  of  the  error  bars  in  table  1  is  determined  by  the 
signal-to-noise  ratio  of  the  orbit  response  matrix  measurement. 
To  decrease  the  error  bars,  the  signal-to-noise  must  be  increased. 
The  size  of  the  signal  is  the  size  of  the  orbit  shifts  when  mea¬ 
suring  the  response  matrix.  Orbit  shifts  of  .8  mm  were  used 
when  measuring  the  10  response  matrices  used  for  table  1.  We 
also  measured  response  matrices  with  1 .6  mm  rms  orbit  shifts  to 
double  the  signal  to  noise.  With  1.6  mm  rms  orbit  distortions, 
however,  we  could  only  fit  Mmod  to  Mmeas  to  an  rms  difference 
of  1.4  fim,  not  the  1.2  fim  with  which  we  could  fit  the  .8  mm 
rms  orbit  distortions.  This  means  there  were  systematic  errors  in 
the  measurement,  most  likely  due  to  nonlinearities  in  the  BPM 
electronics.  Thus  BPM-electronics  nonlinearities  limit  the  size 
of  the  signal  we  can  fit.  Improved  BPM  electronics  have  been 
developed  [11],  and  will  be  available  for  orbit  measurements  in 
the  future.  The  present  limit  on  the  noise  of  the  orbit  response 
matrix  measurement  is  the  2.5  fitn  digital  resolution. 

IV.  RESULTS 

The  error  analysis  showed  that  the  fit  parameters  are  very 
close  to  the  real  parameters  in  the  X-Ray  Ring.  As  discussed 
previously  [3],  the  fit  quadrupole  gradients  agreed  well  with  the 
magnetic  measurements  we  were  able  to  find.  Also  other  mea¬ 
sured  lattice  parameters  such  as  dispersion  and  tunes  agreed  well 
with  the  MAD  model  the  fitting  generated. 
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Table  2  shows  the  rms  size  of  the  fit  rotations  as  well  as  the 
maximum  rotations  found.  The  BPM  rotations  are  quite  large 
due  to  the  construction  method  described  above. 

Table  2.  This  table  shows  the  rms  rotations  of  the  56 
quadrupoles,  the  48  BPMs,  and  the  90  steering  magnets.  Also 
shown  are  the  maximum  rotations  and  the  resolution  with  which 
we  could  determine  the  rotations.  The  resolutions  come  from  ta¬ 
ble  1. 


FIT  ROTATIONS 

rms 

maximum 

resolution 

quadrupole 

1.4  mrad 

3.6  mrad 

.4  mrad 

BPM 

lOmrad 

31  mrad 

.5  mrad 

steering  magnet 

6  mrad 

21  mrad 

.8  mrad 

The  first  work  that  was  a  direct  application  of  the  better  un¬ 
derstanding  of  the  X-Ray  Ring  optics  was  the  development  of 
a  low  emittance  lattice  [12].  The  response  matrix  fit  was  done 
using  response  matrices  measured  while  the  sextupole  magnets 
were  turned  off.  We  then  turned  on  the  sextupoles  and  remea¬ 
sured  the  response  matrix.  Starting  with  the  MAD  model  which 
was  generated  by  fitting  the  response  matrix  with  the  sextupoles 
off,  we  varied  gradients  in  each  sextupole  to  fit  the  matrix  mea¬ 
sured  with  the  sextupoles  on.  In  this  way  we  were  able  to  derive 
the  gradients  in  each  of  the  sextupoles  due  to  horizontal  orbit 
offsets  in  the  sextupoles.  We  then  adjusted  the  strengths  of  the 
quadrupoles  adjacent  to  the  sextupoles  in  order  to  compensate 
for  the  sextupole  gradients.  Thus  we  were  able  to  correct  a  large 
break  in  periodicity  of  the  dispersion,  and  reduce  the  horizontal 
emittance. 

Another  application  of  the  results  will  be  in  the  X-Ray  Ring 
coupling  correction  algorithm  [13],  The  coupling  algorithm  is 
limited  by  previously  unknown  corrector  and  BPM  rotational 
misalignments.  Now  that  these  rotations  are  known,  they  will 
be  used  to  improve  the  coupling  correction. 

V.  CONCLUSION 

Analysis  of  the  measured  orbit  response  matrix  has  yielded 
a  great  deal  of  detailed  information  concerning  the  X-Ray  Ring 
including  the  normal  and  skew  gradients  in  each  quadrupole. 
This  information  has  already  proven  useful  for  lowering  the  hor¬ 
izontal  emittance.  The  BPM,  steering  magnet,  and  quadrupole 
rotation  information  should  improve  the  X-Ray  Ring  coupling 
correction.  The  results  from  this  analysis  would  be  useful  for 
colliding  beam  storage  rings  and  damping  rings  as  well  as  syn¬ 
chrotron  light  sources. 
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Abstract 

The  energy  calibration  of  the  beam  directly  effects  the  preci¬ 
sion  of  the  mass  measurement  of  particles  produced  in  collision. 
The  beam  path  length  changes  due  to  the  pretzel  orbit,  steering, 
bumps  and  quadrupole  survey.  To  provide  reasonable  extrapola¬ 
tion  of  energy  measurement,  this  path  length  change  needs  to  be 
included  in  the  energy  calculation. 

L  Introduction 

The  energy  calibration  of  the  beams  in  CESR  directly  effect 
the  precision  of  the  mass  measurement  of  particles  produced  in 
collision.  There  are  three  methods  to  measure  the  beam  energy 
(nmr*,  Ecleo  and  B  mass)  in  CESR.  It  has  been  seen  that  there 
is  a  2  MeV  shift  between  nmr*,  Ecleo,  and  B  mass  measurement 
from  run  by  run.  To  provide  reasonable  extrapolation  of  energy 
measurement,  there  is  a  need  to  analyze  the  effect  of  machine 
hardware  components  (such  as  steering,  bumps,  quad  survey, 
pretzels,  etc)  on  the  energy. 

The  energy  information  could  be  calculated  from  the  CESR 
beam  trajectory/orbit  and  the  dipole  magnetic  field  throughout 
the  ring.  The  path  length  change  due  to  the  dipole  field  error  or 
kicks  plays  an  important  roles  in  energy  calculation. 

IL  The  Off-Energy  Orbit  and  Energy  Change 

The  linear  transverse  particle  motion  could  be  described  by 
the  differential  equationsfl]: 

x"  +  [/sTi  (s)  +  G\s)]x  =  G{s)S  -  (1) 

where:  8  is  the  momentum  deviation;  e  and  c  are  electron 
charge  and  speed  of  light.  ecABy/Eo  is  the  normalized  dipole 
field  imperfection  or  the  quadrupole  misalignment;  G(s)  = 
ecBy(s)/Eo  is  the  curvature  function;  Kiis)  =  ec(dBy/dx)/Eo 
is  the  quadrupole  strength. 

The  coupling  terms  and  high  order  terms  were  neglected  in 
Equation.  1.  The  solutions  of  linear  motion  of  Equation.  1  are  to 
be  a  superposition  of  periodic  forced  solutions  (energy  displace¬ 
ment  and  closed  orbits)  with  the  free  oscillation  (the  betatron 
oscillation).  The  total  displacement  from  the  ideal  orbit  could 
be  written  as, 

x(s)  =  x^(s)  -h  r](s)S  +  Xc(-y)  (2) 

The  betatron  oscillation  xp{s)  is  well  known  and  could  be 
represented  by 


where  (pjds)  is  the  horizontal  phase,  Px  is  betatron  function,  and 
a  and  are  constants  for  a  particular  trajectory. 

The  energy  displacement  term  ri(s)8  is  easy  to  get  by  solving 
the  differential  equation 

n''{s)  +  [Ki  is)  +  GHs)]ri(s)  =  G{s)  (4) 

7/(5)  is  called  dispersion  function  and  its  solution  can  be  ex¬ 
pressed  as 

f  COS{\<t>As)  -  <^;cfe)l 

(5) 

If  the  beam  has  a  slight  momentum  deviation  of  5o  in  relative 
value,  the  horizontal  closed  orbit  is  displaced  to  first  order: 

Xsois)  =  t](s)8o  (6) 


Since  the  particles  lose  a  significant  fraction  of  their  energy 
due  to  the  synchrotron  radiation  in  the  dipoles  while  the  compen¬ 
sating  acceleration  only  occurs  at  a  few  points,  the  instantaneous 
momentum  therefore  varies  along  the  circumference.  If  the  dis¬ 
persion  and  its  derivative  not  vanish  at  the  RE  cavities,  the  sec¬ 
ond  order  orbit  distortion  may  not  be  neglected.  For  simplicity, 
we  neglect  all  second  order  terms.  There  are  98  beam  position 
monitors  (BPM)  throughout  the  ring,  and  be  used  to  take  orbits 
from  run  to  run.  By  averaging  the  closed  orbit  data,  the  average 
momentum  deviation  8o  could  be  extracted. 

An  important  consequence  of  an  energy  deviation  is  associated 
change  in  the  circumference  of  the  closed  orbit.  This  effect  can 
be  expressed  by  the  orbit  length  dilation  factor. 


where  oip  =  ^  f  G(s)7}(s)ds  is  the  momentum  compaction  fac¬ 
tor. 

The  closed  orbit  derivation  term  Xc  due  to  the  dipole  field  error 
or  kick  could  be  calculated  by  solving  the  equation 


x"  +  [Kdx)  +  G\x)]x  =  - 


ecABy 

Eo 


(8) 


Define  the  kick  Ax'  by  the  following  equation. 


By  solving  Equation. 8,  the  closed  orbit  displacement  due  to 
a  kick  Ajc'(5x)  at  the  location  of  Sx  could  be  expressed  as  fol- 
lows[l], 


x^(s)  =  a^/^cos{(|)x{s)  - 


Xc(s)  =  Ax'iSj,)^/P(S:,)COS{\<p{s)  -  ^fe)|  -  TTV^) 

zsmnvjc 


*Work  supported  by  the  National  Science  Foundation 

0-7803-3053-6/96/$5.00  ®1996  IEEE 


2820 


Obviously  the  total  path  length  will  change  due  to  this  closed 
orbit  distortion  and  can  be  written  as 

Ltotai  =  ^(1  +  G(s)^x{s))ds  =  Lo  +  ^  G(s)Xc(s)ds  (1 1) 

The  changed  path  length  8L^  could  thus  be  easily  derived, 

-7tv^)ds  (12) 

Replace  the  right  side  of  Equation.  12  by  the  definition  of  dis¬ 
persion,  the  could  be  very  simple, 

8L^  =  Ax'(sjc)r}(sjc)  (13) 

Since  the  RF  system  frequency  determines  the  circumference 
so  that  any  lengthening  of  the  path  due  to  the  betatron  closed 
orbit  error  must  result  in  an  equal  and  opposite  change  in  path 
length  due  to  a  change  in  beam  energy. 


AL^  =  —ALs 


(14) 


The  energy  deviation  due  to  this  kick  then  could  be  expressed  as: 


ALa  ^  ^  ^(sx)Ax'(sjc) 


(15) 


For  many  kicks  around  the  ring,  the  total  energy  change  is 
simply  the  sum  of  the  energy  change  of  each  kick. 


8E 

To 


E 


Ax\sjc)r}{sx) 

CipljQ 


(16) 


CESR  is  designed  to  operate  over  a  range  of  electron  energies 
by  arranging  all  dipole  magnetic  fields  be  varied  together  (scaled 
in  proportion  to  the  desired  operating  energy).  The  design  orbit 
is  not  changed  by  varying  all  fields  together  which  only  changes 
the  beam  energy  associated  with  the  design  orbit.  This  could  also 
be  verified  by  Equation.  16.  Let's  assume  the  fraction  of  dipole 
field  change  F  =  AB{sx)/Bo{sx)  is  a.  constant  throughout  the 
ring, 


Ax'(sx)  = 


ecABAL 


=: -AG{sx)AL  =  -FG{sx)AL 

(17) 


and  it  is  demonstrated  that  the  beam  energy  deviation  is  also 
equal  to  F. 


i 


T}{Sx)FG(Sx) 

otpLo 


dSx  — 


^pEo 


G(s)r](s)ds  =  F  (18) 


III.  Discussion  of  the  Effect  on  Energy  in  CESR 

Now,  let’s  discuss  the  effect  of  steering,  bumps,  quadrupole 
survey,  pretzels  on  energy  in  CESR.  We  choose  the  present  high 
energy  physics  (HEP)  lattice  with  small  crossing  angle  of  2.5 
mrad  as  an  example.  The  main  parameter  of  the  lattice  is  listed  in 
Table.  1 .  The  crossing  angle  optics  are  designed  to  accommodate 
9  trains  of  2  bunches  separated  by  28  ns. 

Steering:  There  are  total  83  horizontal  steering  coils  in  CESR. 
The  total  magnetic  length  of  all  the  horizontal  steering  coils  is 


Table.  1  Some  Parameters  of  HEP  Lattice 


Lattice  Name 

N9A18A600.FD92S.4S 

Nominal  Energy 

5.289  GeV 

a 

0.011256 

0.20  X  10"® 

Horizontal  Tune  Vx 

10..5235 

Vertical  Tune  Vy 

9.5971 

p; 

0.18  m 

PI 

1.09  m 

Energy  Spread 

0.6149  X  10-3 

Circumference  Lo 

768.426  m 

Average  Dispersion 

1.38  m 

450  m.  Most  single  steering  coil  have  magnetic  length  of  6.504 
m,  except  the  steering  coils  between  the  IP  and  Quadrupole  Q8. 
In  principal,  we  could  measure  the  the  excitation  curve  for  all  the 
steering  coil,  and  read  the  the  coil  current  from  the  CESR  save 
set.  The  energy  change  due  to  the  steering  coil  could  be  simply 
calculated  according  to  the  Equation.  16. 

In  CESR,  two  pairs  of  electrostatic  separators  are  used  to  sep¬ 
arate  the  two  beams  (electron  and  positron  beam)  at  the  parasitic 
points.  The  orbits  of  positron  and  electron  are  oppositely  dis¬ 
torted  in  pretzels  fashion  by  these  two  pairs  of  separators.  In  the 
present  high  energy  physics  running  optics  with  crossing  angle, 
the  horizontal  separators  are  powered  antisymmetrically.  Since 
CESR  is  a  symmetric  machine,  the  energy  change  due  to  these 
two  pair  of  antisymmetrically  powered  separator  kicks  should 
be  canceled  each  other  and  the  energy  deviation  should  be  zero. 
If  these  two  pair  of  separators  are  powered  symmetrically  as  we 
did  in  the  head-on  collision  running  before,  the  energy  change 
could  be  calculated  by  Equation.  16. 

There  could  be  many  horizontal  bumps  throughout  the  ring. 
The  effect  on  the  energy  should  be  similar  as  steering.  The  local 
bumps  are  usually  closed,  but  the  beta  function  at  each  individual 
bump  is  not  always  the  same,  and  the  dispersion  difference  can 
be  large  for  bumps  in  areas  with  varying  dispersion  (i.e.,  when 
bending  magnets  are  in  the  bump  region).  The  effect  on  energy 
could  be  large.  Bumps  in  long  drift  spaces,  such  as  the  IR,  have 
a  smaller  effects  on  the  energy. 

Quadrupole  Survey  Misaligned  quadrupoles  can  cause  en¬ 
ergy  changes  also.  It  is  important  to  distinguish  the  misalign¬ 
ment  of  a  quadrupole  relative  to  the  ideal  ’’design”  orbit  from  the 
passage  of  the  beam  off  the  magnetic  center  due  to  a  kick  some¬ 
where  else  in  the  ring.  In  the  second  case,  the  kick  given  to  the 
beam  by  the  quad  is  just  part  of  the  focusing  action  of  the  stor¬ 
age  ring  optics  and,  as  implied  by  the  treatment  above,  does  not 
cause  any  additional  energy  change  since  Equation:  16  takes  into 
account  the  kicks  from  all  the  quads. 

Misaligned  quads  are  properly  treated  as  dipole  kicks  using 
Equation:  16.  The  value  of  the  kick  must  be  computed  from  the 
displacement  of  the  quad  center  from  the  design  orbit.  In  practice 
this  can  be  determined  only  from  a  survey,  which  puts  definite 
limits  on  our  knowledge  of  energy  changes  due  to  misaligned 
quads.  If  we  are  interested  primarily  in  a  reproducible  energy 
measurement,  keeping  track  of  quads  moved  during  a  down  pe- 
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riod  is  very  important.  The  unplanned  movements  of  quads  must 
be  determined  by  some  other  means  if  we  are  to  understand  their 
effect  on  the  machine  energy. 

The  kick  received  by  the  beam  from  a  misaligned  quad  could 
be  calculated  by: 


—  X(^K\Lqiiad 

where  the  Lquad  is  the  magnetic  length  of  the  quad,  Xd  is  the 
offset  of  the  quad  axis  away  from  the  ideal  design  orbit.  K\  is 
the  quad  strength.  Assume  that  the  beam  offset  Xd  is  0.1  mm  at 
Q2  (KiL  ^  0.5),  the  kick  received  by  the  beam  at  Q2  is  -0.05 
mrad,  which  lead  to  the  energy  change  ( AE/ Eq)  of  0.43  x  10"^ 
from  Equation.  16,  since  the  dispersion  at  Q2  is  very  low  (0.0075 
m).  Another  example,  if  we  assume  that  the  beam  offset  Xd  is 
0.1  mm  at  Q6  {K\L  ^  0.25)  where  the  dispersion  is  2.35  m,  the 
kick  received  by  the  beam  could  be  calculated  to  be  -0.025  mrad 
and  energy  change  5  to  be  0.68  x  10“^.  For  the  nominal  energy 
of  5.289  GeV,  the  energy  deviation  is  about  0.036  MeV. 

Miscellaneous  Orbit  Distortion  The  closed  orbit  file  could 
be  taken  from  run  to  run.  The  miscellaneous  orbit  distortion 
could  be  gotten  by  subtracting  this  orbit  with  the  known  orbit 
distortions  introduced  by  steering,  pretzels,  bumps,  etc.  The 
average  momentum  displacement  due  to  the  miscellaneous  orbit 
distortion  then  could  be  calculated  by  averaging  this  orbit.  The 
average  dispersion  function  of  present  HEP  running  optics  is  1 .38 
m  and  the  average  displacement  of  miscellaneous  orbit  distortion 
is  at  the  order  of  0.02  mm,  so  the  momentum  displacement  due 
to  this  orbit  distortion  could  be  at  the  order  of  1.45  x  10“^. 
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Abstract 

A  number  of  lattices  have  been  studied  for  use  in  a  high¬ 
brightness  Canadian  synchrotron  light  source.  In  particular  we 
have  investigated  some  designs  similar  to  the  proposed  1.5  -  2.1 
GeV  Swiss  Light  Source,  which  incorporates  superconducting 
dipoles  in  multi-bend  achromats,  but  providing  8  or  10  rather 
than  the  original  6  straight  sections.  Similar  emittances  to  those 
of  the  original  (1.6  nnx-rad  at  1.5  GeV)  can  be  obtained,  but  to 
achieve  similar  dynamic  apertures  great  care  has  to  be  taken  in 
placing  the  chromaticity-  and  resonance-correcting  sextupoles, 
because  of  their  unusual  strength.  A  scheme  is  described  which 
allows  the  dynamic  apertures  to  be  more  than  doubled  to  ~  100 
mm-mrad  in  both  planes. 

I.  INTRODUCTION 

A  number  of  lattices  have  been  studied  for  use  in  a  very-high- 
brightness  Canadian  synchrotron  light  source.  In  particular  we 
have  investigated,  in  collaboration  with  PSI,  some  designs  with 
similar  structures  to  the  proposed  1.5  -  2.1  GeV  Swiss  Light 
Source,  but  with  8  or  10,  rather  than  the  original  6,  straight  sec¬ 
tions.  The  SLS  has  a  number  of  features  superior  to,  or  not  avail¬ 
able  on,  existing  machines: 

-  a  factor  2  better  emittance  and  brightness, 

-  superconducting  dipoles  to  provide  hard  x  rays, 

-  two  very  long  straight  sections  for  advanced  i.d.’s, 

-  a  flexible  lattice  allowing  several  operating  modes, 

-  individual  tuning  capability  to  match  each  i.d. 

The  SLS  proposal  uses  a  hexagonal  lattice  with  four  short  (7 
m)  and  two  long  (19  m)  straight  sections;  there  are  seven  focus¬ 
ing  cells  per  arc  tuned  to  provide  an  extremely  low  emittance  (1.4 
nm-rad  at  1.5  GeV).  The  new  lattices  use  the  same  basic  cell  in 
order  to  obtain  the  same  low  emittance,  but  fewer  cells  per  arc  (4, 
5  or  6),  allowing  the  number  of  arcs  and  straight  sections  avail¬ 
able  for  insertion  devices  to  be  increased  for  only  a  small  rise  in 
ring  circumference. 

In  very-low-emittance  lattices  the  region  of  stable  transverse 
motion  is  limited  by  nonlinearities  introduced  by  the  rather 
strong  sextupoles  needed  for  chromatic  correction.  This  also 
makes  it  difficult  to  obtain  the  necessary  dynamic  acceptance  in¬ 
dependent  of  the  machine  working  point.  These  difficulties  in¬ 
crease  for  the  new  lattices  because  there  is  less  flexibility  with 
fewer  cells  per  arc  and  because  the  lattice  functions  are  in  some 
cases  asymmetric  -  with  alternating  high  and  low  beta  functions 
in  the  straight  sections. 

Efforts  have  therefore  been 

focused  on  correcting  the  sextupole-driven  resonances  and  find¬ 
ing  better  sextupole  configurations.  The  algorithm  used  is  based 
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on  simultaneous  minimization  of  linear  chromaticities  and  third- 
and  fourth-order  resonance  strengths  with  the  code  COSYoo  [5]. 
The  solutions  obtained  for  the  original  hexagon  lattice  are  very 
similar  to  those  found  at  PSI. 

Two  approaches  have  been  taken,  as  detailed  in  the  following 
sections.  In  the  first,  the  phase  advance  per  cell  was  set  solely 
to  obtain  low  emittance,  as  in  the  original  SLS  design.  One 
decagon  and  two  octagon  lattices  of  this  kind  were  considered. 
The  best  dynamic  acceptance  (^40  mm-mrad  in  both  planes) 
was  found  for  a  periodicity-4  octagon  with  four  long  and  four 
short  straight  sections. 

The  second  approach  was  to  apply  the  achromat  concept  to  the 
chromatic  corrections.  With  an  appropriate  phase  advance  per 
cell  and  the  correct  distribution  of  several  families  of  sextupoles, 
the  second-order  geometric  aberrations  can  be  made  vanishingly 
low  or  zero.  This  results  in  rather  high  dynamic  acceptance,  in 
some  cases  exceeding  the  physical  aperture  of  the  vacuum  cham¬ 
ber.  On  the  other  hand,  the  tuneability  of  these  lattices  is  more 
limited. 

Lattice  Structure 

As  for  the  SLS  hexagon,  each  repeat  section  is  an  N-bend 
achromat  (NBA)  consisting  of  N-2  bending  cells  (“C  cells”  with 
0  10^)  with  a  half-bend  dispersion  suppressor  and  a  half¬ 

straight  (together  forming  an  “H  section”)  on  each  side.  Figure  1 
illustrates  this  basic  structure  for  a  5 -bend  achromat  consisting 
of  three  C  cells  and  two  H  sections.  The  F  and  D  quadrupoles  in 
each  cell  form  independent  families. 


Figure.  1 .  Lattice  elements:  (above)  3  C  cells  with  a  central  su¬ 
perconducting  dipole;  (below)  H  section  composed  of  dispersion 
suppressor  and  half  straight. 


IL  HIGHER-PERIODICITY  LATTICES  SIMILAR 

TO  SLS 

The  distinguishing  feature  of  these  lattices  is  that  resonance 
correcting  sextupoles  are  installed  both  in  dispersive  (C  cell)  and 
nondispersive  (H  section)  locations. 
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The  octagon  lattice  OCT4,  composed  of  4  superperiods  of 
a  45^arc  and  its  mirror  image,  has  been  considered  both  at 
TRIUMF  and  PSI[3].  Each  arc  consists  of  three  C  cells  with 
IV  dipoles  and  one  long  and  one  short  H  section  with  6^^ 
dipoles.  The  highest  transverse  and  longitudinal  dynamic  aper¬ 
tures  (units  //m.rad,  %)  so  far  obtained  are  hor./vert./energy 
=  65/35/±4%  and  45/41/±l%,  corresponding  to  natural  omit¬ 
tances  of  4.7  nm.rad  and  2.7  nm.rad  respectively  at  1.5  GeV. 
(Although  these  rings  are  designed  to  run  up  to  2.1  GeV,  we 
quote  emittances  at  the  lower  energy  throughout,  to  facilitate 
comparison  with  existing  machines.) 

In  the  decagon  lattice  DEC288  each  1 80^  superperiod  consists 
of  three  5B  A  40^  arcs  and  two  4B  A  30®  arcs.  The  performance 
achieved  so  far  is  inferior  to  that  of  SLS  (see  Table  1). 

III.  SECOND-ORDER  ACHROMAT  LATTICES 

To  implement  the  second-order  achromat  principle  groups  of 
cells  are  created  with  integer-7r  total  phase  advance.  This  ensures 
that  a  sextupole  is  always  paired  with  a  member  of  the  same  fam¬ 
ily  exactly  in  antiphase,  thereby  canceling  some  of  the  driving 
terms  of  third-order  betatron  resonances  in  a  “selfcompensating” 
scheme  .  In  the  lattices  discussed  here,  this  is  achieved  for  the 
focusing  sextupoles  by  making  the  horizontal  tune  advance  by 
an  integer  fraction  n/2m  (n  odd)  in  each  C  cell,  so  a  sequence 
of  m  C  cells  has  phase  advance  n7r.  In  addition,  each  H  section 
is  tuned  to  tt,  so  that  the  back-to-back  pairs  forming  insertions 
(H,-H)  are  transparent.  Any  sextupoles  m  C  cells  apart  are  then 
exactly  in  antiphase,  even  if  insertions  intervene  (no  sextupoles 
are  installed  in  the  H  sections  in  these  lattices).  To  ensure  a  non¬ 
integer  tune  around  the  whole  ring,  the  self-compensating  con¬ 
dition  is  relaxed  in  selected  sections,  often  in  the  long  straights. 

The  lattice  OCT-5/12  has  2  superperiods,  each  consisting  of  1 
long  straight,  3  short  straights  and  4  identical  5B  A  45®  arcs  with 
three  11.25®  dipoles  and  two  5.625®  dipoles;  the  lattice  functions 
are  shown  in  Fig.  2.  In  this  case  n/2m  =  5/12  and  the  phase  ad¬ 
vance  over  any  90®  bend  is  9  tt.  The  sextupoles  are  arranged  in 
five  separately  powered  families.  All  the  defocusing  sextupoles 
form  one  family  while  the  focusing  sextupoles  are  divided  into 
four  families  (0,1, 2, 3)  arranged  (Fig.  2)  ABBC  =  0113  and  3220 
in  alternate  octants.  A  number  of  other  groupings  were  tried,  but 
this  proved  to  be  the  most  effective.  Dividing  the  sextupoles  into 
more  families  did  not  provide  any  significant  benefit. 

For  the  lattice  OCT.-7/16  each  octant  contains  4  C  cells  with  9® 
dipoles  and  two  H  sections  with  4.5®  dipoles.  With  n/2m  =  7/16 
the  phase  advance  over  any  90®  bend  is  11  tt.  The  focusing  sex¬ 
tupoles  are  arranged  01113  and  32220  in  alternate  octants.  With 
the  number  of  dipoles  per  octant  being  even  (6  in  this  case)  in¬ 
clusion  of  a  s.c.  dipole  breaks  the  symmetry  of  the  octant  a  little. 
The  large  on-momentum  dynamic  apertures  shown  in  Table  1 
were  obtained  at  optimum  conditions  -  C  cells  tuned  to  (llS)7r 
and  the  horizontal  beta  functions  of  the  ring  having  an  exact  8- 
fold  symmetry. 

A.  Resonance  Correction  and  Nonlinear  Dynamics 

For  the  self-compensating  choice  of  horizontal  tunes  de¬ 
scribed  above  some  of  the  driving  terms  of  the  lowest  order  non¬ 
linear  resonances  are  automatically  zero  no  matter  how  the  dif¬ 
ferent  families  are  excited.  The  rest  of  the  third-order  resonance 


Figure.  2.  Lattice  OCT_5/12  (1/4  ring)  with  tunes  z/a;=18.37, 
i/y=6A,  emittance  3.6  nm. 

terms,  and  also  some  selected  fourth-order  terms,  were  mini¬ 
mized  using  COSYco  to  improve  the  dynamic  aperture  and  the 
chromatic  stability. 

In  principle  further  improvement  of  the  nonlinear  behavior  is 
possible  if  a  similar  self-compensating  scheme  is  applied  in  the 
vertical  plane.  The  lattice  OCT-5/12  provides  such  a  choice  for 
the  vertical  phase  advances,  namely: 

-  for  the  C-cell  =  Itt/ 6 

-  for  the  (H,-H)  cell  //y  =  Itt. 

Due, 

however,  to  increased  chromaticity  and  sextupole  strengths  we 
did  not  obtain  a  better  acceptance. 

For  a  full  cancellation  of  the  terms  driving  third-order  reso¬ 
nances,  the  phase  advances  of  C  cells  must  satisfy 

f-^x  ~  l^y  ~  ^  ^ 

The  first  condition  cannot  be  achieved  for  this  kind  of  cell. 
The  second  implies  a  vertical  phase  advance  pLy  =27r/12  and 
looks  possible,  but  has  not  been  tried  yet. 

B,  Lattice  Flexibility 

Several  working  points  within  a  half-integer  square  of  the  tune 
diagram  gave  horizontal  on-momentum  dynamic  aperture  A^; 
equal  to  or  even  slightly  larger  than  the  geometric  acceptance 
of  the  vacuum  chamber.  For  the  “self-compensating”  horizon¬ 
tal  tunes  in  OCT_5/12  the  sextupole  strengths  required  for  chro¬ 
maticity  and  resonance  correction  were  calculated  at  the  work¬ 
ing  point  i/a;=18.2,  z/y  =6.4.  The  natural  emittance  at  this  point 
is  3.6  nm.rad  with  hor./vert.  dynamic  aperture  70/70  //m.rad. 
A  shift  of  the  working  point  towards  higher  horizontal  tunes  in 
the  interval  18.2  -  18.4  allows  the  emittance  to  be  decreased  to 
2.8  nm.rad  (the  C  cell  tune  increasing  from  150®  to  155®)  and/or 
the  beta  values  in  the  middle  of  the  short  straight  sections  to  be 
lowered.  The  lattice  optics  also  improves  because,  in  order  to 
compensate  the  increased  horizontal  tune  of  the  C  cells  and/or 
short  straight  sections,  that  in  the  long  straights  approaches 
unity.  A  maximum  horizontal  error-free  dynamic  acceptance  A^^ 
=100  /im.rad  was  obtained  if  the  long  straight-section  tune  was 
exactly  unity  horizontally  with  the  fractional  part  of  the  machine 
tune  equally  distributed  over  the  short  straight  sections. 

The  three  short  (6  m)  straight  sections  in  a  half  ring  can  have 
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Table  I 

Parameters  for  the  various  lattices  (working  points  corresponding  to  largest  acceptance) 


Lattice 

SLS 

OCT4 

DEC288 

OCT^/12 

OCT.7/16 

Periodicity 

2 

4 

2 

2 

4 

Circumference,  m 

240 

280.8 

288 

240 

259.2 

Straight  sections 

2x  18.5  m, 
4x7m 

4x  14.2m, 
4x6  m 

2  X 1 2.6m, 
2x7  m,  4x6m 

2x  13m, 
6x6  m 

8  X  6.4m 

Dipole  bending  angle 

10° 

11° 

10° 

11.25° 

9° 

Number  of  s.c.  bends 

6 

8 

6 

8 

8 

Lattice  tunes  Ux!  i^y 

22.2/5.4 

19.2/6.72 

22.2/7.4 

18.32/6.4 

22.3/7.4 

Hor.  emittance  at  1 .5  GeV  ( nm.rad) 

1.6 

4.7 

2.2 

3.5 

1.25 

Dyn.  aperture  on -momentum,  (  ^m.rad) 

55/50 

65/35 

30/35 

100/70 

60/70 

Momentum  acceptance  (no  errors) 

4% 

4% 

2% 

6% 

3% 

different  horizontal  beta  values  at  the  i.d.  position,  leading  to  a 
small  but  acceptable  loss  of  dynamic  acceptance. 

Shorter  straight  sections  allow  better  matching  to  the  insertion 
devices  and  even  better  optics.  The  maximum  dynamic  apertures 
obtained  were  130/110  //m.rad  (energy  acceptance  ±6%)  for  an 
8.5  m  long  straight  section  (ring  length  230.4  m). 

C.  Lattice  Errors 

The  sensitivity  of  OCT^/1 2  to  field  errors,  misalignments  and 
higher-order  multipole  errors  was  studied  at  the  working  point 
z^y=18. 32,6.4  (emittance  3.5  nm.rad,  error-fi*ee  acceptance 
100/70  /im.rad,  =16  m,  (Sy  =4  m  in  the  middle  of  the  long 
straight  section).  Fig.  3  shows  the  horizontal  dynamic  aperture, 
calculated  by  binary  search  for  the  outermost  stable  particle,  as¬ 
suming  the  same  r.m.s.  errors  as  the  SLS  [1]:  transverse  dis¬ 
placement  0.1  mm,  rotation  about  beam  axis  1  mrad;  field  devi¬ 
ation  (except  dipoles)  0.1%.  Both  the  horizontal  acceptance  and 
the  momentum  acceptance  are  about  50%  larger  than  those  of  the 
SLS  hexagon. 


Figure.  3.  Horizontal  dynamic  aperture  of  OCT-5/ 12 

The  dynamic  aperture  has  also  been  studied  for  the  tolerances 
used  in  the  ALS  design  [4]: 

-  r.m.s.  misalignments  for  all  elements  (cut  at  Txr):  transverse 
0.15  mm,  rotation  0.5  mrad,  tilt  rotation  1  mrad,  field  deviation 
0.1%. 

-  multipole  content  as  quoted  in  [4]  with  only  one  exception  - 
no  random  octupole  component  is  generated;  the  systematic  oc- 
tupole  in  the  quadrupoles  is  one  half  the  tolerance  limit  quoted 
in  [1]:  hoct/hquad  =  3  10”^  at  35  mm. 


With  these  errors  the  on- 

momentum  dynamic  apertures  (hor./vert.)  were  as  follows:  with 
sextupoles  only  -  100/70  //m.rad;  with  added  multipole  content 
to  quadrupoles  and  bends  -  85/55  /zm.rad;  with  all  multipoles  and 
misalignments  and  after  closed-orbit  correction  -  37/25  ^m.rad 
(assuming  minimum  values  obtained  from  20  seeds). 

IV.  CONCLUSIONS 

In  summary,  new  lattices  have  been  found  with  comparable  or 
better  optical  performance  than  the  original  SLS  and  with  more 
straight  sections. 
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Abstract 

There  are  three  logically  independent  facets  to  calculating  the 
transfer  map  through  a  bend  magnet:  physics,  geometry,  and 
representation.  We  will  derive  the  exact  map  for  transit  through 
ideal  bends  while  separating  these  three,  esp.,  isolating  the  ge¬ 
ometry  problem  from  the  other  two. 

1.  INTRODUCTION 

Writing  the  exact  transfer  map  through  ideal  bend  magnets 
requires  considerations  of  physics,  geometry,  and  the  particular 
representation  in  which  a  particle's  state  is  expressed.  Although 
logically  independent,  these  are  frequently  mixed  together.  We 
will  attempt  to  separate  them.  It  is  likely  that  many  people  have 
already  gone  through  this  exercise  for  themselves,  but  it  may  be 
worth  repeating.^ 

II.  PHYSICS 

We  all  learned  the  relevant  physics  as  undergraduates.  A 
charged  particle  in  a  constant  magnetic  field,  B,  travels  at  con¬ 
stant  speed  on  a  helix  aligned  along  the  field.  Smce  the  particle 
experiences  no  acceleration  in  the  direction  of  B, 

=  2r||(fi)  ,  (1) 

where  the  subscript  “1|”  stands  in  for  the  appropriate  coordinate 
projection,  and  At  =  - 1,  is  the  time  spent  in  the  magnetic 

environment.  The  (radial)  frequency  of  travelling  around  the 
helix  is, 

w  =  \eB/~/m\  , 

in  rationalized  mks  units,  where,  e  is  the  charge  of  the  particle, 
m  is  its  mass,  and  7  =  l/\/l  —  =  Elmc^  is  the  usual 

relativistic  factor.  Projected  onto  a  plane  orthogonal  to  B,  the 
helical  orbit  becomes  a  circle  of  radius  p, 

p=  \pL/eB\  , 

where  px  is  the  projection  of  the  particle’s  momentum  onto  the 
plane  orthogonal  to  B. 

This  is  all  we  need.  In  the  sections  to  follow  we  will  complete 
the  derivation  by  (a)  solving  a  few  elementary  geometry  prob¬ 
lems  and  (b)  writing  the  answers  in  the  accelerator  physicists' 
representation. 

III.  GEOMETRY 

The  natural  Cartesian  chart  for  expressing  the  geometry, 
which  we  will  call  the  “Z-chart,”  has  its  origin  on  the  helical 

’Operated  by  the  Universities  Research  Association, Inc,  under  contract  with 
the  U.S.  Department  of  Energy 

^  The  point  of  doing  something  this  simple  is  to  be  reminded  that  it  is  simple. 


axis  with  one  coordinate  axis  parallel  to  it.  Following  a  standard 
convention,  for  bending  magnets  we  choose  the  Z2-axis  pa^lel 
to  B,  while  for  solenoids,  we  would  align  along  the  B,  so 
that  in  both  cases  the  largest  component  of  momentum  is  along 
the  zs  axis.  (Please  refure  to  Figures  1  through  3  repeatedly  for 
visualization  of  the  charts  in  this  paper.)  Because  it  is  easiest 
to  work  with  the  transverse  equations  in  terms  of  spinors,  we 
define  complex  coordinates  z  =  z^  +  izi ,  for  bend  magnets,  or 
z  =  zi-\-  iz2,  for  solenoids,  and  write  the  transversely  projected 
dynamics  in  either  case  as  follows,^ 

rr  ,  0  €  [-TT,  TT)  ,  (2) 

z  —  —iujz  .  (3) 

The  time  taken  to  cross  the  magnetic  environment  is  clearly 
At  =  -AO/u,  and  we  will  address  below  the  purely  geometric 
problem  of  calculating  A^. 

A  difficulty  arises  because  the  orbit  is  not  viewed  from  the 
Z-chart  but  from  two  local  charts,  say  Ui  and  U / ,  which  we  will 
call  the  “initial”  and  “final”  charts,  or,  alternatively,  the  “in”  and 
“out”  charts.  Although  these  are,  in  principle,  arbitrary,  for  grac- 
tical  applications,  each  typically  has  an  axis  aligned  along  B:  U2 
for  bends,  and  us  for  solenoids.^  In  the  treatment  that  follows 
we  will  handle  only  the  bend-magnet  configuration  explicitly, 
leaving  the  easier  problem  of  solenoids  to  the  reader. 

For  bending  magnets,  then,  the  (ui ,  U2)  plane  (i.e.,  =  0)  is 

considered  the  “transverse  plane”  or  “face”  of  the  chart,  called 
so  because  it  is  usually  considered  to  be  transverse  to  the  local 
fiducial  reference  curve,  not  to  the  magnetic  field.  Normally 
one  thinks  of  the  in- face  and  out-face  as  located  at  the  edges  of 
the  magnet,  but  this  need  not  be  the  case;  they  could  be  within 
the  body.  All  that  is  necessary  is  that  in  traversing  the  region 
between  the  faces,  the  particle  is  exposed  to  the  environment  of 
a  constant  magnetic  field.  We  need  to  establish  chart  coordinates 
for  two  events,  v/z.,  the  orbit’s  intersecting  the  in-  and  out- faces, 
the  transverse  planes  of  Ui  and  Uj .  The  function  which  converts 
coordinates  of  the  first  event,  on  Ui,  to  those  of  the  second,  on 
Uf,  is  the  transfer  map  for  the  region. 

The  time  At  appearing  in  Eq.  2  is  nothing  but  the  time  interval 
between  these  events, 

^This  definition  does  have  the  disadvantage  of  making  6  negative  in  Eq.  3, 
and,  later,  AO  -  6f  -  di  negative  rather  than  positive.  I've  chosen  this  rather 
than  the  less  awkward  z  =  zi  iz^  for  three  reasons,  not  one  of  which  is 
particularly  compelling:  (a)  it  preserves  the  cyclic  ordering  of  the  {zi  ,  Z2,zs) 
triplet,  (b)  at  least  in  the  U.S.,  accelerator  physicists  align  the  “3”  axis  along 
the  (fiducial)  beam  current  and  the  “1”  axis  outward,  (c)  being  at  Fermilab,  I 
am  accustomed  to  thinking  of  beam  current  as  circulating  clockwise,  and  (d) 
physicists  think  of  time  dependence  as  . 

^This  restriction  could  be  removed,  but  the  resulting  equations  would  then 
have  to  be  solved  numerically.  In  any  case,  it  would  not  conform  to  any  practical 
application. 
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B.  Point  of  intersection  between  a  line  and  a  circle 

We  must  solve  for  the  point  of  intersection  between  the  ui 
axis  of  a  £/ -chart  and  the  orbit  projection,  which  is  the  circle 
written  in  Eq.  2.  An  arbitrary  line  L{zoj  rj)  passing  through  a 
point  Zo  with  direction  r}  is  the  subset, 

L{zo,r))  =  {zo  H-  |  u;  G  /i} 

We  easily  solve  for  its  intersection  with  a  circle  as  follows. 

Zo  +  ^  /?e*^ 

w  =  -  Zo  ) 


Figure  1.  Helical  orbit  in  a  constant  magnetic  field,  as  viewed 
from  a  local  chart  in  (a)  a  bend  magnet  and  (b)  a  solenoid. 


Figure  2,  Complex  parameters  b  and  (f>. 


Of  course,  w  must  be  real,  so  that,  by  setting  Im  u;  =  0,  we  can 
find  9. 

sm{6  —  77)  =  ~Im(  Zoe“*’^ )  (7) 

Applying  this  to  a  U -chart,  we  use  the  line  L(fc,  0  -f  7r/2);  that 
is,  L  lies  along  the  imaginary  axis  of  the  spinor  u.  In  such  cases 
Eq.  7  becomes, 

^  +  7r/2  —  arcsin(  —  Re(  ) ),  (8) 

when  u  is  attached  to  L{b,  (j)  -h  7r/2).  We  can  write  this  yet 
another  way  by  applying  Eq.  6  to  u  and  u  evaluated  along 
L(6,  <f>  -h  7r/2).  Thus,  u  will  be  pure  imaginary,  so  that 

^  +  7r/2  -{-  arcsiii(Im(ti)/lu| ). 

IV.  OF  MAGNETS  AND  MAPS 


Since  motion  along  B  is  taken  care  of,  we  can  confine  our 
attention  to  the  projection  of  the  orbit  on  a  plane  orthogonal  to 
B  in  order  to  calculate  and  everything  else  that  we  need. 
The  geometric  problem  we  must  solve  requires  nothing  more 
complicated  than  representing  circles  and  lines  in  a  plane.  The 
transformation  which  takes  us  from  a  [/-chart  to  the  Z-chart 
is  written  easily  in  the  spinor  notation,  using  w  =  W3  -h  iui. 
Referring  to  Figure  2,  we  have 

z  =  b  +  ue'"^  ,  (4) 

i  =  ue'‘l’  ,  (5) 

where  b  is  the  Z-chart  spinor  coordinate  of  the  U -chart’s  origin, 
and  <f>  is  the  angle  of  the  us  axis  relative  to  the  Z3.  Our  task  now 
is  to  represent  the  very  simple  motion  embodied  in  Eq.  3  on  the 
U  charts  and  thereby  obtain  the  transfer  map  Ui  ->  17/.  This 
proceeds  in  two  steps,  each  of  which  is  a  simple  geometrical 
problem:  (A)  obtaining  given  u  and  u,  and  (B)  finding 
the  intersection  of  a  line  with  a  circle. 

A.  What  is  be^^^? 

First,  using  Eq.  4  and  Eq.  3,  we  have 

z  =  —ictjz  =  —iu){  b  +  )  . 

Combining  this  with  Eq.  5  yields 

u  =  ze“*’^  =  —iuju  —  iivbe^'^^  , 
from  which  we  obtain  be~^^. 

be~^^  =  iu/u)  —  u  (6) 


We  are  now  ready  to  complete  the  construction  of  a  transfer 
map.  Of  course,  on  the  Z-chart  the  “initial”  and  “final”  spinor 
coordinates  are  trivially  related  by  a  phase  rotation. 


Zf  =  ZiC 


iAO 


JA9 


(9) 


Eq.  4  and  Eq.  5  can  now  be  used  to  obtain  u /  and  u / . 

Uf  = 


(10) 

(11) 


The  complete  transfer  map,  (uf,  w*)  (w/,ii/)  is  now  con¬ 

structed  according  to  the  following  procedure. 

Bend  algorithm 
Step  1.  Use  Eq.  6  to  evaluate 

=  iiii/cj  —  Uj, 


Step  2.  Given  {be~^'^)i,  from  Step  1,  construct  (6e“*‘5^)/  us¬ 
ing  the  relative  in-face  to  out-face  geometry.  We  will  illustrate 
below  how  to  do  this. 

Step  3.  Calculate  A6  -  A<j)  by  applying  Eq.  8  to  both  faces. 
A9  —  A(f)  =  arcsin  (Re(  )f//>) 

—  arcsin  (Re(  66”**^ )///))  (12) 


Step  4.  Finally,  use  Eqs.lO  and  1 1  to  complete  the  map.  Notice 
that  —  A^  appears  only  in  the  argument  of  an  exponent. 
Rather  than  use  Eq.  12  directly  we  can  employ 

gi(A9-A<^)  _  \/l  -  (Re(  (>£-■'»  )i/p)^  +  (Re(  be-^'f’  )i/p 
a/1  —  (Re(  be^^^)flpY  +  iRe{  be'~'^^  )  /  /  p 
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Figure  3.  Relationships  between  the  Ui,Uf,  and  Z  charts. 

A.  Rectangular  bends 

Detailed  information  about  the  magnet’s  geometry,  embodied 
in  the  relative  placements  of  the  in-  and  out- faces,  is  used  in  Step 
2.  The  simplest  possibility  is  the  rectangular  bend.  We  take  the 
“in”  and  “out”  faces  to  be  parallel,  so  that  <j>i  =  (l>f  ^  <j).  From 
the  obvious  relation,  bf  =  bi  -{-  where  L  is  the  length  of 
the  magnet,  we  obtain  the  result, 

=  L  ,  (13) 

which  is  to  be  fed  directly  into  Step  3. 

B.  Sector  bends 

Sector  bends  are  only  a  little  more  complicated  but  easily  han¬ 
dled  by  representing,  on  the  Z  chart,  the  point  of  intersection  be¬ 
tween  the  imaginary  axes  of  the  Ui  and  U f  charts.  To  position 
these,  we  place  the  face  of  each  orthogonal  to  a  local,  fiducial 
path  that  would  be  followed  by  an  “ideal”  particle.  Let  p  sym¬ 
bolize  its  radius  of  curvature.  Further,  placing  the  origins  of  the 
U -charts  on  the  fiducial  path  the  intersection  point  has  coordi¬ 
nate  —ip  on  each  chart.  Thus,  using  Eq.  4,  we  have, 


The  final  complication  arises  when  we  insert  the  accelerator 
physicists’  coordinate  representation  into  these  expressions.  A 
particle’s  crossing  the  plane  of  a  “face”  is  typically  recorded  us¬ 
ing  momentum  and  energy  coordinates  normalized  by  the  fidu¬ 
cial.  The  position  sector  is  recorded  by  transverse  coordinates 
xi,  X2,  and  a  time  offset,  cAr,  while  the  momentum  sector  is 
represented  by  normalized  transverse  components'^  of  q=  p/p, 
and  a  total  momentum  offset,  and  S  =  \p\/p  —  1.  To  apply  the 
bend  algorithm,  we  need  only  write  v  in  terms  of  these  and  then 
use  the  spinor  u  =  t;3  -h  ivi. 

Starting  from, 

^  z=  v/c  =  pc/E  ^  q  '  pc/E  , 


we  substitute 


to  obtain 

P  =  q/\/{l  +  S)^  -I-  {mc/py  . 


We  can  obtain  vi  and  V2  from  this  directly,  but  since  qs  is  not 
recorded,  we  must  get  va  by  using  the  following. 


£’2  _ 


/^3 


=  “h  -f-  pIc^  -h 

=  (9l)^  +  (93)^ 

=  qs/V^' 


(1  -j-  <y)2  +  (mc/p)2 


Of  course,  there's  even  more  fascinating  material  to  wade 
through,  but  we're  already  up  against  the  three  page  limit  and 
have  no  more  space  (see  edge  of  page  below).  A  finished  ver¬ 
sion  will  follow  somewhere,  sometime,  but  not  here,  and  not 
now. 


(6e-‘^)/-(6e-‘>)i  =  (l-e-’^^)(v-(6e-’^)0  .  (14) 


We  note  in  passing  the  usual  relation  between  Acf),  p,  and  mag¬ 
net  length,  L,  recalling  that,  by  our  convention,  A(f)  <0, 

e-.A^  =  (  ^1  _  (L/2p)2  +  iL[2p  )  ^  .  (15) 

Keeping  L  fixed  and  letting  p  oo  then  reproduces  Eq.  13. 


C.  Arbitrarily  angled  faces 

The  in-  and  out-  faces  can  be  rotated  through  additional  an¬ 
gles.  If  we  use  the  MAD  convention  for  specifying  angles  ei  and 
62,  effectively  we  must  replace  <i)i  and  0/  <j)f- 62 

in  Eq.  14.  The  result  then  looks  as  follows. 

( );  =  ( be-''!’ 


Setting  ei  =  —62  =  A(j)/2  and  using  Eq.  15  again  reproduces 
Eq.  13. 
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^That  is,  the  projections  into  the  in-  and  out-faces. 
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Abstract 


The  eigenchromaticities  X-  X-f.  are  defined  as 


The  2-D  “skew  chromaticity”  vector  k  is  introduced  when 
the  standard  on-momentum  description  of  linear  coupling  is  ex-  X±  = 

tended  to  include  off-momentum  particles.  A  lattice  that  is 

well  decoupled  on-momentum  may  be  badly  decoupled  off-  leading  to  the  simple  general  result, 
momentum,  inside  the  natural  momentum  spread  of  the  beam.  ^ 

There  are  two  general  areas  of  concern:  x±  =  -{Xx  +  X 


1  1  r.v 

X±  =  ■^{Xx  +  Xy)  ±  21^ 


1)  The  free  space  in  the  tune  plane  is  decreased. 

2)  Collective  phenomena  may  be  destabilised. 


where  it  is  convenient  to  introduce  the  vector  v.  If  the  chromatic 


Two  strong  new  criteria  for  head-tail  stability  in  the  presence  of  wnere  u  is  convenieni  lo  iniroauce  me  vecior  v.  i 
off-momentum  coupling  are  derived,  which  are  consistent  with  expansion  of  r  is  just  linear,  then  v  is  a  constant 
experimental  and  operational  observations  at  the  Tevatron,  and  _  i.  /  \ 

with  tracking  data  from  RHIC.  ^  ^  ^ 


I.  OFF-MOMENTUM  COUPLING 

A  skew  quad  i  is  represented  by  a  2-D  vector  with  compo¬ 
nents  along  the  orthogonal  axes  a  and  b. 


in  which  case  r  is  straight  line  that  advances  smoothly 


as  the  off-momentum  parameter  is  scanned. 
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11.  Examples  in  2-D 


It  is  pedagogically  useful  to  consider  the  case  when  the  de- 
where  /  is  the  focal  length,  and  fiy  are  the  beta  functions,  sign  tunes  and  the  chromaticities  are  equal  =  Qyo  = 
and  <l>y  and  (j)^  are  the  betatron  phases.  The  closest  approach  of  Xx  =  Xy  ^  Xo)»  since  then 

the  eigentunes  Q-  and  Qj^  is  given  by  the  length  of  q,  the  sum 

ofall  skew  quad  vectors [1],  [2].  r  =  q  H-  k(J  (13) 


=  |q|  =  ^q.- 


The  eigentunes  depend  on  the  design  tunes,  and  Qy, 

Q±i  =  '2^Qx'\'Qy)  i  -  |r|  (3) 

r  =  q+(Qa;-Qy)c  (4) 

and  on  a  vector  r  with  a  component  along  a  third  axis  c. 
Eqn.  3  also  describes  the  off-momentum  eigentunes,  Q^{S)  and 
Q-{S),  if  the  tunes  and  the  vector  r  are  chromatically  expanded 
inS  =  Ap/p  (to  arbitrary  order)[3],  [4],  [5] 


r  =  q  H-  k(J 

V  =  k 

and  all  vectors  are  confined  to  the  (a,b)  plane. 


0.00  ' - ^ ^ ' 

-0.002  0.000  0.002 

Off-momentum  parameter,  Dp/p 


-0.002  0.000  0.002 
Off-momentum  parameter,  Dp/p 


Qx{S)  —  QxO  +  Xx^ 

Qy(5)  =  Qy^  -f  Xy^ 

r((i)  =  q+ k(J -h  [(Qro 


(5)  Figure.  1.  Eigentune  split  and  eigenchromaticities  after  perfect 

(6)  global  decoupling  (q  =  0),  with  a  typical  Tevatron  skew  chro- 
Qy^)  +  {Xx  -  Xy)i]  c  (7)  “aticity  (|k|  =  4.0). 


These  equations  introduce  the  “normal  chromaticities”  Xx  and 

Xy,  and  also  the  important  new  “skew  chromaticity”  vector  k,  A.  Perfect  global  decoupling. 
which,  like  q,  lies  in  the  (a,b)  plane.  “Global  decoupline”  is  rou 
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“Global  decoupling”  is  routinely  performed  in  most  contem- 
porary  storage  rings[2].  Typically,  two  skew  quad  families  and 
one  erect  quadrupole  family  are  adjusted  to  minimise  l^Qmin  • 


Perfect  global  decoupling,  with  q  0,  is  the  simplest  possible 
case  to  consider.  Substitution  into  Eqns,  3  and  9  gives 


Q± 

=  Qo±\  |krf| 

(15) 

x± 

(16) 

as  shown  in  Fig.  1  with  xo  =  |k|  =  4.0.  The  eigentune  split 
at  a  given  momentum  is  just  \kS\,  so  that,  if  |k|  =  4  and 
<Tp/p  =  10“^,  the  eigentune  split  of  a  typical  particle  is  0.004. 
This  is  significant  when  compared  to  a  typical  design  tune  sepa¬ 
ration  of  0.01.  Table  I  summarises  k  measurements  made  at  the 
Tevatron[4],  at  CESR[6],  and  (in  tracking)  at  RHIC[7].  By  coin¬ 
cidence,  ap  jp  ~  0.001  at  all  of  these  machines.  The  last  column 
of  Table  I  is  therefore  in  good  agreement  with  the  approximate 
prediction 

AQmm (observed)  «  |k|  —  (17) 

P 


1.00  ' -  ‘ '  -5  ' - ^ ^ ' 

-0.002  0.000  0.002  -0.002  0.000  0.002 

Off-momentum  parameter,  Dp/p  Off-momentum  parameter,  Dp/p 


Figure.  2.  Eigentune  split  and  eigenchromaticities  with  |q|  = 
0.003  and  q.k  =  0.  Sharp  features  are  broadened. 


-0.002  0.000  0.002  -0.002  0.000  0.002 
Off-momentum  parameter,  Dp/p  Off-momentum  parameter,  Dp/p 

Figure.  3.  Eigentune  split  and  eigenchromaticities  with  the 
same  conditions  as  Fig.  2,  except  that  q.k  =  1. 

Table  I 

Skew  chromaticity  observations  at  three  colliders.  High 
luminosity  optics  were  used  in  all  cases. 


machine 

|k| 

AQfn,m 

(observed) 

CESR 

0.5  ±0.5 

0.001 

Tevatron 

3.8  ±0.2 

0.003 

RHIC 

2.1 

B.  Realistic  global  decoupling. 

Measurements  in  the  Tevatron  found  that  |q|  =  0.0032  ± 
0.0008,  |k|  =  3.8  ±  0.2,  and  q.k  «  1,  after  a  careful  round  of 
global  decoupling  [4],  Note  that  the  angle  between  q  and  k  can 
be  measured.  Figs.  2  and  3  shows  what  happens  in  the  more 
realistic  situation  when  |q|  =  0.003  and  when  either  q.k  =  0 
or  q.k  =  1.  Sharp  features  in  Fig.  1  are  broadened  when  q  and 
k  are  perpendicular,  and  are  shifted  when  q  and  k  are  parallel. 
According  to  Eqn.  3,  the  closest  approach  of  eigentunes  occurs 
when  r  is  shortest:  when 

r.v  =  0  (18) 


In  the  current  2-D  context  this  is  solved  by 

r  kl  -r 

|k|  p 


which  is  consistent  with  the  figures. 


III.  STABILITY  CRITERIA 

Extreme  values  of  the  eigenchromaticities  X-f  and  x-  (with 
respect  to  changes  in  q,  and  Qyo)  occur  when 


This  occurs  when  r  and  v  are  collinear:  for  example,  when  the 
design  tunes  are  set  equal  after  perfect  global  decoupling  (q  = 
0,  Qro  =  Qyo)-  The  extreme  values  are 

Xiejrfreme  =  2^^^  ^  2  (21) 


Insisting  that  both  of  the  extreme  eigenchromaticities  are  posi¬ 
tive  leads  to  the  new  and  strong  criteria[5],  [8] 


Xr  +  Xy  >  0  (22) 

4XrXy  ^  k  (23) 

If  true,  neither  eigenchromaticity  can  ever  become  negative.  As 
such,  these  criteria  are  “sufficient  but  often  not  necessary”.  Both 
Xx  and  Xy  i^^ust  be  positive  to  meet  the  criteria,  even  when 
k  =  0,  thereby  recovering  the  standard  uncoupled  head-tail  re¬ 
sult  (above  transition). 


IV.  EXPLANATION  OF  TEVATRON 
OBSERVATIONS 

In  1989-1990,  high  intensity  Tevatron  bunches  (N^unch  > 
6  X  10^°)  occasionally  became  head-tail  unstable.  Sometimes 
the  beam  losses  were  spontaneous.  At  other  times  they  were  in¬ 
duced  when  the  operators  corrected  persistent  current  tune  and 
chromaticity  drifts,  often  when  the  tunes  were  being  separated. 
Beam  studies  investigated  head-tail  stability  with  different  de¬ 
sign  tunes  and  chromaticities[4].  The  skew  quad  strengths  were 
held  fixed,  after  a  preparatory  global  decoupling.  Entirely  differ¬ 
ent  behavior  was  observed  when  the  chromaticities  were  equal, 
and  when  they  were  grossly  different. 
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First,  the  horizontal  design  tune  was  scanned  across  the 
diagonal,  with  equal  chromaticities  (Xx  =  Xy  -  Xo)-  This  was 
repeated  for  xo  =  4,  3,  2,  and  1,  with  significant  beam  loss  ob¬ 
served  as  the  diagonal  was  approached  for  the  last  two  values. 
This  is  consistent  with  Eqn.  23,  which  predicts  unequivocal  sta¬ 
bility  when  Xo  >  1-9  ±  0.1 .  Figs.  4  and  5  show  that,  when 
Xo  =  1-5,  both  eigenchromaticities  are  positive  for  all  momen¬ 
tum  offsets  when  the  design  tunes  are  0.007  apart,  but  that  one 
is  negative  for  all  positive  momenta  when  Qro  —  Qyo  «  0.001 . 
Simulation  confirms  this  behaviour  [5],  [8]. 

The  behavior  was  quite  different  when  (xd  Xy)  —  (8?  “3), 
values  that  become  plausible  after  persistent  current  effects  have 
forced  the  horizontal  and  vertical  chromaticities  in  opposite  di¬ 
rections  for  several  hours.  Total  beam  loss  was  observed  as  the 
design  tunes  were  separated.  Figures  6  and  7  show  that  one  of 
the  two  eigenchromaticities  is  negative  for  all  positive  momen¬ 
tum  offsets  when  the  tunes  are  separated  by  0,007,  while  both 
are  positive  when  the  tunes  are  only  0.001  apart,  at  least  in  a 
small  vicinity  around  zero  momentum  offset. 
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Off-momentum  parameter,  Dp/p  Off-momentum  parameter,  Dp/p 


Figure.  4.  Tevatron  eigentune  split  and  eigenchromaticities  with 
equal  chromaticities,  and  design  tunes  0.007  apart  (xx  —  Xy  — 
1-5,  Qxo  =  .425,  Qyo  =  .418).  The  beam  was  stable. 


Off-momentum  parameter,  Dp/p  Off-momentum  parameter.  Dp/p 

Figure,  5.  Eigentune  split  and  eigenchromaticities  as  in  Fig.  4, 
with  design  tunes  0.001  apart  {Q^o  =  -419,  Qyo  =  -418),  Some 
beam  loss  was  observed.  One  eigenchromaticity  was  negative 
for  all  positive  momentum  offsets. 


Figure.  6.  Eigentune  split  and  eigenchromaticities  with  very 
unequal  chromaticities  and  design  tunes  0.007  apart  (xx  = 
8.0,  Xy  =  — 3.0,(5j:o  =  .425,  Qyo  =  .418).  Total  beam  loss 
was  observed. 


Off-momentum  parameter,  Dp/p  Off-momentum  parameter.  Dp/p 

Figure.  7,  Eigentune  split  and  eigenchromaticities  as  in  Fig.  6, 
but  with  design  tunes  0.001  apart  =  .417,  Qyo  =  .418). 
Remarkably,  the  beam  was  stable. 
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The  Effect  and  Correction  of  Coupling  generated  by 
the  RHIC  Triplet  Quadrupoles 


F.Pilat,  S.Peggs,  S.Tepikian,  D.Trbojevic,  J.Wei 
Brookhaven  National  Laboratory 


I.  INTRODUCTION 

This  study  explores  the  possibility  of  operating  the  nominal 
RHIC  coupling  correction  system  in  local  decoupling  mode, 
where  a  subset  of  skew  quadrupoles  are  independently  set  by 
minimizing  the  coupling  as  locally  measured  by  beam  position 
monitors.  The  goal  is  to  establish  a  correction  procedure  for  the 
skew  quadrupole  errors  in  the  interaction  region  triplets  that  does 
not  rely  on  a  priori  knowledge  of  the  individual  errors. 

After  a  description  of  the  present  coupling  correction  scheme 
envisioned  for  RHIC,  the  basics  of  the  local  decoupling  method 
will  be  briefly  recalled  in  the  context  of  its  implementation  in  the 
TEAPOT  simulation  code  as  well  as  operationally. 

The  method  is  then  applied  to  the  RHIC  lattice:  a  series  of  simple 
tests  establish  that  single  triplet  skew  quadrupole  errors  can  be 
corrected  by  local  decoupling.  More  realistic  correction  schemes 
are  then  studied  in  order  to  correct  distributed  sources  of  skew 
quadrupole  errors:  the  machine  can  be  decoupled  either  by  pure 
local  decoupling  or  by  a  combination  of  global  (minimum  tune 
separation)  and  local  decoupling.  The  different  correction 
schemes  are  successively  validated  and  evaluated  by  standard 
RHIC  simulation  runs  with  the  complete  set  of  errors  and  correc¬ 
tions.  The  different  solutions  and  results  are  finally  discussed 
together  with  their  implications  for  the  hardware. 

IL  THE  ORIGINAL  RHIC  COUPLING  CORREC¬ 
TION  SYSTEM 

The  main  sources  of  coupling  in  RHIC  are  systematic  and  ran¬ 
dom  aj  (skew  quadrupole)  multipoles  in  the  dipoles  and  roll 
alignment  errors  in  the  quadrupoles.  In  particular,  the  triplet  qua¬ 
drupoles,  strong  and  at  a  lattice  position  where  the  beta  functions 
can  be  as  large  as  1300m,  are  a  major  source  of  coupling. 

The  coupling  correction  system  for  RHIC  consists  of  6  skew  qua¬ 
drupole  families  (8  quadrupoles  in  each  family)  located  near  the 
Interaction  Regions  (IRs)  and  12  triplet  correctors  (1  skew  qua¬ 
drupole  per  triplet).  It  is  worth  noticing  that  the  6  families  have  in 
reality  12  independent  power  supply  circuits,  as  described  in  [1]. 
The  correction  scheme  presently  envisioned  for  RHIC  relies  on  4 
families  of  skew  quadrupoles  set  up  to  minimize  the  tune  separa¬ 
tion  at  the  nominal  operating  tunes  of  28.19  and  29.18.  A 
detailed  description  of  this  method  can  be  found  in  [2].  The  cou¬ 
pling  effect  of  the  triplets  is  corrected  locally  by  the  triplet  skew 
quadrupole  correctors  by  “dead  reckoning”  assuming  that  the 
error  is  known.  The  triplet  coupling  correction  is  part  of  the  gen¬ 
eral  triplet  correction  scheme,  which  locally  compensates  for 
triplet  multipole  errors.  Further  details  about  the  nonlinear  triplet 
correction  system  can  be  found  in  [3]  and  [4]. 

The  “dead reckoning”  method  works  well,  provided  we  know  the 


errors.  This  may  not  always  be  the  case:  even  if  the  triplet  qua¬ 
drupoles  are  carefully  measured  and  aligned  at  the  beginning, 
conditions  may  drift  and  cause  uncorrected  residual  coupling 
errors.  An  operational  way  of  removing  the  coupling  caused  by 
the  triplets  is  desirable  and  will  be  discussed  below. 

III.  LOCAL  DECOUPLING  TECHNIQUE 


The  local  decoupling  technique  is  part  of  a  general  method  for 
operational  corrections  of  errors  in  accelerators.  The  general 
underlying  concept  is  to  determine  the  settings  of  correctors  by 
minimization  of  B.badness function  that  quantifies  the  effect  to  be 
corrected  and  that  is  built  up  by  measurable  quantities.  The  spe¬ 
cific  badness  function  will  vary  for  the  different  correction  oper¬ 
ations  that  can  be  performed,  like  closed  orbit  correction, 
decoupling,  correction  of  beta  functions  and  vertical  dispersion. 
A  complete  discussion  of  this  general  correction  approach  can  be 
found  in  [5],  All  the  correction  techniques  are  implemented  in 
the  TEAPOT  simulation  code  [6]  in  an  operational  way  that  can 
be  easily  translated  into  application  software  procedures. 

A  coupling  badness  function,  that  measures  coupling  and 
goes  to  zero  in  absence  of  coupling,  is  defined  as: 


B 


C 


s 


The  summation  is  taken  over  the  number  of  detectors  (BPMs) 
A^.  The  measurable  quantity  e/^  is  a  function  of  the  off  diagonal 
matrix  elements  Rj^i  j  and  Ra12»  which  can  be  expressed  in  terms 
of  the  Aa  skew  quadrupole  corrector  strengths  When  > 


one  can  determine  the  skew  quadrupole  corrector  strengths  by 
a  fitting  procedure  so  that  the  following  conditions  are  met: 
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skew 
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The  local  coupling  algorithm  has  been  successfully  applied  to 
correct  coupling  in  various  lattices,  the  SSC  Boosters  and  Col¬ 
lider,  andLEP.  Experimental  work  towards  the  application  of  the 
method  in  existing  machines  has  been  carried  out  at  HERA  and 
LEP  [7]  [8].  A  typical  criterion  for  coupling  correction  is  to 
obtain  eigenangles  less  than  10  degrees  everywhere  in  the 
machine. 


IV.  APPLICATION  TO  RHIC 


A.  Tests 
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The  decoupling  algorithm  has  been  tested  in  one  simple  case 
when  a  single  roll  error  is  applied  to  one  triplet  quadrupole. 

If  we  roll  one  of  the  triplet  quadrupoles  Q  by  an  angle  0,  the  inte¬ 
grated  skew  multipole  strength  in  the  nearby  corrector  needed  to 
compensate  the  error,  can  be  calculated  by: 


kL  =  aj(corr)  = 


-2Qb^{Q) 

p^{corr)^^{corr) 


The  test  consists  of  applying  a  1  mrad  roll  to  the  Q3  triplet  qua¬ 
drupole  (and  similarly  to  Q1  and  Q2)  in  an  otherwise  ideal  RHIC 
lattice,  and  checking  the  local  coupling  result  versus  the  analyti¬ 
cal  one.  The  results  for  the  Q3  quadrupole  in  IR6  are  summarized 
in  Table  1  below. 


Table  1:  Q3  triplet  quadrupole  rolled  by  1  mrad  in  the  6 
o’clock  (1  m  P*)  interaction  region. 


configuration 

eigenangle 
max  [degrees] 

max  vertical 
dispersion  [m] 

skew  quad 
strength  [m“^] 

no  correction 

45.0 

~0.1 

0 

calculated  setting 

4.6 

~0 

-0.2119  10-3 

local  decoupling 
(1  skew) 

0.11 

~0 

-0.2232  10"3 

local  decoupling 
(24  skews) 

0.03 

~0 

-0.2205  lO'^ 

The  first  entry  describes  the  uncorrected  effect  of  1  mrad  roll 
error  in  the  Q3  triplet  quadrupole  when  the  optics  is  tuned  to 
P*=lm  (in  the  6  o’clock  and  8  o’clock  IRs).  The  minimum  tune 
separation  in  this  case  is  0.034.  The  second  row  shows  the  effect 
of  dead  reckoning  the  correction,  assuming  the  error  known.  As 
seen  in  the  third  row,  the  local  decoupling  algorithm  can  pinpoint 
the  right  correction  setting  when  we  use  only  the  adjacent  correc¬ 
tor  strengths  as  a  variable  (1  skew  case).  If  we  activate  other 
skew  correctors  distributed  in  the  lattice  (24  skew  case),  their 
strengths  can  be  optimized  to  suppress  virtually  all  coupling  in 
the  machine.  The  same  analysis  has  been  repeated  for  the  Q2  and 
Q 1  triplet  quadrupoles  giving  similar  results :  it  demonstrates  that 
the  local  decoupling  algorithm  can  reproduce  and  improve  the 
“dead-reckoning”  triplet  correction  without  relying  on  a  priori 
knowledge  of  the  individual  error. 

B.  Local  decoupling  schemes 

In  order  to  study  possible  decoupling  schemes,  a  random  genera¬ 
tion  of  skew  quadrupole  errors  has  been  used  in  the  lattice  qua¬ 
drupoles  (triplet,  IRs,  arc)  for  the  otherwise  ideal  RHIC  lattice,  in 
the  storage  configuration  where  2  IRs  (6  and  8  o’clock)  are  tuned 
to  P*=lm  and  the  remaining  4  IRs  to  P*=10m.  At  injection  all 
the  IRs  are  tuned  to  the  higher  P*  and  hence  the  coupling  caused 
by  the  triplets  is  lower.  For  this  study  the  assumptions  are  that  we 
can  measure  coupling  at  every  RHIC  beam  position  monitor  and 
that  we  have  1 2  independently  powered  skew  quadrupole  correc¬ 
tors  located  in  the  1 2  triplets  in  the  6  RHIC  IRs.  Several  solutions 


of  the  following  types  have  been  investigated: 

“pure”  local  solutions:  all  skew  errors  are  corrected  by  local 
decoupling,  with  the  1 2  skew  triplet  correctors  (local_l  2)  or  with 
24  skew  correctors  flocal_24: 1 2  triplet  correctors  and  1 2  correc¬ 
tors  from  the  families  circuits). 

“hybrid”  solutions;  arc-like  errors  are  corrected  with  2  families 
set  up  to  minimize  the  tune  separation  (global_2)  and  triplet 
errors  are  corrected  with  local  decoupling  (local_12  or  local_4, 
where  only  the  correctors  in  IR6  and  IR8  are  used). 

When  all  errors,  triplet  included,  are  corrected  by  global  decou¬ 
pling,  the  typical  residual  eigenangles  and  minimum  tune  sepa¬ 
ration  are  34  degrees  and  10'^,  confirming  that  the  triplet 
correction  is  necessary. 

Tables  2  and  3  summarize  results  for  different  seeds  for  the  pure 
local  decoupling  correction  and  the  ‘hybrid’  correction  scheme. 


Table  2:  Correction  of  arc-like  and  triplet  skew  errors  with 
12  triplet  skew  correctors  (local_12) 


SEED 

max  eigenangle 
[degrees] 

max  vertical 
dispersion  [m] 

max  skew  quad 

kL  [m'] 

0 

1.7 

0.70 

0.813  10-3 

1 

1.1 

0.36 

0.829  10-^ 

2 

2.3 

0.12 

0.217  10-2 

3 

1.0 

0.40 

0.993  10‘3 

4 

3.4 

0.31 

0.483  10'^ 

5 

1.7 

0.37 

0.834  lO'^ 

Table  3:  “Hybrid”  solution:  correction  of  arc-like  skew 
errors  with  2  families  (global_2)  and  triplet  skew  errors  with 
local  decoupling  (local_12  or  local_4) 


SEED 

max  eigenangle 
[degrees] 

max  vertical 
dispersion  [m] 

max  skew  quad 
kL  [m-*] 

0 

0.9 

1.01 

0.948  10-^ 

1 

1.1 

0.25 

0.610  10-^ 

2 

3.4 

0.34 

0.188  10-2 

3 

1.0 

0.52 

0.974  10-3 

4 

1.7 

0.40 

0.817  10'^ 

5 

1.1 

0.24 

0.873  10-3 

A  pure  local  decoupling  solution  or  a  hybrid  solution  with  12 
triplet  skew  quadrupole  correctors  are  feasible  on  the  basis  of 
these  results. 

The  maximum  excitation  allowed  in  the  triplet  C2  skew  quadru¬ 
pole  correctors,  50  Amps,  corresponds  to  a  maximum  integrated 
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strength  of  1.46  10'^  m"'.  For  the  hybrid  solution  with  12  triplet 
skew  quadrupoles  operated  in  local  decoupling  mode,  the  qua- 
dmpole  setting  statistics  over  6  seeds  are: 
mean:  <  IkLI  >  =  0.420  *  lO'^  or  <111  >=14.38  A 

sigma:  =  0.295  *  10'^  m'^  or  Oj  =  10.10  A 

All  the  correctors  are  well  within  the  system  capability. 

V.  SIMULATION  WITH  ALL  ERRORS 

The  local  coupling  correction  of  the  triplet  errors  has  been  tested 
in  the  context  of  the  full  RHIC  simulation,  when  all  other  errors 
and  correction  are  also  modelled. 

The  baseline  ‘MAC94.2’  set  of  alignment  and  multipole  errors, 
as  well  as  the  RHIC  standard  set  of  corrections  (tuning,  chroma- 
ticity,  triplet  corrections)  has  been  used,  with  the  “dead  reckon¬ 
ing”  compensation  of  triplet  skew  quadrupole  errors  substituted 
by  local  decoupling.  The  results  for  4  error  distributions  are 
summarized  in  Table  4.  Both  the  residual  coupling  and  vertical 
dispersion  are  acceptable  for  RHIC,  and  the  skew  quadrupole 
strengths  required  are  within  the  present  system  specifications. 
The  resulting  eigenangles  are  shown  in  Figure  1 . 


Table  4:  Simulation  with  the  full  set  if  errors  and  corrections 


SEED 

max  eigenangle 
[degrees] 

max  vertical 
dispersion  [m] 

max  skew  quad 
IkLI  [m’’] 

0 

3.1 

0.34 

0.771  10'^ 

1 

2.6 

0.51 

0.782  10-^ 

2 

3.7 

0.62 

0.778  10'^ 

3 

4.7 

0.82 

0.144  10'^ 

Figure  1.  The  final  result  for  the  eigenangles  after  all  error  and 
corrections  are  applied  (seed  1). 


VI.  CONCLUSIONS 

The  local  decoupling  technique  proved  effective  in  correcting 
triplet  skew  quadrupole  errors  by  relying  only  on  measurable 
quantities.  The  simulation  results  also  showed  that  all  coupling 
sources  in  the  machine  could  be  corrected  by  local  decoupling, 
should  that  be  desirable.  RHIC  is  adopting  the  solution  to  cor¬ 
rect  the  skew  quadrupole  errors  caused  by  the  triplet  with  the 
12  skew  quadrupole  correctors  that  are  part  of  the  C2  triplet 
corrector  packages,  and  to  rely  on  the  minimum  tune  separa¬ 
tion  correction  (2+2  skew  quadrupole  families)  for  correction 
of  other  coupling  sources  in  the  machine. 

The  old  baseline  corrector  configuration  for  RHIC  included 
power  supplies  only  for  the  C2  correctors  in  the  6  and  8  o’clock 
interaction  regions  (low  P*  triplets).  The  12  skew  scheme  pre¬ 
sented  here  would  require  8  more  power  supplies  for  the  high  P* 
C2  triplet  correctors,  a  modest  investment  that  will  greatly 
improve  the  correction  quality  and  flexibility. 

For  the  systematic  study  conducted  here,  the  assumption  was 
made  that  we  can  measure  coupling  at  every  beam  position  mon¬ 
itor  (BPM)  in  the  machine.  Only  a  subset  of  RHIC  BPMs  are 
double  view,  the  ones  located  in  the  interaction  region  areas, 
while  the  BPMs  in  the  arcs  are  single  plane.  However,  it  was 
verified  that  the  existing  2  plane  BPMs  provide  enough  cou¬ 
pling  information  for  the  preferred  scheme  (12  skew  triplet 
correctors)  to  work.  In  order  to  correct  all  coupling  locally, 
coupling  information  from  the  arc  is  required:  the  local  cou¬ 
pling  algorithm  implementation  in  TEAPOT  is  being  extended 
so  that  the  coupling  at  1  arc  horizontal  (vertical)  BPM  can  be 
inferred  by  measurements  at  the  2  adjacent  vertical  (horizon¬ 
tal)  BPMs. 
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THE  BEAM  ENVELOPE  EQUATION  -  SYSTEMATIC  SOLUTION  FOR  A  FODO  LATTICE 

WITH  SPACE  CHARGE 


Edward  P.  Lee,  Lawrence  Berkeley  Laboratory,  Berkeley,  CA  94720 


ABSTRACT 

Many  approximate  solutions  for  matched  beam 
envelope  functions  with  space  charge  have  been 
developed;  they  generally  have  errors  of  2  -  10%  for  the 
parameters  of  interest  and  cannot  be  reliably  improved. 
The  new,  systematic  approach  described  here  provides  the 
K-V  envelope  functions  to  arbitrarily  high  accuracy  as  a 
power  series  in  the  quadrupole  gradient.  A  useful 
simplification  results  from  defining  the  sum  and  difference 
of  the  envelope  radii;  S  =  (a+b)/2  varies  only  slightly  with 
distance  z  along  the  system  axis,  and  D  =  (a-b)/2  contains 
most  of  the  envelope  oscillations.  To  solve  the  coupled 
equations  for  S  and  D,  the  quadrupole  strength  K(z)  is 
turned  on  by  replacing  K  with  aKi  and  letting  a  increase 
continuously  from  0  to  1.  It  is  found  that  S  and  D  may  be 
expanded  in  even  and  odd  powers  of  a,  respectively. 
Equations  for  the  coefficients  of  powers  of  a  are  then 
solved  successively  by  integration  in  z.  The  periodicity 
conditions  and  tune  integration  close  the  calculation. 
Simple  low  order  results  are  typically  accurate  to  1%  or 
better. 


L  INTRODUCTION 

The  matched  (periodic)  solution  of  the  coupled 
Kapchinskij-Vladimirskij  (K-V)  beam  envelope  equations 
is  used  extensively  in  the  design  of  quadrupole  transport 
systems. Exact  results  for  a  specified  set  of  beam  and 
lattice  parameters  are  readily  obtained  numerically. 
However  to  perform  scoping  studies,  scaling,  cost 
optimization,  and  to  gain  physical  understanding,  it  is  very 
desirable  to  have  simple  analytical  formulas  for  the 
envelope  functions.  The  general  problem  may  be  stated  as 
follows.  For  specified  quadrupole  strength  K(z)  with 
period  (P),  beam  edge  emittance  (e),  and  beam  perveance 
(Q),  find  the  matched  envelope  radii  a(z)  and  b(z).  The 
depressed  phase  advance  per  period  or  tune  (a)  is  then 
determined  from  the  mean  of  a"^,  and  the  undepressed 
phase  advance  (Oq)  is  determined  in  similar  fashion  in  the 
limit  Q  =  0. 

The  simplest  rough  design  formulas  are  obtained  by 
assuming  that  the  quadrupoles  effectively  act  like  a 
confining  harmonic  well  with  frequency  C(^2n  P  and  that 
the  envelope  radii  are  approximated  by  their  mean  values 
(a).  The  perveance  and  emittance  are  then  related  to  the 
tunes,  GO  and  a  (expressed  in  radians)  by  the  “smooth 
limit”  formulas 

2 

“-^0  ^  ’  -2  ’  ^L2) 

a^  a 
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These  formulas  are  correct  in  the  limit  cq  ^  0,  but  are  in 
error  by  up  to  40%  for  the  typical  design  case  of  gq  =  72^ 
Furthermore  the  smooth  limit,  by  itself,  does  not  provide 
formulas  for  gq  ,  the  maximum  edge  radius,  or  the 
envelope  slopes.  The  evaluation  of  the  latter  quantities 
requires  a  definite  prescription  for  K(z)  and  treatment  of 
the  associated  envelope  oscillations.  A  new  approach  to 
solving  for  matched  envelope  functions  is  described  here. 
Essentially,  an  expansion  in  powers  of  K^P^  is  made  for 
various  envelope  quantities,  and  the  low  order  non-trivial 
formulas  are  typically  accurate  to  about  1%  or  better. 
Details  are  contained  in  an  LBL  report  by  the  author(^). 


IL  THE  K-V  ENVELOPE  EQUATIONS 

The  X  and  y  radii,  a(z)  and  b(z),  are  assumed  to 
satisfy  the  coupled,  non-linear  envelope  equations  of 
Kapchinskij  and  Vladimirskij: 


d^a 

— T  =  -K(z)a+— +■ 
dz^  a^ 

d^b 

—  =+K(z)b  +—  + 
dz^  b^ 


2Q 
a-l-  b 

2Q 
a  +b 


(3) 

(4) 


Here  the  quadrupole  strength  K(z)  is  the  ratio  of  the 
transverse  magnetic  field  gradient  G(z)  and  particle 
rigidity  [Bp]  =  Pymc/q,  The  perveance  is  the 
dimensionless  constant  proportional  to  current  as  defined 
by  Lawson:  Q=2qI[(PY)^mc^47i:eo]'^  and  the  (un¬ 

normalized)  edge  emittance  e  =  8x  =  ^y  is  the  occupied 
(x,  dx/dz)  phase  space  area  divided  by  n. 

By  assumption,  K(z+P)  =  K(z)  .  We  also  assume  the 
mean  of  K  vanishes,  and  K  is  antisymmetric  around  z=0; 
K(-z)  =  -K(z).  Denoting  the  half  period  length  L  = 

P/2,  it  follows  that  K(z)  is  also  antisymmetric  around  z  = 
±  L,  ±  2L,  ....  No  additional  symmetry  is  assumed,  so  a 
system  of  unsymmetrical  quadrupole  doublets  is 
accommodated  by  the  general  formulation. 

The  matched  envelope  radii  exhibit  the  periodicity  of 
the  lattice:  a(z+P)  =  a(z)  ,  b(z+P)  =  b(z)  ,  and  at  mid¬ 
drift  points  z  =  0,  ±  L,  ±  2L,  ...,  it  is  easily  shown  that 
a  =  b  ,  da/dz  =  -db/dz  . 

We  define  the  sum  and  difference  of  envelope  radii: 
S(z)  =  (a+b)/2,  D(z)  =  (a-b)/2  .  From  the  symmetries 
of  a  and  b,  it  follows  that  S  is  symmetric  and  D  is 
antisymmetric  around  z  =  0,  ±  L,  ±  2L, ...  .  Hence,  S'(0) 
=  S'(L)  =  0  ,  D(0)  =  D(L)  =  0. 

Next  we  define  the  dimensionless  envelope  functions 
s(z)  and  d(z): 

S(z)  =  i(l-Hs(z))  ,  D(z)  =  a  d(z) .  (5a, b) 

Denoting  d/dz  by  a  superscript  prime,  eqns  (3)  and  (4)  are 
added  and  subtracted  to  yield 
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s"=-Kd  +  -^^  - - - r- - ^ - T  +-%t^(6) 

2[^(l  +  s  +  d)^  (l  +  s-d)^J  a^l  +  s 

8^  1  r  1  1 

d"=-K(l  +  s)  +  ^-  - T- - ^  .  (7) 

2|^(l  +  s  +d)^  (l  +  s-d)^_ 


The  functions  s(z)  and  d(z)  satisfy  the  same  symmetry 
conditions  as  S  and  D  respectively.  Since  the  envelope 
radii  are  periodic,  we  have  the  condition 


Kd  =  -^i  - - 3  + - - - 3  +377-^  •  (8) 

2[(i  +  s  +  d)3  +  ^2(1  +  8) 

In  general,  the  rate  of  phase  advance  in  the  x  or  y 
plane  is  the  inverse  of  the  respective  P  function  (defined 
by  Px  =  a^/e).  A  useful  expression  for  the  tune  is: 

fTe^l\  i  i  1  _ 

<T=  7  T+  9  '(9) 

U^j2L(i  +  s  +  dr  (l  +  s-d)2J 

Recall  that  in  the  initial  formulation  of  the  matched 
envelope  calculation  K(z),  e  and  Q  are  considered  to  be 
specified  and  the  matched  radii  are  to  be  determined. 
However  in  eqns  (6)  -  (9),  a  actually  gets  absorbed  into 
combinations  with  8  and  Q;  only  K(z),  8/a^,  and  Q/a^ 
appear.  Due  to  the  matched  envelope  condition  (8),  diese 
three  quantities  cannot  be  specified  independently. 
Intuitively  this  is  clear  since,  for  example,  if  we  set  e  =  0 
then  the  transport  is  space- charge-dominated  and  we  would 
expect  the  current  density  J  ,  Q/a  ^  to  be  determined  by 
K(z)  alone. 

III.  METHOD  OF  SOLUTION 
We  turn  on  K(z)  proportional  to  a  continuous  variable 
(a)  ;  K(z)  =  aKi(z)  ,  where  Ki(z)  is  the  full  quadrupole 
strength  function  and  a  increases  from  0  to  1.  For  small  a, 
we  except  to  recover  the  smooth  limit  formulas.  As  a 
increases  the  envelope  radii  become  lumpy,  i.e.  d(z) 
becomes  appreciable.  As  K(z)  turns  on  it  is  also  necessary 
that  8/a^  and  Q/a^  turn  on.  A  natural  dependence 
suggested  by  the  smooth  limit  formulas  (1)  is  8/a^~  a 
and  Q/a  ^  ~  a^,  so  that  Cq  ^  a  and  is  independent  of 
a.  Due  to  the  condition  (8),  it  cannot  be  quite  this  simple; 
the  system  would  be  overdetermined  beyond  the  lowest 
two  orders  in  a.  A  consistent,  but  not  unique,  tum-on 
procedure  is  to  hold  the  ratio  (Qa  ^/8^)  fixed  and  define  the 
2  /  "2  2\”^ 

angle  (<t))  :cos  ())=I1  +  Qa  /el  .  Then  convenient 
forms  e/a  ^  and  Q/a  ^  are 

8^ /a^  =cos^^(A2a^  +  A4a'^+...]  ,  (10) 


8^  /a^  =cos^ 


^  +  A4a'^+... 


the  form 


s(z)  =  S2(z)a^  +  S4(z)a^+  ... 
d(z)  =  di(z)a  +  d3(z)a^  +  ... 


Inserting  the  expansions  (10)  -  (13)  into  eqns  (6)  and 
(7),  expanding  all  expressions  in  powers  of  a,  and  equating 
coefficients  of  each  power  of  a,  we  get 

dr  =  -Ki(z)  ,  (14) 

$2'"  =  -Kidi  +  A2C0S^(1)  +  A2sin^(|)  ,  (15) 

d3'  =  -KiS2  -  3A2dicos2(t)  ,  (16) 

and  so  forth.  We  are  now  able  to  solve  sequentially  for  di, 
S2»  ^3,  S4,  etc.,  by  a  straightforward  program  of  integration. 
The  associated  constants  (An)  are  determined  from 
averages  (Sn  =0)  and  can  always  be  evaluated  using 
lower  order  s  and  d  functions.  The  first  two  An  are 

A2=iL[d’i  ,  (17) 


A4  =  Kidisj  -  BKididJ  cos^  <[»  .  (18) 

For  most  applications  Oq<90“  ,  and  it  is  found  that 
|d5l«01  and  |s4|<<.001,  so  they  are  not  included  in 
further  calculations  here.  Typically  |s2|*.01  ,  and  |d3| 

increases  from  .01  to  .05  as  cos  (|)  ™  1.  Although  the 
formalism  developed  so  far  is  self-contained,  it  is  of 
interest  to  calculate  the  tunes  a  and  Gq  associated  with  the 
matched  envelopes.  The  expansion  of  eqn  (9)  in  powers  of 
a  yields 

aa^  2  2(2  -  2  4^  4 

- =  l+3dja  -H  3s2  +  6did3-12s2dj  +5dj  a  +...  .(19) 

Pe  7 

The  quantity  8  /  a  may  be  eliminated  using  eqn  (10)  to 
obtain 


^2  1.2  2 
a  =  P  cos 


^  cos^  (l)^Kidia^  +KidiS2CX^ 
+3Kidid2(2-cos2(^)a 


Improved  convergence  is  obtained  for  the  expansion  of 
cos  a  as  compared  with  a^.  Similarly,  the  expansion  of 

-  2  “2 

(a  sin  a )/Pe  converges  more  rapidly  than  that  of  a  a  /  P8 

.  This  behavior  of  expansions  is  not  surprising  because  the 
trigonometric  functions  of  o  appear  in  the  full  period 
transfer  matrix.  We  evaluate  the  expansions 

cP- 

cosa  =  l-— 


P^KidiCos^  - 


P'^(Kidi)^cos^( 


-^KidiS2Cos^  <t)-'^P^Kidid^(2-cos^<^)cos^  <|)  ,(21) 


Q  /  =sin^(t)|A2a^  +  A4a'^+...  j  ,  (11) 

where  A2,  A4,  ...  are  determined  from  eqn  (8).  The 
consistent  expansions  for  s(z)  and  d(z)  are  found  to  be  of 


-2  . 
a  sin  a 


1  - — +. 
6 


=  1  +  3d 


Kidi  2 

- cos  < 

6 


... 


The  undepressed  tune  (Gq)  is  obtained  from  eqn  (21)  by 
setting  cos  ^  equal  to  unity.  Note  that  di  and  S2  do  not 
depend  on  (j),  so  that  terms  of  cos  Gq  through  (a'^)  may  be 
immediately  written  down: 
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cos  00 


P^Kidi^a  , 


■:2  2  2  3 


P^KidiS2  3P^Kid|df  ^ 
2  2  ^ 


Equation  (15)  is  also  integrated  twice,  making  use  of 
the  condition  S2  =  0  ,  to  obtain  the  minimum  and 
maximum  values 


Unfortunately,  the  expansion  of  tunes  in  powers  of  a 
becomes  very  cumbersome  beyond  the  lowest  non-trivial 
order.  Some  simplification  is  achieved  by  combining 
formulas  in  such  a  way  that  some  of  the  higher  order  terms 
cancel.  A  spectacular  cancellation  of  terms  may  be 
verified  for  the  combination 


2(cos0 -cos0o)  -  — ^ 

a 


QP^  cos  0  ~  COS0O 


-2  • 
a"^  sin  0 


:0(a^)  .(24) 


It  is  recommended  that  this  equation  be  used  in  place  of 
eqn  (21). 


^  24  4  6  4  5 


..  1  13  13  2 

S2(L/2)=^^  ---T1  +  -T1  --  .  (31) 


A  double  integration  of  eqn  (19)  gives  the  maximum 
ofd3(z): 


.  /.  19  463  2  511  3  9  4 

d3(L/2)= — —  1-  —  n+ - Ti  - — Ti^  +  —  T| 

^  192  6  '  120  '  240  '  20  ' 

2  Y.  q^l  2 

^  — '  2  ^  8  ^ 


IV.  FLAT  TOP  QUADRUPOLE  FIELDS 

A  very  useful  set  of  design  formulas  is  derived  for  the 
simple  FODO  lattice  with  drifts  of  length  (l-ri)L  centered 
at  z  =  0,  ±L,  ±2L,  ...,  and  flat-topped  quadrupoles  of 
strength  ±k  and  length  r|L  centered  at  z  =  ±L/2,  -3L/2, ... . 

In  the  interval  0  <  z  <  L/2,  we  have 
0  0<z<(l-r|)— 


L  L 


Using  the  averages  kidi,  ,  and  kidiS2  ,  we  get  the 
tune  formulas  from  eqns  (22)  and  (23): 


Integrating  eqn  (14)  twice  yields 


—  z  0<z<(l-Ti)-  , 

dl=  (26) 


2  2(2 


2(1 -cos0o)=  1-  — 


(2  4  I 

'  90  63  180 


,  (33) 


a  sin0  2  2  4  1  r  2  2  'X 


l-ftl 


Equation  (24),  relating  Q  to  other  parameters,  does  not 
depend  on  the  specific  form  of  Ki(z)  in  the  order  of 
approximation  included  here  and  is  therefore  not  repeated 
in  this  section. 


The  maximum  value  of  di  is 


diin=di(L/2)  =  ^fl--3 


and  the  useful  averages  over  dj  are 
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1.  INTRODUCTION 

An  achromat  is  a  transport  system  that  carries  a  beam  without 
distorting  its  transverse  phase  space  distribution.  In  this  study, 
we  apply  the  Lie  algebraic  technique  [1-6]  to  a  repetitive  FODO 
array  to  make  it  either  a  second-order  or  a  third-order  achromat. 
(Achromats  based  on  reflection  symmetries  [7,8]  are  not  studied 
here.)  We  will  consider  third-order  achromats  whose  unit  FODO 
cell  layout  is  shown  in  Fig.l.  The  second-order  achromat  layout 
is  the  same  except  the  octupoles  are  absent. 

For  the  second-order  achromats,  correction  terms  (due  to  the 
finite  bending  of  the  dipoles)  to  the  well-known  formulae  for  the 
sextupole  strengths  are  derived.  For  the  third-order  achromats, 
analytic  expressions  for  the  five  octupole  strengths  are  given. 
The  quadrupole,  sextupole  and  octupole  magnets  are  assumed 
to  be  thin-lens  elements.  The  dipoles  are  assumed  to  be  sector 
magnets  filling  the  drift  spaces.  More  details  of  the  analysis 
have  been  reported  elsewhere.[9]  We  thank  Y.  Yan,  H.  Ye,  J. 
Irwin  and  A.  Dragt  for  their  help. 

IL  ANALYSIS 

We  first  calculate  the  Lie  maps  of  each  of  the  magnet  ele¬ 
ments.  The  map  for  a  magnet  element  of  length  L  is  gven  by 
where  H  is  the  Hamiltonian  of  the  element.  For  a  par¬ 
ticle  with  S  =  AP/Pqj  we  use  (we  ignore  the  path-length  dy¬ 
namics) 


thin  quadrupole  :HL  = 

2Fk 


S  +  S^) 


thin  sextupole  :HL  =  — —  Sxy^){l  —  (?) 


thin  octupole  :HL 


sector  dipole  :H  = 


Dfe  (  4 
=  -(^ 

PI^PI 


6a;V  +  y") 


R'^  2R 


■  2  2R?  R  '  2R 

xH  xS'^  {P^  +  P^f  x5^ 

2i?2  +  8  R  2R? 

where  R  is  the  bending  radius;  Fk  is  the  focal  length  of  the  k- 
th  quadrupole;  Sk  and  Ok  are  the  k-th  integrated  sextupole  and 
octupole  strengths.  Fringe  fields  are  ignored. 

Given  the  Hamiltonian  P  of  an  element,  we  factorize  the  el¬ 
ement  map  as 


thin  sextupole  : 

h  =  -  A  = 

thin  octupole  :  /s  =  0,  h  =  — — +  y"^) 

4 


sector  dipole 

.  1 
/3  = 


1  .,L,  I  .  L  .  2L 

1  L  .  2L  o  P/-  s  \ 

--cos-sm-*P.  +  -(l-cos  -)P,  ^ 

1  .  L  .  xH  .  L,  L  .  2 

—  ■^sin  ^P,1  +  -^TTrSin  —(cos  —  +  sin  — ) 

2  R  y  2R  R^  R  R’ 

+^sin^  F  f>^p2  _  ^  ^ 


xS'^ ,  . 


dt/U  ,  .  ri  U  .  2i,  R,^  L,  .  .L  ^ 

1  L  2L 

+— (— 6L  +  2Psin^  --  -h  3Psin  —)S^ 

12  K  R 

.  o  L  xPj;  .  L  .  2L 

-  _  sill‘d  - —  sin  --  sm  — 

SR  R  S  R  R 


R  2 


—  —  cos  —  sin  --  —  — 

8  P  P  ^  8 


X^S  .  rt  L  .1  L  .  .  ty  L  ,  L  _o  f. 

~  1  T-.0  sm  —  +  (-  4-  cos  --)  sin  — -  sin  —  xP^S 

12P2  R  ^2  R^  2R  R  ^ 


^(3  +  4cos  ^  +  5cos  F)  p^s 


xP^S  .  2L  R 


is*™”  S  ™  5  ™'  S 


--(1  +  3  cos-)  sin 


2  ^  ^  r>2e2 

—  Sin  —  P^d 

2R  R  ^ 


+  —  sin*^  — P^  +  (cos  —  +  —  sin^  — )  xS  sin  — 8"^ 

2  2R  y  ^  /i  4  R 

-—  sin^  —  P^S^  +  ^2^®^  ~  /ism^  —  -  3i?sin  — ) 


1  _;_2  „f1  •_  ^  r2 


where  and  fn  are  polynomials  of  order  n  in  the  variables 
X  =  {x,Px,y,Py,8).  We  performed  this  factorization  [3,5] 
and  obtained 

thin  quadrupole  : 

0-7803-3053-6/96/$5.00  ®1996  IEEE 


Having  factorized  the  maps  of  all  magnets,  the  total  map  Af  ceil 
of  a  cell  is  obtained  by  multiplying  and  concatenating  the  maps 
of  the  component  elements: [3, 9] 
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A^ceii  = 


where 


E=.‘>-=n«^,  h,=Y,fi 

2=1  2=1 

h<  =  Efi+l  E[/l,^] 


In  Eq.(5),  f  means  f{X)  =  f{Ri,^^iX)  with  the  lin¬ 
ear  map  from  the  last  element  to  the  z-th  element.  The  map  of 
the  TV -cell  achromat  is  AI  =  The  number  of  cells  N 

is  so  that  (the  total  phase  advances  in  x  are  y)  are  both 
multiples  of  27r,  but  ayoiding  resonances. 

We  now  make  a  canonical  coordinate  transformation  from 

i^jPxyyjPy)  to  (l>y,Ay)  hyx  =  ^/2Ax^3xsm  (f>xA'nS, 

Px  =  <j)x  ~  otx  sin  -h  77'(5,  and  similarly  for  y  and 

Py  without  the  r)  and  77'  terms,  where  ocx.y  and  77, 77'  are 
the  Courant-Snyder  and  the  dispersion  functions. [10]  The  lin¬ 
ear  map  generator  /^2  becomes  /12  =  -pi^A^  —  fiyAy  - 
where  and  dc  is  the  momentum  compaction  factor.  We  then  de¬ 
compose  hn  in  terms  of  the  eigenmodes  of  :/i2-  as  [5] 

a-\-b‘\’C-\-d-\-e=n 

\abcd,  e)  = 

To  reduce  a  nonlinear  map  to  its  normal  form,  it  can  be 
shown[ll]  that  (in  the  absence  of  resonances) [2]  all  the  non¬ 
secular  terms  can  be  transformed  away  via  a  symplectic  similar¬ 
ity  transformation  leaving  only  terms  with  a  =  b  and  c  =  d,  i.e., 
terms  depending  on  A^j  Ay  and  5  only.  In  particular,  we  have 
hs  =  CfiQQ  iAxS  -h  CQQii  iAyS  -f  (7oooo,3^^ 

/14  =  ^1200,0^^  +  ^0022, +  ^1111, ^AxAy 

+^1100, 2^27  +  ^0011, 2^^*^^  +  ^0000,4^^  (7) 

III.  SECOND-ORDER  ACHROMATS 

For  a  second-order  achromat,  we  follow  Eqs.(6-7)  and  find 
the  normal  form  of  the  unit  cell  is  given  by  /13  of  Eq.(7)  where 

quads  -  ^ 

^1100,1=  'TpB  px{^)  -{• '(i)x 

fe=l,2  I-  -I 

quads  r-  ^ 

Cooii.i  =  “  2^  ~  A/(^)  +  (8) 


^es  f  A;(^)  r  • 

^  -  '/'(^)  cos  ^  4-  1  - 

r){k)  L  ,,  ,  L  Li 
'r  'r 


zj  \  n  r  ^  .  L  T]{k)  L  L 
-l-7x (k) R  ^ - 

+(cos|  +  i*c’i),'(i)]} 


^  2 

fc=l,2 


+4W(l-cos— )  (9) 

The  lattice  functions  are  evaluated  at  the  two  quadrupoles  in 
Eq.(8)  and  at  the  ends  of  the  two  dipoles  in  Eq.(9).  In  the  limit 
of  weak  bending  with  ei  =  ^  <C  1,  we  have 
o  j 

E  “^(®)’7^(s)  +  (s)(3W(s)  -  2»7(s)) 

$ 

D  j 

%  -  ^1  E  47v(«)(W(s)  -  2t}{s))  (10) 

5 

To  form  a  second-order  achromat,  we  set  the  two  C- 
coefficients  to  zero,  and  obtain 

Q  _  1  . _ l^y{2)Wx  +  /3x{2)Wy 

C  —  ^ _ ^yi^)'^x  +  /?g:(l)t/7y _ 

^  277(2)F2  rf{2)[/34l)/3y{2)  ~  /?.(2)/?,(l)] 

The  first  terms  usually  dominate  and  give  the  well-known  re¬ 
sults.  The  correction  terms  with  and  Wy  are  normally  but  not 
always  small. 

IV.  THIRD-ORDER  ACHROMATS 

We  also  studied  the  case  of  a  third-order  achromat.  An  al¬ 
gebraic  program  using  Mathematica  was  developed  to  do  the 
analysis.  Here  we  only  report  our  results.  The  normal  form  of 
the  third-order  generator  for  a  unit  cell  is  given  by  Eq.(9)  with 


^2200,0  ““  ~o  53 
°  k=l 

o  ^ 

C'1111,0  =  9  J2Mk)Mk)Ok  +  - 


(-iA 

^0022,0 


^1100,2  —  “9  ^ 


^4  _  ^ 

^0011,2  —  2 


y2^y(k)'n{k)Ok  +  Wyd 


and  (when  ci  =  ^  -C  1) 

S  D 

~csc^(2-l-3cos/<^)  JJ^/?^(s)^  -  ^E7*(«)^ 


s 

+  ‘  CSC  ^(3  c«  f  +  2  cos  S>.  W" 
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-  csc(y  +  fiy)  csc(  Y  -  Hy)  sin2//y  -^^j:(s)/?y  (s)^ 


+  csc(  Y  + /iy)  -  csc(  Y 


1  ^ _ 

'  X  JJ  Si  ■\/ Px(s)Py  (s) 


-  u  )  -  CSC  ^  V 

A'y)  2  4-^y(s)J 


»w  =  -ff  E-fSM  + 
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Exact  expressions  of  the  ly-coefificients  are  too  lengthy  to  be 
included  here. 

The  required  octupole  strengths  are  such  that  the  five  C- 
coefficients  in  Eq.(12)  are  equal  to  zero.  For  the  case  when  two 
of  the  octupoles  are  located  next  to  the  two  sextupoles  and  the 
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Figure.  1.  Unit  cell  of  an  achromat  layout. 

other  three  are  at  the  |,  |,  and  the  |  locations  of  the  two  bending 
magnets,  we  find 

^  a  +  t  ^  81(c  +  d)  81(c-d) 

2fD  ’  ®  2fD 

„  a-b  128e _ 

6pD’  ®“  3(2/2 -1)D 
a  =  2/(1360  -  22846/^  -  74476/^  +  695809/® 

-1438146/S  -f  1200096/^°  -  326592/^^) 
b  =  -352  -  3360/^  +  233290/^  -  1070910/® 

+1917603/®  -  1364850/^°  +  361584/^^ 
c  =  6/(-42  +  1076/^  -  7409/^  +  16306/®  -  14368/® 
+4032/1°) 

d  =  8  -  394/2  ^  5322/1  _  15907/6  +  14866/®  -  4464/i° 
e  =  -368  +  10536/2  -  92342/^  +  307222/®  -  470547/® 
+330642/1°  _  81648/12 

D  =  (4/2  -  1)2(3/2  -  4) (10  -  173/2  -  261/i  +  324/®)L®e? 

(14) 

We  have  defined  the  dimensionless  parameter  /  =  ^  and  have 
assumed  that  ci  =  ^  -C  1  and  |  |  <g;  i. 
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Abstract 

The  chromaticity  produced  by  the  insertions  and  the  lattice  of 
LEP  is  corrected  in  the  FODO  lattice  of  the  arcs  which  has  hor¬ 
izontal  and  vertical  phase  advances  of  90°  and  60°  for  the  LEP 
optics  presently  used.  This  is  done  with  two  horizontal  and  three 
vertical  sextupole  families.  To  check  this  correction  scheme  the 
non-linear  chromaticities  have  been  measured  by  observing  the 
betatron  tunes  as  a  function  of  RF-frequency,  i.e.  of  momentum 
deviation.  The  differences  between  the  results  and  the  expected 
effects  of  the  sextupoles  are  interpreted  in  terms  of  octupole  and 
decapole  components  in  the  dipole  magnets.  To  check  the  distri¬ 
bution  around  the  ring  of  the  chromaticities  and  their  corrections 
the  betatron  phase  advances  have  been  measured  as  a  function 
of  momentum  deviation.  This  was  done  by  observing  an  excited 
betatron  oscillation  for  1024  turns  in  all  beam  position  monitors 
for  different  RF- frequencies.  The  results  clearly  show  the  nega¬ 
tive  chromaticity  produced  in  the  straight  sections  and  its  correc¬ 
tion  in  the  arcs.  The  parasitic  sextupole  components  are  found  to 
be  spread  uniformly  in  the  arcs  within  the  measurement  errors. 
Under  this  condition  one  finds  that  they  have  a  negligible  effect 
on  the  dynamic  aperture. 

1.  INTRODUCTION 

The  non-linear  chromaticity  of  the  LEP  machine  at  CERN  is 
corrected  with  sextupole  families.  For  the  optics  used  from  1993 
to  1995,  there  are  five  sextupole  families.  T^is  number  is  linked 
with  the  phase  advances  in  the  arc  cells  where  the  sextupoles  are 
located.  Three  families  are  used  for  the  vertical  plane  where  the 
phase  advance  is  60®  and  two  families  are  used  for  the  horizon¬ 
tal  plane  where  the  phase  advance  is  90® .  Detailed  specifications 
concerning  sextupole  families  are  given  in  another  paper  at  this 
conference  [1].  The  basic  motivation  to  use  more  than  two  sex¬ 
tupole  families  is  to  compensate  the  off-momentum  mismatch  of 
the  low-/?  insertions.  For  instance  if  the  chromaticity  is  corrected 
with  two  sextupole  families  in  the  arcs  only,  the  off-momentum 
betatron  motion  becomes  unstable  for  a  momentum  deviation  of 
about  0.003. 

Due  to  the  dependence  of  the  radiation  damping  partitions  on 
Ap,  the  measurement  of  the  variation  of  the  tunes  with  momen¬ 
tum  can  only  be  used  to  check  the  chromaticity  correction  in  a 
small  range  of  momentum  deviations.  This  is  still  sufficient  to 
validate  the  correction  done.  However  what  has  not  been  done 
up  to  now  is  to  measure  the  distribution  of  the  parasitic  sex¬ 
tupole,  octupole  and  decapole  components  in  the  dipoles  of  the 
arc  cells.  Although  it  should  be  possible  to  predict  the  chromatic¬ 
ity  and  the  tune  dependence  on  amplitude  from  the  known  aver¬ 
age  value  of  the  sextupole  and  octupole  components,  it  is  inter¬ 
esting  to  check  this  and  see  that  the  distribution  of  these  compo¬ 
nents  in  the  arc  cells  is  smooth  enough  not  to  make  higher  order 
effects.  This  is  what  has  been  done  and  is  reported  here. 
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IL  MEASUREMENT  OF  THE  NON-LINEAR 
CHROMATICITY  BY  CHANGING  THE  RF 
FREQUENCY 

This  method  is  very  well  known.  For  a  given  value  of  the  RF 
frequency,  there  is  a  momentum  of  the  beam  such  that  its  centre 
of  gravity  corresponds  to  the  synchronous  particle.  The  momen¬ 
tum  deviation  Ap/p  from  the  central  value  and  the  relative  RF 
frequency  change  are  related  by  : 


where  etc  is  the  momentum  compaction  factor. 

In  the  case  of  LEP  some  care  has  to  be  taken  for  such  a  mea¬ 
surement  because  of  the  tune  change  due  to  the  SPS  pulsing.  In 
order  to  eliminate  it,  a  phase-lock  loop  (PLL)  is  used  to  record 
permanently  the  machine  tunes  [2].  By  inspecting  this  record,  it 
is  easy  to  distinguish  peaks  due  to  the  SPS  pulsing  and  to  take 
the  right  tune  value  outside  of  the  perturbed  areas.  The  accuracy 
of  this  measurement  itself  is  better  than  the  LEP  stability  (power 
supplies  and  mechanical  stability),  it  is  of  the  order  of  0.0001. 
In  order  to  eliminate  tune  drifts  due  to  the  LEP  stability,  the  PLL 
record  is  done  while  the  RF  frequency  is  incremented  and  decre¬ 
mented  by  the  same  value.  This  makes  it  possible  to  obtain  an 
accuracy  of  the  tune  measurement  of  about  0.0002.  Given  this 
high  accuracy,  a  correction  of  the  measurement  due  to  the  change 
of  the  bunch  length  with  Ap/p  and  due  to  the  coupling  has  been 
investigated  [3].  It  was  found  that  a  small  correction  has  to  be 
applied  to  the  value  of  the  first  derivative  of  the  tunes  but  no  cor¬ 
rection  from  these  effects  have  to  be  applied  to  the  higher  order 
derivatives  as  they  are  well  below  the  measurement  errors.  The 
corrected  values  of  the  tunes  versus  momentum  deviation  are 
shown  in  Fig.  1 .  If  the  measured  octupole  and  decapole  errors  in 
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the  dipoles  are  used  directly,  a  large  discrepancy  between  mea¬ 
surement  and  calculation  would  occur.  To  reduce  it  to  the  small 
values  shown  in  Fig.  1  these  components  had  to  be  multiplied 
by  large  factors  of  -45  and  630  respectively.  This  corresponds 
to  a  total  relative  field  error  of  about  0.007,  which  should  have 
showed  up  in  the  magnetic  measurements.  On  the  other  hand  the 
measurement  of  the  chromatic  phase  advance  shown  below  rules 
out  non-uniform  sextupole  errors  which  could  produce  higher  or¬ 
der  effects.  Thus  we  are  left  with  a  large  discrepancy  not  yet  un¬ 
derstood. 


III.  MEASUREMENT  OF  THE  CHROMATIC 
PHASE  ADVANCE 


A.  Introduction 


The  dependence  of  the  betatron  tunes  on  momentum  is  called 
“Q-prime”  and  is  given  by  Q'  =  dQI{dp/p).  Sometimes  the 
above  quantities  are  divided  by  the  tune  and  called  chromatici- 
ties.  Since  the  quadrupole  focusing  strength  decreases  with  en¬ 
ergy,  the  normal  focusing  structure  produces  a  negative  contri¬ 
bution  to  the  chromaticity.  This  has  to  be  corrected  with  sex¬ 
tupole  magnets  located  at  finite  dispersion.  In  LEP  the  eight  long 
straight  sections  containing  the  interaction  regions  have  vanish¬ 
ing  dispersion  and  do  not  contain  sextupoles.  They  give  negative 
contributions  to  the  chromaticities.  The  sextupoles  in  the  eight 
arcs  have  a  strength  adjusted  to  compensate  the  negative  chro¬ 
maticity  contributions  of  the  focusing  structures  in  the  arc  itself 
and  in  the  long  straight  sections.  This  results  in  a  local  over  com¬ 
pensation  of  the  chromaticity. 

To  describe  these  local  effects  we  use  the  dependence  of  the 
phase  advance  on  momentum  deviation  [4],  [5]  which  we  will 
call  chromatic  phase  advance 


dpx  dpy 

dp/p  ’  dp/p 


or  normalized: 

dp/p 


dpy /2t^ 
dp/p 


The  integral  over  the  latter  quantities  around  the  ring  gives  again 
Q'.  A  measurement  of  the  chromatic  phase  advance  is  an  excel¬ 
lent  check  of  the  chromaticity  and  its  correction  in  the  ring. 


B,  Measurement  method 

The  phase  advance  is  measured  at  the  beam  position  moni¬ 
tors  (BPM)  using  the  “lOOO-tums”  system  [6].  With  this  sys¬ 
tem  the  beam  position  is  recorded  for  1024  revolutions  i  at  each 
BPM  k  while  one  specific  bunch  is  excited  in  one  plane  (hori¬ 
zontal  or  vertical)  with  the  betatron  tune  frequency  by  the  tune- 
measurement  shaker  [2].  The  amplitude  of  the  oscillations  de¬ 
pends  on  the  proximity  of  the  exciting  frequency  to  the  tune  and 
on  the  strength  of  the  excitation.  In  order  to  extract  the  amplitude 
A  and  the  phase  (j>  of  the  betatron  oscillations,  a  harmonic  fit  is 
made  through  the  1024  beam  position  measurement  of 

each  BPM  k  with  the  known  frequency  of  excitation 

N  N 

Ck  —  y^a;iCOs(27rQj,z)  ,  Sk  =  y^^Xism{27rQ^i)  .(3) 

*=i  *=i 

to  obtain 

,  +  SI  ^  .  fSk\  ,,, 

Ak=  ^  ^ = -arctan  (  —  1  (4) 


where  N  =  1024  is  the  number  of  samples.  (j>k  corresponds  to 
the  phase  advance  at  the  BPM  k  plus  an  arbitrary  constant 
for  all  BPM.  For  precise  phase  measurements,  the  beam  must  be 
excited  to  high  amplitude  in  order  to  achieve  the  highest  signal- 
to-noise  ratio.  Typical  oscillation  amplitudes  are  in  the  order  of 
a  few  millimeters.  The  error  of  the  phase  is  [7] 


A 


(5) 


with  (Tj;  being  the  beam  position  error.  The  phase  error  is  typi¬ 
cally  about  2-3  mrad  for  a  signal  of  2  mm  of  amplitude  (4  mm 
peak-to-peak)  and  1024  points. 


C.  The  experiment 

A  positron  beam  of  about  0. 1  mA  per  bunch  was  accumulated 
on  the  nominal  RF-frequency  with  the  injection  optics  K21P20 
which  has  detuned  low-beta  insertions.  The  horizontal  and  ver¬ 
tical  phase  advances  where  measured  in  all  the  BOM  moni¬ 
tors  using  the  ’TOOO-tum”  system  described  above  for  the  RF- 
frequency  deviations  of  -100  Hz,  0  Hz,  and  +100  Hz.  The  cor¬ 
responding  energy  deviations  are  obtained  with  the  relation  (1) 
and  are  listed  together  with  the  measured  tunes  in  Table  1.  For 
each  measurement  the  phase  advance  calculated  with  MAD  [8] 
for  the  central  orbit  was  subtracted.  All  the  measurements  used 
for  analysis  were  taken  with  about  the  same  betatron  oscillation 
amplitude  to  avoid  effects  of  non-linearities. 


A/rf 

AE/E 

Qx 

Qy 

-100  Hz 

0.00153 

0.255 

0.219 

OHz 

0.0 

0.255 

0.219 

100  Hz 

-0.00153 

0.255 

0.217 

Table  I 

Parameters  of  the  phase  advance  measurements 


D,  Analysis  of  the  measured  data 

A  first  look  at  the  experimental  results  indicated  that  some  se¬ 
lection  of  the  data  had  to  be  made.  A  few  monitors  gave  val¬ 
ues  which  were  far  outside  the  range  of  the  remaining  ones. 
The  corresponding  data  were  ignored.  This  was  the  case  for  8 
monitors  in  the  horizontal  plane  and  for  6  monitors  in  the  ver¬ 
tical  plane.  Since  the  absolute  phase  is  not  known,  the  average 
phase  of  all  the  accepted  monitors  was  set  to  zero  for  each  mea¬ 
surement.  For  each  monitor  a  linear  fit  through  the  three  points 
taken  at  different  energy  deviations  was  made  and  the  quantity 
{dp/2'K)/{dp/p)  calculated. 

E,  Results 

The  measured  normalized  phase  advance  per  relative  energy 
change  and  the  corresponding  calculations  with  MAD  are  plot¬ 
ted  in  Fig.  2  against  the  normalized  phase.  Clearly  visible  are 
the  chromaticity  contributions  of  the  different  parts.  The  four 
straight  sections  containing  interaction  points  IP2,  IP4,  IP6,  and 
IPS  give  large  negative  contributions  of  about  =  —16.4 
and  AQy  =  —12.1  each,  being  within  4%  of  the  calculated  val¬ 
ues.  The  other  straight  sections  have  smaller  effects  = 
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Figure  2.  Chromatic  phase  advances  (’ss’ :  straight  sections) 


-7.7  and  =  -6.1  each,  which  agree  within  12  %  with  ex¬ 
pectations.  The  measured  variation  of  the  individual  sections  is 
about  10%.  Also  the  positive  contributions  of  the  arcs  contain¬ 
ing  the  sextupoles  are  clearly  visible.  We  measure  AQ^  =  8.6 
and  AQ^  =  8.5  per  octant.  The  horizontal  value  is  about  6% 
larger  than  expected  whereas  the  vertical  one  agrees  within  1%. 
The  variation  of  the  individual  octants  is  smaller  than  9%  for 
and  smaller  than  2%  for  Qy.  All  these  discrepancies  are  proba¬ 
bly  due  to  measurement  errors  with  the  exception  that  the  abso¬ 
lute  values  of  the  individual  horizontal  contributions  are  in  av¬ 
erage  about  5%  too  large.  Strong  localized  sextupole  errors  can 
be  ruled  out  by  these  measurements. 


Figure  3.  Details  of  the  calculated  and  measured  vertical  chro¬ 
matic  phase  advance 


In  general  the  agreement  between  experiment  and  calculation 
is  very  good  not  only  for  the  global  behavior  of  the  chromatic 
phase  advance  but  also  for  its  details  as  shown  in  Fig.  3.  The 
fast  oscillation  of  the  calculated  and  measured  chromatic  phase 
advance  is  due  to  a  mismatch  of  the  off-energy  optics  resulting  in 
a  beating  both  of  the  beta  function  and  the  phase  advance.  As  ex¬ 
pected  this  beating  goes  with  twice  the  betatron  phase  advance. 
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The  lattice  of  the  CERN  Large  Hadron  Collider  is 
designed  with  23  regular  cells  per  arc,  each  containing  6 
tightly  packed  14.2  m  long  dipoles.  This  allows  to  reach  7 
TeV  per  beam  with  a  dipole  field  of  8.4  Tesla.  There  are 
four  experimental  insertions,  two  of  which  are  devoted  to 
high  luminosity  experiments  with  ±  23  m  of  free  space  for 
the  detector.  The  other  two  experimental  insertions  are 
combined  with  injection.  The  value  of  6*  at  the  interaction 
points  is  tunable  from  6  m  at  injection  to  0.5  m  in  collision. 
The  energy  deposition  in  the  inner  triplets  is  carefully 
reduced  to  sustain  the  nominal  luminosity  of  cm‘^s‘^. 
Two  insertions  are  devoted  to  collect  the  halo  particles 
with  large  emittance  and  momentum  spread  surrounding  the 
beam  core:  escaping  rates  of  the  protons  are  estimated  to 
be  less  than  4*10^  sec'^m"^.  Finally,  one  insertion  is  used 
to  extract  the  particles  in  the  vertical  direction  with  a 
minimized  deflecting  strength. 

L  OVERALL  LATTICE 

The  LHC  geometry  is  dictated  by  the  existing  LEP 
tunnel,  and  the  peak  LHC  beam  energy  is  broadly  given  by 
the  maximum  magnetic  field  sustainable  by  the 
superconducting  dipoles.  The  present  optimization  of  the 
optical  layout,  called  version  4,  aims  to  increase  the 
bending  length  of  the  standard  cell,  and  to  use  the  same 
cell  design  in  all  arcs.  The  energy  of  7  TeV  per  beam  can 
now  be  reached  with  a  8.4  Tesla  dipole  field.  The  lattice  is 
designed  to  lie  in  a  beam  plane  parallel  to  that  of  LEP  and 
the  two  machines  are  almost  collinear  in  plane  view  (the 
arcs  tend  to  be  at  the  exterior  of  the  LEP  theoretical 
position  by  up  to  4  cm,  while  the  dispersion  suppressors  - 
DS“  are  up  to  10  cm  on  the  interior,  a  price  to  be  paid  for 
standard  length  dipoles  and  longer  straight  sections  in  the 
DS). 

The  two  beams  of  the  LHC  pass  through  the  same  twin 
bore  magnets  separated  horizontally  by  180  mm.  They  are 
exchanged  from  inner  to  outer  circle  four  times  around  the 
circumference  in  order  to  avoid  any  difference  in  total  path 
length.  There  are  four  interaction  points  (IPs),  with  the 
assignment  of  Fig.  1.  The  high  luminosity  insertions  are 
located  in  points  1  and  5.  The  combined  experimental  and 
injection  insertions  are  in  points  2  and  8.  There  are  two 
cleaning  insertions  in  points  3  and  7,  a  dump  insertion  in 
point  6,  and  an  insertion  devoted  to  the  RF  in  point  4.  The 
betatron  phase  advance  has  different  values  in  the 
insertions:  2.43  in  points  1  and  5,  2.57  in  points  2  and  8, 
and  1.80  in  the  other  points.  The  machine  is  thus  mirror 


symmetric  about  the  axis  IP1-IP5  and  its  superperiodicity  is 

1. 

The  two-in-one  design  of  the  magnets  means  that  the 
optical  polarities  of  adjacent  quadrupoles  in  the  two  LHC 
rings  are  opposite.  This  is  also  true  for  the  first  triplet  on 
either  side  of  the  IPs,  made  of  single  bore  quadrupoles.  The 
most  natural  design  of  each  ring  is  thus  antisymmetric,  so 
that  on  either  side  of  an  IP  corresponding  quadrupoles  have 
equal  and  opposite  strength.  At  the  IPs,  the  horizontal  and 
the  vertical  6  functions  have  equal  values  and  both  beams 
are  round. 


Equal  horizontal  and  vertical  tunes  is  a  feature  of  the 
antisymmetric  design.  The  arcs  are  then  adapted  to 
separate  slightly  the  tunes,  Qx=  63.28,  Qy  =  63.31,  With  a 
superperiodicity  of  1,  the  choice  of  the  integral  part  of  the 
tunes  is  based  on  the  estimated  strength  of  resonances 
close  to  the  working  point.  With  respect  to  the  betatron 
coupling,  the  working  point  is  equivalent  to  that  of  the 
version  1  of  the  LHC  lattice  [1].  The  necessary  changes  to 
make  it  more  robust  against  dynamic  variations  of  the 
coupling  are  the  subject  of  ongoing  studies. 
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IL  LATTICE  MODULES 


The  rei^ular  cell:  the  regular  cell  is  106.92  m  long  and 
contains  six  14.2  m  dipoles  and  two  3  m  quadrupoles.  The 
quadrupoles  are  centered  w.r.t.  the  bending  center  of  the 
dipoles  in  order  to  have  identical  cells  in  every  arc, 
irrespective  of  its  polarity.  The  cryostat  assembly  of  the 
quadrupole  is  symmetrical  w.r.t.  the  quadrupole  center.  On 
its  left  is  an  octupole  corrector  and  a  beam  position 
monitor,  and  on  the  right  a  nested  dipole  and  sextupole 
corrector.  Next  to  each  dipole,  in  the  shadow  of  the  magnet 
ends,  a  sextupole  and  a  decapole  windings  are  located  on 
either  side.  These  correctors  compensate  locally  the  main 
systematic  imperfections  due  to  persistent  currents,  which 
affect  the  beam  stability  at  the  injection  plateau  and  at  the 
beginning  of  the  ramp.  The  precise  magnetic  strength  of  the 
various  correctors  will  depend  on  the  final  optics  and 
should  include  requirements  from  the  dynamic  behaviour  of 
the  machine,  yet  to  be  estimated. 

The  nominal  betatron  phase  advance  is  90°.  It  is  in 
practice  slightly  adjustable  with  separate  power  supplies  for 
the  F  and  the  D  quadrupoles  of  each  ring,  needed  to  control 
the  horizontal  and  vertical  betatron  tunes.  With  the 
maximum  quadrupolar  gradient  of  250  T/m,  it  is  possible  to 
shift  and/or  split  the  tune  by  ±  2  integers  in  each  ring.  The 
peak  values  of  6  and  of  the  horizontal  dispersion  D  are 
182.7  m  and  2.15  m  respectively.  The  regular  arc  is  made 
of  23  cells,  for  a  total  length  of  2456.16  m. 

The  dispersion  suppressors:  The  lay-out  of  the  16  DS 
is  identical,  except  for  a  small  difference  in  length  of  the 
short  straight  section  next  to  the  odd  and  even  arcs  (the 
LEP  tunnel  has  a  slightly  irregular  octagonal  shape).  The 
four  quadrupoles  of  the  DS  (Q7-Q10)  are  interleaved  with 
four  blocs  of  two  dipoles  each.  The  dipoles  have  the  same 
length  as  in  the  cell  (14.2  m).  The  separation  between  the 
dipole  blocs  is  not  regular  in  order  to  obtain  exact 
superposition  of  the  LHC  and  LEP  interaction  points,  and  to 
get  sufficient  free  space  for  the  quadrupoles  and  the 
associated  correctors.  The  quadrupoles  are  split  in  two 
sections.  The  main  sections,  3.25  m  long,  are  powered  in 
series  with  the  cell  quadrupoles  of  the  same  polarity.  The 
1.5  m  tuning  sections,  with  a  maximum  gradient  of  120 
T/m,  have  all  independent  power  supplies.  As  the  number 
of  parameters  in  the  straight  sections  of  the  insertions  is 
smaller  than  the  number  of  matching  constraints,  the 
quadrupoles  of  the  DS  contribute  to  the  global  matching  of 
the  insertions.  Therefore,  the  exact  optics  of  the  DS  in  the 
various  insertions  are  all  somewhat  different  even  if  their 
layouts  are  the  same.  The  orbit  functions  are  sufficiently 
smooth  and  of  moderate  value  to  allow  the  use  of  magnets 
with  the  same  aperture  as  in  the  regular  cell. 

The  high  luminosity  experimental  insertions:  The  high 
luminosity  insertions  in  points  1  and  5  comprise  the  inner 
triplet  of  quadrupoles  (Ql,  Q2,  Q3)  close  to  the  interaction 
point  for  focusing  the  beam  size  in  both  planes,  and  the 


outer  triplet  (Q4,  Q5,  Q6),  placed  close  to  the  DS  for 
tuning  the  betatron  functions.  Between  the  inner  and  outer 
triplets,  a  doublet  of  separation-recombination  dipoles  (Dl, 
D2)  brings  the  two  counter-rotating  beams  to  almost 
collinear  trajectories.  The  position  of  the  lenses  is  adjusted 
to  minimize  the  B-functions  at  all  stages  of  the  6-squeeze, 
especially  in  the  region  of  the  outer  triplets,  so  that 
magnets  with  regular  aperture  can  be  used.  Dl  and  D2  are 
10.2  m  long  medium-field  superconducting  dipoles  (4.5  T) 
spaced  by  35.7  m.  The  inner  triplet  is  designed  to  minimize 
the  irradiation  effects  due  to  particle  losses  in  collision. 
The  single-bore  quadrupoles  Ql,  Q2,  Q3  are  built  of 
identical  5.5  m,  70  mm  aperture  units.  They  are  powered 
in  series  for  an  operational  gradient  of  225  T/m.  Two 
additional  independently  powered  quadrupoles,  QOl  and 
Q03,  are  used  for  fine  tuning  of  the  triplet.  Appropriate 
absorbers  are  located  in  front  of  Ql  and  Q2  to  reduce  the 
energy  deposit  to  below  25  W  per  quadrupole.  The  free 
space  for  the  detectors,  absorbers  and  associated 
infrastructure  is  ±  23  m.  The  insertions  are  tunable  for  a 
range  of  6*  from  0.3  m  up  to  10  m;  the  nominal  6*  at 
injection  is  6  m,  and  0.5  m  in  collision.  The  change  of  the 
gradients  during  the  6-squeeze  is  smooth.  The  orbit 
functions  in  collision  are  shown  in  Fig. 2. 


Fig.  2.  Orbit  functions  of  the  high  luminosity  insertion 
in  collision 

The  combined  experimental  and  injection  insertions: 
The  layout  of  the  insertions  in  points  2  and  8  is 
conceptually  identical  to  that  of  the  high-luminosity 
insertions.  The  free  space  around  the  interaction  point  is  ± 
21  m,  while  a  free  space  of  100  m  between  Q4  and  D2  is 
provided  for  the  injection  system  (kickers  and  septa).  A  low 
waist  of  the  horizontal  6-function  is  needed  close  to  the 
inner  triplet,  where  protection  stoppers  intercept  badly 
injected  beams.  It  has  been  chosen  to  inject  the  beams 
into  the  outer  ring.  The  insertion  are  tunable  over  the  same 
range  of  6*  as  the  high-luminosity  insertion  with  a  smooth 
variation  of  the  quadrupole  gradients.  However,  the  value 
of  the  6-function  in  the  outer  triplet  is  somewhat  larger. 
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The  cleaning  insertion:  Two  insertions  are  used  for 
collimation,  one  in  point  3  for  betatron  cleaning,  and  the 
other  in  point  7  for  momentum  cleaning.  Their  layout  is 
almost  identical:  a  500  m  straight  section  with  a  FODO- 
like  structure  of  warm  two-in-one  quadrupoles  is  matched  to 
the  DS  on  each  side  by  a  superconducting  quadrupole  Q6. 
Immediately  downstream  of  Q6,  two  dogleg  dipoles 
increase  the  horizontal  beam  separation  from  180  mm  to 
220  mm,  sweeping  away  the  neutral  secondaries  from 
inelastic  interactions.  This  also  makes  the  design  the  cross 
section  of  the  warm  two-in-one  quadrupoles  easier.  The 
FODO-like  structure  contains  three  pseudo-cells  with  a 
total  phase  advance  of  216°  for  a  maximum  6  around  350. 
The  normal-conducting  quadrupoles  are  built  of  3.55  m,  30 
T/m  modules,  resulting  in  total  quadrupole  lengths  of  10.5, 
14  and  17.5  m.  Corresponding  quadrupoles  on  either  side  of 
the  center  of  the  insertion  are  powered  in  series  with 
opposite  polarities  to  provide  the  required  optical 
antisymmetry. 

The  entire  500  m  straight  section  is  free  of 
superconducting  magnets  and  thus  available  for  cleaning. 
Collimation  of  the  particles  circulating  in  the  halo  of  the 
stored  beams  causes  scattering  in  both  transverse  planes. 
The  primary  collimators  must  be  placed  at  large  6  values  to 
maximize  the  impact  parameters  and  thus  reduce  the  out- 
scattering  probability.  They  have  to  be  backed  by 
secondary  collimators  placed  at  suitable  phase  advances  in 
order  to  intercept  the  out-scattered  particles. 

The  dump  insertion:  The  dump  insertion  is  located  in 
point  6.  Its  purpose  is  to  dispose  of  the  circulating  beam  at 
the  end  of  the  runs  and  to  protect  the  machine  in  case  of 
hardware  failure  or  beam  instability.  The  design  benefits 
from  the  fact  that  the  two  beams  do  not  cross  in  this  point. 

Horizontal  kickers  are  used  to  deflect  the  circulating 
beams  into  a  Lambertson  type  septum  which  bends 
vertically  the  extracted  protons  to  the  external  absorbers. 
The  antisymmetry  of  the  optics  allows  to  optimize 
simultaneously  the  extraction  of  both  beams  with  a 
common  septum  magnet  placed  at  the  center  of  the 
insertion.  On  each  side  of  the  septum  there  are  four 
superconducting  quadrupoles  Q3,  Q4,  Q5,  Q6  to  match  the 
optical  constraints.  The  fast  kicker  is  located  between  Q4 
and  Q3.  In  the  upstream  side,  the  quadrupole  Q3  is 
horizontally  defocusing  to  enhance  the  deflection  of  the 
kicker  and  thus  the  displacement  in  the  septum.  On  the 
other  hand,  the  septum  must  be  strong  enough  to  deviate 
the  extracted  beam  away  from  Q3  in  the  downstream  side. 
The  position  of  Q3  thus  results  from  a  compromise  between 
the  kick  enhancement  and  the  required  strength  of  the 
septum,  taking  into  account  realistic  assumptions  about  the 
aperture  of  Q3  and  the  outer  radius  of  its  cryostat.  In  the 
preferred  solution  there  is  a  very  long  drift  of  about  340  m 
between  the  upstream  and  downstream  positions  of  Q3. 
Because  of  this  the  value  of  8  rises  above  600  m,  by  far  the 
largest  around  the  LHC  at  injection. 


The  quadrupoles  Q3  and  Q4  will  need  an  increased 
aperture  of  70  mm,  whilst  their  length  is  still  standardized 
to  modules  of  3.25  m.  Enlarged  quadrupoles  could  be  used 
also  in  the  outer  triplets  of  the  combined 
experimental/injection  insertions.  Like  in  other  insertions, 
the  field  quality  of  the  quadrupoles  needs  to  be  assessed  to 
ensure  that  the  insertions  do  not  limit  the  dynamic  aperture 
at  injection.  Alternatively,  it  should  be  possible  to  reduce 
the  6  function  at  injection  to  about  450  m  by  introducing  a 
small  warm  quadrupole  at  either  end  of  the  septum. 

The  insertion  for  the  RF:  The  insertion  in  point  4 
will  probably  be  used  to  house  the  two  15  m  long 
superconducting  RF  modules  (one  per  beam).  The  optics 
could  be  similar  to  the  layout  of  the  dump  insertion. 

III.  APERTURE 

The  mechanical  aperture  in  the  LHC  is  limited  by  the 
collimators  in  order  to  localize  the  beam  loss  in  the 
cleaning  section.  The  inner  coil  diameter  of  the  regular 
magnets  is  56  mm.  However,  the  free  space  for  the 
circulating  particles  is  reduced  by  the  beam  screen  for 
synchrotron  radiation.  Realistic  tolerances  for  the  sagitta 
and  alignment  of  the  beam  pipe,  and  for  the  closed  orbit 
deviations  have  to  be  taken  into  account  as  well.  The 
available  aperture  in  units  of  the  rms  beam  size  is  10a.  It 
allows  to  accommodate  3a  for  the  beam  distribution,  2a  for 
the  transverse  and  longitudinal  injection  errors,  and  la  for 
drifts  in  time  of  the  orbit.  The  remaining  4a  is  the 
clearance  needed  between  the  primary  collimators  and  the 
beam  screen. 

At  the  nominal  LHC  luminosity,  the  proton  losses  per 
beam  are  expected  to  be  4-10^  proton  sec'^,  while  it  is 
estimated  that  at  7  TeV  a  longitudinal  flux  of  4-10^  protons 
sec^^m"-^  falling  onto  the  vacuum  chamber  induces  a 
quench.  The  cleaning  system  must  therefore  trap  the 
protons  at  an  amplitude  smaller  than  the  aperture  of  the 
ring,  with  an  efficiency  much  better  than  10-^.  This  will  be 
achieved  by  installing  circular  collimators  in  point  3, 
approximated  by  eight  jaws  forming  an  octagon.  A  set  of 
primary  collimators  made  of  beryllium  or  aluminum  is 
followed  by  three  secondary  collimators  made  of  copper 
located  at  optimized  phase  advance.  Detailed  simulations, 
including  nuclear  and  electromagnetic  scattering  in  the 
jaws  and  tracking  around  the  ring  indicate  that  the  needed 
performance  can  be  reached  with  a  good  margin. 

At  injection,  momentum  losses  will  be  trapped  by  a 
system  located  in  point  7.  Simulations  indicate  that  the 
expected  efficiency  is  sufficient  even  in  the  case  of  a  large 
fraction  of  RF-uncaptured  protons. 
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Abstract 

Sorting  strategies  for  superconducting  dipoles  are  discussed,  in 
view  of  maximizing  the  dynamic  aperture  in  hadron  colliders 
like  the  CERN  LHC.  Quality  factors  based  on  the  perturbative 
tools  of  nonlinear  maps  and  normal  forms  are  evaluated  with 
tracking  simulations.  The  best  of  them  is  retained  and  maxi¬ 
mized  by  an  appropriate  permutation  of  the  magnets.  The  effec¬ 
tiveness  of  the  proposed  ordering  is  checked  again  through  track¬ 
ing.  This  technique  is  used  to  sort  the  sextupolar  errors  in  a  lat¬ 
tice  that  contains  a  small  number  of  LHC-like  cells. 


1.  INTRODUCTION 

One  of  the  main  issues  in  the  construction  of  large  hadron  col¬ 
liders  like  the  CERN  LHC  is  the  effect  of  the  nonlinear  field- 
shape  errors.  They  fluctuate  randomly  from  magnet  to  magnet, 
and  considerably  reduce  the  stability  domain  of  the  circulating 
particles.  Installing  the  magnets  in  ordered  sequences  can  pro¬ 
vide  a  self  compensation  of  the  random  imperfections  i.e.  an 
increase  of  the  dynamic  aperture.  Due  to  the  huge  number  of 
magnet  permutations  it  is  not  feasible  to  characterize  them  by 
computing  the  related  dynamic  aperture.  Therefore  we  propose 
to  use  quality  factors  (QF)  based  on  analytical  tools.  Intuitive 
rules  based  on  local  compensation  and  symmetry  considerations, 
which  have  been  shown  to  be  effective  in  the  case  of  the  LHC 
lattice  [1],  [2],  have  also  been  considered. 

In  this  paper  we  present  strategies  based  on  analytical  tools 
(normal  forms  [3])  and  numerical  simulations  (element-by¬ 
element  tracking)  [4].  Firstly  we  introduce  three  QF:  the  norm 
of  the  nonlinear  part  of  the  map,  the  norm  of  the  amplitude- 
dependent  tuneshift,  computed  through  nonresonant  normal 
forms,  and  the  resonance  strength  evaluated  through  resonant 
normal  forms.  Secondly  we  determine  numerically  which  QF 
has  the  best  correlation  with  the  dynamic  aperture  for  our  accel¬ 
erator  model.  Thirdly  we  use  the  QF  to  select  the  best  ordering 
among  a  limited  set  of  magnet  permutations,  chosen  either  ran¬ 
domly  or  using  local  compensation  rules.  As  a  final  check  we 
compute  with  tracking  the  dynamic  aperture  of  our  selected  case. 
This  procedure  is  repeated  for  100  different  realizations  of  the 
random  errors. 


IL  QUALITY  FACTORS 

The  indicators  of  nonlinearity,  that  we  use  as  QF  are  listed  be¬ 
low  with  the  conventions  of  Ref.  [3]. 

Qi*  Norm  of  the  map  Terms  of  different  orders  are  added, 
neglecting  possible  compensations;  the  amplitude  A  gives  the 
weight  for  the  various  contributions. 


*  INFN,  Sezione  di  Bologna,  Via  Imerio  46, 1-40126  Bologna. 


QUA,!f)  =  E  E  (1) 

^—2  ii+i2+i3+j4=«  *=1,2 

Q2  •  Norm  of  the  tuneshift  A  nonresonant  normal  form  trun¬ 
cated  at  the  order  N  provides  the  perturbative  series  at  the  order 
M  (A  —  l)/2  for  the  sum  of  the  squares  of  the  tuneshifts: 


Q2  is  obtained 
amplitude  A: 


(2) 

by  averaging  this  quantity  over  the  invariant 


2 

Q2{A;M)  zz  J  —  J  t2M{Acos<l)^Asin(p)  d(f>.  (3) 

Q2  is  to  be  used  with  caution,  since  in  absence  of  detuning  (i.e. 
Q2  o  0)  all  the  resonances  are  unstable. 

Qa*  Norm  of  the  resonances  The  strength  of  a  single  reso¬ 
nance  [p,  q]  of  order  r  =  p  -f  g  can  be  computed  by  taking  the 
norm  of  the  resonant  part  of  the  interpolating  Hamiltonian,  trun¬ 
cated  at  an  order  L  such  that  L>  r: 


Q3{\p,q],A;L)  =  Y, 

/>1  2{ki-\-k2)+lr<L 


(4) 

In  all  the  three  QFs,  the  amplitude  A  is  fixed  to  the  estimated 
value  of  the  dynamic  aperture. 


III.  RESULTS 

The  model  Our  analysis  has  been  carried  out  on  a  simplified 
lattice  made  of  8  LHC  cells  and  a  phase  trombone.  Each  cell 
has  6  dipoles  and  a  phase  advance  of  90®.  The  linear  tunes  are 
i/j;  =  2.28  and  i/j/  =  2.31.  The  peak  value  of  the  orbit  func¬ 
tion  is  I3max  —  169m.  The  chromaticity  sextupoles  are  ig¬ 
nored.  Only  the  random  part  of  the  normal  sextupolar  errors  in 
the  dipoles  is  considered.  Its  integrated  gradient  is  distributed 
according  to  a  gaussian  truncated  at  three  sigma,  where  a  = 
8.5872  X  10“^m“^  is  the  expected  value  for  the  LHC  dipoles. 

QF  correlation  We  have  computed  the  correlation  between 
the  dynamic  aperture  and  the  QF’s  for  1 00  realizations  of  the  ran¬ 
dom  errors.  The  dynamic  aperture  is  computed  over  1000  turns 
and  it  is  expressed  in  meters  normalized  at  I3max  =  169m.  The 
norm  of  the  map  Q 1  is  evaluated  up  to  order  Y  =  6 ;  the  tuneshift 
Q2  at  the  order  M  =  2,  and  has  been  evaluated  for  reso¬ 
nances  up  to  order  seven,  with  L  <7.  The  parameter  A  is  equal 
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Figure  1 ,  Correlation  between  the  quality  factor  and  the  dy¬ 
namic  aperture  for  100  seeds. 


to  the  average  dynamic  aperture  of  the  100  unsorted  machines, 
i.e.  0.2  m. 

The  tuneshift  norm  shows  the  best  correlation  with  the  dy¬ 
namic  aperture  (Fig.  1),  while  the  norm  of  the  map  Qi  has  apoor 
correlation.  Among  all  the  resonances  the  [3,0],  which  is  the  first 
resonance  excited  by  sextupoles,  shows  a  rather  good  correla¬ 
tion,  and  has  been  used  for  further  tests. 

Sorting  and  tracking  check  We  consider  two  optimization 
strategies  and  for  each  of  them  we  use  two  different  rules  of  per¬ 
mutation  of  the  dipoles.  The  first  strategy  (SORTl)  is  based  on 
the  norm  of  the  tuneshift  the  second  one  (SORT2)  on  the 
strength  of  the  resonance  [3, 0].  In  the  first  rule  (SORTl  1  for  Qi, 
SORT21  for  Q2)  we  consider  500  random  permutations.  In  the 
second  rule  (SORT12  for  Qi,  SORT22  for  Q2)  we  split  the  48 
dipoles  in  24  pairs  such  that  in  each  pair  the  sum  of  the  sextupoles 
errors  is  minimized,  to  create  a  ‘first-order local  compensation’; 
then,  we  consider  500  random  permutations  of  the  24  pairs.  The 
number  of  permutations  P  is  fixed  to  500  as  a  result  of  a  compro¬ 
mise.  For  larger  values  of  P  one  finds  better  machines,  however, 
the  improvement  saturates  quite  rapidly,  probably  due  to  the  fact 
that  the  correlation  between  the  QF  and  the  dynamic  aperture  is 
better  for  bad  machines  than  for  good  ones  (see  Fig.  1).  This 
means  that  the  QF  easily  recognizes  bad  machines,  but  it  is  not 
very  efficient  in  selecting  good  machines.  The  effect  of  sorting 
rules  based  on  local  compensation  as  described  in  [1]  has  also 
been  computed  for  comparisons  (SORTO). 

In  Fig.  2  we  consider  the  dynamic  aperture  for  100  unsorted 
seeds,  to  which  we  apply  the  sorting  rule  SORTO.  The  dynamic 
aperture  increases  by  a  factor  2.7. 

In  Fig.  3  we  show  the  distributions  of  the  dynamic  aperture  for 
100  seeds  for  the  rule  SORT12  and  for  SORT22.  With  the  rule 
SORT12  the  gain  is  in  average  of  a  factor  3.1  and  for  the  worst 
machines  of  a  factor  two.  With  SORT22  the  gain  is  lower. 
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Figure  2.  Comparison  between  the  distribution  of  dynamic  aper¬ 
ture  for  the  unsorted  machine  and  SORTO. 

In  any  case,  the  permutations  of  pairs  of  dipoles  has  been 
shown  to  be  more  efficient  that  the  random  permutations.  From 
this  we  conclude  that,  in  our  lattice  model,  the  tuneshift  min¬ 
imization  over  pair  permutations,  is  to  be  considered  the  most 
efficient  algorithm  to  improve  the  beam  stability.  However,  we 
have  indications  that  this  conclusion  cannot  be  simply  extrapo¬ 
lated  to  any  lattice  model. 

IV.  EFFECT  OF  THE  SORTING  PROCEDURE 
ON  THE  GLOBAL  DYNAMICS 

A  check  of  the  effect  of  the  sorting  procedure  has  been  car¬ 
ried  out  through  the  analysis  of  the  dynamics  both  in  phase  space 
and  in  frequency  space,  according  to  the  numerical  techniques 
of  frequency  analysis  originally  developed  for  celestial  mechan¬ 
ics  [5].  A  stability  diagram  and  its  related  tune  footprint  gives 
a  description  of  the  stability  domain  in  phase  space  and  in  fre¬ 
quency  space.  This  second  diagram  provides  the  tune  distribu¬ 
tion,  and  brings  into  evidence  the  most  dangerous  resonances 
and  their  effect  on  the  stability  of  motion. 

We  consider  particles  with  initial  conditions  given  by 
(rcosa,0,rsina,0),  withr  E  [0,R]anda  E  [0, 7r/2],  and  we 
track  them  over  1000  turns.  If  the  motion  is  stable,  we  compute 
the  related  nonlinear  frequencies  as  the  average  phase  advance 
per  turn. 

In  Fig.  4  we  show  the  frequency  distribution  for  the  random 
machine  with  an  average  value  of  the  dynamic  aperture,  while 
in  Fig.  5  we  consider  the  same  machine  sorted  with  the  rule 
SORT12.  The  analysis  of  the  Figs.  4  and  5  leads  to  the  following 
observations. 

•  Tune  footprint  diagrams  show  that  the  ordering  procedure 
not  only  minimizes  the  tuneshift,  but  also  changes  the  low 
order  tuneshift  coefficients  so  that  different  zones  of  the  fre¬ 
quency  space  are  occupied  by  the  random  and  sorted  ma- 
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Figure  5.  Tune  footprint  for  an  average  seed  sorted  according  to 
the  ruleSORT12. 


Figure  3 .  Comparison  between  the  distribution  of  dynamic  aper¬ 
ture  for  the  SORT12  and  SORT22. 


Figure  4.  Tune  footprint  for  an  average  unsorted  seed. 


chine. 

•  In  the  sorted  machine  the  effect  of  resonances  is  stronger 
and  more  clearly  visible:  this  happens  because,  having  min¬ 
imized  the  tuneshift,  the  islands  become  larger.  Notwith¬ 
standing  this  effect,  the  stability  domain  of  Ae  sorted  ma¬ 
chine  is  three  times  bigger  than  the  unsorted  one.  The  island 
width  is  clearly  shown  in  the  tune  footprint  as  an  high  den¬ 
sity  of  initial  conditions  on  resonance  lines,  and  an  empty 
region  around  them  (e.g.  [1,  -4]  and  [7, 0]  in  Fig.  5).  On 
the  other  hand,  some  resonances  seem  to  be  not  excited  (e.g. 
resonances  [2,  —5]  and  [6, 1]  in  the  same  Figure). 

•  Although  the  resonance  [3,  0]  is  very  far  from  the  tune  foot¬ 
print,  is  shows  the  best  correlation  with  the  dynamic  aper¬ 


ture.  This  fact  needs  deeper  investigations. 

V.  CONCLUSIONS 

We  have  defined  a  sorting  strategy  which  has  the  fundamental 
property  of  being  very  flexible.  The  proposed  approach  is  based 
on  a  mixed  technique  which  exploits  both  tracking  simulations 
for  determining  the  best  quality  factor,  and  analytical  techniques 
to  evaluate  in  a  fast  way  the  best  permutation  of  the  magnets. 
This  technique  can  be  integrated  by  other  intuitive  criteria  based 
on  the  symmetries  of  the  lattice.  The  outlined  approach  has  been 
successfully  applied  to  an  LHC  cell  lattice,  finding  gains  which 
are  very  good  also  compared  to  other  known  methods.  Although 
we  applied  our  analysis  to  a  simplified  cell  lattice  with  only  sex- 
tupolar  errors,  there  are  no  restrictions  to  extend  it  to  a  realistic 
lattice  including  a  set  of  arbitrary  multipolar  imperfections. 

It  remains  to  be  checked  if  the  improvement  due  to  the  sorting 
persists  when  the  operational  conditions  are  changed  or  when 
long-term  stability  is  considered. 
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ALGORITHMS  TO  GET  A  CIRCULATING  BEAM 
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Abstract 

Two  algorithms  based  of  trajectory  fitting  have  been  used  to  ob¬ 
tain  rapidly  a  circulating  beam  in  LEP  with  strong  focusing  lat¬ 
tices. 

A  new  algorithm  called  “orbit  closure”  uses  the  beam  posi¬ 
tions  measured  at  the  first  and  the  second  turn.  From  their  dif¬ 
ference,  it  computes  two  corrector  strengths  per  plane  such  that 
the  second  turn  passes  at  the  same  place  as  the  first  turn  at  about 
ten  BPM  locations.  This  produces  a  closed  orbit  amplitude  with 
an  r.m.s.  value  close  to  that  of  the  first  turn  trajectory. 

A  new  ’first  turn  threader’  has  been  tried.  It  detects  places 
where  an  oscillation  with  an  r.m.s.  amplitude  larger  than  a  speci¬ 
fied  value  starts,  and  computes  two  corrector  strengths  to  cancel 
it.  By  iterating  this  process,  it  should  be  possible  to  correct  by 
steps  the  first  turn  trajectory  so  that  its  r.m.s.  amplitude  is  below 
a  specified  value. 

The  orbit  closure  has  been  applied  with  success  to  a  very  low 
emittance  lattice  in  the  horizontal  plane)  in  LEP. 


I.  The  principles 

These  algorithms  are  based  on  the  fitting  method.  This  method 
assumes  that  the  linear  optics  of  the  machine  is  well  known.  It 
relies  on  the  description  of  betatron  oscillations  with  an  expres¬ 
sion  like : 

yi  =  ay/^i  cos(//i)  +  h^JJi  sin(/ii)  +  c  +  tj,- 

where  t/*  stands  for  the  measurement  of  the  beam  position, 
j3i  and  for  the  corresponding  TWISS  parameters  and  'qi  for  a 
realization  of  a  null-mean  additive  noise.  Given  this  definition 
of  qi ,  we  must  put  in  the  equation  the  average  of  the  noise  which 
is  c.  This  parameter  can  be  interpreted  also  as  an  offset  of  the 
measurements. 

The  values  of  a,  b  and  c,  are  computed  by  means  of  the  least- 
squares  algorithm.  In  fact  what  is  interesting  is  not  the  values 
of  a,  6  or  c  themselves,  but  how  relevant  is  the  fit,  i.e.  whether 
the  measurements  follow  a  betatron  oscillation  or  not.  To  answer 
this  question,  the  residual  Fn  of  the  fit  done  with  n  measurements 
is  computed.  Its  expression  is  : 


Fn 


1 


where  y*  is  the  estimation  of  yi  obtained  once  the  constants  a,  b 
and  c  have  been  computed. 

A  very  important  feature  of  the  fitting  method  is  the  possibility 
to  discard  the  measurements  considered  as  bad,  i.e.  those  such 
that  \yi  -  yi  \  is  larger  than  a  certain  number  of  standard  devia¬ 
tions.  Usually  this  number  is  between  two  and  three  as  we  dis¬ 
card  measurements  because  they  are  at  the  edge  of  a  normal  dis¬ 
tribution  of  random  variables.  Note  that  the  best  estimate  of  the 


standard  deviation  is  Fn .  Once  the  bad  measurements  have  been 
discarded,  the  computation  is  remade  until  no  measurement  is 
considered  as  bad. 

IL  Orbit  closure 


A.  The  algorithm 

The  first  step  for  operating  a  circular  machine  is  to  get  a  first 
turn.  However  this  usually  does  not  guaranty  that  the  beam  cir¬ 
culates  because  the  closed  orbit  distortion  may  be  too  large.  Fur¬ 
thermore,  in  the  case  of  strong  focusing  lattices,  the  chromatic- 
ity  sextupoles  are  strong  because  the  dispersion  is  small  and  this 
makes  large  anharmonicities  which  can  make  a  linear  instabil¬ 
ity  if  one  of  the  tunes  comes  close  to  an  integer.  This  may  well 
happen  for  a  closed  orbit  distortion  which  would  not  prevent  the 
beam  to  circulate  with  a  weak  focusing  lattice.  This  is  precisely 
the  case  where  the  orbit  closure  algorithm  is  the  most  useful. 

When  a  first  turn  is  obtained  in  a  machine,  the  beam  posi¬ 
tion  can  be  measured  at  several  places  close  to  the  point  where 
it  enters  the  machine,  both  during  the  first  and  the  second  turn. 
Then  the  fitting  method  is  applied  to  the  difference  between 
these  beam  positions,  and  this  difference  is  canceled  out  with 
two  closed  orbit  correctors  in  each  plane.  Once  it  is  made  small 
enough,  it  is  possible  to  obtain  a  circulating  beam. 

Practically  twenty  positions  are  measured  downstream  of  the 
place  where  the  injected  beam  enters  LEP.  After  elimination  of 
wrong  measurements,  only  ten  which  are  considered  good  from 
the  fitting  of  the  difference  between  first  and  second  turn  are  kept 
for  the  computation.  It  is  worth  noting  that  the  BPM’s  which  suf¬ 
fer  from  a  mere  offset  are  not  considered  as  bad  usually. 

B.  Experience  with  a  strong  focusing  lattice 

An  illuminating  example  of  the  efficiency  of  the  closure  al¬ 
gorithm  is  provided  by  a  machine  experiment  done  with  a  low- 
emittance  lattice  in  LEP.  TTie  LEP  machine  at  CERN  is  made 
from  eight  arc,  each  containing  thirty  FODO  cell  with  dipoles 
and  sextupoles,  and  eight  insertions  which  contain  only  dipoles 
and  quadrupoles.  The  super-periodicity  is  four.  All  the  nonlinear 
elements  (sextupoles)  are  in  the  arc  cells.  Low-emittance  lattices 
have  been  envisaged  for  LEP  as  a  mean  to  increase  the  luminos¬ 
ity  at  low  current  [1].  In  one  of  these  lattices,  which  was  found 
to  be  difficult  to  operate,  the  arc  FODO  cells  have  an  horizontal 
phase  advance  of  135®  and  a  vertical  phase  advance  of  60®.  The 
horizontal  tune  is  125.28  andthevertical  tune  is  75.18.  Given  the 
machine  super-periodicity,  such  tunes  guaranty  that  no  problem 
is  expected  from  the  non-linear  chromaticity  [4]. 

During  year  1993,  two  eight  hours  shifts  had  been  done  where 
no  circulating  beam  was  obtained.  This  led  us  to  an  extensive 
analysis  of  the  problems  associated  with  this  lattice  in  order  to 
understand  why  it  was  so  difficult.  A  report  on  this  study  is  avail¬ 
able  [2]  and  some  of  the  results  concerning  this  lattice  can  be 
found  at  this  conference  [1].  One  interesting  outcome  of  this 
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study  was  that  it  is  not  possible  to  correct  both  third  order  reso¬ 
nances  and  horizontal  anharmonicity.  It  was  felt  that  it  was  eas¬ 
ier  to  try  to  cope  with  the  anharmonicity  than  with  the  third  order 
resonances.  The  horizontal  anharmonicity,  i.e.  the  derivative  of 
the  horizontal  tune  with  respect  to  the  horizontal  emittance,  has 
a  value  of  -  1.6  x  for  the  lattice  under  consideration. 

For  an  r.m.s.  closed  orbit  amplitude  of  4mm  at  the  BPM’s  where 
is  about  10m,  the  associated  emittance  is  about  1.6/irad.m, 
which  makes  an  associated  horizontal  tune-shift  is  -0.26.  As  the 
fractional  part  of  the  horizontal  tune  of  our  machine  is  0.28,  we 
see  that  a  badly  corrected  closed  orbit  can  easily  lead  to  an  hori¬ 
zontal  instability  due  to  the  fact  that  the  horizontal  tune  becomes 
an  integer.  In  practice  it  can  be  observed  that  the  horizontal  tune, 
estimated  from  a  Fourier  analysis  of  several  turns  measurements, 
wanders  considerably  depending  on  the  corrections  applied  to 
the  first  turn  trajectory. 

In  the  successful  experiment,  a  great  care  was  taken  first  to 
correct  the  first  turn  trajectory  so  that  its  r.m.s.  value  was  be¬ 
tween  3  and  2mm.  This  took  about  five  hours  and  this  is  why 
a  more  powerful  algorithm,  described  in  the  next  section,  was 
studied.  When  the  first  turn  was  corrected,  the  orbit  closure  algo¬ 
rithm  was  applied  but  no  circulating  beam  was  obtained  although 
the  goal  was  not  far,  according  to  the  signal  of  the  RF  pick-up  in¬ 
dicating  that  some  particles  were  trapped  in  the  RF  buckets  for 
several  turns.  It  took  us  some  time  to  realize  that  in  fact  correc¬ 
tor  increments  of  the  order  of  10//rad  had  to  be  applied.  Indeed 
usually  closed  orbit  corrections  of  this  importance  are  not  vital 
as  a  kick  of  1 0/irad  at  a  place  where  Px  is  1  Om  makes  a  closed  or¬ 
bit  distortion  of  less  than  0.1mm  if  the  fractional  part  of  the  tune 
is  close  to  0.3.  In  the  present  case,  if  the  first  turn  trajectory  has 
an  r.m.s.  amplitude  above  3mm,  the  horizontal  anharmonicity 
brings  the  horizontal  tune  close  to  an  integer,  which  in  turn  am¬ 
plifies  the  closed  orbit  distortion  due  to  this  small  kick  an  makes 
the  betatron  oscillations  unstable. 

III.  First  turn  threader 

A.  Why  a  new  threader? 

A  new  algorithm  is  in  the  process  of  being  developed.  In 
fact  there  is  already  a  usable  facility  in  LEP,  but  it  is  extremely 
lengthy  to  make  a  small  r.m.s.  oscillation  amplitude.  In  order  to 
develop  more  easily  strong  focusing  lattices,  a  faster  automatic 
algorithm,  which  produces  a  first  turn  trajectory  with  an  r.m.s. 
deviation  as  small  as  possible,  is  needed  as  mentioned  above. 

Before  a  first  turn  is  done,  the  injected  beam  is  steered  as  well 
as  possible,  so  that  its  oscillation  amplitude  just  after  its  entrance 
in  the  machine  can  be  reduced  to  some  tenths  of  millimeters. 
However  as  soon  as  it  encounters  field  defects,  the  oscillation 
amplitude  increases  and  the  beam  is  eventually  lost. 

The  idea  underlying  the  new  threader  was  to  detect  these 
growing  oscillations  and  to  correct  them  one  after  the  other  using 
a  single  trajectory  measurement.  In  this  process,  after  a  correc¬ 
tion  is  computed,  its  contribution  is  subtracted  from  the  trajec¬ 
tory  measurement  and  the  next  correction  is  computed  with  the 
corrected  trajectory.  It  is  clear  that,  if  the  beam  is  lost  in  the  first 
turn,  this  can  only  be  partially  applied  and  this  algorithm  is  not 
valid  close  to  the  places  where  the  beam  is  lost.  The  aim  was  in 
fact  to  improve  a  first  turn  trajectory  from  a  full  turn  measure¬ 


ment. 

B,  What  has  been  achieved 

The  first  part  of  the  new  process  was  to  establish  a  simple  algo¬ 
rithm  to  detect  field  defects.  The  algorithm  is  similar  to  that  used 
for  the  defect  search  from  a  closed  orbit  measurement  [3],  but 
simpler.  A  fit  of  the  measured  trajectory  was  done  from  the  in¬ 
jection  point  starting  at  each  BPM  and  the  residue  of  each  fit  was 
computed.  A  threshold  was  set  for  these  residues,  above  which 
it  was  considered  that  a  defect  must  be  there. 

This  looks  simple  minded  but  in  practice,  it  is  not  possible  to 
determine  the  location  of  discontinuities  in  the  measured  trajec¬ 
tory  by  merely  looking  at  the  first  large  residue  and  deciding  that 
the  defect  lies  close  to  the  last  BPM  used  to  do  the  fit.  It  was  no¬ 
ticed  that,  instead  of  this,  the  detected  defect  was  close  to  the  first 
BPM  used  to  do  the  fit.  As  ten  BPM’s  are  used,  this  can  make 
quite  a  difference  in  the  location!  Once  the  location  of  a  defect  is 
found,  even  approximately,  two  closed  orbit  correctors  upstream 
of  the  detected  defect  are  chosen  to  cancel  the  downstream  os¬ 
cillation.  This  complete  procedure  which  consists  of  identifying 
defects  and  making  corrections  was  the  main  outcome  of  the  first 
study  of  the  algorithm  in  the  LEP  control  system. 

The  next  step  of  the  algorithm  was  to  compute  a  correction  for 
several  successive  defects.  After  a  first  defect  has  been  found, 
a  correction  is  computed  and  its  contribution  to  the  oscillation 
is  subtracted  from  the  measurements.  Then  the  next  defect  is 
sought  and  the  process  is  iterated.  Applying  this  in  practice 
shown  us  that  it  was  not  possible  to  go  further  than  about  four 
defects  because  the  algorithm  is  linear  and  the  machine  is  not. 
Another  complication  came  from  the  existence  of  the  experimen¬ 
tal  solenoids  which  make  a  coupling  between  the  two  oscillation 
planes.  Although  this  can  be  handled  with  a  formalism  based  on 
4x4  transfer  matrices,  this  is  not  yet  available  in  the  LEP  control 
system.  Thus  the  only  possibility  is  to  enter  the  coupled  sections 
with  very  low  oscillation  amplitudes.  This  was  not  done  in  the 
program  we  used,  therefore  the  algorithm  was  not  successful. 

Nevertheless  the  two  above  conclusions  are  already  extremely 
useful  to  carry  on  a  study  on  a  fast  threader  for  strong  focusing 
lattices. 

IV.  Conclusion 

The  orbit  closure  algorithm,  which  was  already  recommended 
for  the  LEP  startup  in  1989,  proved  to  be  extremely  useful  to  ob¬ 
tain  a  circulating  beam  with  a  very  strongly  focusing  lattice. 

Devising  a  fast  threader  algorithm  is  far  from  being  an  easy 
task.  In  fact  our  study  is  only  at  its  starting  stage  and  we  arrived 
already  at  useful  recommendations  to  develop  it. 
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Non-linear  Chromaticity  Correction  with  Sextupole  Families 

Andr6  Verdier,  CERN  CH1211  Geneva  23 


Abstract 

The  correction  of  the  non-linear  chromaticity  with  sextupoles 
families  is  explained  by  means  of  a  simple  perturbation  theory. 
The  advantages  and  limitations  of  such  systems  are  shown,  as 
well  as  the  constraints  they  put  on  machine  optics. 

L  Introduction 

The  non-linear  chromaticity  of  the  LEP  machine  at  CERN  has 
been  successfully  corrected  with  sextupole  families  for  a  large 
variety  of  different  lattices.  It  works  actually  so  well  that  the  sub¬ 
tleties  in  this  correction  have  been  completely  forgotten. 

As  this  type  of  correction  was  proposed  a  long  time  ago,  it  is 
presently  felt  that  more  modem  systems  are  better.  At  the  Wash¬ 
ington  conference  in  1993,  it  was  stated  that  non-linear  chro¬ 
maticity  correction  of  the  B-factory  PEP2  project  with  sextupole 
families  was  not  possible  [1].  In  fact  such  a  statement  might 
mean  that  the  machine  lattice  was  simply  not  suitable  for  such 
a  correction  or  that  the  sextupole  families  were  wrongly  chosen. 

In  what  follows,  the  computation  of  the  second  derivative  of 
the  tune  with  respect  to  momentum  is  recalled  first.  Then  the 
contribution  of  periodic  chromatic  perturbations  are  estimated. 
Finally  practical  applications  on  how  to  use  sextupole  families 
as  well  as  tolerances  concerning  the  optics  to  make  this  use  pos¬ 
sible  are  given. 


(Note  that  in  reference  [2],  there  was  a  miss-print  in  the  for¬ 
mula  :  there  was  one  term  in  excess.  The  correct  formula  is 
the  above  one).  In  this  formula,  the  terms  on  the  first  line  come 
from  the  first  order  tune-shift  formula  applied  to  the  second  order 
chromatic  perturbation  per  element,  i.e.  their  value  is  of  the  same 
order  as  the  natural  //'.  a  and  /?  are  the  standard  TWISS  param¬ 
eters  [3]  taken  at  an  arbitrary  origin  in  the  lattice.  It  is  assumed 
that  we  are  able  to  compute  the  transforms  of  these  parameters 
taking  into  account  chromatic  perturbations. 

For  the  computation  of  the  term  containing  squares,  which  is 
the  important  one,  what  is  needed  is  the  first  derivative  of  the 
transform  of  the  /?-function  with  respect  to  S.  This  is  an  im¬ 
portant  point  which  had  been  suspected  a  long  time  ago  [4],  [5] 
but  only  formalized  only  recently  [2].  This  first  derivative  is  ob¬ 
tained  from  the  derivatives  with  respect  to  S  of  the  integrated  gra¬ 
dients  at  the  points  of  index  f,  which  are  We  obtain  [4] : 


^dS 


dkiU 

~W 


Pi  sin2  (/i  ~  fii) 


Taking  the  derivative  of  this  expression  with  respect  to  the  lon¬ 
gitudinal  coordinate,  we  obtain : 


a/?'  —  Pa' 

P 


dkik 

~W 


Pi  cos  2  (/i  —  /if) 


11.  Second  derivative  of  the  tune  with  respect  to 
momentum. 

When  low-/?  insertions  sit  at  places  where  the  dispersion  func¬ 
tion  is  zero,  a  local  correction  of  their  chromaticity  is  not  possi¬ 
ble.  Consequently  an  off-momentum  mismatch  of  the  insertions 
appears.  For  certain  tune  values,  this  makes  a  very  large  second 
order  derivative  of  the  tune  with  respect  to  momentum  [2]. 


These  two  expressions  are  exactly  what  is  needed  to  compute  the 
important  terms  in  formula  ( 1 ) .  It  is  essential  to  recall  that  P'  and 
a'  are  not  the  derivatives  of  the  optics  functions  with  respect  to 
S,  but  they  are  related  (not  needed  here). 

In  reference  [2],  the  emphasis  was  put  on  the  contributions  of 
the  low-/?  quadrupoles  which  make  Q”  large.  It  was  simply  men¬ 
tioned  that  the  contributions  of  periodic  cells  was  negligible.  We 
examine  it  now. 


A.  General  expression  of  the  second  order  tune  derivative. 

It  is  relatively  straightforward  to  compute  the  chromatic  de¬ 
pendence  of  the  linear  optics  parameters  by  computing  the  one- 
turn  2x2  transfer  matrix  of  a  machine  perturbed  by  chromatic 
effects.  The  calculation  is  based  on  the  change  of  the  transforms 
of  the  /?-function  due  to  gradient  perturbations,  which  make  it 
possible  to  express  easily  the  one-turn  transfer  matrix.  This  has 
been  shown  in  a  previous  accelerator  conference  [2].  We  call  p 
the  phase  advance  for  one  super-period  in  the  machine  p  =  27rQ 
if  Q  is  the  super-period  tune.  The  ’  indicates  the  derivative  with 
respect  to  the  relative  momentum  deviation.  The  second  deriva¬ 
tive  of  p  with  respect  to  momentum  deviation  5  is  given  by  : 


B.  Contribution  of  periodic  chromatic  perturbations  to  the  sec¬ 
ond  order  tune  derivative. 

To  obtain  these  contributions,  we  merely  compute  the  sums  in 
equation  (1)  for  constant,  i.e.  not  depending  on  the  index 
i.  We  obtain  readily,  keeping  only  the  important  term,  i.e.  that 
one  with  coip  : 


p"  ^  — -  cot  p 


dkl 

ds' 


T  2 


(2) 


COS  2  (//  —  Pi) 


21 


The  periodicity  of  the  chromatic  perturbation  appears  in  its  phase 
Pi  which  is  given  by  : 


pti  =  Po  +  (»  -  l)/^c 
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y/o  being  the  phase  of  the  first  perturbation  and  fic  the  phase  be¬ 
tween  two  successive  perturbations.  The  sum  of  trigonometric 
functions  can  be  done  easily,  we  obtain  finally  for  n  periodic  per¬ 
turbations  : 


formalisms  have  been  developed  for  a  long  time,  as  [6].  Nev¬ 
ertheless  the  above  formulae  tells  us  that  it  is  important  to  com¬ 
pensate  the  first  order  derivatives  of  the  /^-functions  when  such 
a  correction  of  the  higher  order  tune  derivatives  is  computed. 


// 


sin  npLc  dkl 
sin  fjLc  dS 


(3) 


Such  contributions  to  produced  for  instance  by  the  arc 
quadrupoles  and  sextupoles  are  very  small  compared  with  that 
of  the  low-/?  quadrupoles  which  is  [2] : 


^  — (A7/?)^  cot  //  (4) 

as  the  term  [^/?]  ^  associated  with  the  quadrupoles  or  the  sex¬ 
tupoles  of  the  regular  cells  is  usually  smaller  than  ( A7/?)^  by  two 
order  of  magnitude  and  sin  n/ic  is  smaller  than  one.  Obviously 
this  only  is  true  as  long  as  sin  /ic  is  non  zero.  This  is  the  case 
when  the  chromaticity  is  corrected  with  one  sextupole  family  per 
plane  in  periodic  cells,  provided  the  cell  phase  advance  is  differ¬ 
ent  from  TT. 


IIL  Making  sextupole  families. 

From  the  preceding  argument,  we  see  that  if  the  periodicity  of 
the  gradient  perturbation  is  a  multiple  of  tt,  the  fraction 
is  equal  to  n,  so  that  their  contribution  is  multiplied  by  n^.  If  n 
is  of  the  order  of  10,  we  see  that  two  order  of  magnitude  can  be 
gained.  This  can  be  achieved  by  forcing  the  sextupole  periodic¬ 
ity  to  be  an  odd  multiple  of  tt.  To  make  this  possible,  /i^  must  be 
an  odd  multiple  of  where  A:  is  a  small  integer  different  from  1 . 
Then  it  is  possible  to  assign  the  same  strength  to  sextupoles  sepa¬ 
rated  by  k  cells,  i.e.  to  build  up  k  sextupole  families  and  to  force 
the  sextupole  periodicity  to  be  tt  by  assigning  different  strengths 
to  the  families.  Under  those  conditions,  sextupole  families  are 
an  efficient  way  of  making  large  higher  order  tune  derivatives, 
especially  in  large  machines  thanks  to  the  factor  n^. 

For  the  particular  case  where  it  is  possible  to  distribute  the  sex¬ 
tupoles  in  families  with  equal  numbers  of  members,  their  contri¬ 
bution  to  forgetting  the  quadrupole  contributions,  is  given 
by: 


//  1 
^  “  7  cot 


sinnkfic 


1  2 


[  sinAr/ic 

Xl  ^3  2  (/i  -  Hoj)  1  +  f  X)  ^ 


with  :  Xi  =  lijijDjl3i  (5) 

j  is  the  index  of  the  sextupole  families  which  contain  n  sex¬ 
tupoles  each,  Dj  is  the  value  of  the  dispersion  function  at  the 
sextupole  locations  and  //oj  is  the  phase  of  the  first  sextupole  of 
each  family.  For  kfic  multiple  of  tt,  we  find  the  factor  in  front 
of  the  formula.  For  Xi  independent  of  f ,  the  sums  of  trigometric 
functions  are  zero. 

This  formula  gives  a  good  idea  on  the  mechanism  of  sec¬ 
ond  order  chromaticity  correction  with  sextupole  families.  For 
a  practical  correction  of  the  non-linear  chromaticity,  it  is  neces¬ 
sary  to  go  to  a  higher  order  expansion.  In  fact  other  perturbation 


IV.  Tolerance  on  the  phase  advance  per  cell  for 
periodic  sextupole  families. 

A.  General  conditions 

If  the  phase  advance  per  cell  is  not  an  odd  multiple  of  ^  where 
Ar  is  any  integer,  the  factor  n?  disappears.  This  is  what  happens 
for  instance  if  the  phase  of  the  regular  cells  are  used  to  adjust  the 
tunes.  The  sextupole  families  have  been  constructed  for  a  cer¬ 
tain  value  of  the  phase  advance  of  the  regular  and  this  phase  ad¬ 
vance  per  cell  is  subsequently  “slightly  changed”.  As  a  conse¬ 
quence,  nkfic  may  become  close  to  a  multiple  of  tt,  k^ic  being 
not  a  multiple  of  tt,  and  the  sextupole  families  loose  completely 
their  efficiency  as  their  important  contribution  to  the  non-linear 
chromaticity  becomes  close  to  zero. 

B.  The  LEP  example 

A  first  good  example  of  non  working  periodic  sextupole  fami¬ 
lies  is  that  of  the  first  LEP  lattice  [7] .  In  a  superperiod  of  this  ma¬ 
chine  there  was  one  arc  with  30  FODO  cells  with  dipoles  and  one 
low-/?  insertion.  The  phase  advance  of  the  arc  cells  was  “about 
60®  ”.  It  was  in  fact  exactly  60®  in  the  horizontal  plane  but  it 
was  close  to  55®  in  the  vertical  plane.  The  number  of  cells  be¬ 
tween  two  successive  sextupoles  in  a  given  family  was  set  to  3 
because  of  the  “about  60®  ”  per  cell.  This  makes  10  sextupoles 
per  family.  Then,  for  the  vertical  plane,  nkpc  is  550®  which  is 

very  close  to  37r.  The  factor  becomes  3.7  instead  of 

100,  which  annihilates  the  effect  of  the  sextupole  families  in  the 
vertical  plane.  This  was  noticed  at  the  time  of  the  first  LEP  study 
and  non  periodic  sextupole  families  were  used  to  correct  the  non¬ 
linear  chromaticity  of  this  lattice. 

A  second  good  example  is  that  of  the  second  LEP  lattice  [8]. 
The  horizontal  phase  advance  per  cell  was  60®  and  the  vertical 
one  was  62.1®.  The  latter  is  closer  to  60®  than  in  the  first  de¬ 
sign,  which  made  it  possible  to  use  periodic  families  with  five 
sextupoles  per  family  (12  families  total). 

These  cases  of  phase  advances  per  cell  slightly  different  from 
60®  for  the  case  of  10  sextupole  per  family  is  instructive.  For 
phase  of  57.3®  or  62.7®,  a  factor  two  is  lost  in  the  contribution  of 
the  sextupole  families.  This  makes  sextupoles  increments  twice 
as  large  for  correcting  the  same  effect.  Consider  a  case  where 
the  increments  of  the  sextupole  strength  of  the  family  which  has 
to  be  increased  are  about  30%  with  a  60®  phase  advance.  For 
57.3®,  they  have  to  be  increased  by  30%  more,  which  makes 
the  dynamic  aperture  decrease  substantially.  For  the  case  of  55® 
quoted  above,  the  factor  is  so  large  that  the  correction  of  the 
non-linear  chromaticity  becomes  marginal  even  for  a  large  in¬ 
crease  of  the  sextupole  strengths,  with  the  consequence  that  the 
dynamic  aperture  becomes  dramatically  low  [7]. 

C.  Number  of  sextupoles  per  family 

From  formula  (5),  it  is  clear  that  the  larger  the  number  of  sex¬ 
tupoles  per  family,  the  smaller  the  tolerance  on  the  phase  ad- 
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vance  per  cell  to  make  the  correction  of  the  non-linear  chromatic- 
ity  possible.  For  instance,  for  100  sextupoles  per  family  and  a 
phase  advance  per  cell  close  to  60^  ,  the  efficiency,  defined  for 
instance  by  the  ratio  ,  goes  to  zero  for  a  phase  advance  per 
cell  of  59.4^.  Such  a  tight  tolerance  can  be  avoided  by  increas¬ 
ing  arbitrarily  the  total  number  of  sextupole  families  in  the  case 
where  the  number  of  cells  per  superperiod  is  large. 

On  the  opposite,  for  a  small  number  of  cells,  the  tolerance  on 
the  phase  advance  is  much  relaxed.  For  three  sextupoles  per  fam¬ 
ily,  the  efficiency  of  the  system  looses  is  reduced  by  10%  for  a 
phase  of  about  55® ! 

V.  Sextupole  families  for  out  of  phase  cells 

For  a  case  where  there  it  is  absolutely  necessary  to  have  a 
phase  advance  per  cell  incompatible  with  periodic  families,  non¬ 
periodic  families  can  be  a  solution.  The  best  example  known  to 
the  author  is  that  of  the  first  LEP  design  [7]  quoted  above.  For 
this  case,  the  families  arrangement  is  like : 

1  2x  1  22  1  x2  1  1  23  1  23  1  32  1  3.... 

where  1  to  3  refer  to  the  family  number  and  x  to  a  missing  sex¬ 
tupole.  Such  an  arrangement  has  been  obtained  by  inspecting  the 
modulation  of  the  Py  function  at  the  sextupole  location  on  an  off- 
momentum  closed  orbit  and  assigning  the  sextupoles  with  the 
same  modulation  to  the  same  family.  An  additional  rule  to  obtain 
a  satisfactory  system  is  to  make  pairs  of  sextupoles  separated  by 
about  TT  phase  advance,  in  order  not  to  produce  too  much  geo¬ 
metric  aberrations.  It  is  clear  that  such  a  system  works  only  for 
a  given  phase  advance  once  it  is  built,  which  reduces  the  lattice 
flexibility. 

VI.  Conclusion 

Correcting  the  non-linear  chromaticity  with  sextupole  fami¬ 
lies  is  easy  and  powerful  when  a  machine  is  designed  with  a 
number  of  regular  cells  having  a  phase  advance  equal  to  an  odd 
number  of  J  where  k  is  any  integer.  On  top  of  the  designed 
correction,  they  provide  a  simple  knob  to  adjust  experimentally 
the  second  order  tune  derivative.  Depending  on  the  number  of 
sextupoles  per  super-period,  there  is  more  or  less  flexibility  for 
changing  the  machine  tune  by  means  of  the  quadrupoles  in  the 
regular  cells.  The  best  lattice  design  to  fully  exploit  the  the  po¬ 
tentialities  of  sextupole  families  is  always  to  make  tunable  inser¬ 
tions  to  avoid  changing  the  machine  tune  with  the  quadrupoles 
in  the  regular  cells. 

With  the  phase  advance  per  cell  chosen  as  specified  above,  the 
second  order  geometric  aberrations  are  automatically  zero  pro¬ 
vided  there  is  an  even  number  of  sextupoles  per  family  and  the 
same  phase  advance  in  both  planes  [9].  The  remaining  problem 
is  then  the  anharmonicities.  From  the  experience  with  LEP,  this 
is  a  serious  problem  only  for  strong  focusing  lattices.  Some  ex¬ 
amples  can  be  found  at  this  conference  [10]. 
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Abstract 

We  describe  the  procedure  within  transfer  matrix  formalism 
to  obtain  the  solution  of  nonlinear  charge  particle  motion 
equation  in  the  electrostatic  fields  (with  axis-symmetrical 
potential)  up  to  third-order  aberrations. 

L  INTRODUCTION 

In  this  paper  we  describe  the  procdure  within  transfer 
matrix  formalism  to  obtain  the  solution  of  nonlinear  charge 
particle  motion  equation  up  to  third-order  aberrations  in  the 
electrostatic  fields. 

The  matrix  elements  are  given  with  the  coefficients  in  the 
Taylor  expansion, 

Xi{z)=  I  Rij(z)xf  +  i  iry/,(z)xfx^  + 

+  11  lU,ji,(z)X^X^xl>+... 

J=lk=Jl=k 


0(z)  =  (p(0,z)  is  the  axial  electrostatic  potential.  The 
differentiation  is  held  on  z.  For  this  investigation  we  describe 
0(z)  as  a  piece-unterrupted  (linear  and  square)  function.  To 
obtain  the  nonlinear  motion  equation,  we  have  written  the 
conservation  law  of  the  energy  from  behind  a  nonconservation 
of  our  investigation  system: 

=r^ +z^  =—(p{r,z)  .  (1.4) 

ym 

We  suppose 

V  >  ,  and 

z 

then  Eq.  (1.4)  can  be  written  in  the  following  form 

(1.6) 

ym  ^  ■' 


where  Xis  the  usual  4- vector  of  the  TRANSPORT  [1] 
coordinates,  X  =  (r,r',/>5).  The  same  description  of  our 

method  can  be  found  in  [2]  for  magnetic  solenoid  lenses.  This 
paper  brings  up  the  investigation  that  it  concludes  in  [3,4]. 

1.  NONLINEAR  MOTION  EQUATION 

In  cylindrical  coordinate  system  with  the  Z  -  axis  directed 
straight  along  the  E  axial  field,  the  nonlinear  motion  equation 
originates  from  the  Lorentz  force  equation  for  the  charged 
particles  in  the  external  axis-symmetric  field  [5]. 


y^^{}mr)-ymre^ -qE^  =0, 

(1.1a) 

(Ub) 

(1.1c) 

where  m  is  the  particle  rest  mass,  q  is  the  particle  charge, 
7  =  1/  ^1-/3^ ,  /3  =  V  /  c,  V  -  the  particle  velocity,  c-  the  speed 

of  light  in  vacuum,  ar&  the  radial  and  axial 

components  of  the  electrostatic  field: 

£,(r.z)  =  -<&'(z)  +  '‘%®'"(z)--  .  i-2a 
\E,ir,z)=r/2^"iz)-'-X6^""iz)  +  ...  .  1.2b 

Eqs.  (1.2a)  -  (1.2b)  were  written  from  known  relation 
E  =  -V(p  and  the  decomposition  (p  (r,z)  on  degree  r  and  z  with 
the  axis-symmetrical  condition  (p  (r,z)  =  -cp  (-r,z): 

(Pir,z)  =  <!?{z)-^^"{z)  +  ^0""{z)-...  ,  (1.3) 
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taking  into  account  that  the  decomposition  up  to  the  third 
order.  Thus,  by  the  elimination  of  a  time  dependence  in  (1.1b), 
and  then  by  the  substitution  of  Eq.  (1.6)  with  the 
decomposition  of  Eq.  (1.3)  truncated  after  P  ,  the  main 
nonlinear  equation  of  the  particle  trajectory  in  the  electrostatic 
field  with  axial  potential  O  (z)  (on  closed  interval  [0,  Z)])  can 
be  written  in  the  form: 


2sign[q)  •  Or"  -  O'r'  -  r  • 


80  16 


(1.7) 


O'O"  O" 
40 


|r^r'  +  — rr'2  +0'r'^ 
2 


In  the  case  the  magnitudes  of  r  and  r'  have  remained  small 
(near  the  axis),  we  obtain  the  paraxial  particle  linear  equation: 

2sign{q)  •  Or"  -  O'r'  -  •  r  =  0  .  (1.8) 


In  further  we  are  limited  the  sign  (q)  =  -1  in  Eq.  (1.7),  i.e.,  we 
describe  the  motion  of  an  electron  far  fom  the  axis.  Into  the 
decreasing  electrostatic  field  the  trajectory  of  a  proton  will  be 
the  same  as  one  for  an  electron  in  the  increasing  (in  the  same 
of  a  degree)  field.  It  follows  from  Eq.  (1.7),  thus  one  is  not 
dependent  explicitly  on  the  q/m  ratio. 

The  basis  of  our  solution  method  of  Eq.  (1,7)  is  the 
expression  (1).  Independent  variables  are  X  =  (r,r',/,5).  Heie 
is  the  /-definition: 

I  =  (^Vl  +  r'^+rV^  -  l)fe  =  K  lo 

The  appearance  of  a  transverse  velocity  is  to  influence  on  the 
beam  dispersion  increment: 
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p=;’o-(i+^)="»'',-(i+)^(v,/Vjf  j  =  Po-(i+'''^)  .  (1.10) 

After  substituting  Eq.  (1.2)  into  Eqs.  (1.1a)  and  (1.1b)  and 
then  the  result  -  into  Eq.  (1.10)  we  can  write  in  third  order: 

O"  o 

5  =  —  .  (1.11) 

80) 

The  aberration  coefficients  define  the  first, 

the  second  and  the  third  orders  of  transfer  matrix  and  of  system 
properties  at  all.  We  shall  use  some  useful  relations  for 
“primes”  and  “nonprimes”: 

hj{z)  =  Kj{i\  T2j,{z)  =  T{j,{z),  U2ju{z)  =  Uijiu{z)  .(U2) 

To  define  f^i  as  the  appropriate  right  parts  of  the 

main  trajectory  Eq.  (1.7),  it  can  written  the  beginning 
condition  for  the  definition  of  aberration  coefficients: 

'Tijk{0)  =  T{j,{0)  =  0  ,  T2j,{0)=T{j,{0)  =  0  , 

njdO)  =  T{'jdO)  =  fljk{0)  . 

Jkl  (0)  =  jkl  (0)  =  ^2 jkl  (0)  =  0  > 

u2jkm=u{'j,i{o)=f,%i{o) . 

II.  LINEAR  POTENTIAL 

Let  observe  the  potential  of  the  view: 

O(z)  =  ^o'(l  +  z/2o)  =  ^o  z  >  (2.1) 

where  Zq  =  ~  0  ’  ”  “  is  the  length  of  the 

acting  field  region,  Oq  and  Oi  are  initial  and  final  potential 
values,  n-electron-optics  [5]  index  of  the  reflection  that 
appropriate  by  the  Snellius  law.  Naturally  it  impose  a 
constraint  on  n  that  electrostatic  potential  is  equal  to  zero 
where  the  particle  velocity  is  equal  to  zero. 

2.L  Third-order  optics  in  an  accelerating  (decelerating)  tube 
with  a  linear  potential 

The  first-order  optics  is  described  in  [4,6] , 

The  main  Eq.  (1.7)  with  a  linear  potential  (2.1)  is  adopted 
here  as: 


2zr'^  /  ^0 )  ““  ®  » 


(2.1.3) 


24>r"  +  4>V'  =  -®V^  • 


(2.1.1) 


From  that  follows  explicitly  the  contribution  into  r  and  r'  it 
gives  only  in  the  third  order,  i.e.,  Txjkiz)  -  T2jk{z)  =  0,  By  the 
substitution  of  linear  soluton  [4,  6]  into  Eqs.  (1.9)  -  (1.10), 
we  obtain  the  following  non-zero  components  of  the  matrix  T 
(with  f  =  ^1  +  z/zo  )• 

{T322iz)  =  Zo /2ln;\T422{z)  =  ll(2;^).  (2.1.2) 

We  find  the  accurate  analytical  solution  of  Eq.  (1.7)  with  the 
potential  (2.1).  In  this  case  the  initial  equation  of  the  third 
order  can  be  written  to  substitute  the  linear  potential  (2.1)  once 
into  Eqs.  (1.2)-(1.3)  and  then  into  Eq.  (1.1): 


where  we  are  accounting  the  obvious  condition  (1.5).  The 
directly  integration  Eq.  (2.1.3)  on  z  with  the  initial  conditions 
(ro ,  r'o)  gives  us  the  following  nonlinear  solution: 


(2.1.4) 


By  using  Eq.  (1.5),  to  reduce  this  result  solution  to  view  (1) 
we  have  the  accurate  solution  of  Eq.  (2.1.3): 


1  'b  /^o 

2  1+V 


r(z)  =  ro  +  2zoro'[C  -  l](l  -  /  2  •  - 1)  /  f )  . 


(2.1.5) 


is  written  as 


=  [r  +  U22  •  ro'^]- 


(2.1.6) 


.  „  r^ll  ^12)  ,,  fO  Ui222) 

I  0  ^227  ^^22227 

Fringe  region  focusing  effects  change  also  in  the  third  order. 

III.  SQUARE  POTENTIAL 

Further  we  shall  take  into  account  the  following  potential: 


o(z)  =  a>o(i±z2) 


where  z-zjz(^,  ZQ^Dj^  -V^  ,  n^^l  .  We  choose  this 

potential  so,  that  all  derivatives  of  0(z)  in  the  point  z=0  were 
equal  0.  Sign  (±)  in  this  case  corresponds  to  electron 
acceleration  (+)  or  deceleration  (-). 

3,L  The  third-order  beam  optics  of  the  acceleration  tube  with 
the  square  potential 

For  first-order  optics,  the  acceleration  tube  transfer  matrix 
R*^(z)  and  the  deceleration  tube  transfer  matrix  R~iz)  are 
described  in  [4]. 

In  order  to  obtain  nonzero  elements  of  T-matrix  we 
substitute  the  equation  for  r'(z)  to  the  definition  of  the  value  8 
from  (1.13), 

Zq  =  d! 4 n^  -l(n  >1),  f  ■  Arsh  z,  then: 


.7.+  sin  C  cos  f  cos^C 

M12(Z)-“- — T — l2T’^422(Z)-~r — ITT  • 
2zo(l  +  z^)  4^1  +  z^j 


(3.1.1) 


Integrating  with  the  definition  (1.9)  gives  the  following 
nonzero  elements  of  the  third  line  of  the  T-matrix: 
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r^+  1  ezsintcost  ,  h 

’  4zo  Jo  1  +  ^2  4zo 

/_,,  1  fZCOS^J  ,  /i 

where  t  =  \l^-Arsh  T.  Eq.  (1.7)  with  the  square  potential 
(3.1)  can  be  written  in  the  form: 


=  -^,  (3.1.2) 


O" 

2<E>r"  +  OV'  + - r  = 

2 


8^ 


- r^r'-  — rr'^  +<D'r'^ 

40  2 


/i'^ii(^)=- 

/ni2(z)  =  “ 


On 


2zo^(l  +  z') 
‘^0- 


^  V2-Z  .  y 

cosC — p===smC 

Vl  +  z^ 

sinC+-^=-cos^ 


2zo^{i^2^) 


Integrating  with  the  Green’s  function  gives  us: 

I ^Ull(^)  =  Zq  ■  Uii22iz)  > 
l^ni2(z)  =  zo  ■  Uimiz)  ■ 


We  introduce  some  useful  formulas  for  beam  parameters: 


B+J.TT+  (r2j.,'2  .2)  ’0 

,  =  R  +Uxi  -Iro  +ro  -Zo]  ■  , 

r  J  I  '  'i  \ro^ 


Where  R+  = 


J?r2i  11+ =Kiii  ^1112' 

£>+  D+  ’  rr+  77+  * 


V^21  ^22 


\^t/2111  f^2112y 


tJ211l(?)  =  - 


Or 


2zU2il  +  z^) 


•  [cos  ^artcgz  + 


+  sin^ •  ^j2/(l  +  z^)  -  h  cos^ -  /3  sinf ]  , 


^2112(^)““ 


On 


2zl^iw^)  L 

+/l  sinf  -/3  cos^]  , 


V2cosf-  1- 


(3,1.7) 


5.2.  The  third-order  beam  optics  of  the  deceleration  tube  with 
the  square  potential 

After  the  same  substitutions  (see  Section  3.1)  we  shall 
obtain  following  nonzero  elements  of  the  T-matrix: 

sh^C 


T4ii{z)- 


44(i-J")  ■ 


2412(^)-“ 


shfyh^ 


(3.2.1) 


>2422(2)’ 


2zo(1-.-T  4(i.z-^) 


(3.1.3) 


After  substituting  Eq.  (3.1)  into  Eq.  (3.1.3),  combining  same 
order  members,  we  shall  find  driving  forces  to  obtain  third 
order  aberration  coefficients: 


1  ,jshtcht  ,  Ia 
^ - dT  =  —^ 


’5:2e)=^'K,_^2 


4zo 


(3.2.2) 


1  f7  ch  t  I2 

h22{z)---\Q-^^dX-—  , 


(3.1.4)  where  zq  =  Dl'jl-n^  {n  <  1),  f  =  1/ ^2  •  arcsin  z,  and  t  = 
HaJi  •arcsin  T  . 

We  shall  find  driving  forces  to  obtain  third  order  aberration 
coefficients: 


(3.1.5) 


(3.1.6) 


fiiiiiz)-' 

fui2{z)  =  - 


On 


24(1-7’) 

*0_ 


ch^  +  -  •  sh^ 


2z^(i-.-^)  r 

Integrating  with  the  Green’s  function  gives  us: 

1^^1111(2)  =  “Zo -6^1122(2)  • 


(3.2.3) 


Further,  we  shall  integrate  Eqs.  (3.1.4)  with  the  Green’s 
function  (4)  according  to  relations  (1.13).  We  obtained: 

t/n  1 1  (z )  = - j  ■  [sin  ^arctgz  - 1\  sin  f  +  73  cos  C]  , 

2zo 

12  (z)  =  •  [V2  sin  C  -  /i  cos  C  -  73  sin  f ] 


-  “^0  ’  ^1222(^)  » 


(3.2.4) 


According  to  (1),  we  introduce  some  useful  formula  for  beam 
parameters: 

[R-+Uri.(r2-ro'2-Zo')]-[|;°]  ,  (3.2.5) 


where  R  = 


^12 

V^21  ^22. 


.  uri  = 


^^1111  ^^1112"' 
V^2111  ^2112; 


Further,  we  shall  integrate  Eqs.  (3.2.4)  wiht  the  Green’s 
function  [4]  according  to  relations  (1.13).  We  found: 
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f/i  1 1 1  (z )  =  - -[sht^ A rthz  -l2sh^  +  I^ch , 
2zq 

Un n{z)  =  -~  \-^sh C  +  hch C,  - hsh d  , 
IZr  '•  ^ 


^^211l(z)-~ 


On 


\cht^Arthz  + 


IzlMl-l^) 

+  i/i  c  •  a/2  /(I  -  Z  ^ )  -  /2C^  C  +  h^h  C]  , 


Uixx2{z)  =  - 


Or 


2zU2il-z^) 
+l2Sh^-l4Ch^]  , 


-a/2c/i^' 


/ 


1 


v'‘vr:? 

(3.2.6) 


IV.  CONCLUSION 

In  this  paper  we  describe  the  third-orer  beam  optics  of  the 
acceleration  (decelration)  tube,  created  with  axis-symmetrical 
potential.  We  describe  the  linear  and  square  electrostatic  field 
models  with  nonlinear  transfer  matrices.  The  described 
procedure  was  taken  into  account  to  obtain  numerical  results  of 
investigation  of  the  0.5  MeV  proton  beam  transport  through 
the  SPIN  superconducting  synchrotron  injection  channel  [7]. 
Some  modification  of  construction  and  channel  parameters  by 
choosing  an  optimal  installation  operation  regime  was 
proposed.  A  possibility  of  increasing  the  beam  intensity  at  the 
entrance  into  the  synchrotron  ring  was  established  by  a 
computer  simulation. 
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Abstract 

Emittance  growth  due  to  intra'-beam  scattering  effects  in 
charged  particle  beams  is  estimated  using  a  second  order  mo- 
ment  description  based  on  the  Vlasov-Fokker-Planck  equation. 
It  is  furthermore  shown  that  numerical  emittance  growth  phe¬ 
nomena  in  computer  simulations  of  particle  beams  can  also  be 
described  by  this  approach. 


dynamics,  this  is  always  a  good  approximation.  The  dynam¬ 
ics  of  these  processes  can  then  be  described  by  the  Fokker- 
Planck  equation.  Additionally  taking  into  account  stochastic 
effects  means  that  the  Vlasov  equation  has  to  be  replaced  by  the 
combined  Vlasov-Fokker-Planck  equation.  It  forms  the  starting 
point  for  any  physical  process,  where  the  macroscopic  (smooth) 
aspect  is  described  by  the  Liouville  equation  and  where  in  ad¬ 
dition  a  chain  of  Markov  processes  cannot  be  neglected. 


1  INTRODUCTION 

If  we  want  to  analyze  emittance  growth  phenomena  in  charged 
particle  beams,  we  must  distinguish  the  following  sources: 

♦  a  non-self-consistent  charge  density  distribution  of  the 
beam,  which  leads  to  a  redistribution  of  the  beam  charges 
within  a  few  plasma  periods.  In  case  that  a  more  homo¬ 
geneous  charge  density  evolves,  this  results  in  a  rapid  in¬ 
crease  of  the  rms-emittance. 

♦  a  temperature  imbalance  between  different  degrees  of  free¬ 
dom  within  the  beam.  This  can  also  be  interpreted  as  a 
transition  from  a  non-stationary  to  a  stationary  solution  of 
the  Vlasov  equation,  usually  designated  as  the  equiparti- 
tioning  effect.  The  related  time  constants  are  considerably 
smaller,  hence  the  time  the  beam  needs  to  reach  a  temper¬ 
ature  balance  is  much  larger  than  the  time  needed  for  the 
charge  readjustment. 

♦  various  orders  of  resonances  between  the  beam  and  the 
external  focusing  devices.  Since  usually  only  a  fraction  of 
the  beam  particles  is  in  resonance,  these  effects  lead  to  a 
degradation  of  the  beam  emittance  due  to  halo  formation. 

All  these  effects  have  in  common  that  they  can  be  calculated  - 
at  least  in  principle  -  by  integrating  the  Vlasov  equation,  which 
is  a  strictly  deterministic  formulation.  In  other  words,  all  these 
phenomena  could  also  be  observed  if  the  space  charge  fields 
were  smooth  functions  of  the  spatial  coordinates,  i.e.  in  a  rigid 
continuous  description. 

However,  there  are  effects  which  originate  in  the  fact  that  the 
charge  distribution  is  granular  on  a  microscopic  scale.  The  in¬ 
dividual  particle  motion  is  thus  no  longer  only  governed  by  the 
smooth  macroscopic  space  charge  field,  but  also  by  a  rapidly 
fluctuating  field  caused  by  neighboring  beam  particles.  Obvi¬ 
ously,  these  effects  can  only  be  tackled  by  means  of  statistical 
methods. 

We  restrict  ourselves  to  cases  where  these  effects  can  be  clas¬ 
sified  as  a  chain  of  'Markov'  processes.  Considering  beam 


2  FOKKER.PLANCK  APPROACH 


We  start  our  analysis  writing  down  formally  the  generalized  Li¬ 
ouville  theorem: 

rf/ 

di 


Herein  /  =  /(f ,  p;  t)  denotes  the  normalized  6-dimensional  //- 
phase  space  density  function  that  represents  a  charged  particle 
beam.  The  l.h.s.  of  (1)  can  be  expressed  in  terms  of  the  Vlasov 
equation 

\df 


^  +  P  •  V^/  +  ^  +  q^)  ■  Vp/  = 


dt 


(2) 


PP 


The  r.h.s.  of  (1)  is  supposed  to  describe  additional  stochastic 
effects  not  covered  by  the  Vlasov  approach.  If  these  effects 
constitute  a  Markov  process,  we  can  describe  it  with  the  help  of 
the  Fokker-Planck  equation: 

dt 

(3) 


dpidpi 


The  Fokker-Planck  coefficients,  namely  the  diffusion  tensor  el¬ 
ements  Dij  and  the  drift  vector  components  Fi  must  be  deter¬ 
mined  in  an  appropriate  way  depending  on  the  nature  of  the 
stochastic  process. 


3  SECOND  ORDER  MOMENT  EQUATIONS 


Applying  Sacherer's  formalism[l]  to  the  Vlasov-Fokker-Planck 
equation  (2),  we  get  the  following  coupled  set  of  second  order 
moment  equations[5]: 


ds 


{x^}  —  2{xx^)  =  0 


(4) 


-  (.-)  +  kUs)(.^)  -  ^  =  0 

^  ^  =  0 


The  similar  sets  of  equations  hold  for  the  y-  and  jsr-directions. 
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A  useful  measure  for  the  beam  quality  is  given  by  the  rms- 
emittance  6x{s),  defined  as 


el{s)  =  .  (5) 


On  the  basis  of  Eqs.  (4),  the  derivative  of  the  rms-emittance  (5) 
is  readily  calculated  to  give 


1  d  2 


(«)  =  -2 


f  ^f-,X 

Vc/?7  (a;2) 


{Dxx)  \ 
^3/j3^3  j  ’ 


(6) 


neglecting  the  “excess  field  energy”  terms.  For  intrinsically 
matched  beams,  this  quantity  is  approximately  a  constant  of 
motion.  The  remaining  terms  are  related  to  the  Fokker-Planck 
coefficients  to  be  discussed  now. 


5  INTRA-BEAM  SCATTERING  EFFECTS  IN 
STORAGE  RINGS 

The  elementary  events  for  the  global  process  of  emittance 
growth  due  to  intra-beam  scattering  are  Coulomb  collisions  of 
individual  beam  particles.  The  dynamics  of  these  collisions 
thus  forms  the  starting  point  to  determine  the  Fokker-Planck 
coefficients  contained  in  Eq.  (3)  for  this  process.  Integrating 
the  coupled  set  of  equations  (4)  will  enable  us  to  study  the  evo¬ 
lution  of  the  beam  properties  including  intra-beam  scattering 
effects.  Explicitly,  the  coefficients  are  determined  by  averaging 
the  velocity  change  of  a  test  particle  over  all  impact  parame¬ 
ters,  and  subsequently  by  averaging  over  all  particle  velocities 
assuming  that  the  velocity  distribution  is  Maxwellian. 


4  GROWTH  RATES 


If  the  diffusion  as  well  as  the  friction  effects  can  be  approxi¬ 
mately  treated  as  isotropic,  then  only  one  diffusion  coefficient 
D  in  conjunction  with  a  single  friction  coefficient  appears  in 
our  equations: 

^  =  i^yy)  —  i^zz)  ,  13 f  =  =  Pj;y  =  /?/;z 


Under  these  circumstances,  D  turns  out  to  be  proportional  to 
the  “dynamical  friction  coefficient”  /?/  [3]: 


kT 


m 


(7) 


If  we  define  the  ratio  r^y  of  the  y-  to  the  ^-“temperature”  as 


Ty  _  4i^)  (X^) 


Tx  {y^)  el{s)  ’ 
Eq.  (6)  can  be  written  in  an  alternative  form: 


(8) 


^Ine^Cs)  =  ^  (rj;y(s)  +  r^z(s)  -  2)  ,  (9) 


CELLS 


Figure  1:  Envelopes  and  emittance  growth  functions  of  a 
matched  beam  passing  through  the  Cooler  Synchrotron  (COSY) 
at  KFA-Jiilich.  (The  scale  on  the  right-hand  side  applies  to  the 
dimensionless  emittance  growth  functions.) 


wherein  kf  =  /Sf/ cl3‘y.  Adding  Eq.  (9)  to  the  corresponding 
equations  for  Ine^  and  after  integration  we  get  the  fol¬ 

lowing  simple  expression  for  the  e-folding  time  ref  of  the  total 
phase  space  volume 

^ef  “  9  3xz  3yz)  ,  (10) 


with  Ij^y,  and  lyz  denoting  the  three  possible  integrals  of 
the  temperature  ratio  functions.  For  example,  the  dimensionless 
quantity  I^y  is  given  by: 


[l  ^37y(g)] 
'^xy{s) 


ds  >  0  . 


(11) 


If  the  transverse  particle  dynamics  can  be  decoupled  from  the 
longitudinal  one,  the  e-folding  time  for  the  transverse  emittance 
evaluates  to: 

TL,ef  ~  4  /^/  3xy  •  (12) 

This  condition  is  fulfilled  if  -  for  example  -  we  simulate  the 
transformation  of  an  unbunched  charged  particle  beam  using  a 
X,  2/-Poisson  solver. 


As  the  result  of  the  averaging  procedures,  (3f  is  given  by[2, 
4]: 


^f  = 


Yl  Q  I  II 

3  \47r6omc^ 


2\  3/2 
mc^  \  ' 


In  A  . 


(13) 


In  order  to  gain  a  better  physical  insight,  this  quantity  can  be 
expressed  alternatively  as 


pf 


—  \  j~~^  ’  ( Afscattering)  '  E  *  lu  A  , 


with  Afscattering  denoting  the  average  time  between  two  suc¬ 
cessive  scattering  events  of  a  beam  particle,  and  T  the  coupling 
constant  of  the  beam  plasma. 

As  an  example,  we  present  an  integration  of  the  coupled 
set  (4)  based  on  the  structure  data  of  the  Jtilich  Cooler  Syn¬ 
chrotron  (COSY).  The  beam  parameters  used  in  that  calculation 
are  listed  in  Tab.  1.  The  results,  namely  the  envelopes  and  the 
emittance  growth  functions  along  one  turn,  are  plotted  in  Fig.  1 . 
We  observe  that  the  maximum  growth  of  the  rms-emittance  oc¬ 
curs  in  the  a?-direction,  whereas  for  these  initial  conditions  prac¬ 
tically  no  growth  occurs  in  the  longitudinal  direction. 
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Table  1:  List  of  Parameters  for  the  COSY  intra-beam  scattering 
estimation 


ion  species 

energy 

38  MeV/amu 

period  length  S 

183.47  m 

horizontal  tune  Qh 

2.23 

vertical  tune  Qy 

2.35 

»?av  =  7"^  - 

0.371 

average  beam  current  I 

55  mA 

initial  RMS  emittances  (0) 

5  X  10“®  m 

initial  RMS  momentum  spread  Ap/p 

5.8  X  10-4 

ellipticity  I^y 

3.252 

ellipticity  4^ 

2.286 

ellipticity  lyz 

0.997 

friction  coefficient 

4.1935  s-2 

horiz.  emittance  e-folding  time 

15.0  s 

vert,  emittance  e-folding  time  ef 

43.0  s 

momentum  spread  e-folding  time  r^^ef 

336.1s 

total  emittance  e-folding  time  ref 

32.8  s 

6  BEAM  TRANSPORT  SIMULATIONS 

As  has  been  mentioned  in  the  introduction,  the  Fokker-Planck 
description  of  stochastic  phenomena  in  the  physics  of  charged 
particle  beams  is  not  restricted  to  the  effect  of  intra-beam  scat¬ 
tering,  but  applies  to  any  beam  dynamical  Markov  process.  As  a 
consequence,  the  coupled  set  of  moment  equations  (4)  can  also 
be  used  to  explain  effects  due  to  random  errors  generated  by  the 
necessarily  limited  accuracy  of  computer  simulations  of  parti¬ 
cle  beams.  Especially  the  problem  of  calculating  the  self-fields 
of  arbitrary  charge  distributions  escapes  an  analytical  treatment. 
The  major  sources  of  random  errors  common  to  all  simulation 
codes  come  from  the  fact  that 

♦  the  continuously  varying  self-fields  must  be  replaced  by 
stepwise  constant  ones, 

•  the  number  of  simulation  particles  is  much  smaller  than 
the  real  beam  particle  number. 

The  joint  effect  of  all  these  simplifications  necessary  to  keep 
the  computing  time  finite  can  be  visualized  in  the  way  that  an 
additional  'error  field’  of  a  certain  amplitude  is  added  to  the 
'true  field'  of  the  real  beam.  This  causes  a  specific  'simulation 
friction  coefficient'  /?/,sim  to  emerge.  Unfortunately,  it  seems 
to  be  impossible  to  derive  a  general  formula  relating  globally 
/?/,sim  to  the  various  sources  of 'numerical  noise' . 

In  Fig.  2,  the  emittance  growth  factors  obtained  by  numeri¬ 
cal  simulations  of  a  quadrupole  channel  are  plotted  for  different 
numbers  of  space  charge  calculations  (SSC)  per  cell  and  dif¬ 
ferent  numbers  P  of  simulation  particles.  It  can  be  observed 
that  the  calculated  growth  rates  do  not  depend  very  much  on 
the  number  of  space  charge  calculations.  This  indicates  that  in 
this  case  the  number  of  50  space  charge  calculations  suffices  to 
approximate  the  continuously  varying  self-fields.  On  the  other 
hand,  the  growth  rate  is  halfed  if  we  double  the  number  of  sim¬ 


ulation  particles  from  5000  to  10000,  i.e. 

^/,sim  ^  P 

This  shows  that  in  our  case  the  concept  of  representative  parti¬ 
cles  constitutes  the  major  source  of  numerical  noise. 

For  a  comparison,  the  lower  curve  in  Fig.  2  displays  the  cal¬ 
culated  growth  rates  for  a  matched  beam  transformed  under  the 
same  conditions  through  a  periodic  solenoid  channel.  Conse¬ 
quently,  /?/,sim  must  have  the  same  value  as  for  the  correspond¬ 
ing  quadrupole  channel  transformation.  Nevertheless,  no  rms- 
emittance  growth  at  all  is  observed  in  this  simulation.  This  out¬ 
come  is  explained  by  Eq.  (12),  which  states  that  even  a  positive 
/?/  does  not  lead  to  an  increase  of  the  rms-emittance  if  the  ellip- 
ticity  integral  (11)  vanishes.  We  conclude  that  numerical  noise 
phenomena  occurring  in  computer  simulations  of  charged  par¬ 
ticle  beams  can  adequately  be  described  by  the  Fokker-Planck 
approach. 


Periodic  Quadrupole  Channel  ,  do  -  60®  ,  d  -  15“ 


Figure  2:  Emittance  growth  functions  obtained  by  different  nu¬ 
merical  simulations  of  a  matched  beam  passing  through  the  GSI 
experimental  quadrupole  channel. 

7  CONCLUSIONS 

The  moment  description  of  a  charged  particle  beam  has  been 
demonstrated  to  be  useful  even  if  additional  stochastic  effects 
must  be  taken  into  account.  It  has  been  shown  that  this  approach 
leads  to  a  fairly  simple  formula  which  can  be  used  to  estimate 
the  growth  rates  of  the  beam  emittances  caused  by  intra-beam 
scattering  effects.  Moreover,  since  the  Fokker-Planck  equation 
describes  any  Markov  process,  certain  effects  of  rms-emittance 
growth  in  computer  simulations  can  also  be  explained  by  this 
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Abstract 

The  descripton  of  the  Nuclotron  magnetic  field  correction  is  pre¬ 
sented.  The  influence  of  the  structure  magnet  misalignments  and 
the  field  imperfections  obtained  from  magnet  measurements  on 
the  beam  dynamical  parameters  is  considered,  and  the  correc¬ 
tion  schemes  are  rewiewed.  This  influence  and  the  correction 
efficiency  are  investigated  with  numerical  methods. 

I.  INTRODUCTION 

To  provide  long-term  prospects  in  the  area  of  both  relativis¬ 
tic  nuclear  and  applied  physics  a  project  of  accelerator  facili¬ 
ties  named  Nuclotron  has  been  developed  in  the  Laboratory  of 
High  Energies  JINR  [1].  This  project  includes  a  superconduct¬ 
ing  synchrotron  (under  commissioning  now)  and  a  booster  syn¬ 
chrotron  [2] .  The  existing  linac  used  as  an  injector  can  accelerate 
ions  from  deuterium  to  xenon  with  charge  to  mass  ratio  Z/A  in 
the  range  0.33-0.50.  In  the  Nuclotron  ions  are  accelerated  up  to 
relativistic  energies  of  6  GeV/u.  General  parameters  of  the  Nu¬ 
clotron  ring  [3]  are  given  in  the  table  1.  The  lattice  of  Nuclotron 
includes  8  superperiods.  The  structure  of  one  superperiod  and  its 
optical  functions  are  shown  in  fig.  1.  Each  superperiod  contains 
3  regular  FODO  cells  with  dipole  magnets  and  1  cell  with  large 
drift  spaces  occupied  with  elements  of  the  injection-extraction 
systems,  RF- voltages,  the  internal  target  equipment  etc.  Small 
drift  spaces  at  the  lattice  quadrupoles  are  used  for  the  diagnostic 
elements  and  multipolar  magnets  of  the  magnetic  field  correction 
systems. 

The  correction  system  includes  20  pick-up  electrodes ,  tune  and 
intensity  measurement  systems,  29  superconducting  multipolar 
correcting  magnets  correcting  closed  orbit  (C.O.)  [5],  chromatic- 
ity  and  octupolar  detuning  [6],  betatron  resonances  up  to  the  4-th 
order  [9].  Nuclotron  operates  with  the  horizontal  and  vertical 
tunes  (Qjc  and  Q^)  between  6  and  7  with  the  nominal  operating 
point  at  Q:c=6.80,  Q^=6.85  (see  fig.2). 

IL  MULTIPOLAR  CORRECTOR 

Multipolar  corrector  [4]  has  4  superconducting  windings.  Two 
of  them,  skew  and  right  dipoles,  are  used  for  the  C.O.  correction. 
Other  windings  are  of  quadrupolar,  sextupolar  or  octupolar  types 
(skew  or  regular).  All  windings  are  placed  on  a  cylindrical  frame¬ 
work  wrapped  with  the  hollow  tube.  Helium  flow  inside  the  tube 
cools  the  windings  due  to  a  thermal  contact.  The  iron  cylindrical 
yoke  around  the  windings  allows  to  encrease  the  maximal  field 
in  the  center  of  a  corrector  by  a  factor  of  1. 7-1.8.  The  yoke  and 
windings  are  placed  in  a  cryostat  cooled  with  liquid  nitrogen. 

III.  CLOSED  ORBIT  CORRECTION 

Table  2  presents  calculated  and  measured  maximal  values 
of  C.O.  distortions.  It  can  be  seen  that  at  injection  (B|„y=291 

0-7803~3053-6/96/$5.00  ®1996  IEEE 


Distance  (m) 

Figure.  1.  Twiss  dispersion  Dx  functions  of  the  Nu¬ 

clotron  superperiod.  F,  D  -  focusing  and  defocusing  quadrupoles 
respectively;  M  -  dipole  magnets;  C  -  multipolar  correctors;  P  - 
pick-ups.  The  positions  of  the  correctors  and  pick-ups  are  shown 
for  the  1-st  superperiod. 

Gauss)  remanent  fields  give  the  main  contribution  to  the  verti¬ 
cal  orbit  distortions,  while  the  horizontal  distortions  are  mainly 
determined  by  the  dispersion  of  integrated  fields  in  dipole  mag¬ 
nets.  Four  conventional  C.O.  correction  algorithms  are  used  for 
Nuclotron:  least  squares,  harmonical,  bump  correction  and  MI- 
CADO  method.  It  was  found  in  numerical  simulation  studies  [5] 
that  3,5  mm  maximal  orbit  distortions  could  be  reached  with  cor¬ 
rections  in  both  planes. 

IV.  TUNE,  CHROMATICITY  AND  AMPLITUDE 
DETUNING  CORRECTIONS 

Dipoles,  F  and  D  quadrupoles  of  the  lattice  have  3  indepen¬ 
dent  power  supplies.  To  keep  tunes  constant  for  the  cycle  of 
acceleration  the  ratios  Ip^ol^Dip  of  the  currents  I/r  ^  in  F  and 
D  quadrupoles  to  the  current  I  Dip  in  dipoles  are  changed  to 
compensate  for  the  changing  the  values  (BL) /r,£)/(BL) Dip ,  where 
(BL)-average  integrated  fields  in  quadrupoles  and  dipoles  (that  is 
mainly  due  to  the  saturation  phenomena).  At  constant  I/r  /) /I^, 77, 
the  tune  shifts  can  be  as  large  as  -j-0.45  in  the  range  of  the  main 
field  5^=1. 7-2.0  T. 

Forthechromaticity(x;,  =  -7.7,  Xz  =  -7.9)  correction  there 
are  2  families  of  sextupolar  windings  placed  in  the  multipolar  cor¬ 
rectors  of  each  superperiod.  The  same  correctors  also  contain 
2  families  of  octupolar  windings  to  compensate  for  the  ampli¬ 
tude  detunings.  The  currents  of  the  families  are  chosen  so  that 
the  tunes  of  particles  move  away  from  the  line  of  the  resonance 
—  Gz  =0  with  the  increase  of  the  amplitudes  of  their  oscilla¬ 
tions.  It  is  also  possible  to  use  complicated  sextupolar-octupolar 
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6.4  6.5  6.6  6.7  6.8  6.9  7.0  7.1 

Horizontal  tune  Qx 

Figure.  2.  2-nd  and  3-d  order  resonances  and  Nuclotron  operat¬ 
ing  point  (O.P.). 


correction  schemes  that  take  into  account  the  2-nd  order  sextupo- 
lar  effects  [6]. 

V.  CORRECTION  OF  BETATRON  RESONANCES 

Table  3  gives  the  list  of  resonances  up  to  the  4-th  order  to  be 
corrected  (see  the  diagram  in  fig.2)  and  their  r.m.s.  stopbands 
estimated  with  the  magnet  measurements  [7]  and  geodesic  data. 
The  correction  system  is  capable  of  correcting  resonances  1-2 
and  3-4  simultaneously,  i.e.  it  can  correct  each  of  these  reso¬ 
nances  without  affecting  the  correction  of  the  others.  For  the  3-d 
and  the  4-th  order  resonances  such  simultaneous  corrections  are 
possible  only  for  the  combinations  of  sum  and  difference  ones: 
5-6  or  5-7;  8-9  or  8-10;  11-12  or  11-13;  14-15  or  14-16.  Gener¬ 
ally,  correctors  of  the  resonance  m Qjc  +  create  the  N-th 

appropriate  multipole  harmonic.  The  sinus  S  and  cosinus  C  com¬ 
ponents  of  this  harmonic  have  the  following  dependence  on  the 
main  filed  Bo: 

C=Q  -f  CbBo  +  QidBofdt),  S=Sr  +  SbBo  +  S^idBo/dil 

where  the  constant  terms  and  S;-  are  due  to  remanent  fields, 
while  those  proportional  and  the  derivative  dB^/dt  are  pre¬ 
sumably  due  to  misalignments  and/or  field  imperfections,  and 
eddy  currents  respectively.  It  is  the  terms  proportional  to  B^  that 
were  taken  into  account  in  the  estimations  of  the  stopbands  given 
in  the  table  2.  The  eddy  current  terms  have  been  estimated  ac¬ 
cording  to  [8].  For  the  Nuclotron  vacuum  chamber  width  a=0.5 
mm  and  (dBo/dt)^a;c=20  kG/s  they  were  found  to  be  quite  small 
in  comparison  with  the  others.  The  remanent  field  contribution 
is  considerable  and  should  be  carefully  taken  into  account.  Full 
experimental  data  on  the  betatron  resonance  corrections  will  be 
obtained  in  the  planned  Nuclotron  runs.  The  detailed  description 
of  the  resonance  correction  schemes  and  the  possible  sources  of 
relevant  magnetic  imperfections  are  discussed  in  [9]. 


Table  I 

General  Nuclotron  parameters 


Injection  energy  for  nuclei 

5  MeV/u 

for  protons 

20MeV 

Max  energy  for  nuclei  (q/A=0.5) 

6  GeV/u 

for  protons 

12.8  GeV 

Circumference 

251.52  m 

Duration  of  acceleration 

(0.5-1. 5)  sec 

Max  accelerating  voltage 

50  kV 

Transition  energy 

8.6  GeV 

Field  in  dipoles  at  injection 

0.029  T 

maximum 

2.083  T 

Gradient  in  quads  at  injection 

0.490  T/m 

maximum 

34.6  T/m 

Betatron  tunes  Qjc,^ 

6.8, 6.85 

Chromaticity  Xx,z  —  52x,z/Sp/p 

-7.7,  -7.9 

Compaction  factor 

0.0135 

Max  closed  orbit  (after  correction) 

3.5  mm 

Acceptance  horizontal 

40;r  mmmrad 

vertical 

45;r  mmmrad 

Emittance  at  injection 

303r  mmmrad 

minimum 

2n  mmmrad 

Maximum  momentum  spread 

X  10“^ 

Table  n 

Calculated  values  of  maximal  closed  orbit  distortions  [mm]  due 
to  different  sources  of  imperfections  and  measured  distortions. 
Bo=471  Gauss. 


Source  of 
imperfection 

Vertical 

distortion 

Horizontal 

distortion 

Lense  misalignments 

1.3 

2.0 

Dipole  tilts 

0.6 

0.0 

(BL)  dispersion  in  dipoles 

0.0 

11.0 

Season  ground  motion 

2.1 

3.6 

Remanent  fields 

18.2 

4.2 

Measured  values 

18 

20 

VL  ALGORITHMS  FOR  THE  NUMERICAL 
INVESTIGATION  OF  THE  CORRECTION 
EFFICIENCY 

The  correction  efficiencies  have  been  investigated  numerically 
with  Monte-Carlo  simulation  algorithms.  Generally,  one  step  of 
the  simulation  includes :  1 )  random  generation  of  multipolar  field 
components  or  magnet  misalignments  according  to  their  mea¬ 
sured  average  and  r.m.s.  values;  2)  calculation  of  the  maximum 
values  of  C.O.  distortions,  or  tracking  test  particles  to  determine 
tune  spreads  and/or  increase  of  effective  emittance;  3)  calcula¬ 
tion  of  corrector  strengths  according  to  a  correction  algorithm; 
4)  repetition  of  the  step  2  taking  into  account  fields  in  correctors. 
At  the  end  of  the  cycle  the  statistical  distributions  of  the  maxi¬ 
mal  C.O.  distortions,  tune  spreads  or  effective  emittances  before 
and  after  correction  are  plotted. 

Figure  3  gives  an  example  of  the  symultaneous  correction  of 
the  resonances  2Q;c==13  and  2Qz=\3.  The  resonances  are  driven 
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Table  III 

Corrected  betatron  resonances  and  estimated  r.m.s.  stopbands 
{d}  at  Q;c=6.80,  Q2=6.85,  emittances  Ejc,2=30  tt  mm  mrad  and 
B^=2.33ka 


N 

Resonance 

100  (d> 

Type  of 
field 

Number  of 

correctors 

1 

2Q;,=13,14 

10.5 

regular 

8 

2 

2Q,=13,14 

10.5 

quad. 

3 

Qx  Qz^ 

6.0 

skew 

4 

4 

Qc  +  Gz=l3 

6.5 

quad. 

5 

2Q^  -  0,=7 

0.55 

regular 

6 

2Qz  +  Q.=20 

0.60 

sext. 

4 

7 

3CL,=20 

0.30 

8 

2Q,  -  Qz=7 

0.35 

skew 

9 

2Q.  +  0^=20 

0.41 

sext. 

4 

10 

3Q2=20 

0.20 

11 

2Q.-20,=O 

0.10 

regular 

12 

4Qx,z=27 

0.03 

oct. 

4 

13 

2Qc  +  20,=27 

0.08 

14 

3Q,  -  Q.=13 

0.09 

skew 

15 

3Q.  +  Qz=27 

0.11 

oct. 

4 

16 

3Qz  +  0.=27 

0.11 

by  the  dispersion  { dL/L  )  of  the  efective  lengths  of  the  structure 
quadrupoles  at  the  fields  of  injection.  denotes  the  linear  in¬ 
variant  [x^  +  (x'b  +  xa)‘^]/2Px  in  the  horizontal  plane,  and 
in  the  vertical.  To  determine  the  values  of  {SI/1)^^^  4  test  parti¬ 
cles  were  tracked  for  20  revolutions  for  each  of  die  100  random 
sets  of  quadrupolar  magnets. 
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tive  lengths  of  the  lattice  quadrupoles  with  dispersion  {  dL/L  } 
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Effects  of  the  CHESS  Wigglers  on  a  Beam  with  an  Angular  Offset 


James  J.  Welch,  Cornell  University,  Ithaca  NY ' 


Introduction 

The  magnetic  field  due  to  a  single  pole  of  a  wiggler  is,  by  normal 
accelerator  magnet  standards,  both  very  strong  and  very  nonuni¬ 
form.  Because  the  poles  alternate  sign  and  are  made  to  have  the 
same  strength  the  effects  of  the  nonuniform  fields  on  the  beam 
largely  cancel  from  one  pole  to  another.  In  an  ideal  case  where 
there  are  no  mechanical  or  magnetic  errors,  the  net  integrated 
dipole  field  along  a  path  parallel  to  the  wiggler  axis  and  on  the 
midplane  would  be  exactly  zero. 

In  this  note  I  estimate  the  integrated  field  along  a  path  not 
parallel  to  the  axis  but  still  in  the  midplane.  Such  a  path  is  typical 
of  the  closed  orbit  during  electron  injection  or  luminosity  optics. 
When  the  path  of  integration  is  at  an  angle  to  the  wiggler  axis, 
the  horizontal  or  vertical  position  in  one  pole  is  not  precisely 
the  same  as  the  horizontal  or  vertical  position  in  any  other  pole. 
Because  of  the  relatively  strong  variation  of  field  strength  with 
position  the  integration  over  one  pole  does  not  cancel  with  the 
integration  over  another  pole.  Based  on  approximate  expressions 
for  the  field  in  the  wiggler,  I  will  show  that  the  size  of  this  effect 
is  substantially  smaller  than  the  actual  integrated  dipole  field 
measured  parallel  to  the  axis.  This  means  the  beam  dynamical 
effects  due  to  the  angle  the  closed  orbit  takes  through  the  wiggler 
are  probably  not  important  compared  with  those  due  to  the  actual 
field  errors  due  to  mechanical  and  magnetic  imperfections,  at 
least  for  the  present  wigglers  and  optics. 

An  expression  for  integral  of  the  vertical  magnetic  field  along 
a  horizontally  tilted  straight  path  jc(z)  is: 


A  simple  estimate  of  the  integral  may  be  made  from  an  ap¬ 
proximate  expression  for  the  wiggler  field.  This  is  what  I  will 
develop  in  the  next  section  assuming  that  we  have  N  identical 
periods  (2N  poles),  and  the  end  effects  are  neglible.  Later  I  will 
deal  with  the  end  effects. 

In  general  the  magnetic  field  in  the  wiggler  may  be  derived 
from  gradient  of  a  scalar  potential  with  =  0  everywhere  of 

interest.  From  the  symmetry  the  lowest  order  term  must  be  of 
the  form 

O  ~  sinh(/:3,y)  sin(^;c-^)  sinik^z)  (3) 

Applying  O  =  0  and  utilizing  the  independence  of  the  x ,  y ,  z 
coordinates,  yields: 

kl  =  kj  +  kl  (4) 

So  the  magnetic  field  of  a  wiggler  with  an  even  number  of  iden¬ 
tical  poles  can  be  approximately  described. 

By  =  Bq  cosh  (kyy)  cos  (k^x)  sin  (i^z)  (5) 

Now,  using  the  equation  5  we  can  evaluate  the  integral  equa¬ 
tion  2.  On  the  wiggler  axis  d^By/dx'^  =  —k^By  so  we  have. 


By(x(z))dz  =  -k^ 


=  —kzxox‘ 


By{x  =  0,  z)xox'zdz  (6) 

f 

/•¥ 

'Bo  I  z  sin(k^z)dz  (7) 


=  klxox'BoL'. 


By{x{z))dz  = 


IlH 


)x=0^  + 


■^x^  +  . 


By{x{z))dz  = 


,  1  d^By 


^Xox'z-\-  , 


In  our  case  the  lowest  order  term  S^By/dx^  is  dominate  and  we 
will  no  longer  consider  the  higher  order  terms. 
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I  have  used  the  relation  that: 


z  sm(k2^z)dz  —  — 


Lli-lf 


For  a  perfect  wiggler  the  odd  order  x  derivatives  are  zero  for 
X  =  0  by  symmetry.  For  a  wiggler  with  an  even  number  of 
poles,  such  as  we  now  have  at  CESR,  the  vertical  magnetic  field 
is  an  odd  function  of  z.  Whenx  =  xo+x'z  is  put  into  equation  1 
the  only  terms  left  are: 


which  can  be  verified  by  direct  substituion  of  =  InNfLu) 
and  integrating. 

Equation  8  represents  an  estimate  for  a  wiggler  with  N  identi¬ 
cal  periods.  The  wigglers  at  CESR  have  22  more  or  less  identical 
poles  with  two  poles  the  ends  with  roughly  half  the  strength.  The 
effect  of  these  end  poles  can  be  estimated  by  assuming  the  mag¬ 
netic  field  contribution  from  the  end  has  the  same  shape  as  a 
normal  strength  pole.  To  see  how  to  include  this  effect  first 
consider  how  much  adding  one  more  period  of  normal  strength 
poles  would  increase  the  total  field  integral.  Using  equation  8 
the  change  would  be: 


kixox'BoLi  ly 

In  \  N  )  N+l 


(-1)^ 

N 
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The  weaker  end  poles  would  produce  a  proportionally  weaker 
change  to  the  integral  since  I  assume  the  shape  is  the  same.  ^  To 
get  the  addition  to  the  integral  of  the  field  due  to  the  weaker  end 
poles  I  simply  replace  Bq  with  Bend  in  equation  10  where  Bend  is 
the  peak  magnitude  of  the  field  in  the  end  poles.  The  change  in 
the  integral  caused  by  adding  the  end  poles  to  N  identical  poles 
reduces  to 

,2...Jr2r,  2A^  +  1 

kj^XQX  L^Bend  Qjr  N 

The  net  integral  of  N  full  strength  poles  plus  the  change  due 
to  two  end  poles  of  strength  Bend  is  obtained  from  equations  1 1 
and  8: 

L, 

(12) 

Measurements  of  the  field  indicate  that  kx  ^  6  ^  The 

longitudinal  wavenumber  is  about  32  m~^  and  is  determined 
by  the  spacing  between  the  poles.  Therefore  ky  works  out  to 
33  The  peak  vertical  field  is  5o  =  1.2  T  at  the  nominal 
closed  gap  of  4  cm. 

Some  typical  numbers  for  the  present  crossing  angle  condi¬ 
tions  and  existing  wigglers  at  CESR  are: 


X 

0.01 

m 

x> 

0.0005 

radians 

Luj 

2.3 

m 

Bo 

12000 

G 

^end 

7600 

G 

N 

11 

full  strength  poles 

For  these  values  the  net  integral  for  one  full  strength  adjacent 
poles,  equation  12, 

f  By(x(z))  =  -5.3  X  10-^  Gm  (13) 

J  total 

per  wiggler.  This  is  substantially  smaller  than  the  variation  in 
the  measured  integrated  field  over  for  both  the  east  and  west 
wigglers.  Over  the  interval  from  x  =  Otox  =  1  cm  the  variation 
of  the  integrated  field  for  the  wigglers  measured  parallel  to  the 
axis  is:  ^ 


to  the  pretzel.  For  example,  a  1  mm  offset  in  y  with  and  angle  of 
5  X  10”"^  would  give  a  net  integrated  field  of  only  —0.127  Gm. 

Hence  the  beam  dynamical  effects  due  to  the  angle  and  offset 
of  the  closed  orbit  through  the  wiggler  are  probably  not  as  im¬ 
portant  as  those  due  to  physical  and  magnetic  imperfection,  for 
the  present  crossing  angle  lattice.  In  the  future  the  angular  and 
offset  effects  can  be  made  stronger  or  weaker  proportional  to  the 
product  jcqx'. 


East 

-  1-2 

Gm 

West 

1 

Gm 

An  analogous  argument  can  be  made  for  vertical  offsets  and 
angles.  The  result  is  obtained  by  replacing  kx  with  ky  in  equa¬ 
tion  8  and  substituting  y  for  jc  and  y'  for  x\  Thus  the  sensitivity  to 
vertical  offsets  and  angles  is  higher  by  a  factor  of  (ky/kx)^  ^  30 
but  the  size  of  such  offsets  is  quite  a  bit  smaller  than  those  due 

^The  iron  pole  shape  is  identical  though  the  permanent  magnet  material  is 
less  in  the  end  poles  and  is  perturbed  by  a  field  clamp. 

^This  value  was  derived  firom  measurements  reported  by  Ken  Finkelstein  in 
a  memo  by  him  dated  October  23 , 1992 

^Measurements  of  the  west  wiggler  are  reported  in  CBN  93-7,  (1993)  by  D. 
Frachon,  /.  Vasserman  from  Advanced  Photon  Source,  ANL  and  J.  Welch  and  A. 
Temnykh,  CESR 

^Measurements  of  the  west  wiggler  are  reported  in  CON  94-16  (1994)  by  A. 
Temnykh  and  J.  Welch,  CESR 
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PARTICLE  TRACKING  WITH  GENERATING  FUNCTIONS 
OF  MAGNETIC  FRINGING  FIELDS  * 

Godehard  Wustefeld,  BESSY  II  Project 
Rudower  Chaussee  5,  Geb.  15.1, 12489  Berlin,  Germany 


Abstract 

A  construction  scheme  for  generating  functions  (GFs)  suit¬ 
able  for  particle  tracking  across  arbitrary  magnetic  fields  is  pre¬ 
sented.  The  GF  is  approximated  by  a  power  series  solution  of 
the  Hamilton- Jacobi  differential  equation  [1]  with  analytical  ex¬ 
pressions  for  the  coejB&cients.  This  approach  is  applied  to  mag¬ 
netic  fringing  fields,  which  are  presented  as  simpli W  analytical 
expressions.  A  short  REDUCE  [2]  code  transforms  the  vector 
potentials  automatically  into  an  expanded  GF. 

1.  Construction  of  Generating  Functions 

Generating  functions  (GFs)  are  an  excellent  tool  for  particle 
tracking  across  magnetic  fields.  They  perform  a  canonical  trans¬ 
formation  over  a  finite  path  length.  Even  if  they  are  not  exactly 
known  and  approximate  expressions  are  used,  they  still  preserve 
the  Hamiltonian  character  of  the  transformation. 

Power  series  with  analytical  coefficients  as  approximations  for 
GFs  of  given  magnetic  fields  were  discussed  in  [3],  with  spe¬ 
cial  applications  to  simulate  wigglers  and  undulators,  as  used 
in  synchrotron  light  sources  [4].  The  present  approach  is  much 
more  direct  and  transparent.  It  requires  less  effort  in  manipu¬ 
lating  power  series.  A  short  REDUCE  code  is  sufficient  to  ob¬ 
tain  the  GF;  using  a  general  method  to  construct  approximated, 
analytical  expressions  for  GFs,  based  on  the  Hamilton- Jacobi 
equation.  Starting  with  a  given  vector  potential  of  the  magnetic 
field,  the  code  generates  automatically  a  power  series,  where  the 
coefficients  are  analytic  functions  of  the  vector  potential  and  the 
particle  coordinates. 

The  GF  is  calculated  by  starting  with  a  Hamiltonian  in  a  fixed 
cartesian  coordinate  system,  where  x,  y  and  z  are  the  horizontal, 
vertical  and  longitudinal  axes,  respectively  (for  a  general  discus¬ 
sion  see  for  example  [5]): 

H  =  -y/ i-(Px-  -  (Py  -  Ay)2  -  Aj, 

were  px  and  py  are  the  transverse  canonical  momenta,  normal¬ 
ized  to  the  full  particle  momentum  and  Ax,  Ay  and  are  the 
vector  potentials  of  the  fields,  normalized  to  the  beam  rigidity 
parameter  Bp  which  is  proportional  to  the  full  particle  momen¬ 
tum.  Expanding  the  square  root  of  the  Hamiltonian  yields: 

A,f/2  +  (Py  -  Ayf/2  -  A,. 

This  approximated  form  of  the  Hamiltonian  used  for  the  present 
scheme  is  not  a  severe  restriction,  because  higher  order  terms  of 
the  expansion  could  be  taken  into  account.  In  most  cases,  the 

*  funded  by  the  Bundesministerium  fur  Bildung,  Wissenschaft,  Forschung  und 
Technologie  and  by  the  Land  Berlin 


transverse  momenta  and  the  vector  potentials  are  small  and  a 
Taylor  expansion  with  respect  to  these  variables  is  justified. 

The  GFs  used  in  this  paper  depend  on  the  initial  particle 
momenta  pxi,  Pyi  and  on  the  final  position  variables  x,  y  and  z. 
They  are  special  kinds  of  GFs  of  a  more  general  type,  that  is 
often  abbreviated  as  F2.  Particle  coordinates  are  derived  from 
partial  derivatives  of  the  GF: 

Px  =  SF/dx,  Py  =  dF/dy,  X/  =  dF/dpxi,  yi  =  BF/dpyi, 

were  ,y/  are  the  initial  coordinates  and  Px,Py  are  the  final  par¬ 
ticle  momenta.  In  this  paper  the  GF  is  defined  always  at  the 
starting  point  z  =  0  and  at  the  end  point  z  of  the  transformation 
in  a  fixed  cartesian  coordinate  system.  The  GF  yields  implicit 
expressions  for  the  transverse  coordinate  relations;  using  them 
as  a  tool  for  tracking  requires  normally  a  Newton-Raphson  root¬ 
finding  method  for  solving  the  transformation. 

The  Hamilton-Jacobi  equation  is  a  first  order  differential  equa¬ 
tion,  which  gives  a  local  relation  between  the  Hamiltonian  (H) 
and  the  GF  (F): 

H^dF/dz^O. 

In  this  equation  the  momenta  are  replaced  by  derivatives  of  the 
GF,  Px  =  BF/dx,  Py  —  BF/By.  To  solve  it  with  respect  to  F, 
a  series  expansion  of  F  is  chosen  with  respect  to  pxi,  Pyi  and  a 
variable  X3  which  counts  the  order  of  the  Ax,  Ay  and  A^  terms: 

^  =  E  p‘^i  Pyi  ^3’ 

l,m,n 

were  the  fimn  are  dependent  on  x,  y  and  z.  The  expansions  with 
respect  to  the  vector  potentials  are  not  written  explicitely;  this  is 
included  in  the  fimn  terms  and  counted  by  the  variable  X3.  The 
order  of  the  expansion  is  the  sum  Z  m  +  «. 

The  Hamilton-Jacobi  equation  relates  different  derivatives  of 
the  coefficients  fimn  and  can  be  easily  solved  by  a  recursive 
method  with  an  algebraic  code  such  as  REDUCE.  To  demonstrate 
the  method,  a  REDUCE  input  code  for  the  GF  of  a  quadrupole 
is  given.  The  code  has  a  PASCAL  like  input  language  and  is 
easily  readible: 

%  quadrupole  example,  gradient  [m”^] 

%  input  of  vector  potential; 

az  :=  g* (x**2-y**2) /2  ;  ax  :=  0  ;  ay  :=  0 

f 

%  4th  order  generating  function: 
ord  :=  4  ; 
f gen : =  0  ; 

for  ic:=l;ord  do  for  ix:=0:ord  do 
for  iy:=0:ord  do  for  i3:=0:ord  do 
if  ix+iy+i3=:ic  then 
<<  depend  f {ix, iy, i3 ) ,x,y, z  ; 
fgen  :=  fgen  + 
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f ( ix, iy, i3 ) *pxi**ix*pyi* *iy*x3 **i3  >>  ; 

%  initial  values  of  the  series: 
f(l,0,0)  :=  X  ;  f(2,0,0)  :=  -z/2  ; 
f(0,l,0)  :=  y  7  f(0,2,0)  :=  -z/2  ; 

%  limitation  of  terms: 
for  ix:=0:ord+l  do  for  iy:=0:ord+l  do 
for  i3 : =0 : ord+l  do  if  ix+iy+i3>ord  then 
let  pxi**ix*pyi**iy*x3**i3  =  0  ; 

%  Hamiltonian: 

ham: = (px-x3*ax) **2/2+ (py-x3*ay) **2/2-x3*az 
/ 

%  substitution  of  the  momenta: 

ham:  =sub{px=df  {fgen,x)  ,py=df  (fgen,y)  ,ham) 

# 

%  Hamilton- Jacobi  equation: 
hamjac  :=  ham  +  df(fgen,z)  ; 

%  iterative  solution  of  the  equation: 
for  ic:=l:ord  do  for  ix:=0:ord  do 
for  iy:=0:ord  do  for  i3:=0:ord  do 
if  ix+iy+i3=ic  then 

«  term  :=  coeffn (coeffn (coeffn {hamjac, 
pxi,ix) ,pyi,iy) ,x3,i3)  ; 
if  term  neq  0  then  « 

soil  ;=  solve ( term=0 , df ( f (ix, iy, i3 ), z) )  ; 
sol2  :=  rhs (part (soli,  1) )  ; 
sol3  :=  int(sol2,z)  ; 

f(ix,iy,i3)  :=  sol3-sub { z=0 , sol3 )  »  >>  ; 

%  printing  of  the  generating  function: 
sub (x3=l , f gen)  ; 

;end; 

The  code  prints  the  4th  order  power  series  for  the  GF  as: 

F  =  x^gz{\/2-gz^/6  +  g'^z^/\5-\lg^z^/6m) 

-y’^  g  z  (1/2  +  g  zV6  +  g'^z* ns  +  17  g^  z^/6S0) 
+Pxi  X(l-g  zV2  +  5g^  zV24  -  61  g^  zV720) 
+Pyi  y(^  + 8  zV2  +  5  zV24  +  61  g^  zV720) 
+Pli  z  (-1/2  +  gz'^/6-g'^  z'‘/15) 

+pli  z  (-1/2  -  g  z^/6  -  g^  z‘*/15). 

From  this  GF  the  linear  transfer  matrix  can  be  calculated, 
which  agrees  at  least  to  the  3rd  order  in  g  with  the  well  known 
transfer  matrix  of  a  quadrupole.  For  example,  the  matrix  el¬ 
ement  mil  derived  from  the  GF  yields  mu  =  1  -h  gz^/2  4- 
gh^/24  -f  g^zVl20  4-  llg4zV320.  The  expanded  form  of  the 
correct  solution  differs  in  the  g^  term:  mu  =  cosh(^z)  = 
1  +  gz^/2  -h  +  gh^/nO  +  g^zV^0320 . . . 

This  simple  code  can  calculate  the  GFs  for  most  two  dimen¬ 
sional  normal  and  skew  magnetic  fields.  One  only  needs  to  re¬ 
place  az :  =  . . .  in  the  first  line  by  the  appropriate  longitudinal 
vector  potential.  Wigglers  and  undulators  can  be  simulated  by 
the  three  dimensional  field  approximation: 
ax: =cos (kx*x) *cosh(ky*y) *sin {k*z) *b0/k  , 
ay : =sin(kx*x) *sinh{ky*y) *sin(k*z) *b0* 
kx/ (k*ky) 

and  az  :  =0.  However,  this  last  example  requires  a  lot  of  RE¬ 
DUCE  working  space;  because  many  terms  are  generated,  a  3rd 
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order  run  is  recommended.  ^  For  more  complicated  vector  po¬ 
tentials  one  has  to  modify  the  code.  A  practical  way  is  to  solve 
the  Hamilton- Jacobi  equation  for  a  general  vector  potential  and 
insert  it  afterwards  into  the  solution  of  the  explicit  vector  poten¬ 
tial  [7]. 

As  an  example  the  second  order  result  of  the  general  expansion 
of  the  GF  is  presented  here: 


/ooi  = 

J  Kdz 

/002  = 

-fw. 

—  y  dAz/dx  dz)' 

+  (Ay  - 

-  j  dAz/dydzf 

/lOl  = 

h-j 

(  dAz/dx dz)dz 

foil  = 

h-j 

f*  dAz/dy  dz)dz 

/loo  =  X  /olo  =  y 
hoQ  =  -2/2  /o2o  =  —z/2 


where  the  integration  ranges  from  0  to  z.  In  a  similar  form  the 
3rd  and  4th  order  expansions  can  be  constructed  [7]. 

Using  the  REDUCE  code,  the  GF  can  be  further  manipulated 
to  find  a  form  appropriate  for  a  Newton-Raphson  fit  routine. 

As  a  special  application  of  this  method,  GFs  for  magnetic 
fringing  fields  can  be  calculated. 

11.  Description  of  Fringing  Fields 

Magnets  such  as  dipoles,  quadrupoles,  sextupoles  and  so  on 
are  described  by  two  dimensional  multipoles.  This  two  dimen¬ 
sional  approximation  fails  at  the  ends  of  these  magnets,  where 
the  particle  beam  enters  or  exits  the  magnet,  and  the  field  strength 
approaches  zero.  Three  dimensional  fields  are  necessary  to  de¬ 
scribe  their  longitudinal  dependencies.  A  simple  analytical  de¬ 
scription  of  the  vector  potentials  of  flinging  fields  is  necessary 
for  manipulations  with  the  REDUCE  code  when  constructing 
the  GF.  The  analytical  description  discussed  here  is  a  simpli¬ 
fication  and  takes  into  account  only  the  first  leading  term  of  the 
three  dimensional  field. 

Expressions  for  the  fringing  fields  are  derived  by  starting  with 
the  magnetic  scalar  potential  in  an  expanded  form  in  cylindrical 
coordinates  as: 

00 

V  =  ^^ai(z)F  sinm^, 

/=o 

were  r  is  the  radial  coordinate  with  jc  =  r  cos  y  =  r  sin 
The  number  m  describes  the  rotational  symmetry  around  the 
longitudinal  z-axis,  and  ^  is  azimuthal  angle  with  respect  to  the 
z  axis.  Quadrupole  symmetry  is  obtained  for  m  =  2.  If  a  is 
independent  of  z,  the  two  dimensional  multipoles  are  generated. 
Replacing  the  sin  by  a  cos  function  yields  the  skew  field 
terms.  From  the  Maxwell  condition  AV  =  0  follows  (with 
a'i  =  dui/dz): 

^  this  requires  1  minute  q)u  time  on  the  DEC  3000  machine  (alpha) 
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-  m^)r^  +  =  0, 

which  yields  for  the  coeffecients  the  condition:  ao  =  0,  ai(l-“ 
m^)  =  0  and  at  —  m^)  +  ^  This  gives  a  construction 

law  for  the  series;  if  the  z-dependence  of  one  coefficient  ai  is 
known  the  higher  order  terms  can  be  calculated.  The  coefficients 
ao  and  a\  are  zero,  if  the  dipole  case  (m=l)  is  excluded. 

A  3rd  order  function  will  be  used  to  describe  the  z-dependence 
of  am .  This  will  limit  the  series  to  the  first  term  of  the  higher 
order  three  dimensional  multipole.  For  the  dipole,  the  leading 
term  of  higher  order  is  dependent,  and  for  quadrupoles  it  is  a 

term.  At  least  a  3rd  order  function  is  required  to  transform  the 
constant,  z-independent  field  inside  of  the  multipole  by  a  smooth, 
analytic  function  to  zero,  at  the  end  of  the  multipole: 

^  ^mo(w  —  3m  +  2)/4, 

where  -1  <  «  =  (z  —  zo)/2o  <  +1»  and  zo  is  an  adjustable, 
characteristic  length  of  the  fringing  field  extension,  typically  the 
magnet  aperture  radius. 

The  factor  has  to  be  adjusted  to  the  strength  of  the  magnetic 
field.  At  the  positions  z  =  0,  z  =  zo  and  z  =  2zo  the  function 
am  yields  amo,  (imo/2  and  0.  Outside  of  this  interval  am,  is  fixed 
to  amo  for  z  <  0  and  to  0  for  z  >  2zo‘  This  derivation  is  valid 
for  one  side  of  the  multipole,  the  fringing  field  of  the  other  side 
has  to  be  constructed  in  a  similar  way. 

For  the  scalar  potential  a  superposition  of  the  two  and  three 
dimensional  field  terms  is  given  as: 

V  =  amo^^  sinmT/r{  —  3m  +  2  —  3ur^f(2zQ{m  +  1))  }. 
and  for  the  dipole: 

V  =  aio  y  (  -  3m  +  2  -  uy^/zl  )/4. 

The  scalar  potential  of  the  pseudo-multipole  is  proportional  to 
a".  The  integrated  value  of  a"  over  the  full  fringing  field  area 
is  zero,  because  a'^  vanishes  at  the  boundaries  of  the  fringing 
field.  Integrating  only  over  half  of  the  area,  yields  a  nonvanishing 
contribution: 

zo  2zo 

-ja'^dz  =  j  ci'^dz  =  <1 J  =  a'^iz  =  zo)- 

0  Zo 

A  particle  that  crosses  this  area  will  experience  two  successive 
kicks  around  z  =  0,  in  opposite  directions.  Particles  circulating 
many  turns  in  a  storage  ring,  will  experience  an  accumulated 
effect,  if,  on  the  average,  their  trajectory  is  inclined  with  respect 
to  the  z-axis,  which  is  the  case  if  the  Twiss  parameter  a  differs 
from  zero.  Also  chromatic  effects  could  be  seen  if  the  dispersion 
function  in  the  fringing  field  differs  from  zero. 

For  the  construction  of  the  GF  the  vector  potential  is  required; 
it  is  not  uniquely  defined.  Choosing  =  0  one  obtains  from 
the  scalar  potential  in  carteesian  coordinates: 

Ax  =  -j  dV/dydz  ,  =  /  SVIdxdz. 


These  vector  fields  can  be  used  for  the  REDUCE  input  code.  If 
the  number  of  terms  becomes  too  large,  one  has  to  use  a  modified 
version  of  the  presented  code.  In  case  of  quadrupole  end  fields, 
for  example,  one  expects  influences  from  fourth  order  terms.  A 
fourth  order  expansion  of  the  GF  with  respect  to  x,  y,  pxi  and 
Pyi  should  be  sufficent  to  study  typical  nonlinear  effects  of  these 
fringe  fields. 

III.  Applications 

Fringing  field  terms  of  quadrupoles  were  included  into  a  stan¬ 
dard  optics  code,  based  on  the  analytical  representation  of  the 
GF.  The  routines  were  modulated  as  invisible  insertions  for  the 
linear  optics,  following  the  scheme  proposed  by  [6].  The  linear 
transformation  becomes  exactly  invisible,  if  the  inverse  linear 
transformation  is  derived  from  the  GF.  The  BESSY  II  optics 
[8]  was  checked  using  these  routines.  The  dynamic  aperture  and 
the  chromatic  behavior  show  only  minor  changes,  when  these 
routines  are  activated.  From  the  dipoles  no  further  effect  on  the 
optics  are  expected  because  the  vertical  Twiss  a  at  their  locations 
is  too  small. 
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COMPUTATION  OF  LATTICE  MAPS  USING  MODULAR  BCH  AND 
SIMILARITY  COMPOSITION  RULES 

J.  Irwin,  Stanford  Linear  Accelerator  Center,  Stanford  University,  Stanford,  CA  94309  USA 


A  beam  line  map  construction  method  for  linear  and 
circular  high-energy  colliders  is  described  which  avoids 
truncated  power-series  maps  through  systematic  use  of  a 
two-term  Baker-Campbell-Hausdorff  (BCH)  formula  in 
combination  with  similarity  transformations.  The  beam 
line  map  ultimately  assumes  the  form  of  a  product  of  a 
linear  map  and  a  single-exponential  Lie-operator  map.  The 
method  i)  provides  insight  into  map  generator  sources,  ii)  is 
accurate,  iii)  is  complete  in  that  all  effects,  such  as  edges 
and  soft  fringes,  mis-alignments  and  mis-powerings, 
multipole  errors,  and  input  beam  errors  can  be  simply 
included,  iv)permits  faster  map  computation  times,  and  v) 
bypasses  truncated  power-series  map  methods  allowing  for 
higher  order,  and  even  non-polynomial  generators. 

I.  INTRODUCTION 

There  are  many  possible  motives  for  creating  and 
using  maps  in  conjunction  with  accelerator  lattice  design 
and  analysis,  and  the  method  chosen  for  creating  the  map 
will  depend  on  this  motive.  We  describe  four  distinct 
primary  motives. 

1.  Structure.  It  is  highly  desirable  to  have  maps  that 
correspond  exactly  with  the  algorithm  used  for  single 
particle  tracking.  This  allows  the  user  to  establish  the 
validity  of  these  maps  by  comparing  map  tracking 
with  element-by-element  tracking.  The  map  creation 
algorithms  developed  by  E.  Forest  and  collaborators, 
represented  in  the  code  DESPOT  [1],  have  focused  on 
this  objective.  A  symplectic  integrator  must  be  found 
for  each  lattice  element  or  sub-element  to  represent  it 
in  element-by-element  tracking.  The  map  creation 
can  then  be  carried  out  by  ’’tracking"  a  power  series 
through  the  lattice.  Reliability  is  also  enhanced  by 
the  methodical  nature  in  which  elements  are  pieced 
together,  referred  to  by  Forest  as  “lego  like”.  The 
resultant  power  series  map  for  the  lattice  is 
guaranteed  to  be  symplectic  and  may  be 
exponentiated,  if  desired,  by  using  the  Dragt-Finn 
factorization  algorithm  [2].  The  major  disadvantage 
of  this  method  is  that  it  becomes  very  computer 
intensive  for  large  lattices,  high  order  or  many 
additional  variables.  However  tools  in  the  LIELIB 
package  which  accompanies  DESPOT  do  allow  the 
user  to  implement  other  map  composition  methods. 


2.  Accuracy.  A  second  motive  places  primary  emphasis 
on  machine  precision  accuracy  .  The  programs 
developed  by  A.  Dragt  and  represented  by  MARYLIE 
[3]  and  M.  Berz  in  COSY- Infinity  [4]  are  examples. 
MARYLIE  uses  a  generator  based  map-concatenation 
in  which  each  element  or  element  part  is  represented 
by  an  ordered  generator-based  factorization,  and  map 
concatenation  is  based  on  an  algorithm  that  can  take 
the  product  of  two  such  factorizations  and  produce  a 
single  factorization  of  the  same  form.  The  program 
"Genmap"  accomplishes  this  task  for  continuously 
varying  Hamiltonians,  such  as  those  occurring  in 
fringe-field  regions.  To  do  a  corresponding  element- 
by-element  tracking  requires  use  of  mixed  variable 
generators  for  each  element.  Coresspondence  with 
maping  is  not  exact.  The  COSY- Infinity  uses  power 
series  maps  by  direct  expansion  of  the  original  Lie 
generators,  operating  on  coordinates  or  polynomials. 

3.  Insight  A  third  motive,  is  the  creation  of  maps  in  a 
transparent  way,  that  yield  analytical  results  and 
provide  insight  into  lattice  function.  In  principle 
analytical  results  can  be  obtained  by  the  previous 
methods,  but  a  BCH  based  map  concatenation 
provides  better  insight  into  map  composition.  BCH 
composition  and  has  been  carried  out  by  N.  Walker 
in  the  code  LAMA  [5]  using  a  symbolic  manipulation 
program.  This  method  is  especially  useful  for  lattice 
modules  such  as  linear  collider  final  focus  or 
collimation  systems.  One  can  allow  all  lattice  and 
error  parameters  as  well  as  incoming  beam  conditions 
to  be  variables.  This  method  is  far  too  slow  for  use 
with  large  lattices. 

4.  Speed.  Speed  becomes  an  issue  in  a  large  lattice 
design  project  because  the  number  of  lattice 
variations  encountered  is  so  very  large:  variations  of 
a  multitude  of  error  types  and  strengths;  inclusion  of 
fringes,  kinetic  nonlinearities,  and/or  parasitic 
crossings;  changes  in  section  phase  relations,  changes 
in  chromatic  correction  techniques,  tune-shift-with- 
amplitude  control,  insertion  devices,  solenoid  with 
skew  compensation  schemes,  beam  line  geometry 
changes,  and  so  on.  For  each  of  these  lattice  changes 
one  would  like  to  have  a  map  to  assess  performance 
with  a  tune-space  scan  [6]  .  Another  advantage  of  a 
fast  map  algorithm  is  the  ability  to  introduce  many 
lattice  parameters  as  variables,  and  fit  or  optimize 
these  variables  to  achieve  desired  aberration 
coefficients  or  performance.  A  map  composition 
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process  whose  primary  motive  is  speed  is  described 
below.  It  is  based  on  experience  with  method  3 
above,  and  hence  can  also  provide  insight  into  lattice 
dynamics. 

11.  MAP  COMPOSITION  METHOD 

We  summarize  the  steps  of  a  composition  method 
based  on  simlilarity  transformatins  and  a  low  order  BCH 
composition  formula.  The  first  six  steps  describe  the 
conceptual  setup.  Compustation  begins  with  step  7. 

1)  Represent  each  element  as  an  infinite  Lie  product 
corresponding  to  cutting  the  elements  into  thin  slices. 
The  generators  will  be  s-dependent  when  necessary, 
as  for  example  in  firinge  regions.  Lie  maps  may  be 
inserted  at  the  ends  of  the  magnets  to  provide  for 
translations  and  rotations  of  the  magnet  [7]. 

2)  In  each  slice,  separate  the  linear  design  part  of  the 
generator  from  the  remainder  and  write  the  map  of 
each  slice  as  a  product  of  two  maps.  This  is  possible 
because  the  generator  strengths  are  infinitesimal. 

3)  Use  similarity  transformations  to  move  all  design 
linear  maps  (2nd  order  in  transverse  variables)  to  the 
front  of  the  beam  line  product.  This  can  be  accounted 
for  by  replacing  x  (or  y,  or  px  or  py)  in  each  slice  by 
xi  where  it  is  understood  that  xi  is  x  at  the  ith  element 
written  as  a  linear  function  of  the  particle  position  and 
momentum  at  the  end  of  the  beam  line. 

4)  Use  a  2nd  order  BCH  algorithm  to  integrate  the  map 
factors  for  each  element  into  a  single  generator  [8].  If 
the  element  is  particularly  long  or  strong,  this  can  be 
done  for  sections  of  the  element  rather  than  the  whole 
element.  If  fringes  effects  are  to  be  considered,  the 
integral  for  the  fringe  region  is  done  by  first 
expressing  the  xi  as  function  of  position  and  slope  at  a 
place  within  the  fringe  [9],  and  later  expressing  the 
coorcinates  there  as  functions  of  coordinates  at  the 
end  of  the  line.  To  do  the  body  integral,  xj  is  written 
as  a  function  of  the  momentum  and  position  at  the 
center  of  the  element.  The  results  for  the  body 
integrals  will  be  a  function  of  x^  and  yk  the 
transverse  coordinates  at  the  center  of  the  kth 
element,  plus  a  function  which  depends  also  on  px,k 

5)  Factor  the  map  for  the  element  body  integrals  found 
above  into  a  central  term  surrounded  by  two  side 
factors  so  that  the  central  term  has  a  generator 
containing  terms  depending  on  x^andyt  alone. 

Now  “big”  terms  are  either  in  a  central  factor,  which 
depends  only  on  transverse  coordinates  (hence  are  kicks). 


or  in  the  translation  and  rotation  generators  surrounding  the 
element.  The  central  factors  can  be  totally  factored 
because  all  terms  in  the  generator  “commute”  (have  zero 
Poisson  brackets  with  one  another).  The  translations  and 
rotations  are  steering  elements:  For  translations  the 
generator  is  Ay  py,  and  for  small  vertical  rotations  the 
generator  is  A0(y+L/2  py)  where  L  is  the  length  of  the 
element.  Next  we  remove  the  main  dispersion  generators. 

6)  Perhaps  the  largest  of  the  body  terms  are  the  sources 
of  design  dispersion  coming  from  the  main  dipole 
magnets.  These  terms  can  be  removed  using 
similarity  transformations,  very  much  like  the  design 
linear  terms.  The  net  effect  of  removing  these  terms 
will  be  that  xk  and  px,k  are  replaced  by  xk+ilx,k8 
and  xk+'n‘x,k5  where  T|x,k  is  the  horizontal  design 
dispersion. 

We  now  have  the  basic  factored  representation  of  the 
lattice  with  the  linear  design,  including  linear  dispersion, 
removed.  We  proceed  to  consolidate  this  representation 
into  a  few  factors  after  taking  care  of  the  steering  terms, 
which  can  be  quite  large. 

7)  Starting  at  the  end  of  the  beam  line,  use  similarity 
transformations  to  move  all  the  first-order  (steering) 
generators  to  the  front  of  the  beam  line.  Itermediate 
transformed  generators  will  have  feed  down  terms 
some  of  which  will  be  steering  terms.  For  the  large 
central  factors  these  are  easily  factored  out  and  added 
to  the  steering  generator.  This  is  not  as  simple  for  the 
side- factors.  If  the  feed  down  steering  in  the  side 
factors  is  thought  to  be  significant,  these  factors  can 
be  further  factored,  pulling  the  steering  terms  into 
side  factors.  One  then  brings  the  two  steering  terms 
to  the  front  side  by  a  subsequent  similarity 
transformation.  Further  feed  down  terms  are  formed, 
but  these  are  now  due  to  steering  from  the  side  factor 
itself,  and  can  be  assumed  to  be  small.  (Solenoid 
fringes  can  contain  important  steering  terms,  but  these 
are  already  present  in  the  linear  model.)  Since  the 
exact  values  of  steering  correctors  throughout  the  ring 
are  not  exactly  known,  there  is  a  limit  to  the  precision 
one  can  or  should  attempt  to  achieve.  It  should  also 
be  noted  that  one  must  implement  a  steering 
correction  algorithm  to  determine  corrector  strengths 
before  embarking  on  the  map  generation  process,  or 
algorithms  can  be  used  which  calculate  the  steering 
corrector  strengths  during  this  step. 

We  are  ready  to  begin  the  map  consolidation  process. 
The  exact  procedure  must  be  chosen  to  suit  the  particular 
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situation.  If  there  are  especially  large  sextupole  and/or 
chromatic  correction  terms,  these  should  be  flagged  for  a 
similarity  composition  process  and  will  define  ends  of  a 
module.  In  the  next  step  the  maps  for  the  modules  are 
assembled. 

8)  The  lattice  will  consist  of  several  modules  which  may 
either  be  what  is  normally  understood  as  a  module, 
like  an  arc,  a  straight  section,  a  chromatic  correction 
section,  a  beta-match  section,  and  so  on,  or  just  the 
lattice  between  two  large  higher  order  elements  that 
one  intends  to  collapse  using  the  similarity 
composition  rule. 

In  this  step  the  map  for  each  module  is  assembled 
either  as  a  single  exponential  map,  or  as  a  factored 
map  consisting  of  a  product  of  three  maps:  the  first 
with  a  generator  that  is  of  first  order  in  transverse 
variables  (dispersion  terms),  the  second  with  a 
generator  of  2nd  order  in  transverse  variables  (linear 
terms),  and  the  third  whose  generator  contains  higher 
order  terms.  For  a  factored  map  the  dispersion  terms 
are  found  for  the  module  using  a  similarity  process  to 
move  these  terms  to  the  front  of  the  module  as  was 
described  for  steering  (7)  or  dispersion  (6)  above. 
This  is  followed  by  using  a  similarity  process  to  move 
the  linear  terms  to  the  front. 

The  final  step  uses  the  BCH  formula  to  assemble  all 
remaining  generators  into  a  single  generator.  Note 
that  all  of  the  large  terms  have  been  (or  will  be) 
handled  with  similarity  transforms.  Thus  the  BCH 
process  is  expected  to  converge  quite  rapidly,  and  in 
most  cases  a  second  order  BCH  formula  is  sufficient. 
A  third  order  BCH  formula  may  be  used  to  check  the 
sufficiency  of  the  second  order  formula.  It  is 
important  to  distinguish  BCH  order  from  map  order. 
Map  order  can  be,  an  is,  much  higher  than  BCH 
order. 

9)  Strong  sextupole  terms  in  the  lattice  are  “collapsed” 
using  similarity  transformations.  The  details  of  this 
will  depend  on  the  design  phases  between  the 
sextupoles.  Use  of  the  similarity  transformation  is 
especially  important  in  systems  such  as  final  focus 
systems,  or  in  local  chromaticity  correction  modules 
of  low  beta  insertions  in  storage  rings.  If  strong 
sextupoles  are  interleaved,  special  attention  is 
required.  One  collapses  the  paired  sextupoles, 
transforming  the  enclosed  sextupole.  The 
transformed  sextupole  generator  is  now  factored  with 
the  central  factor  being  the  sextupole  and  the 
remainder  placed  in  the  side  factors.  If  the 
interleaving  is  too  strong  to  do  this  in  one  step,  the 
original  enclosed  sextupole  is  factored  into  two 


halves,  and  each  half  is  factored  as  described  above. 
This  process  converges  quite  rapidly:  the 
approximation  represented  by  the  three  factors 
improving  by  a  factor  of  8  with  each  halving  of  the 
sextupole. 

10)  Strong  chromaticity  terms  are  “collapsed”  using 
similarity  transformations.  This  is  very  similar  to  the 
process,  of  step  9).  Many  of  the  strong  chromatic 
generators  will  be  at  the  sextupole  locations. 
Additional  generators  of  this  type  will  be  in  final 
doublets.  The  doublets  will  have  been  split  into 
several  pieces  in  the  integration  of  those  elements. 

11)  Use  the  BCH  rule  to  assemble  the  generator  for  the 
various  beam  line  modules. 

12)  Use  the  BCH  rule  to  assemble  the  generator  for  the 
total  beam  line. 
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Abstract 

Wigglers  and  undulators  produce  intense  synchrotron  radiation, 
used  for  dedicated  experiments  or  to  control  beam  dimensions. 
To  obtain  tolerance  criteria  for  wiggler  and  undulator  field  er¬ 
rors,  this  paper  presents  a  treatment  which  takes  into  account  the 
special  geometry  of  wigglers  and  undulators  and  the  undulating 
beam  trajectory.  This  is  done  by  creating  a  nonlinear  transfer 
map  of  the  beam  motion  through  the  (measured)  magnetic  fields. 
To  verify  the  method,  results  of  tracking  calculations  using  data 
from  magnetic  field  measurements  are  compared  with  dedicated 
experiments  performed  at  DESY's  synchrotron  radiation  source 
DORIS  III.  Measurements  of  tune  shifts  with  closed  orbit  am¬ 
plitudes  and  of  the  dynamic  acceptance  agree  with  the  results  of 
the  tracking. 


L  INTRODUCTION 

The  treatment  of  wigglers^  in  accelerator  theory  and  numer¬ 
ical  beam  dynamics  investigations  is  focused  on  the  proper  de¬ 
scription  of  the  combined  nonlinear  effects  of  the  oscillating 
fields  and  particle  trajectories.  Field  errors  are  commonly  de¬ 
scribed  like  in '  normal'  lattice  magnets,  i.e  by  adding  appropri¬ 
ate  multipole  kicks  describing  the  field  error  of  the  magnets. 

This  procedure  does  not  account  for  the  influence  of  field  er¬ 
rors  acting  along  the  undulating  particle  path.  We  will  present 
in  this  paper  a  possible  treatment  of  this  problem,  based  on  a 
sufficient  modeling  of  the  wiggler  magnets  and  their  field  errors 
by  a  current  sheet  model  [1].  The  tracking  calculations  are  per¬ 
formed  using  a  numerical  evaluated  generating  function  [2]  [3] 
of  the  wiggler,  which  guarantees  the  simplecticity  of  the  track¬ 
ing  calculations.  The  combination  of  these  methods  allows  the 
treatment  of  periodicity  errors  and  transversal  field  gradient  er¬ 
rors  as  well  as  the  investigation  of  other  features  of  the  wiggler 
fields  like  the  influence  of  the  pole  width. 

The  numerical  analysis  is  exemplarily  done  for  the  DORIS  III 
storage  ring,  DESY’s  state  of  the  art  1st  generation  synchrotron 
light  source.  It  is  equipped  with  10  wigglers  and  undulators, 
covering  10  %  of  the  ring  length  (for  more  details  see  [4]  [5]). 
The  dynamic  acceptance  and  tune  shifts  with  closed  orbit  ampli¬ 
tudes  in  the  wiggler  have  been  investigated  at  DORIS  (see  also 
[6])  to  verify  the  numerical  results  obtained  for  transversal  field 
gradient  errors  and  the  pole  width  influence. 


•e-mail:  mpywin@ipsl02.desy.de 

^  We  will  in  general  not  distinguish  between  wigglers  and  undulators  in  this 
text. 


II.  NUMERICAL  METHOD 

A.  The  generating  function 

The  concept  of  generating  functions  is  used  to  ob¬ 
tain  a  symplectic  transformation  of  the  particle  coordi¬ 
nates  through  the  wiggler.  An  appropriate  generating 
function  F{xi,pa;j,yi,Pyj)  maps  the  canonical  variables 
^i,Px,f,yi,Pyj  into  where  x,y  are  the 

transversal  coordinates,  py  the  canonical  impulses  and  the 
suffixes  i,  f  symbolize  initial  respective  final  coordinates.  The 
generating  function  is  expanded  in  a  Taylor  series.  By  tracking 
a  set  of  particles  distributed  in  phase  space  through  the  magnetic 
field  to  be  investigated,  the  coefficients  of  the  expansion  can  be 
evaluated  numerically  from  the  initial  and  final  coordinates.  For 
more  details  on  this  method  see  [2][3].  This  procedure  guaran¬ 
tees  fast,  symplectic  tracking  and  allows  in  principle  the  inves¬ 
tigation  of  any  magnetic  field. 

B.  The  current  sheet  model 

The  current  sheet  model  was  invented  to  calculate  the  mag¬ 
netic  fields  of  pure  permanent  magnet  wigglers  [1].  Due  to  the 
special  properties  of  the  permanent  magnet  material  -  a  mag¬ 
netic  permeability  of  w  1.0  over  a  large  range  of  the  magneti¬ 
zation  curve  -  the  field  of  a  permanent  magnet  block  can  be  cal¬ 
culated  by  assuming  current  sheets  only  on  the  surfaces  of  the 
block.  Field  contributions  of  different  blocks  can  be  superim¬ 
posed  leading  to  the  total  field  produced  by  a  permanent  mag¬ 
net  array.  This  model  is  extended  to  be  used  also  for  hybrid 
wigglers  by  scaling  the  remanent  fields  and  block  dimensions 
to  fit  the  measured  magnetic  fields  of  the  considered  devices. 
Transversal  field  gradients,  measured  as  multipole  contents  of 
the  first  field  integrals,  are  thus  distributed  over  the  whole  de¬ 
vice  length.  The  three  dimensional  field  distribution  producing 
this  multipole  content  is  now  taken  into  account. 

The  current  sheet  model  can  also  be  used  to  investigate  the 
effects  of  pole  width  by  decreasing  the  horizontal  dimensions 
of  the  blocks  or  to  simulate  periodicity  errors  by  varying  the 
longitudinal  block  positions  and  remanent  fields. 

III.  NUMERICAL  ANALYSIS  OF  FIELD 
ERRORS 

A.  Periodicity  error 

The  influence  of  periodicity  errors  of  a  DORIS  wiggler 
and  an  undulator  [7]  has  been  investigated  by  evaluating  the 
dynamic  acceptance  in  the  presence  of  the  wiggler/undulator 
and  the  machine  sextupoles.  The  error  is  parameterized  by 
the  rms-variation  of  the  magnetic  field  maxima  ABrms  = 
(  A  and  the  rms-variation  of  the  period  length 

AXrms  —  (^)  .  measured  from  maxima  to  maxima  of  the 
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magnetic  field.  The  chosen  error  sets  ensure  that  the  first  and 
second  field  integrals  are  small  compared  to  those  usually  mea¬ 
sured  in  wigglers.  The  results  show  no  decrease  of  dynamic 
acceptance  for  A.Brms  —  6.0%  and  AA^m^  =  2.0%.  Values 
of  ABrms  =  15.0%,  AArm5  =  3.0%  give  a  slight  decrease  of 
«  15%.  The  requirements  set  by  synchrotron  radiation  users 
due  to  the  quality  of  the  emitted  light  are  much  stronger,  so  pe¬ 
riodicity  errors  should  not  be  important  under  beam  dynamics 
aspects. 

B.  Pole  width 

Although  not  a  field  error,  the  effects  of  pole  width  are  men¬ 
tioned  since  they  can  be  treated  with  the  same  tools  as  field 
errors.  The  half  pole  width  is  measured  in  units  of  the  beam 
size  cr,  and  the  field  properties  are  characterized  by  the  peak 
field,  which  decreases  with  decreasing  pole  width,  and  the  rela¬ 
tive  field  decrease  at  a  horizontal  position  corresponding  to  lOcr. 
Again  the  dynamic  acceptance  was  evaluated  for  a  DORIS  wig- 
gler,  with  the  results  given  in  table  I.  The  acceptance  decreases 

Table  I 

Relative  dynamic  acceptance  for  DORIS  with  a  wiggler  with 
different  pole  width  inserted 


half 

pole  width 
[<r] 

By^max. 

[T] 

acceptance 
[arbitrary  units] 

By^ntax. 

at  10  a 
% 

horizontal 

vertical 

24 

1.16 

1.7 

1.0 

1.0 

19 

1.15 

6.1 

1.0 

1.0 

14 

1.12 

19.6 

0.85 

0.88 

9.5 

1.01 

46.5 

0.71 

0.88 

5 

0.75 

72.0 

0.71 

0.88 

at  a  half  pole  width  between  14cr  and  19cr,  but  even  a  half  pole 
width  of  5(7  leads  only  to  a  30%  reduction  of  the  acceptance.  A 
half  pole  width  of  20a  ensures  no  influence  on  the  beam  dynam¬ 
ics  due  to  the  finite  width  of  the  poles. 

C.  Transversal  field  gradient  errors 

We  have  chosen  the  asymmetric  wiggler  (ASYH)  as  an  ex¬ 
ample  for  the  investigation  of  field  gradient  errors.  The  ASYH 
has  an  asymmetric  field  distribution  with  weak  but  long  positive 
field  contributions  and  strong  and  short  negative  ones  along  the 
wiggler  axis.  The  field  integral  measurements  showed  strong 
sextupole  (62)  and  decapole  (64)  multipole  components  [8],  the 
former  being  four  times  stronger  then  the  normal  storage  ring 
sextupoles. 

The  ASYH  was  modeled  by  the  current  sheet  model  with 
varying  block  dimensions,  leading  to  the  following  multipole 
coefficients  for  the  first  field  integral: 


name 

of  model 

^2 

[T/m] 

64 

[T/m^ 

corresponding 

multipole 

ASYH-0 

0.03 

80 

ASYH-1 

4.6 

4000 

multipole- 1 

ASYH-2 

20 

18000 

multipole-2 

The  AS  YH-2  corresponds  roughly  to  the  original  device  before 
a  correction  with  pole  shims,  while  the  multipole  contents  of  the 
ASYH-1  are  similar  to  the  maximum  acceptable  values  for  these 
components. 

The  tune  shift  with  horizontally  displaced  closed  orbit  in  the 
wiggler  as  well  as  the  dynamic  acceptance  has  been  calculated: 

•  The  generating  functions  for  the  three  models. 

•  The  generating  function  for  the  ASYH-0  and  a  thin  lens 
multipole  kick  of  the  same  strength  as  the  field  integrals 
(multipole- 1  or  multipole-2). 

The  tune  shift  in  dependence  on  the  horizontally  displaced 
closed  orbit  is  shown  in  figure  1  for  the  ASYH-0  with  multipole- 
1  and  the  ASYH-1.  It  is  in  good  agreement  in  the  inner  parts  of 
the  wiggler  but  starts  to  differ  at  amplitudes  of  «  25  mm,  which 
is  the  border  of  the  good  field  region  for  both  the  numerical  in¬ 
vestigations  and  the  real  wiggler. 


Figure  1.  Horizontal  (upper)  and  vertical  (lower)  tune  shift  ver¬ 
sus  horizontal  closed  orbit  amplitude  within  the  wiggler. 
solid  line:  ASYH-0  and  multipole- 1;  dashed  line:  ASYH-1 

The  dynamic  acceptance,  measured  as  the  stable  horizontal 
and  vertical  amplitudes  is  displayed  in  figure  2.  The  dynamic 
acceptance  remains  unchanged  for  the  ASYH-0  and  the  ASYH- 
L  Tfie  AS  YH-2  decreases  the  dynamic  acceptance  down  to  3 
mm,  a  value  which  would  lead  to  lifetimes  of  less  than  1  hour. 
The  dynamic  acceptance  calculated  by  the  generating  functions 
for  the  ASYH-1  and  AS  YH-2  does  not  differ  from  those  ob¬ 
tained  from  the  ASYH-0  and  multipole  lens. 

From  this  analysis  follows  that  the  multipole  description  of 
the  integrated  fields  is  a  sufficient  treatment  of  transversal  gradi¬ 
ent  errors  in  wigglers,  if  the  field  integral  evolves  (more  or  less) 
continually  along  the  longitudinal  axis. 
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Figure  2.  Stable  amplitudes  (normalized  to  /?  =  Im)  for  the 
ASYH-1  (upper)  and  ASYH-2  (lower).  The  envelope  of  the 
stable  amplitudes  for  the  ASYH-0  is  plotted  as  dashed  line, 
for  the  ASYH-1  and  ASYH-2  as  solid  line.  The  stable  ampli¬ 
tudes  for  ASYH-0  and  appropriate  multipole  lens  (multipole- 1 
or  multipole-2)  are  plotted  as  filled  boxes. 


four  steering  magnets.  Thus  the  beam  center  was  moved  from 
the  wiggler  axis  up  to  30  mm  outward,  corresponding  to  60% 
of  the  pole  width.  The  outermost  position  corresponds  to  a  half 
pole  width  of  lOcr.  No  vertical  and  only  a  slight  horizontal  dy¬ 
namic  acceptance  reduction  was  observed,  verifying  the  small 
effect  expected  due  to  the  finite  wiggler  pole  width. 


Figure  3.  Measured  tune  shift  with  horizontal  amplitude  in  the 
wiggler  ASYH.  The  multipole  coefficients  obtained  from  the  fit 
are  62  =  1.0  ±  0.25T/m  and  64  =  -6000  ±  lOOOT/m^ 

V.  CONCLUSION 

Effects  of  wiggler  field  errors  and  other  field  characteristics 
have  been  investigated  with  the  current  sheet  model  and  numer¬ 
ical  evaluated  generating  functions.  Limits  for  the  periodicity 
error  and  the  wiggler  pole  width  could  be  obtained.  The  field 
gradient  error  is  well  enough  described  by  the  usual  multipole 
treatment  of  the  field  integrals,  as  has  been  shown  by  numerical 
investigations  and  is  verified  by  the  experimental  results. 


IV.  EXPERIMENTAL  VERIFICATIONS 

The  tune  shift  with  horizontal  closed  orbit  amplitude  within 
the  wiggler  has  been  measured  for  the  ASYH.  The  wiggler  was 
in  a  different  set  up  during  the  measurements  with  respect  to  the 
cases  investigated  above.  The  measured  multipole  coefficients 
for  this  set  up  were  62  =  0.75T/m  and  64  =  — 6500T/m^, 
which  agrees  with  the  ones  obtained  from  a  fit  on  the  tune  shift 
measurements  (see  figure  3). 

Although  the  dynamic  acceptance  has  not  been  measured  in 
dependence  on  the  gap,  i.e.  the  multipole  strength  of  the  ASYH, 
the  observations  made  on  lifetime  and  free  area  in  the  tune  space 
agree  with  the  multipole  limits  set  by  the  numerical  investiga¬ 
tions. 

The  dynamic  acceptance  calculated  with  all  wigglers  includ¬ 
ing  field  errors  treated  as  multipole  lenses  agrees  with  the  mea¬ 
sured  ones.  The  vertical  acceptance  should  not  decrease  due  to 
the  closing  of  the  wigglers.  It  is  determined  by  the  vertical  ge¬ 
ometric  aperture.  The  horizontal  acceptance  decreases  slightly 
due  to  the  wiggler  field  errors.  Tracking  calculations  without 
field  errors  show  no  influence  of  the  wigglers  on  the  dynamic 
acceptance  at  all, 

A  dedicated  experiment  on  the  pole  width  influence  was  per¬ 
formed  by  mounting  a  wiggler  off  axis  in  the  storage  ring.  The 
closed  orbit  in  the  wiggler  was  changed  with  a  bump  involving 
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Abstract 

The  Duke  storage  ring  was  designed  with  a  large  dynamic  aper¬ 
ture  for  UV-VUV  Free  Electron  Laser  (FEL)  operations.  During 
commissioning  of  the  Duke  storage  ring,  experiments  were  per¬ 
formed  to  measure  the  horizontal,  vertical,  and  energy  apertures. 
The  experimental  methods  used  for  the  aperture  measurements 
are  presented  in  this  paper.  The  measured  results  are  discussed 
and  compared  with  the  computer  simulations. 

L  INTRODUCTION 

The  Duke  storage  ring  lattice  was  designed  with  a  large  6-D 
dynamic  aperture  [1],  [2],  [3].  The  success  of  the  Duke  storage 
ring  commissioning  [4]  has  indicated  a  large  6-D  aperture.  These 
indications  include: 

•  after  accomplishing  the  one-turn  injection,  the  stored  elec¬ 
tron  beam  current  was  achieved  at  the  first  attempt  without 
using  any  correctors. 

•  115  mA  of  stored  beam  current  was  stacked  at  the  injection 
energy  of  283  MeV  using  one  kicker  which  kicks  both  the 
stored  and  injected  beams. 

•  the  captured  beam  current  per  shot  was  not  significantly 
affected  by  the  change  of  the  RF  voltage. 

To  confirm  the  observation  of  the  large  aperture,  experiments 
were  performed  to  measure  it  directly. 

The  measured  the  aperture  is  determined  by  either  the  dynamic 
aperture  or  the  physical  aperture,  whichever  is  smaller.  The 
physical  aperture  of  the  real  lattice  strongly  depends  on  the  closed 
orbit.  The  dynamic  aperture  can  not  be  directly  measured  if  the 
physical  aperture  is  smaller. 

From  the  computer  simulations  [1],  the  transverse  dynamic 
aperture  of  the  Duke  storage  ring  lattice  is  large  than  the  physical 
aperture  defined  by  the  vacuum  chambers.  For  the  ideal  design 
orbit,  the  horizontal  physical  aperture  is  56  mm-mrad,  and  the 
vertical  physical  aperture  is  16  mm-mrad.  At  1  GeV,  the  energy 
dynamic  aperture  from  simulations  is  larger  than  5%  depending 
on  the  transverse  orbit.  The  energy  aperture  is  therefore  limited 
by  the  physical  aperture  defined  by  the  RF  voltage  (the  RF  energy 
acceptance). 

II.  TRANSVERSE  APERTURES 

A.  Experimental  Setup 

The  transverse  apertures  are  measured  using  a  kicker,  a  screen, 
and  a  vertical  dipole  (septum)  as  shown  in  Fig.  1.  The  injection 
kicker  provides  a  horizontal  kick  to  both  the  injected  and  stored 
beams.  The  inserted  screen  at  the  northwest  comer  is  used  for 
the  kicker  calibration.  To  measure  the  horizontal  aperture,  we 
use  the  injection  kicker  to  kick  the  stored  beam  horizontally. 

*Work  supported  by  Office  of  Naval  Research  Grant  V00014  —  94  —  1  —  0818 
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The  septum  [5]  is  the  last  dipole  in  the  four-dipole  injection 
chicane.  The  septum  bends  the  injected  beam  vertically  9  degrees 
into  the  horizontal  plane  of  the  stored  beam.  At  the  same  time 
the  septum  allows  the  stored  beam  to  pass  through  its  V-shape 
notch  without  experiencing  any  magnetic  fields.  To  measure  the 
vertical  aperture,  we  vary  the  septum  current  to  inject  electron 
beams  with  different  vertical  angles. 


Injection  Chicane 


Figure.  1.  Experimental  setup  for  the  transverse  aperture  mea¬ 
surement. 


B.  Horizontal  Aperture 

The  horizontal  aperture  measurement  requires  the  calibration 
of  the  injection  kicker.  To  calibrate  the  kicker,  we  insert  a  screen 
at  the  northwest  comer  to  measure  the  injected  beam  position 
while  varying  the  kicker  voltage.  The  horizontal  kick  generated 
by  the  kicker  is  calculated  in  Eq.  1 ,  where  M  is  the  transfer  matrix 
between  the  kicker  and  the  screen.  According  to  our  transfer 
matrix  measurements  [6],  the  measured  matrix  is  very  close  to 
the  designed  one.  We  can  approximate  mi 2  with  its  designed 
value. 


=  mi2  (1) 

From  the  kicker  calibration  measurement,  the  horizontal  kick 
(Ajc')jfc/cA^r  is  approximately  a  linear  function  of  the  kicker  volt¬ 
age  (Fig.  2.) 

The  horizontal  aperture  is  measured  with  a  reasonable  amount 
of  stored  beam  current  (a  few  miliamperes).  After  adjusting 
the  kicker  voltage,  the  stored  beam  is  kicked  horizontally.  The 
beam  loss  is  measured  after  the  kick.  The  horizontal  aperture  is 
defined  by  the  kick  which  kills  all  the  beam  during  the  kicker 
tum-on  time. 

Since  the  stored  beam  contains  many  bunchs,  its  envelope 
usually  exceeds  the  kicker  tura-on  time.  To  ensure  that  the  beam 
is  killed  by  the  kicker,  the  longitudinal  profile  of  the  stored  beam 
is  therefore  also  monitored  during  the  measurement. 

From  the  measurement,  we  find  that  a  stored  beam  with  en¬ 
ergy  278  MeV  is  killed  by  a  kicker  voltage  of  1 1.75  kV,  which 
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Injection  Kicker  Voltage  (kV) 

Figure.  2.  Injection  kicker  calibration  at  278  MeV. 

corresponds  to  a  kick  of  2.94  mili-radian.  Assuming  that  the 
stored  beam  passes  through  the  center  of  the  kicker,  the  horizon¬ 
tal  aperture  can  be  calculated  using  Eq.  2.  The  measured  hori¬ 
zontal  aperture  is  43  mm-mrad,  which  is  about  11%  of  the  ideal 
physical  aperture  limited  by  the  vacuum  chamber. 

A:c  =  {fi,x'^  +  7x^,xx' 

=  (2) 

where  fix  =  4.911m 

The  measured  horizontal  aperture  is  probably  limited  by  the 
physical  aperture  due  to  the  closed  orbit  distortions,  rather  than 
by  the  dynamic  aperture.  As  indicated  by  the  preliminary  closed 
orbit  measurements,  the  horizontal  orbit  offset  in  the  arc  focusing 
quadrupole  (QF)  is  about  3  mm.  With  the  vacuum  chamber 
opening  of  13.5  mm  and  fix  =  2.5  m,  the  estimated  available 
physical  aperture  is  about  44  mm-mrad. 


Assuming  the  vertical  displacement  of  the  injected  beam  is  small, 
the  vertical  aperture  can  be  calculated  from  Eq.  4.  : 

A3;(mm  “  mrad)  =  fiy{Ay')^,  where  fiy  =  5.949m  (4) 

In  our  measurement,  the  injected  beam  has  the  energy  of 280.5 
MeV  and  AE  =  4  MeV.  From  Eq.  4,  the  measured  vertical 
aperture  is  7.5  mm-mrad,  which  is  47%  of  the  ideal  vertical 
physical  aperture. 

Similar  to  the  horizontal  aperture,  we  believe  that  the  measured 
vertical  aperture  is  limited  by  the  physical  aperture  due  to  the 
orbit  distortion,  not  by  the  vertical  dynamic  aperture.  From  the 
orbit  measurement,  the  vertical  orbit  offset  in  dipoles  is  about  3 
mm.  With  vacuum  chamber  opening  of  8.5  mm  and  fiy  ^  4  m, 
the  estimated  vertical  physical  aperture  is  about  7.6  mm-mrad. 

III.  ENERGY  APERTURE 

A  large  energy  aperture  is  one  of  the  main  design  requirements 
for  the  Duke  storage  ring  lattice,  for  it  determines  the  maximum 
PEL  efficiency  and  the  electron  beam  Touchek  life  time.  As  we 
have  seen  in  the  simulation  [1],  the  Duke  storage  ring  is  designed 
to  provide  a  large  energy  dynamic  aperture. 

To  measure  the  energy  aperture,  we  utilize  the  synchrotron 
oscillation  of  the  stored  beam  (see  Fig.  3).  The  S-band  injection 
linac  (at  2.8  GHz)  injects  a  train  of  macro  pulses  separated  by 
350  ps.  The  injected  macro  pulses  are  captured  by  the  5.6  ns 
longitudinal  phase  space  RF  buckets  of  the  storage  ring.  Each 
RF  bucket  captures  up  to  16  macro  pulses.  The  captured  beam 
then  circulates  in  the  RF  bucket.  If  the  energy  dynamic  aperture 
is  smaller  than  the  RF  energy  acceptance,  it  will  cause  part  of  the 
circulating  beam  be  lost. 


C.  Vertical  Aperture 

The  vertical  aperture  is  measured  by  observing  the  captured 
beam  current  per  shot  in  the  storage  ring  while  varying  the  septum 
current.  The  experimental  procedures  are  summarized  here: 

•  optimize  the  injection  and  the  storage  ring  configuration. 

•  measure  the  average  captured  beam  current  per  shot  from 
injection. 

•  repeat  the  above  measurement  while  varying  the  septum 
current  to  provide  a  vertical  angle  to  the  injected  beam. 

•  record  the  range  of  the  septum  settings  which  allows  the 
injected  beam  to  be  captured. 

The  range  of  septum  settings  which  allows  beam  capture  is 
used  to  compute  the  vertical  aperture.  The  maximum  vertical 
angle  of  the  injected  beam  is  calculated  in  Eq.  3.  Note  that  the 
septum  setting  is  calibrated  in  terms  of  the  electron  energy  in 
MeV,  so  that  the  range  in  angle  Ay'  is: 


Figure.  3.  Energy  aperture  in  the  longitudinal  phase  space. 

The  energy  aperture  measurement  was  performed  with  a  280.5 
MeV  beam.  We  first  optimized  the  transverse  orbit  and  the  injec¬ 
tion  conditions.  Then  we  varied  the  RF  cavity  voltage  to  increase 
the  RF  energy  acceptance  and  measured  the  average  captured 
beam  current  per  shot.  The  result  is  plotted  vs.  the  RF  cavity 
voltage  in  Fig.  4. 

At  a  RF  voltage  of  50  kV,  the  average  captured  beam  per  shot  is 
slightiy  lower  than  the  maximum.  This  is  because  at  this  low  RF 
voltage,  the  separation  between  two  neighboring  RF  buckets  is 
large,  about  230  ps.  This  separation  causes  some  of  the  injected 
S-band  macro  pulses  to  miss  the  RF  buckets.  With  increased  RF 
voltage,  the  bucket  separation  decreases  and  the  captured  beam 
current  per  shot  increases.  As  the  RF  voltage  reaches  250  kV, 
we  observe  that  the  captured  beam  current  per  shot  falls  by  about 
9%  from  the  maximum  value.  It  indicates  that  more  than  one 
injected  macro  pulse  is  lost  due  to  the  loss  at  the  energy  aperture 
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Figure.  4,  Measurement  on  the  captured  beam  per  shot  at  280.5 
MeV. 

at  the  extrema  of  the  macro  pulses  synchrotron  motion.  This 
limitation  corresponds  to  a  3.3%  energy  aperture. 

The  measured  energy  aperture  of  3.3%  is  smaller  than  the 
available  RF  acceptance  and  the  calculated  energy  dynamic  aper¬ 
ture.  However  the  energy  aperture  depends  on  the  closed  orbit 
and  the  physical  limitation  of  the  vacuum  chambers.  With  im¬ 
proved  closed  orbit,  larger  energy  aperture  is  expected. 

IV.  CONCLUSION  AND  FUTRUE  WORK 

From  the  above  measurements,  we  can  conclude  that  the  hori¬ 
zontal  dynamic  aperture  is  larger  than  43  mm-mrad,  the  vertical 
dynamic  aperture  is  larger  than  7.5  mm-mrad,  and  the  energy 
dynamic  aperture  is  larger  than  3.3%.  These  measurements  have 
confirmed  that  the  Duke  storage  ring  does  have  a  large  6-D  aper¬ 
ture  as  designed.  The  large  aperture  has  helped  to  speed  up  the 
commissioning  process  and  will  certainly  facilitate  FEL  opera¬ 
tions  in  the  future. 

Due  to  the  lack  of  the  beam  position  monitors  (BPMs)  elec¬ 
tronics,  the  closed  orbit  was  not  optimized  during  commission¬ 
ing.  The  existing  closed  orbit  distortion  has  limited  the  physical 
aperture,  thus  the  measured  aperture.  In  the  future,  we  will  im¬ 
prove  the  closed  orbit  with  the  help  of  BPMs,  and  experiments 
will  be  repeated  to  verify  that  the  dynamic  aperture  is  not  the 
limiting  factor  to  the  available  aperture. 
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Abstract 

A  new  program  to  simulate  the  beam-beam  interaction  be¬ 
tween  asymmetric  e’^  and  e~  beams  is  being  developed.  Beam 
bunch  distributions  are  expanded  in  terms  of  orthogonal  ba¬ 
sis  functions  constructed  from  solutions  to  the  two-dimensional 
quantum  mechanical  harmonic  oscillator.  Including  all  solutions 
corresponding  to  oscillator  energies  up  to  the  level  yields 
a  basis  which  spans  the  set  of  functions  composed  of  a  product 
of  a  Gaussian  times  a  Hermite  polynomial  of  order  N  or  lower. 
A  consistent  and  economical  description  of  non-Gaussian  beam 
shapes  is  thus  made  possible.  In  addition,  the  use  of  continu¬ 
ous  density  functions  effectively  eliminates  statistical  fluctua¬ 
tions  which  may  arise  when  beam  bunches  are  modeled  by  track¬ 
ing  particles.  The  beam  dynamics  are  encapsulated  in  matri¬ 
ces  which  operate  on  the  expansion  coefficients  of  the  bunches. 
These  matrices  are  computed  once  for  each  beam  with  any  given 
set  of  basis  functions  and  for  any  particular  accelerator.  The  evo¬ 
lution  of  a  beam  distribution  is  computed  by  matrix  multiplica¬ 
tion. 


slice  by  slice.  For  a  given  slice,  the  effect  of  its  interac¬ 
tion  with  each  slice  in  the  other  beam  is  assumed  to  be  small 
so  that  a  Taylor  series  expansion  of  the  distribution  can  be 
used. 

•  The  extreme  relativistic  limit  is  taken  to  model  the  electric 
field  of  a  slice. 

•  The  luminosity  is  the  sum  of  the  luminosities  calculated  for 
each  slice- slice  collision. 

The  development  of  a  new  code  is  motivated  by  the  need  to 
reliably  evaluate  the  effects  of  the  beam-beam  interaction  under 
highly  disruptive  conditions  such  as  those  in  a  linac-ring  collider. 
In  such  a  collider,  a  relatively  low  energy  e~  beam  from  a  linac 
collides  with  a  relatively  high  energy  e“^  beam  in  a  ring.  [4]  Be¬ 
cause  the  current  in  the  linac  beam  is  necessarily  low  compared 
to  the  stored  beam,  very  tight  focusing  is  required  to  achieve  a 
useful  luminosity.  The  configuration  is,  accordingly,  sensitive  to 
beam  blowup  due  to  the  beam-beam  interaction.  A  reliable  cal¬ 
culation  of  this  effect  is  essential  to  any  assessment  of  this  alter¬ 
native. 


L  INTRODUCTION 

Currently  used  algorithms  for  the  calculation  of  the  effects 
of  the  beam-beam  interaction  in  e'^e“  colliders  [1],  [2],  [3]  in¬ 
volve  tracking  representative  particles  through  the  machine.  An 
advantage  of  this  approach  is  that  the  phy  sics  of  the  bunch  dy¬ 
namics  is  modeled  in  a  straightforward,  clear  manner.  Also,  the 
freedom  of  motion  of  the  individual  tracked  particles  permits 
arbitrary  bunch  distributions  to  evolve.  However,  their  use  of 
a  finite  number  of  particles  allows  for  the  possibility  of  statis¬ 
tical  fluctuations,  the  magnitudes  of  which  are  sensitive  to  the 
number  of  particles  tracked.  In  addition,  it  is  difficult  to  model 
with  particle  tracking  the  behavior  of  the  bunch  core  [<  0{a)] 
and  the  behavior  of  the  tails  [>  0{<t)]  simultaneously  in  a  self- 
consistent  manner.  We  have  been  developing  a  new  description 
of  a  bunched  beam  in  which  the  shapes  the  bunches  can  assume 
are  constrained  (albeit  in  an  orderly  and  physically  reasonable 
way)  but  can  be  described  by  a  relatively  small  number  of  pa¬ 
rameters.  In  addition,  model-dependent  statistical  fluctuations 
are  removed. 

The  new  approach  to  modeling  the  time  evolution  of  colliding 
bunched  and  e~  beams  is  outlined  as  follows: 

•  A  bunch  distribution  is  expanded  in  terms  of  orthogonal  ba¬ 
sis  functions  which  are  constructed  from  solutions  to  the 
two-dimensional  quantum  harmonic  oscillator  problem. 

•  A  coordinate  transformation  is  made  to  a  normalized  system 
in  which  each  phase  space  ellipse  of  the  beam  is  a  circle. 
This  removes  the  dominant,  uncoupled  first-order  optics. 

•  The  beam-beam  interaction  is  modeled  by  dividing  each 
beam  into  transverse  slices  and  then  colliding  the  beams 


IL  THE  MODEL 

A.  Normalized  coordinates 

We  wish  to  remove  the  effects  of  first-order  optics  on  the  beam 
distribution  by  making  a  transformation  into  normalized  coordi¬ 
nates.  The  phase  ellipse  of  a  particle,  which  in  one  dimension  is 
described  by 

-h  2ax0  -\-  ,  (1) 

TT 

is  skewed  by  an  angle  ip,  where  is  the  particle’s  action  in  x 
and  9.  The  principal  axes  of  the  ellipse,  (x,  6),  are  rotated  by  this 
angle  and  then  normalized.  The  rotation  to  the  principal  axes  is 

X  =  (2) 

where 

i?=fcos¥’  -sin^y 

y  sin^  cosp  J 
The  Twiss  parameters  transform  according  to 


Equation  1  in  these  coordinates  becomes 

+  =  (5) 

TT 

Then  the  normalized  coordinates,  (//,  i/),  are  defined  such  that 

P  +  Z/  -  - 

TT 
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and 
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In  all  six  dimensions,  the  transformation  at  a  location  s  in  the 
accelerator  is  given  by 
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B,  Beam  description 

The  distribution  of  a  single  bunch  of  an  electron  or  positron 
beam  is  represented  by 

p  z=i  2/,  e, a;,  Cj  C j  ^)j  (9) 

nmhkij 

where 


Table  I 

Number  of  basis  function  coefficients  for  order  N 


N 

N 

N 

0  1 

1  7 

2  28 

3  84 

4  210 

5  462 

6  924 

7  1716 

8  3003 

C.  Slicing  the  beam 


To  calculate  the  effects  of  the  beam-beam  interaction  between 
the  colliding  bunches,  it  is  necessary  to  divide  each  beam  into 
slices  and  to  calculate  the  incremental  changes  as  the  beams  pass 
through  each  other.  The  transverse  beam  distribution  for  each 
slice  is  given  by 


^nmhkij  Pnmhk{P-, 

nmhkij 
sx-\-t/2 

X  ^ 

sx-t/2 


(/^j  —  ^nmhkij 

xH,{c/by)  H,{u;/by)Hi{C/b,)  Hji^b,) 


X  exp 


ie+e) 

n  2&2  262 


(10) 


These  are  the  basis  functions  of  the  beam,  which  are  the  solu¬ 
tions  to  the  two-dimensional  quantum  harmonic  oscillator  prob¬ 
lem  [5].  The  functions  Hp{q)  are  Hermite  polynomials  in  q  of 
order  p,  and  6^,6^,  and  6^  are  arbitrary  oscillator  parameters  cho¬ 
sen  to  yield  the  most  compact  description  of  a  bunch.  The  nor¬ 
malization  of  the  basis  functions  Nnmhkij  is  defined  by 


so  that 


f 


Pfimhkijin,  V,  e,  w,C,^;  s)  = 


—  ^  ^  Cnmhkij  — 
nmhkij 
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n,  niyh^kj  2,  and  j  even 
n,  rUjhjkj  f,  or  j  odd 


(12) 


Including  s  as  an  argument  of  p  is  a  reminder  that  the  transforma¬ 
tion  from  normalized  to  unnormalized  coordinates  is  a  function 
of  the  Twiss  parameters  evaluated  at  s. 

The  sum  of  the  indices  {n,  m,  /i,  i,  j}  is  limited  by  the  order 

of  the  expansion  of  basis  functions. 


n  +  m  +  h  +  k  +  i-\-j  <  N,  (13) 


where  i  is  the  thickness  of  the  slice.  The  value  of  the  integral 
for  each  i  and  j  is  tabulated  and  the  constant  Cnmhkij  becomes 
^nmhkij  distinguish  the  slices  firom  one  another.  After  the  two 
beams  have  been  stepped  through  one  another,  the  sliced  distri¬ 
bution  is  reassembled  into  a  single  bunch  with  a  functional  form 
describing  the  dependence  on  I  and  8.  The  new  coefficients  of 
the  reassembled  bunch  are  determined  by  a  which  gives 
the  expression 


mhkij  — 
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D.  The  beam-beam  interaction 


The  effects  of  the  beam-beam  interaction  are  determined  by 
making  a  Taylor  expansion  of  each  slice,  keeping  only  the  lin¬ 
ear  terms  in  the  expansion.  This  is  justified  if  the  disruption  of 
a  single  slice  is  small  for  each  slice-slice  interaction.  Each  time 
a  slice  collides  with  another  slice,  the  resulting  particle  distribu¬ 
tion,  p',  is 

P'  =  P  +  (17) 

The  extreme  relativistic  limit  is  taken  such  that  the  electric  field 
lines  are  entirely  transverse.  Each  slice  in  the  oncoming  beam 
Pa(x;  s)  is  treated  as  part  of  an  infinite  line  charge  to  calculate 
the  transverse  impulse  on  a  beam  [6], 


Because  the  solutions  are  that  of  the  two-dimensional  harmonic 
oscillator,  the  indices  for  each  two-dimensional  pair  will  share 
the  relation 

n  =  —  rUj  (14) 

where  N'  is  an  integer  less  than  or  equal  to  N.  The  number  of 
Cnmhkij  coefficients  for  an  order  N  is  given  in  Table  I. 


where  all  but  horizontal  and  vertical  coordinates  have  been  inte¬ 
grated  over, 


j  ded<t>px{p,  V,  €,u-,s). 


(19) 
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A  new  set  of  coefficients  describes  the  changed  slice.  Substitut¬ 
ing  Equation  15  into  Equation  17  gives 


^  ^  ^nmhkij  ^  ^  ^nmhkij  \  Pnmhk 

nmhkij  nmhkij  \ 


nmhkij 

\d}i  d  ^  ^  dv  d  ^ 
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where  we  have  labeled  the  beams  1  and  2,  A  similar  equation 
will  exist  for  beam  2.  The  closure  relationship  between  Hermite 
polynomials  allows  the  solution  of  to  take  the  form 


^ ^  (1)  _  ^  ^  (1) 
^nmhkij  ^nmhkij 
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nmhk  ^^“‘3* 
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•fe,n  -j^n'  is  the  tabulated  tesult  of  the  integral.  The  in¬ 

tegral  of  ^uation  20  can  be  broken  down  into  several  integrals 
of  exponentials  times  polynomials,  except  for  a  separable  one¬ 
dimensional  integral  which  is  integrated  numerically  and  tabu¬ 
lated.  The  evolution  of  the  beam  distribution  due  to  the  beam- 
beam  interaction  is  reduced  to  a  sum  over  the  coefficients  of  the 
basis  functions. 

The  luminosity,  £,  can  now  be  calculated  as  the  sum  of  the 
luminosities  for  each  interaction  between  all  pairs  of  slices. 
We  also  utilize  the  closure  of  the  Hermite  polynomials  to  re¬ 
duce  the  luminosity  to  a  form  containing  tabulated  integrals, 
Gnmhk{sx\t),  and  expansion  coefficients, 

—  / 53  ^  ^,^nmhkii^nmhki'-i'^nmhk{s\\i).  (22) 

AA'  nmhkij  i'j' 

Equation  22  is  a  sum  over  all  slices  interacting  at  the  point  sxa' 
where  the  slice  of  beam  1  collides  with  the  A'  slice  of  beam 
2. 


E.  Longitudinal  phase  space 

Four  effects  which  directly  influence  the  longitudinal  bunch 
distribution  are  being  included  in  the  model:  synchrotron  radia¬ 
tion  damping  (in  both  transverse  and  longitudinal  phase  spaces), 
quantum  excitation,  RF  acceleration,  and  beam  energy  changes 
during  beam-beam  collisions.  Longitudinal  damping  is  being 
modeled  by  a  convolution  of  the  beam  distribution  and  the  radia¬ 
tion  distribution  functions.  [7]  Only  terms  contained  in  a  descrip¬ 
tion  of  the  beam  to  a  fixed  order  N  are  retained.  Quantum  exci¬ 
tation  is  being  modeled  in  a  parallel  fashion.  Transverse  damp¬ 
ing  is  modeled  using  a  longitudinal  momentum  impulse  at  the  RF 


cavity.  The  magnitude  of  the  kick  is  a  function  of  I  only.  Finally, 
we  have  begun  to  investigate  the  inclusion  of  energy  changes 
during  the  beam-beam  collisions  following  the  approach  of  Hi- 
rata  et  aL  [6]  as  far  as  applicable. 

III.  SUMMARY 

By  expressing  the  distribution  of  a  single  beam  bunch  as  an  ex¬ 
pansion  of  the  two-dimensional  quantum  harmonic  oscillator  ba¬ 
sis  functions  in  normalized  coordinates,  the  beam  dynamics  for 
Gaussian  and  non-Gaussian  beams  can  be  calculated.  The  beam 
blowup  due  to  the  beam-beam  interaction  and  the  luminosity  can 
be  computed  directly  as  a  sum  over  the  coefficients  in  the  expan¬ 
sion  and  tabulated  integrals.  The  characteristics  of  this  approach 
complement  those  of  currently  used  algorithms. 
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Abstract 

Feasibility  of  adopting  a  finite  beam  crossing  angle  at  the  interac¬ 
tion  point  of  KEKB  B-factory  has  been  studied.  Various  aspects 
of  beam  behaviors,  such  as  sensitivities  to  resonances  and  de¬ 
velopment  of  bunch  tails,  have  been  investigated  with  computer 
simulations.  It  is  shown  that  an  acceptable  operating  condition 
can  be  found  with  a  suitable  combination  of  machine  parameters 
that  are  envisioned  at  KEKB . 

L  INTRODUCTION 

KEKB  is  a  high-luminosity  asymmetric  electron-positron  (8 
x3.5  GeV)  collider  for  studies  of  productions  and  decays  of 
B  mesons  at  Ecm  —  10.5  GeV  [1]  [2].  At  KEKB  it  has 
been  planned  to  adopt  a  finite-angle  beam  crossing  scheme  (2 
X  1 1  mrad)  at  its  interaction  point  [3].  This  paper  reports  some 
recent  results  of  studies  that  have  been  done  to  investigate  the 
beam  dynamics  in  this  collision  condition.  Table  I  summarizes 
the  KEKB  parameters  that  are  pertinent  to  discussions  of  beam- 
beam  interactions. 


^x  at  the  IP 

0.33 

m 

Py  at  the  IP 

0.01 

m 

1.8  X  10-* 

m 

3.6  X  10-'® 

m 

0.004 

m 

(VX,  Vy,  V^) 

(0.52,0.08,0.017) 

Particles  /  bunch 

1.4  X  10'® 

electrons 

3.2  X  10'® 

positrons 

Total  number  of  bunches 

5120 

per  ring 

Table  I 

Working  parameter  set  for  the  half  crossing  angle  </>  =  1 1  mrad, 
determined  from  considerations  on  beam-beam  effects, 
dynamic  apertures  and  others. 


A  new  beam-beam  simulation  algorithm  has  been  developed 
for  this  study  [4]  [5] .  As  indicated  in  Figure  1 ,  the  bunches  which 
are  colliding  at  a  crossing  angle  are  first  Lorentz-transformed 
into  a  frame  where  their  momentum  vectors  appear  parallel.  In 
this  ‘"head-on”  frame  a  symplectic  synchro-beam  mapping  is  ap¬ 
plied  to  calculate  the  beam-beam  forces  and  their  effects  on  the 
bunches.  When  the  mapping  is  finished,  the  two  bunches  are 
Lorentz-transformed  back  to  the  laboratory  frame,  where  the 
beam  tracking  code  takes  over  the  rest  of  simulation. 

The  model  is  fully  symplectic  in  the  6-dimensional  phase 
space,  and  it  incorporates  all  known  effects  such  as  the  energy 
loss  due  to  the  traverse  of  transverse  electric  fields  at  an  angle, 
energy  loss  due  to  longitudinal  electric  fields,  and  effects  due  to 
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Figure.  1.  Lorentz  transformation  from  the  laboratory  frame  to 
the  “head-on”  frame,  which  is  used  for  applying  synchro-beam 
mapping  to  calculate  beam-beam  interactions  with  finite  crossing 
angles. 

the  variation  of  ^  along  the  bunch  length  during  collision  (hour¬ 
glass  effect). 

11.  BEAM-BEAM  SIMULATION  WITH  LINEAR 
LATTICE  FUNCTIONS 

Dependence  of  beam  sizes  and  the  luminosity  on  the  wide 
range  of  machine  parameters  have  been  investigated  with  a  sim¬ 
plified  lattice  model,  where  the  beam  transfer  through  the  ring  is 
represented  by  a  linear  matrix  [5]. 

A  weak-strong  beam  formalism  is  used  to  implement  the 
beam-beam  interaction  algorithm  outlined  in  the  previous  sec¬ 
tion.  Typically  the  strong  bunch  is  longitudinally  sliced  into  5 
slices,  and  the  weak  bunch  is  represented  by  50  super-particles. 
Effects  of  radiation  damping  is  taken  into  consideration.  The 
beam-beam  collision  and  revolutions  through  the  ring  are  simu¬ 
lated  for  up  to  10  radiation  damping  time.  Then  the  equilibrium 
beam  size  is  examined.  The  expected  luminosity  is  calculated 
from  a  convolution  of  the  distribution  functions  of  the  two  beams. 

Initial  beam  parameters  are  specified  so  that  they  would  give 
the  design  luminosity  of  1  x  10^  cm^s”^  or  somewhat  higher 
values,  with  collisions  of  5120  bunches  per  ring  in  the  absence 
of  aberrations  and  a  beam  blow-up. 

Figure  2  shows  a  calculated  luminosity  contour  plot  in  the  Vx- 
Vy  plane,  with  the  crossing  angle  of  2  x  10  mrad,  in  the  vicinity 
of  the  working  point:  (V;^,  v^)  =  (0.52, 0.08). 

Notable  observations  are  summarized  as  follows: 

1 .  A  finite  crossing  angle  at  the  interaction  point  (IP)  certainly 

causes  a  reduction  of  usable  area  in  the  plane,  because 

of  synchro-betatron  and  other  resonances. 

2.  However,  when  v,  is  kept  small  i.e.  below  0.02,  a  fair 
amount  of  areas  in  the  Vx-Vy  plane  is  still  free  from  res¬ 
onances.  This  requirement  is  compatible  with  the  over¬ 
all  KEKB  design.  Some  of  such  acceptable  Vx-Vy  areas 
are  compatible  with  the  conditions  preferred  from  dynamic 
aperture  considerations. 
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Figure.  2.  Calculated  luminosity  contour  diagram  in  the  case  of 
crossing  angle  =2x11  mrad.  Expected  luminosity  in  the  Vx-Vy 
plane  is  shown.  The  contour  spacing  is  10^^  cm’"^s“^ 


3.  With  the  beam  intensity  of  a  few  x  10^^  per  bunch  or  below, 
no  intensity-dependent  beam  blow-up  is  seen  with  finite 
crossing  angles. 

4.  When  the  is  small,  and  when  a  resonance  free  condition 
of  Vx-Vy  is  chosen,  the  predicted  luminosity  there  is  roughly 
consistent  with  naive  expectations  from  the  geometric  and 
linear  effects.  Occasionally  the  simulated  lunninosity  ex¬ 
ceeds  naive  expectations  which  only  consider  geometric  ef¬ 
fects.  This  is  because  of  effects  of  the  dynamic  beta  and 
dynamic  emittance. 


III.  SIMULATIONS  WITH  THE  LATTICE  WHICH 
INCLUDES  NONLINEARITY  AND  ERRORS 


The  beam-beam  simulation  algorithm  based  on  the  weak- 
strong  model  has  been  incorporated  in  the  beam  tracking  soft¬ 
ware  SAD  at  KEK  [6].  This  provides  a  tool  to  study  effects  of 
finite  crossing  angles  at  the  IP,  combined  with  the  nonlinearity 
of  the  KERB  machine  lattice[7]  and  its  possible  errors. 

Simulations  with  SAD  have  been  conducted  with  realistic  as¬ 
sumptions  on  lattice  errors.  Presence  of  detector  solenoid  field 
and  its  partial  compensation  near  the  interaction  point  is  taken 
into  account.  Finite  alignment  and  excitation  errors  of  bend  (B), 
quadrupole  (Q),  sextupole  (SX),  and  steering  correction  mag¬ 
nets  (ST)  are  simultaneously  considered,  lypical  magnitudes  of 
assumed  errors,  which  we  consider  realistic,  are  summarized  as 
follows: 


Element  BPM 

Horiz.  shift  (/im)  75 

Vert,  shift  (fxm)  75 

x-y  roll  (mrad)  0 

Field  error  0 


B 

Q 

SX 

ST 

0 

100 

100 

0 

100 

100 

100 

100 

0.1 

0.1 

0.1 

0.1 

lO-'* 

10-^ 

10-3 

0 

Gaussian  errors  are  produced  according  to  the  rms  values  given 
in  the  table  above.  For  each  series  of  generated  errors,  the  orbit 
and  tune  corrections  are  done  in  the  tracking  code  as  if  it  were  in 
an  actual  machine  operation.  Then  the  scale  of  assumed  errors 
is  re-normalized  so  that  the  expected  vertical  spot  size  (Xy  agrees 
with  the  design  value.  We  call  it  “error  normalization  factor”  /. 
With  such  renormalized  errors  in  the  machine,  the  orbit  and  tune 
corrections  are,  once  again,  performed.  The  expected  luminosity 
is  evaluated  by  using  the  beam-beam  code,  plus  the  tracking 
with  SAD.  Different  random  seeds  used  for  generating  lattice 
errors  result  in  different  values  of  /  (error  normalization  factor) 
and  different  expected  luminosity  values.  Some  of  the  obtained 
results  are: 


Luminosity  (cm  ^s  ^)/10^ 


1.21 

/  =  1.4 

0.9 

/  =  0.8 

1.34 

f  =  0.5 

It  is  seen  that  the  lattice  nonlinearity  and  likely  machine  errors 
do  not  lead  to  fatal  degradations  of  the  estimated  luminosity. 


IV.  QUASI  STRONG-STRONG  SIMULATION 

To  address  issues  which  may  be  overlooked  in  the  strong- 
weak  formalism,  while  not  spending  a  prohibitive  amount  of 
CPU  time,  a  quasi  strong-strong  formalism  has  been  developed. 
Here,  every  once  in  500  turns  of  revolution,  the  average  electron 
and  positron  bunch  sizes  are  “registered.”  During  the  next  500 
turns,  a  weak-strong  model  calculations  are  performed,  while 
this  “registered”  electron  (positron)  bunch  size  is  used  as  the 
“strong  bunch  size”  for  calculating  the  development  of  positron 
(electron)  bunch  size.  Then  the  “strong  bunch  sizes”  are  updated 
again,  and  the  simulation  continues. 

Figure  3  shows  the  expected  luminosity  as  function  of  revo¬ 
lution  number  obtained  from  this  simulation.  A  linear  matrix  is 
used  to  represent  the  lattice  beam  transfer.  No  indications  of  a 
bunch  core  blow-up  are  seen.  Figure  4  shows  that  the  horizontal 
beam  size  obtained  in  the  simulation  is  ax  =  6,2  x  10“^  m.  It  is 
somewhat  smaller  than  the  nominal  value  7.56  x  10“^  m.  It  is 
consistent  with  the  dynamic  beta  and  dynamic  emittance  effect. 


V.  BUNCH  TAILS  EXCITED  BY  BEAM-BEAM 
INTERACTIONS 

The  presence  of  non-Gaussian  bunch  tails  causes  an  extra  syn¬ 
chrotron  radiation  (SR)  background  to  the  detector  facility.  The 
fractional  bunch  tail  population  should  be  kept  less  than  10“^ 
for  >  lOax  and  10“^  for  >  30cr^,  according  to  design  consid¬ 
erations  on  SR  masks  near  the  interaction  point.  The  bunch  tail 
growth  due  to  beam-beam  interactions  has  been  studied  with  a 
long-term  strong- weak  calculation  with  a  linear  lattice  model. 
Typically  the  simulation  is  done  by  tracking  50  super  particles 
over  10^  turns  of  revolution.  This  means  1000  seconds  for  50 
particles,  and  14  hours  for  a  single  particle  in  an  actual  machine. 
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Figure.  3.  The  expected  luminosity  as  function  of  revolution 
number  in  the  quasi  strong-strong  model  calculation. 


Figure.  4.  Behavior  of  ax  as  function  of  revolution  number.  The 
solid  line  shows  the  electron  bunch  size.  The  broken  line  shows 
the  positron  bunch  size. 


Figure  5  shows  the  particle  distribution,  predicted  by  this  sim¬ 
ulation,  as  function  of  action  variables  (Ix  and  ly)  in  the  hori¬ 
zontal  and  vertical  planes.  The  canonical  beam  parameters,  as 
given  in  Table  I,  have  been  used  in  this  case.  From  this  data, 
the  particle  population  in  the  bunch  tail  has  been  calculated.  It 
was  found  that  the  probability  that  a  particle  has  the  vertical  am¬ 
plitude  larger  than  30ay,  where  ay  is  the  design  bunch  size,  is 
approximately  10“^^.  Since  the  bunch  population  is  O  (10^®),  no 
particle  is  likely  to  have  such  a  large  vertical  amplitude.  Tails  in 
the  horizontal  direction  have  been  also  studied,  and  it  has  been 
found  that  its  development  is  much  slower  than  in  the  vertical  di¬ 
rection.  Preparations  are  under  way  to  evaluate  bunch  tails  with 
tracking  calculations  which  include  non-linear  effects  of  the  lat¬ 
tice  and  possible  machine  errors. 

VI.  CONCLUSIONS 

It  is  seen  that  within  the  simulation  studies  conducted  so  far, 
the  design  luminosity  goal  can  be  achieved  with  the  finite  angle 
crossing  of  2  x  11  mrad  at  the  interaction  point.  Naturally  this 
cannot  be  fully  confirmed  until  operating  the  real-life  machine. 
As  a  back-up  safety  measure,  the  use  of  crab  crossing  scheme  to 
combine  with  the  finite  angle  collision  is  being  considered  [2]. 
In  the  meanwhile,  more  elaborate  studies  of  beam-beam  effects 
will  be  continued.  Some  of  the  major  projects  include: 

•  In  the  tail  simulation,  nonlinear  effects  in  the  lattice  should 
be  included  in  the  calculation. 

•  A  strong-strong  simulation  will  be  updated  so  that  it  eval¬ 
uates  the  beam  envelopes  in  each  turn,  using  a  Gaussian 
approximation  to  calculate  beam-beam  forces. 


V(iy) 
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Figure.  5.  Expected  bunch  tail  distribution  as  function  of  action 
variables  (Ix  and  ly)  in  the  two  planes. 


•  More  ambitious  strong-strong  simulation  which  does  not 
rely  on  the  Gaussian  approximation  for  calculating  the 
beam-beam  force. 
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The  Feraiilab  accelerator  complex  is  in  the  middle  of  an  upgrade 
plan  Fermilab  IQ.  In  the  last  phase  of  this  upgrade  the  luminosity 
of  the  Tevatron  will  increase  by  at  least  one  order  of  magnitude.  In 
order  to  keep  the  number  of  interactions  per  crossing  manageable 
for  experiments,  the  number  of  bunches  will  be  increased  from 
6X6  to  36X36  and  finally  to~100X100  bunches.  The  beam 
dynamics  of  the  Tevatron  has  been  studies  from  Beam-Beam  effect 
point  of  view  in  a  "Strong- Weak"  representation  with  a  single 
particle  being  tracked  in  presence  of  other  beam.  This  paper 
describes  the  beam-beam  effect  in  6X6  operation  of  Tevatron. 

I.  INTRODUCTION 

The  Fermilab  Tevatron  is  a  1.8  TeV/c  center  of  momentum 
proton-antiproton  collider,  delivering  a  peak  luminosity  greater 
than  2.E31  cm-2sec-l.  In  the  current  collider  operation  six  proton 
and  six  antiproton  bunches  collide  at  BO(CDF)  and  DO  interaction 
points.  The  two  beams  are  kept  separated  in  a  helical  orbit  at  ten 
other  possible  interaction  locations  by  electrostatic  separators,  with 
approximately  5a  separation.  Average  intensity  of  proton  and 
antiproton  bunches  are  about  25E10  and  8E10  respectively. 
Current  Tevatron  performance  does  not  seems  to  be  limited  by 
beam-beam  effects.  In  the  current  operating  condition  each  detector 
sees  on  average  about  2  interactions  per  crossing. 

The  Fermilab  HI  accelerator  complex  upgrade,  including  the  Main 
Injector  will  increase  the  peak  luminosity  to  10E32  cm-2sec-l. 
Higher  luminosity  is  needed  to  better  understand  several  high  pt 
physics,  including  top  quark  physics,  reducing  uncertainty  in  W 
mass  and  extend  the  B  Physics  CP  violation  reach.  Higher 
luminosity  will  be  achieved  by  injecting  more  proton  and 
antiproton  bunches  with  similar  intensities  to  present  bunches. 
Number  of  bunches  will  increase  from  6X6  to  36X36  and 
eventually  to  -100X100,  to  keep  the  number  of  interactions  per 
crossing  at  each  high  energy  physics  detectors  at  a  managable 
level. 

In  this  paper  we  describes  the  calculations  which  are  being 
performed  to  study  the  beam-beam  interaction  in  the  current 
Tevatron.  These  calculations  will  be  extended  to  36X36  and 
-100X100  bunch  crossing  scenarious  of  upgraded  Fermilab 
accelerator  complex.  A  modified  version  of  thin  element  tracking 
program  TEAPOT[l]  has  been  used  for  these  simulations. 


II.  LATTICE 

The  Tevatron  lattice  includes  standard  magnetic  elements  dipoles, 
quadrupoles,  sextupoles  and  correction  elements.  The  lattice 
includes  measured  higher  order  multipoles  for  dipoles  and 
quadrupoles.  The  higher  order  multipoles  include  both  normal  and 
skew  components  up  to  14  poles  for  dipole  and  16  poles  for 
quadmpoles.  There  are  electrostatic  separators  in  the  lattice  which 
are  used  to  to  put  the  beam  on  a  helical  orbit.  In  TEAPOT  there  is 
no  direct  provision  for  electrostatic  separator,  so  its  function  is 
achieved  by  providing  a  horizontal  and  vertical  kick  to  the  particles 
at  separator  locations.  Hie  misalignment  of  all  the  magnetic 
elements  and  beam  position  monitors  has  been  included  in  this 
calculation.  The  sigma  of  the  alignment  error  with  respect  to  close 
a  orbit  is  0.25  mm  in  both  horizontal  and  vertical  directions.  In 
addition  dipole  magnets  have  a  roll  angle  of  0.5  mrad  sigma.  The 
horizontal  and  vertical  dipole  correction  elements  are  used  to 
correct  the  closed  orbit  error  due  to  these  errors.  The  Tevatron  has 
four  RF  cavities,  each  operating  at  Vrf=0.2125  MV.  The  RF 
frequency  is  set  to  53  MHz  corresponding  to  a  harmonic  number 
of  1113. 

The  two  sextupole  families  are  used  to  set  the  chromaticity  of  the 
Tevatron  to  a  desired  value.  The  Tevatron  has  four  sets  of  skew 
quardupoles.  These  skew  quadrupoles  are  used  to  globally 
decouple  the  Tevatron. 

III.  CALCULATIONS 

The  calculations  of  Beam-Beam  effect  is  performed  by  using  a  thin 
element  tracking  code  TEAPOT.  The  code  simulates  the  passage 
of  a  single  particle  in  the  presence  of  an  oncoming  beam  by  a 
BEAM-BEAM  element.  This  is  necessarily  a  "weak-strong" 
representation  with  the  single  particle  being  tracked  seeing  the 
constant  field  of  the  other  beam  like  those  of  any  other  fixed 
beam-line  element  The  code  takes  as  an  input  the  transverse  beam 
size,  number  of  particle  in  the  fixed  beam,  and  horizontal  and 
vertical  offset  from  the  ideal  orbit. 

In  the  6X6  bunch  operation  of  the  Tevatron  the  single  tracked 
antiproton  crosses  the  proton  bunches  at  twelve  locations 


*  Operated  by  University  Research  Association  Inc., 
under  contract  with  the  U.S,  Department  of  Energy. 
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around  the  ring.  We  have  performed  calculations  for  two 
operating  conditions  of  the  Tevatron  at  900  GeV.  In  the  first 
case  the  two  beams  are  not  colliding  at  BO  and  DO  and  in  the 
second  case  they  are.  The  base  tune  of  the  Tevatron  is  set  to 
(Qx,Qy)  =  (20.583,20.574)  and  chromaticity  is  adjusted  to  20., 
24.  for  the  first  case.  The  base  tune  is  set  to  (Qx,Qy)  = 
(20.582,20.577)  and  chromaticity  is  lowered  to  10.0  and  12.0. 
The  lounched  particles  have  Dp/p  =  0.0001. 

We  have  the  effects  number  of  particles  in  the  strong  beam,  no 
coupling  in  Tevatron,  global  decoupling  of  Tevatron,  effects  of 
higher  order  multipoles  in  dipoles  and  quadrupoles  and 
electrostatic  separators  off.  In  this  paper  we  present  some 
general  feature  of  the  data. 

Fig.  1  shows  the  change  in  the  x  and  y  tune  of  a  small 
amplitude  particle  as  a  function  of  beam  intensity.  Simulation 
clearly  shows  the  beam-beam  tune  shift. 

Fig,  2  is  the  phase  space  plot  of  a  particle  with  initial  amplitude 
of  x=3.5mm  y=5nun  at  the  maximum  beta.  Maximum  beta  is 
considered  away  from  the  low  beta  region.  In  this  simulation  all 
the  higher  order  multipoles  in  dipoles  and  quadrupoles  are 
present  and  beam-beam  effect  has  been  turned  off.  Fig.  3  shows 
the  phase  space  of  the  same  particle  when  the  beam-beam  effect 
has  been  turned  on.  Clearly,  addition  of  beam-beam  increases 
the  occupied  phase  space. 

The  inclusion  of  beam-beam  effect  also  changes  the  location  in 
X  and  y  plane  a  particle  occupies.  Fig  4  and  5  shows  the  turn  by 
turn  plots  of  a  particle  without  and  with  beam-beam. 

The  Tevatron  spends  most  of  its  time  colliding  beam  at  BO  and 
DO.  We  have  looked  at  the  phase  space  of  a  small  amplitude 
particle  in  the  presence  of  Beam-Beam.  Fig  6.  shows  the  phase 
space  of  that  particle. 

IV.  OUTLOOK 

In  this  paper  we  have  presented  initial  results  of  a  long 
simulation  program  we  are  about  to  undertake  to  study  the 
Beam-Beam  effects  in  the  Fermilab  Tevatron.  These  studies 
will  be  extended  to  36X36  and  -100X100  bunches  operations 
of  the  Tevatron  and  will  be  published  elsewhere[2]. 

V.  REFERENCES 

[1]  L  Schachinger  and  R.  Talman,  Particle  Accl  22,  35  (1987). 
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nS8ft4 - 1—  - 

1  _ _ 

0.586- 

■  -Vertical  Tune 

—It:  •  Horizontal  Tune 

' 

. __ 

1 

i 

—  -fk-  — 

_ -■£ 

■- 

i 

j 

■  ■  ■  . . 

! 

0.576' 

1“ .  r .  -'I 

. -f-  "T 

- ^ - k 

1  •  ■  ■ '  •  i  ■  ■  ■  * 

- i - 

- j - 

1  10"  2  10”  3  10”  4  10”  5  10” 

Intensity 

Fig.  1)  Betatron  tune  shift  increases  as  intensity 


Fig.  2)  Normalized  horizontal  and  vertical 
phase  space  plots;  single  beam  with  higher 
order  multipoles. 


Fig. 3)  Horizontal  (upper)  and  vertical  (lower) 
normalized  phase  space  plots  for  beam-beam 
with  higher  order  multipoles  is  shown. 
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Fig.  4)  Turn  by  turn  plots  of  a  particle  without  beam-beam  but 
all  higher  order  multiples  present;  (top  plot  is  horizontal 
and  the  bottom  plot  is  vertical). 


Fig.  6)  Turn  by  turn  plots  of  a  particle  with  beam-beam  and  all 
higher  order  multiples  at  lowbeta;  (top  plot  is  horizontal 
and  the  bottom  plot  is  vertical). 
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Fig.  5)  Turn  by  turn  plots  of  a  particle  with  beam-beam  and  all 
higher  order  multiples  present;  (top  plot  is  horizontal 
and  the  bottom  plot  is  vertical). 
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Fig.7)  Normalized  phase  space  plots;  beam-beam 
with  higher  order  multipoles  at  lowbeta  location. 
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Abstract 

The  change  in  beta  due  to  the  beam-beam  interaction  —  the  ‘dy¬ 
namic  beta  effect’  —  has  been  observed  in  the  Cornell  Storage 
Ring  CESR  by  comparing  the  observed  luminosity  with  the  ob¬ 
served  vertical  beam  heights.  Under  current  colliding  beam  con¬ 
ditions  the  resulting  changes  in  horizontal  beta  around  the  ring 
have  exceeded  A/?aj//?a7  =  0.5  and  the  horizontal  tune  shift  pa¬ 
rameter  has  exceeded  0.05. 

L  ANALYSIS 

In  a  colliding  beam  storage  ring  the  Twiss  parameters  are  af¬ 
fected  by  the  quadrupolar  focusing  of  the  beam-beam  interac¬ 
tion.  Like  any  quadrupole  error  this  ‘dynamic  beta*  effect  is  en¬ 
hanced  by  running  near  a  half-integer  or  integer  resonance.  Fol¬ 
lowing  Chao [  1  ] ,  the  dynamic  beta  effect  can  be  analyzed  by  writ¬ 
ing  the  1-tum  transfer  matrix  from  IP  to  IP  as 

(cos//  ^sin// 

—  ^  sin  //  cos  // 

/  COS//0  /?osin//o\  /  1  0\ 

y"”^sin//o  cos/io  )  ^  ’ 

where  /?o  and  //q  are  the  ‘unperturbed’  beta  and  tune  without  the 
beam-beam  interaction.  In  Eq.  (1)  the  beam-beam  interaction 
strength  of  1//  is  given  by 

1  2N-  re 

- = - 1 -  (2) 


Qo  (=  fJ^o/27T) 

Figure  1 .  /?  relative  to  /?o  as  a  function  of  tune  for  three  different 
values  of  The  top  scale  shows  the  tune  in  kHz. 


O  • 

=  cos  //o  —  iTT/C—  Sm//o  , 


sinii  =  —  sin  //q  . 

Eliminating  //  from  Eqs.  (5)  and  (7)  gives 

|-  =  (1  -  {2x0^  +  2i2x^)  . 

Alternatively,  in  terms  of  k,  one  finds 


(6) 

(7) 

(8) 


with  analogous  formulas  for  f^-,  fy+,  and  /j,_  where  a:  and  y 
refer  to  the  horizontal  and  vertical  planes  and + and  —  refer  to  the 
positrons  and  electrons  respectively.  In  Eq.  (2)  N  is  the  number 
of  particles  in  a  beam,  rg  is  the  classical  electron  radius,  7  is  the 
usual  relativistic  factor,  and  a  is  the  beam  size.  The  beam-beam 
parameter  ^  is  defined  by 


A. 

4xf  ’ 


(3) 


^  is  just  the  focusing  strength  of  one  beam  on  the  other  normal¬ 
ized  by  /?o.  It  is  sometimes  convenient  to  define  another  beam- 
beam  parameter  k  by 


Combining  Eqs.  (1),  (2),  (3),  and  (4)  gives 


(4) 


cos// =  cosyo  —  sin//o  (5) 

*Work  supported  by  the  National  Science  Foundation 


Po  y  sin  //o 

Figure  1  shows  /?//?o  as  calculated  from  Eq.  (8)  as  a  function 
of  Qo  =  /io/27r  for  three  different  values  of  As  can  be  seen 
from  the  figure,  for  tunes  just  above  an  integer  or  half-integer 
resonance,  the  dynamic  beta  effect  causes  a  reduction  in  /?.  This, 
of  course,  is  what  is  desired  for  increased  luminosity.  As  an  ex¬ 
ample,  the  Cornell  Electron/positron  Storage  Ring  CESR  is  cur¬ 
rently  operating  with  a  design  horizontal  tune  of  9.52.  Under  the 
assumption  that  ^  is  in  the  vicinity  of  0.03  (see  below)  this  im¬ 
plies  that  there  is  a  large  reduction  in  beta  of  / /3j;o  ~  0.5.  Ad¬ 
ditionally,  with  the  present  CESR  vertical  tune  of  9.60,  the  re¬ 
duction  in  vertical  beta  is  l3y/pyo  ^  0.8. 

Along  with  the  change  in  p  at  the  IP  there  will  also  be  a  beta- 
wave  throughout  the  ring.  If  the  beam-beam  interaction  is  small 
enough,  one  can  use  first  order  perturbation  theory  (cf.  Sands  [2] 
Eq,  2.105)  to  obtain 

/^I3{s)  _  A^(IP)  cos(2^o(g)-//o) 

/?0(S)  /?o(IP)  ■  COS//0  ’  ^  ^ 
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Figure  2.  Luminosity  as  a  function  of  total  current  for  two  days 
of  HEP  running. 


where  (f>o{s)  is  the  phase  advance  from  the  IP  to  point  s.  With 
the  present  CESR  horizontal  tune  of  9.52  this  translates  into  a 

horizontal  beta-wave  with  amplitude|A/?a;|mo®//?o»  «  O.50ne 
consequence  of  this  beta-wave  is  that  it  changes  the  horizontal 
emittance  function  (cf-  Sands[2]  Eq.  5.71)  and  this  will 
affect  the  horizontal  emittance. 


II.  SYNCH  LIGHT  LUMINOSITY 

As  a  fast  tuning  aid  in  CESR  the  luminosity  is  monitored  via 
a  calculation  that  uses  the  observed  electron  and  positron  beam 
heights.  The  observed  beam  heights  are  obtained  via  the  syn¬ 
chrotron  light  generated  at  two  specific  locations  in  the  arcs. 
Since  it  modifies  the  betas  the  neglect  of  the  dynamic  beta  ef¬ 
fect  can  throw  off  the  ‘synch  light’  luminosity  calculation.  Con¬ 
versely  by  comparing  the  synch  light  luminosity  with  the  actual 
luminosity  recorded  by  the  CLEO  detector  the  presence  of  the 
dynamic  beta  effect  can  be  verified. 

The  synch  light  luminosity  is  calculated  from  the  equation 


£  = 


/rev 
47r  (Xp  Oy 


nb 

i=l 


(11) 


where  frev  is  the  revolution  frequency,  nt>  is  the  number  of 
bunches,  Ni-  and  Ni+  are  the  number  of  positrons  and  electrons 
respectively  in  the  i‘'*  bunch,  and  the  beam  sigmas  are  calculated 
from  the  equations 


Cx  —  \X j  and 


(12) 


Itot  (mA) 

Figure  3.  / Pxo  ^  ^  function  of  total  current. 


_  ^  c/e'i  (13) 

where  (Is)  stands  for  the  light  source  point. 

Figures  2  through  4  show  data  from  two  days  of  normal  HEP 
running:  April  14,  1994  and  August  1,  1994.  [for  a  complete 
report  see  Sagan[4].]  The  April  14  run  was  at  an  old  operating 
point  with  tunes  of  Qro  =  10.574  and  Qyo  =  9.632  while  the 
August  1  run  had  tunes  of  Qxo  —  10.523  and  Qyo  —  9.597. 
Figure  2  shows  the  luminosity  as  a  function  of  total  electron  and 
positron  current.  The  three  sets  of  data  shown  correspond  to: 
(A)  Data  from  the  CLEO  detector,  (B)  The  luminosity  as  calcu¬ 
lated  from  the  synchrotron  light  monitors  neglecting  the  dynamic 
beta  effect,  and  (C)  The  luminosity  as  calculated  from  the  syn- 
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Figure  5.  Relative  /?//?o  as  a  function  of  oscillation  amplitude 
for  the  horizontal  plane  (solid  line)  and  the  vertical  plane  (dashed 
line). 


chrotron  light  monitors  including  the  dynamic  beta  effect.  For 
the  April  14  run  the  three  curves  are  too  close  together  to  decide 
whether  including  the  dynamic  beta  effect  gives  a  better  fit  to  the 
CLEO  data.  However,  For  the  August  1  run,  since  the  horizon¬ 
tal  tune  is  closer  to  a  half-integer,  it  is  clear  that  one  must  take 
the  dynamic  beta  effect  into  account.  For  the  August  1  run  the 
change  in  Cx  with  beam  current  was  significant  exceeding  50% 
at  the  highest  currents.  The  fact  that  there  is  still  a  discrepancy 
between  the  synch  light  calculation  and  CLEO  can  be  explained 
by  the  neglect  of  other  effects  such  as  the  hourglass  effect[3]. 

Figure  3  shows  ^x  normalized  by  the  unperturbed  /ixo  as  a 
function  of  total  current.  For  the  August  1  run  the  reduction  in  j3x 
is  quite  dramatic,  being  over  a  factor  of  2  at  the  larger  currents. 

The  difference  between  and  A.Qx  =  (//r  —  fixo)/^'^ 

is  shown  in  figure  4  which  shows  and  AQx  as  a  function 

of  total  current.  For  the  April  14  run  the  tunes  are  far  enough 
away  from  the  half-integer  resonance  so  that  the  dynamic  beta 
effect  is  small  and  /€a;  «  «  AQ^.  On  the  other  hand,  for  the 

August  1  run,  there  is  a  large  difference  between  the  three.  For 
the  August  1  run  ^x  varies  linearly  with  current  up  to  the  largest 
currents  where  it  exceeds  0.05.  AQx  and  Kx  however,  are  sig¬ 
nificantly  lower  than  ^x  and  they  show  some  slight  signs  of  ‘sat¬ 
uration’  at  the  highest  currents. 

III.  AMPLITUDE  DEPENDENCE 

In  terms  of  single  particle  dynamics  the  beam-beam  force  is 
nonlinear  beyond  la  either  horizontally  or  vertically.  The  fact 
that  the  beam-beam  force  starts  to  fall  off  beyond  la  results 
in  a  monotonic  decrease  of  the  effective  quadrupolar  focusing 
strength  with  increasing  particle  oscillation  amplitude.  This  re¬ 
sults  in  the  dynamic  beta  effect  being  amplitude-dependent  with 
large  amplitude  particles  being  relatively  unaffected  by  the  dy¬ 
namic  beta  effect.  This  implies  that  the  deleterious  effects  of 
reduced  single  particle  lifetime  that  are  associated  with  a  lower 
/?(IP)  are  not  present  with  dynamic  beta.  In  other  words,  the  dy¬ 
namic  beta  effect  is  materially  different  from  using  a  lattice  with 


alower/?(IP). 

The  amplitude  dependence  of  the  dynamic  beta  effect  was 
explored  with  a  simple  1-dimensional  particle  tracking  pro¬ 
gram  which  used  linear  arcs  and  the  full  nonlinear  beam-beam 
kick[4].  Particles  were  seeded  at  different  amplitudes  and 
tracked  for  300  turns.  For  a  single  particle  the  resulting  motion 
in  phase  space  was  fitted  to  an  ellipse  and  a  value  for  /?  extracted. 
Figure  5  shows  the  dependence  of  /?//?o  on  oscillation  amplitude 
A  for  both  the  horizontal  and  vertical  planes  under  the  conditions 
Q  =  0.526,  (Ty/cTa;  =  0.02,  and,  in  the  linear  region,  ^  =  0.3. 
As  can  be  seen,  13  is  insensitive  to  changes  in  amplitude  for  the 
particles  with  oscillation  amplitudes  below  about  la.  This  im¬ 
plies  that  the  amplitude  dependent  effects  on  the  luminosity  are 
small.  In  the  tails  of  the  beam,  where  ^  lOax  or  Ay  Z  50cry, 
the  dynamic  beta  effect  is  seen  to  be  small. 
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Abstract 

A  fast  tracking  technique  for  doing  beam  tail  simulations 
has  been  applied  to  a  study  of  beam-beam  effects  in  the 
SLAC/LBLA.LNL  PEP-II  B  Factory.  In  particular,  the  depen¬ 
dence  of  beam  lifetime  and  particle  density  distribution  due  to 
vacuum  pressure,  damping  times,  machine  nonlinearity  and  par¬ 
asitic  crossings  has  been  analyzed.  Effects  of  accidental  orbit 
separation  and  dispersion  function  at  the  interaction  point  (IP) 
have  also  been  considered. 

L  BEAM  PARAMETERS  AND  MODEL 

Beam  and  machine  parameters  for  PEP-II  B  factory  are  de¬ 
scribed  elsewhere  [1].  For  the  sake  of  completeness,  we  repro¬ 
duce  in  the  Table  I  all  parameters  we  need  for  a  discussion  of 
beam-beam  effects.  Our  notation  for  most  of  the  parameters  has 
a  standard  and  obvious  meaning.  Only  a  few  definitions  need  ex¬ 
planation.  In  the  PEP-II  B  factory,  electron  and  positron  bunches 
collide  head-on  at  the  IP.  After  the  IP,  beam  orbits  are  magneti¬ 
cally  separated  in  the  horizontal  plane.  However,  before  enter¬ 
ing  its  own  vacuum  pipe,  each  electron  bunch  and  each  positron 
bunch  experiences  four  more  interactions  with  other  bunches  of 
the  opposite  beam.  We  refer  to  these  interactions  as  parasitic 
crossings  (PC’s).  A  parameter  dgep  defines  orbit  separation  at 
the  first  PC.  Orbit  separation  at  the  remaining  PCs  is  much  larger 
and,  consequently,  the  effect  of  beam-beam  interactions  at  these 
PC  is  negligible.  We  will  ignore  them  in  our  model  and  will  con¬ 
sider  only  the  first  parasitic  crossing  on  either  side  of  the  IP.  Pa¬ 
rameters  Ai/x  and  Ai/y  define  horizontal  and  vertical  betatron 
phase  advance,  in  units  of  the  betatron  tune,  from  the  main  IP  to 
the  first  PC. 

A  goal  of  our  study  was  understanding  the  mechanisms  lead¬ 
ing  to  a  beam  lifetime  limitation  in  electron-positron  colliders. 
According  to  experimental  observations  [2],  these  mechanisms 
are  fairly  insensitive  to  particle  density  distribution  in  the  beam 
core.  Thus,  a  weak-strong  model  of  beam-beam  effects  seems 
adequate  to  our  task. 

All  our  simulations  were  carried  out  with  the  beam-beam 
program  LIFETRAC  [3].  This  program  allows  the  following 
physics  to  be  included  in  the  simulation: 

1.  Beam-beam  kick. 

2.  One  turn,  six-dimensional  linear  map. 

3.  Chromaticity  up  to  the  third  order: 

^  ^ox  4"  C^S  -f-  Cxx^^  4  ^xxx^ 

*Wbrk  supported  by  DOE  under  Contract  DE~AC03-76SF(X)098  and  by  Bud¬ 
ker  INP  of  ^e  Russian  Academy  of  Science. 

0~7803-3053-6/96/$5.00  ®1996  IEEE 


Table  I 

Beam  parameters 


weak  beam  (e*^ ) 

Strong  beam  (e  ) 

E  [GeV] 

3.1 

9.0 

^0x7  ^Oy 

34.57, 35.64 

34.57, 35.64“) 

0.037 

0.052  “) 

^Oxt  (oy 

0.03,0.03 

0.03,0.03  “) 

[turns] 

7200,7200 

5014,5014“) 

Tz  [turns] 

3600 

2507  “) 

^Apfp 

0.80  X  10-® 

0.62  X  10-®  “) 

(Tz  [cm] 

1.0 

1.0 

Cx  [mxrad] 

6.4  X  10“® 

4.8  X  10-®“) 

ey  [mxrad] 

1.9  X  10-® 

1.4  X  10“®  “) 

Main  crossing 

[m] 

0.50, 0.015 

0.667, 0.02 

E*  y  [m] 

0,0 

0,0“) 

177, 5.3  “) 

177, 5.3 

Parasitic  crossing 

d,ep  [mm] 

3.5 

(Tx^  (T y  [/^Ul] 

284, 223 

243,167 

Al/x,  AVy 

0.143,0.246 

0.117, 0.245“) 

These  parameters  do  not  enter  the  weak-strong  simulation 


—  I'oy  +  CyS  -h  + 

Here  S  ~  Aj) ! p  and  Cxf  ^xxj  ^xxx^  ^yy"*  ^yyy  pa¬ 
rameters  of  chromaticity. 

4.  Machine  nonlinearity  in  the  form  of  an 
amplitude-dependent  betatron  tune: 

l^x  ~  4“  ^x^^xx^x  4"  ^y^xy-^y 

l/y  —  ^x^xy-^x  4*  ^y^yy-^y" 

Here  Ax  and  Ay  are  normalized  amplitudes  and  0>xxy  (^xy 
and  ayy  are  coefficients. 

5.  Elastic  scattering  on  nuclei  of  the  residual  gas. 

6.  Parasitic  crossings. 

7.  Dispersion  functions  at  the  IP  and  at  the  PC. 

8.  Slicing  of  a  bunch  with  an  arbitrary  number  of  slices  (typ¬ 
ically,  we  use  5  pancake-like  slices). 

9.  Orbit  separation  at  the  IP. 

II.  SIMULATION  TECHNIQUE 

The  fast  tracking  technique  developed  in  LIFETRAC  [3] 
emerged  from  a  concept  proposed  earlier  in  [4]  and  realized  later 
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in  [5].  It  allows  a  determination  of  beam  lifetime  on  a  level  of 
10  hours  with  a  statistical  confidence  of  a  few  percent  by  track¬ 
ing  only  about  10^  particle-turns.  Along  with  the  lifetime,  this 
technique  is  able  to  provide  information  on  the  particle  density 
distribution  in  the  beam  tails. 

The  idea  of  the  algorithm  is  based  on  the  presence  of  a  random 
component  (such  as  quantum  fluctuation  noise)  in  the  particle 
motion  [4].  It  turns  out  that  a  particle’s  trajectory  in  phase  space 
depends  only  on  current  coordinates  and  momenta  (and  noise). 
A  history  of  the  particle’s  motion  is  irrelevant  for  its  future  trajec¬ 
tory.  After  accumulating  rich  statistics  of  a  particle’s  motion  in 
a  certain  region  of  phase  space,  one  can  ignore  the  exact  knowl¬ 
edge  of  a  particle  trajectory  in  this  region  and  replace  it  by  statis¬ 
tical  information.  This  information  could  contain  particle  coor¬ 
dinates  and  momenta  recorded  at  the  moment  when  the  particle 
leaves  the  region.  Then,  each  time  the  particle’s  trajectory  goes 
inside  that  region,  one  can  interrupt  tracking  and  begin  a  new  tra¬ 
jectory  from  one  of  the  pre-recorded  points.  By  this  technique, 
we  force  actual  tracking  to  go  on  only  in  a  region  with  poor  statis¬ 
tics  rather  than  tediously  tracking  in  a  region  with  well-defined 
statistics. 

This  algorithm  was  recently  checked  against  ‘brute- force’  cal¬ 
culations  performed  with  the  program  TRS  [6]  and  we  found  ex¬ 
cellent  agreement  in  the  results  [7].  It  is  worth  mentioning  that 
the  ‘brute-force’  calculations  took  818  minutes  of  CPU  time  on 
a  Cray-2S,  while  LIFETRAC  reached  the  same  accuracy  in  the 
tail  distribution  in  55  minutes  of  CPU  time  on  a  VAX-6610. 

IIL  RESULTS 

A  result  of  the  simulation  of  beam-beam  effects  in  PEP-II  for 
the  nominal  conditions  without  PC’s  is  presented  in  Figure  la. 
This  plot  (and  other  similar  plots)  shows  particle  distribution 
contours  in  amplitude  space.  The  first  contour  corresponds  to  a 
particle  density  a  factor  below  the  peak  and  all  the  follow¬ 
ing  contours  correspond  to  successive  reduction  with  a  factor  of 
e.  Amplitudes  Ay  are  normalized  amplitudes,  i.e.  Aa;  —  1 
corresponds  to  a  physical  amplitude  of  Icroa;  and  Ay  =  1  corre¬ 
sponds  to  a  physical  amplitude  of  Icroy. 

The  particle  density  distribution  is  obviously  perturbed  by 
nonlinear  resonances  £1/3;  -f-  mi/y  =  k.  The  identified  res¬ 
onances  are  shown  by  arrows.  On  top  of  each  arrow  we  draw 
numbers,  which  correspond  to  the  m,  n  resonance  identifica¬ 
tion.  Particularly  strong  is  the  resonance  =  k.  It  is  partly 
overlapped  with  some  other  resonances,  which  we  were  not  able 
to  identify. 

For  the  lifetime  determination  we  assumed  a  limiting  aperture 
of  Aa;  =  10  and  Ay  =  25.  With  that  aperture  we  were  not  able  to 
determine  the  lifetime,  because  it  was  very  long.  We  interrupted 
calculations  when  the  lifetime  exceeded  8  years.  We  also  did  not 
find  any  blow-up  of  the  beam  core. 

A.  Parasitic  Crossings 

Adding  PC’s  did  not  affect  beam  lifetime.  It  was  still  very 
long  to  be  determined.  But  PC’s  did  affect  the  beam  core  (we 
found  a  26%  increase  in  the  vertical  beam  size)  and  particle  den¬ 
sity  distribution  (see  Figure  lb).  The  main  factors  giving  rise  to 
the  effect  of  the  PC’s  are  strong  resonances:  6z/y  =  k  and 
-f  2z/y  =  k.  At  the  same  time,  we  found  that  resonances 


Figure  1 .  Particle  distribution  contours:  a)  nominal  case  without 
parasitic  crossings;  b)  the  same  as  a)  plus  PC;  c)  the  same  as  b) 
plus  elastic  scattering;  d)  the  same  as  c),  but  with  = 

0.05  and  =  —200  m“^. 

—4:j/x  +  2i/y  +  i/g  =  k  and  =  k  became  weaker.  This  res¬ 
onance  restructuring  is  a  result  of  a  new  beam  footprint  in  tune 
space  in  the  case  with  PC’s. 

B,  Vacuum 

Aside  from  beam-beam  effects,  the  leading  mechanism  defin¬ 
ing  the  beam  lifetime  in  PEP-II  on  a  level  of  23  hours  is  elas¬ 
tic  scattering  on  nuclei  of  the  residual  gas  [1].  Since  the  beam- 
beam  lifetime  defined  above  is  much  larger,  one  might  think  that 
the  beam-beam  interaction  will  have  no  noticeable  effect  on  the 
beam  lifetime,  but  this  is  not  right.  The  interference  of  beam- 
beam  effects  and  elastic  scattering  could  be  significant.  Imagine 
that  the  beam-beam  interaction  creates  some  resonance  islands 
in  phase  space  close  to  the  aperture  limit.  Then,  particles  scat¬ 
tered  inside  these  islands  from  the  beam  core,  could  be  trapped 
there.  As  a  result,  the  growing  population  of  particles  in  the  tails 
will  decrease  beam  lifetime.  This  is  exactly  what  we  found  when 
we  included  elastic  scattering  [3]  in  our  simulation  for  PEP-II. 
The  lifetime  dropped  from  22.9  hours  (vacuum  lifetime)  to  16.7 
hours.  We  attribute  this  to  the  elastic  scattering  into  the  reso¬ 
nance 4  i/y  =  k,  which  perturbs  the  particle  density  distri¬ 
bution  at  large  vertical  amplitudes  (compare  Figure  Ic  with  Fig¬ 
ure  lb). 
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Table  II 

Orbit  separation 


Aaj/cr*^ 

Ay/o-Jj, 

Lifetime,  [h] 

0 

0 

1.10 

1.46 

18.9 

0.2 

0 

1.07 

1.71 

18.4 

0.4 

0 

1.12 

1.93 

18.4 

0 

0.2 

1.07 

1.99 

19.9 

0 

0.4 

1.07 

2.57 

18.6 

C  Damping  Time 

We  compared  beam-beam  effects  for  two  damping  times. 
First  we  us^  a  damping  time  of  5400  turns  as  it  is  in  [1];  second 
we  took  a  damping  time  of 7200  turns,  as  proposed  in  [8] .  In  Fig¬ 
ure  2,  we  show  the  dependence  of  the  lifetime  versus  beam-beam 
parameters  for  our  two  cases.  The  difference  between  two  cases 
is  less  than  the  statistical  error  expected  in  the  calculations. 


30 

C 

■  Lifetime,  (hours) 

/T=5400  turns 

20 

< 

10 

■ 

^T=7200  turns 

n 

1  1  1 

i  ■  1  1 

0  0.02  0.04  0.06  ^ 


Figure  2.  Beam  lifetime  versus  ^  for  two  damping 

times.  Arrows  indicate  damping  time. 

D.  Machine  Imperfections 

In  order  to  be  more  sensitive  to  the  beam-beam  effects,  we  did 
all  the  rest  of  our  simulations  with  =  ^ot/  =  0.05. 

Chromaticity.  We  did  not  find  any  significant  effect  of  chro- 
maticity  when  we  varied  Cxx^  Cyy  in  the  range  of  ib500  and 
Cxxx,  Cyyy  m  tho  TmgQ  of  ±10^,  which  are  larger  values  than 
we  anticipate  for  the  machine. 

Tune  shifts  with  amplitude.  In  our  notation,  typical  depen¬ 
dence  of  betatron  tunes  from  amplitudes  for  PEP-II  corresponds 
to  axx=ctyy — 200m‘“^  and  a^y — lOfiOm”^  [9].  Simulations 
with  these  coefficients  gave  quditatively  similar  results  to  those 
with  zero  nonlinearity.  By  adjusting  a^x  with  ayy=axy=0  we 
could  slightly  increase  the  strength  of  the  resonance  =  k  at 

a3.2;=-200m“^  or  significantly  reduce  it  at  a^ar  =400m”^  (com¬ 
pare  Figure  Id  and  Figure  3a),  but  both  the  beam  lifetime  and  the 
beam  core  remained  fairly  insensitive  to  this  change.  For  the  rest 
of  the  simulations  we  used  axx^'2.00m~^ , 

Orbit  separation  at  the  IP,  Table  II  contain  all  results.  One  can 
see  that  only  the  vertical  beam  size  was  sensitive  to  the  orbit  sep¬ 
aration  Aa?,  Ay. 

Dispersion  at  the  IP,  Simulations  with  non-zero  horizontal  and 
vertical  dispersions  at  the  IP  showed  that  the  lifetime  began  to 
drop  below  10  hours  when  D*  >  4  cm  or  D*  >  0.5  cm.  An 


Figure  3.  Particle  distribution  contours:  a)  the  same  as  Figure 
Id,  but  with  axx=400  m“^  b)  the  same  as  Figure  Id  plus  = 
0.53  cm. 

example  with  D*  =  0.53  cm  is  shown  in  the  Figure  3b.  More¬ 
over,  we  found  that  a  dispersion  D*  =  2.2  cm  already  reduced 
the  lifetime  below  10  hours  when  combined  with  an  accidental 
orbit  separation  of  Ax/oq^  =  0.4. 

IV.  CONCLUSION 

Our  study  demonstrated  that  beam-beam  effects  should  not  af¬ 
fect  the  performance  of  the  PEP-II  B  factory  if  = 

0.03.  We  did  not  find  significant  reduction  in  the  beam  lifetime 
even  for  larger  beam-beam  parameter,  but  we  did  see  in  many 
occasions  a  large  increase  in  the  vertical  beam  size. 

Acknowledgment,  We  are  grateful  to  M.  Furman  and  M.  Zis- 
man  for  many  useful  discussions. 
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Abstract 

Resonant  backscattering  of  high-power  laser  beam  with  non- 
fully  strippped,  ultra-relativistic  ion  beams  in  storage  rings  is 
studied  as  a  source  for  7-ray  beams  for  elementary  particle 
physics  experiments.  The  laser  frequency  is  chosen  to  be  res¬ 
onant  with  one  of  the  transition  frequencies  of  the  moving  ions, 
and  the  bandwidth  is  chosen  to  cover  the  full  Doppler  broadening 
of  the  ions  in  the  beam.  Due  to  the  resonance,  the  scattering  cross 
section  is  enhanced  by  a  large  factor  compared  to  the  Thomson 
cross  section,  of  the  order  10®  for  some  examples  considered 
here.  The  performance  of  the  LHC  as  a  possible  7-generator  or 
a  7 — 7  collider  is  estimated.  We  study  the  case  where  hydrogen¬ 
like  Pb  ions  with  2.8  TeV  per  nucleon  are  scattered  by  a  train  of 
1100  A,  20  mJ  laser  pulses  with  the  same  pulse  time  format  as 
the  ion  beam.  A  free  electron  laser  can  be  designed  satisfying 
the  requirements.  It  is  estimated  that  7-rays  of  maximum  quan¬ 
tum  energy  of  0,4  GeV  at  an  average  rate  of  0.67 10^®  are  gener¬ 
ated  in  this  scheme.  The  luminosity  of  the  corresponding  7  —  7 
collider  will  be  about  0.9  10®®cm~^s“^ 

1.  INTRODUCTION 

Compared  to  the  case  of  Thomson  scattering  on  free  electrons, 
the  scattering  cross  section  of  laser  photons  on  bound  electrons, 
when  the  photon  energy  is  at  resonance  with  one  of  the  transi¬ 
tion  energies  of  non-fully  stripped  ions,  is  larger  by  many  or¬ 
ders  of  magnitudes  up  to  a  factor  X/Airrl  ^  10^®  where  A  is 
the  laser  wavelength  and  rg  is  the  classical  electron  radius[l- 
4].  Radiative  cooling  of  ion  beams  has  been  recently  proposed 
based  on  this  observation  [5].  With  the  large  hadron  storage 
rings  currently  being  proposed  or  under  construction,  which  can 
store  high-Z  ions  such  as  Pb  with  an  energy  of  several  TeV  per 
nucleon,  the  mechanism  could  also  be  the  basis  for  a  copious 
source  of  7  rays.  As  an  example,  we  study  the  performance  of  the 
LHC[6]  as  a  7-ion  or  7-7  collider  when  it  operates  as  a  collider 
for  Pb  ions  at  CM  energy  of  1120  TeV.  The  transition  energy  is 
about  60  keV,  which  corresponds  to  a  laser  wavelength  of  about 
1100  Ain  the  laboratory  frame.  The  laser  intensity  is  chosen  to 
be  the  saturation  intensity.  The  Rayleigh  length  is  chosen  to  be 
about  the  rms  pulse  length  of  the  ion  beam.  It  is  found  that  sev¬ 
eral  thousands  7-photons  are  generated  per  ion.  With  a  distance 
about  15  cm  between  the  ion-7  conversion  point  and  the  inter¬ 
action  point,  which  is  sufficient  to  deflect  the  ion  beam  by  two 
sigmas  of  the  beam  spot  size,  we  estimate  that  the  luminosity  of 

*This  work  was  supported  by  the  Director,  Office  of  Energy  Research,  Office 
of  Basic  Energy  Sciences,  of  the  U.S.  Department  of  Energy  under  Contract  No. 
DE-AC03-76SF00098. 


a  7  —  7  collider  based  on  the  resonant  backscattering  at  the  LHC 
will  be  about  0.910®® 


II.  SPONTANEOUS  INCOHERENT  7-RAY 
SOURCES 

Let  a  laser  beam  is  directed  against  and  scattered  by  an  ion 
beam.  Let  hojQ  be  the  transition  energy  in  the  ion's  rest  frame  be¬ 
tween  two  electronic  states  1  and  2,  and  Tiujq  and  Tiljq  be  the  cor¬ 
responding  energies  of  the  incoming  laser  photons  and  the  scat¬ 
tered  photons  in  the  laboratory  frame,  respectively.  These  quan¬ 
tities  are  related  by 


±  L  _ _ ^^0 _ 

7(1  - /?cosi/>)  ’ 
j{l—/3cos0)^ 


(1) 


where  7  =  EfMc^  —  l/yjl  —  (P,  E  is  the  ion  energy,  M  its 
mass  p  =  vfc,v  the  ion  velocity,  c  the  speed  of  light  V'  the  angle 
between  the  initial  photon  velocity  and  ion  velocity,  and  0  the  an¬ 
gle  between  final  photon  velocity  and  ion  velocity.  In  this  paper, 
we  restrict  to  the  case  ^  tt,  P  l,in  which  case  the 

above  equations  become 


^0 


2jhojo 

iTW’ 


(2) 


The  frequency  of  the  incoming  laser  photons  and  the  scattered 
photons  in  the  general  case  will  be  written  as  u  and  uj^  respec¬ 
tively.  Since  we  are  considering  the  case  near  resonance  in  this 
paper,  we  have  cd  ~  Wq  and  cdQ. 

The  scattering  cross  section  of  laser  photons  by  an  ion  is  given 


by[7] 

_  27rrec/r 

(3) 

(7^(1  —  p  COS  xj})  —UJqY  r^)  ’ 

where 

Tg  is  the  classical  electron 

radiaus, 

/  the  oscillator  strength,  F  the  spontaneous  linewidth  given  by 
r  =  ^o'^ecfgi/cg^,  gi  and  g2  are  respectively  the  degenracy 
factors  of  the  state  1  (  ground  state)  and  state  2  (  excited  state) 
between  which  the  transition  occurs,  and  Pz  —  P  cos  1. 

The  maximum  cross-section  at  exact  resonance  u  =  ujq  is 


^max  — 


92>1 

2T:gf 


(4) 


where  Aq  =  21:0 /ujq  is  the  resonance  wavelength  corresponding 
to  wq.  Note  that  this  is  larger  than  the  Thomson  cross  section  by 
a  factor  of  about  (Aq /re)^ ,  which  is  a  very  large  factor. 
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When  the  ion  beam  has  an  angular  spread,  and  energy 
spread,  A7,  then,  for  effective  interaction  of  all  ions  with  the 
photon  beam,  the  bandwidth  Ao;  of  the  incoming  laser  should 
satisfy 


Acj  ^  (AV^)^  A7 
cj  ^  4  7  ' 


(5) 


This  follows  from  eq(l).  The  bandwidth  Aw  given  by  eq(5)  is 
usually  much  larger  than  the  width  of  the  transition  frequency  in 
the  laboratory  frame,i.e.,  Aw  r/27.  Assuming  for  simplicity 
that  the  spectral  intensity  of  the  laser  beam  ( power  per  unit 
area  per  unit  frequency)  is  distributed  uniformly  in  the  frequency 
range  Aw  so  that  the  /a,  =  // Aw ,  where  I  is  the  intensity(power 
per  unit  area),  then  the  average  cross-section  of  the  photon  scat¬ 
tering  by  ions  is 


cr  =  J  y  (Ti^Iu;dcJ  =  7rre/Ao— .  (6) 

The  enhancement  of  the  resonant  cross  section  over  the  Thom¬ 
son  cross  section  for  a  broad  band  laser  is  about  a  factor 
(Ao/re)(w /Aw),  which  is  smaller  than  that  in  the  case  of  exact 
resonance,  but  is  still  very  large.  It  is  about  10®  in  our  example 
later. 

The  number  of  scattered  photons  per  ion  is  given  by 


(7) 


The  factor  of  2  is  due  to  the  fact  that  relativistic  particle  and  laser 
photons  are  making  a  head-on  collision.  The  factor  (1  -h  D)  in 
the  denomenator  is  due  to  the  saturation  effect,  i.e.,  the  fact  that 
the  level  populations  reach  an  equilibrium  via  competition  be¬ 
tween  the  absorption,  stimulated  emission  and  the  spontaneous 
emission[6].  The  quantity  D  =  I /hat  is  the  saturation  param¬ 
eter,  hat  =  {'^cgihujQ/j‘^g2\o)  (Aw/w)  and  hff  is  the  ef¬ 
fective  interaction  length  of  the  laser  and  ion  beams,  which  is 
assumed  to  be  much  longer  than  the  spontaneous  decay  length 
cTspon  =  cj/2r  in  the  laboratory  frame.  If  there  are  Ni  number 
of  ions  in  the  pulse,  the  total  number  of  7-ray  photons  generated 
per  ion  pulse  is  given  by  =  An^Ni. 

Let  us  now  consider  the  transition  between  the  first  ex¬ 
cited  state  (principal  quantum  number  n  =  2)  to  the  ground 
state  (n  =  1)  to  the  ground  state  of  a  hydrogen-like  ion 

with  atomic  number  Z.  In  this  case,  we  have  /  =  0.42, 

9i  =  5^2  =  2^  =  4,  ftwo  =  3a^meC^Z^/8 

10.19Z2[eV],  Ao  -  1.22  •  IQ-V^^  [^m],  cr^pon  ^ 

[cm],  hat  -  21.2(Z®/72)(Aw/w)[MW/cm2],  and  An^  = 
7.85  10^^Z%ff[cm]/j{l  -h  D). 

The  scattered  radiation  will  be  polarized  if  we  will  use  polar¬ 
ized  initial  laser  radiation.  It  will  be  possible  to  change  the  kind 
of  polarization  by  changing  the  kind  of  initial  polarization. 

The  spectral  distribution  of  the  scattered  power  is  of  the  form 


dP 

dw* 


3P 


W“ 


(8) 


where  0  <  ^  <  1,  -  27^0  is  the  maximum 

energy  of  the  scattered  photons. 


III.  A  7-7  and  7-ION  COLLIDER  BASED  ON 
THE  LHC 

Consider  now  7-ray  generation  in  straight  sections  of  high  en¬ 
ergy  ion  storage  ring.  A  counter  propagating  laser  beam  is  fo¬ 
cused  with  a  waist  close  to  the  ion  beam  waist.  Since  the  the  7- 
ray  production  rate,  is  proportinal  to  D/(l  +  £)),  as  can  be  seen 
from  eq(7),  the  laser  intensity  I  is  optimized  at  /  2^  at-  When 
the  ion  beam  emittance  is,  as  is  usuallythe  case,  much  smaller 
than  the  radiation  emittance,  ~  A/47r,  the  effective  interaction 
length  lef  f  is  about  twice  the  Rayleigh  length  zr  of  the  laser 
beam.  For  most  efficient  interaction,  we  choose  zr  to  be  about 
the  rms  bunch  length  of  the  ion  beam  aiz.  We  also  choose  the 
length  of  the  laser  pulse  to  be  about  2(7*2.  Given  these  parame¬ 
ters,  we  obtain  the  peak  laser  power  by  Pl  =  {zrX/2)I  and  the 
laser  pulse  energy  by  Wl  —  (2(7*2  )Pl. 

The  relevant  parameters  for  the  LHC  operating  as  a  collider 
for  hydrogen-like  Pb  ions  are[6];  Z  —  82,  j  cz  3000,  Ni  = 
9.4  10^,  bunch  separation  135  ns,  the  rms  beam  transverse  size 
(7*a;  =  1.2 10“^  m,  (7*2  =  7.5  cm,  A7/7  =  2. 10“^. 

Following  the  above  procedure,  we  find  the  following  laser 
parameters:  A  =  1100  A,  the  pulse  energy  PVl  =  20  mJ,  pulse 
length  500  ps,  peak  power  Pl  =  40  MW,  average  power 
Pl  =  1 50  kW,  and  the  required  bandwidth  Aw /a;  2.10'”'^.  A 
free  electron  laser  can  be  designed  that  can  meet  these  require¬ 
ments.  The  only  extension  of  the  current  technology  would  be  in 
the  mirror  reflectivity  at  1 1 00  A,  but  the  problem  could  be  solved 
by  grazing  incidentcavity  design,  etc. 

With  these  parameters,  the  maximum  photon  energy  of  the  7- 
rays  is  0.4  GeV,  An^  is  0.9  10®,  and  that  per  pulse  is  0.85 10^^, 
and  time  averged  rate  is  0.67  10^®  photons  per  second.  This  is 
indeed  a  very  copious  source  of  7-rays. 

A  high  energy  ion-ion  collider  can  therefore  be  converted  to  a 
7-7  or  7-ion  collider  with  the  photon  energy  in  the  GeV  range, 
just  as  a  high  energy  electron  linear  collider  in  TeV  range  can 
be  coverted  to  a  TeV  7  —  7  collider [8].  Assuming  IT  magnetic 
field,  a  distance  6  2^  14  cm  is  required  to  deflect  the  ion  beams 
by  a  distance  of  twice  the  rms  spotsize.  This  will  be  the  distance 
between  the  conversion  point  to  the  7  —  7  interaction  point.  Due 
to  the  opening  angle  ^  1  /7  of  the  7-rays,  the  cross  sectional  area 
at  the  interaction  point  is  ^  7r(6/7)^.  The  luminosities 
and  L^i  of  7-  7,  and  7-ion  collisions  are  given  by: 


L 


11 


L-yi  - 


NiN^f 


(9) 


where  /  is  the  collision  frequency.  For  the  above  example,  we 
find  -  0.9  10®®  and  L^i  -  0.93  10®^ 


IV.  CONCLUSION 

In  this  paper,  we  have  studied  the  performance  of  highly  rel¬ 
ativistic  ion  storage  rings  as  a  7  —  7  collider,  when  laser  phtons 
are  coverted  into  7  photons  through  resonant  backscattering  pro¬ 
cess.  The  perturbation  on  ion  beam  in  such  a  process  extremely 
gentle,  and  will  not  affect  the  ion  beam  dynamics.  Nevertheless, 
we  have  seen  that  it  gives  rise  to  a  very  intense  7-ray  source. 

In  this  paper,  we  have  only  considered  the  example  of 
hydrogen-like  Pb  ions  at  the  LHC.  Similar  calculations  can 
clearly  be  repeated  for  other  ions  and  also  for  other  machines 
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such  as  RHIC.  Lower  energy  machines  or  lower  Z  ions  may  be 
intersting  as  high  intensity  x-ray  generator.  We  will  report  on 
these  calculations  in  a  future  publication. 
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OBSERVATIONS  OF  THE  EFFECTS  OF  THE  BEAM-BEAM 
INTERACTION  ON  THE  ORBITS  OF  STORED  BEAMS  IN  CESR§ 

E.  Young,  Wilson  Synchrotron  Laboratory,  Cornell  University,  Ithaca,  NY  14853  USA 


Luminosity  in  the  Cornell  Electron  Storage  Ring 
(CESR)  depends  critically  on  the  degree  of  overlap  of  the 
counter-rotating  beams  at  the  interaction  point  (IP). 
However,  due  to  the  pretzel^,  this  overlap  is  sensitive  to 
changes  in  quadrupole  and  sextupole  strengths.  The  beam- 
beam  interaction  (BBI)  perturbs  the  closed  orbits  and  depends 
on  the  transverse  distance  between  the  opposing  beams  as 
they  pass  each  other.  If  a  real  time  measurement  of  this 
small  orbit  change  were  possible,  then  this  effect  could  be 
used  to  determine  whether  the  bunches  remain  in  collision 
while  tuning  CESR  for  high  luminosity.  Our  purpose  was 
to  determine  whether  this  would  be  possible  with  the  present 
beam  position  detector  system. 


L  THE  BEAM-BEAM  INTERACTION  FOR 
FLAT  BEAMS 


The  vertical  kick  felt  by  a  test  particle  due  to  the 
transverse  electric  field  of  a  two-dimensional  Gaussian  charge 
distribution  is  given  by  the  equation  below.  Complete 
derivations  are  available  in  the  references  [1],  [2],  [3],  and 
[4]. 


Ay'  =  A  Re 


w 


H  +  ipv 


w 


pfi  +  /V 


(1) 


where  A  ,d  ,ii,v ,  and  p  are 


(2) 


v  =  - 


^  C7x 


Cx  Oy 

N  is  the  number  of  particles  in  the  distribution,  Ox  and  ay 
are  the  transverse  sizes  of  the  distribution,  and  x  and  y  .are 
the  horizontal  and  vertical  distances  of  the  test  particle  from 
the  center  of  the  Gaussian  charge  distribution.  w(z)  is  the 
complex  error  function  defined  by  the  following  equation. 


w(z)  =  exp 


2i^  ] 

l  +  -^Jexp(M2)d« 

1  0 

(3) 
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t  The  pretzel  in  CESR  is  a  closed  orbit  with  kinks  in 
the  horizontal  plane  in  order  to  insure  that  counter-rotating 
beams  of  electrons  and  positrons  remain  separated  at  parasitic 
crossing  points.  Thus,  the  beams  are  off  axis  horizontally 
through  most  of  the  magnets. 
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The  complex  error  function  must  be  evaluated 
numerically,  and  we  have  used  a  computer  program  [5]  to  do 
so  based  on  the  routines  developed  in  reference  [1].  Figure  1 
shows  the  vertical  beam-beam  kick  as  a  function  vertical 
displacement  for  a  beam  aspect  ratio  of  ay  jax^  1/10 . 

For  fitting  measured  data  to  the  theory  a  simpler 
expression  for  the  kick  would  be  convenient.  We  can  expand 
the  error  function  and  the  exponential  in  equation  (1)  about 
the  origin  and  keep  as  many  terms  as  necessary  to  obtain 
good  agreement  with  equation  (1).  For  small  vertical 
displacements  and  assuming  that  the  horizontal  displacement 
is  zero,  the  linear  approximation  of  equation  (1)  is 


4/  =  - 


r((T,+<7y)cry 


(4) 


To  3rd  order  the  approximation  is 


Ay'  =  A\ 


2(1 -P) 


2(1 -pr 


2(-l  +  3p2-2p3) 


(5) 


where  A  ,d  ,  p  ,  p  ,  and  V  are  the  same  as  in  equation  (2). 
Equation  (4)  and  the  first  term  of  equation  (5)  are  the  same 
for  u  =  0.  These  approximations  are  also  plotted  in  figure  1. 


yi<yy 

Figure  1:  The  vertical  beam-beam  kick  from  a  flat, 
Gaussian  electron  beam  as  a  function  of  vertical  distance 
from  the  center  of  the  beam. 


As  is  discussed  in  the  references  [2],  [6],  and  [7],  if  the 
current  of  one  bunch  is  significantly  smaller  than  that  of  the 
other  bunch  (the  weak- strong  approximation),  the  strong 
beam  remains  undisturbed  by  the  presence  of  the  weak  beam, 
while  the  weak  beam  can  be  considered  a  group  of  non¬ 
interacting  particles.  The  disturbed  orbit  of  the  weak  beam 
can  then  be  obtained  by  substituting  the  kick  from  equation 
(1)  in  the  usual  formula  for  a  closed  orbit  distortion  (using 
the  N  ,  ax,  and  ay  of  the  strong  beam). 
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(6) 


The  above  equations  apply  for  the  weak-strong  case,  i.e, 
one  beam  has  a  much  smaller  current  than  the  other  so  that 
its  orbit  is  perturbed,  but  the  strong  beam  is  essentially 
unperturbed.  This  is  a  special  case;  normally  when  tuning 
luminosity  in  CESR,  the  bunches  have  nearly  equal  currents, 
so  the  beams  feel  kicks  of  approximately  equal  strengths,  and 
both  beams’  orbits  and  transverse  sizes  are  affected.  This  will 
complicate  any  attempt  to  measure  the  closed  orbit  distortion 
due  to  the  beam-beam  interaction  as  a  function  of  the  overlap 
at  the  IP  during  luminosity  conditions  and  fit  that 
measurement  to  the  theory.  In  fact,  the  strong-strong  case  is 
usually  approached  via  simulations.  However,  the  qualitative 
features  of  the  orbit  distortion  due  to  the  beam-beam 
interaction  in  the  strong-strong  case  are  the  same  as  in  the 
weak-strong  case,  i.e.  as  the  displacement  between  the  beams 
increases,  the  effect  of  the  beam-beam  force  increases  to  a 
maximum  then  decreases. 

II.  MEASURING  THE  EFFECT  OF  THE  BEAM- 
BEAM  INTERACTION  ON  CLOSED  ORBITS 

The  measurement  of  the  orbit  distortion  due  to  the 
beam-beam  interaction  was  performed  in  a  lattice  which  had  a 
vertical  tune  of  Qy  —  9.6298  and  a  vertical  beta- function  at 
the  IP  of  ^*  =  0.0172  meters.  Normally,  CESR  operates 
with  nine  bunches  each  of  electrons  and  positrons,  but  for 
these  experiments  we  filled  two  positron  bunches  and  one 
electron  bunch;  the  positron  bunches  will  hereafter  be  referred 
to  as  the  colliding  and  reference  bunches.  We  then  brought 
the  beams  into  collision  and  measured  the  difference  between 
the  orbits  of  the  positron  bunches  at  10  different  detectors 
around  CESR.  Table  1  shows  the  beam  parameters  during 
these  measurements.  The  BBFs  at  parasitic  crossing  points 
were  negligible,  so  the  only  difference  between  the  orbits  of 
the  two  positron  beams  should  be  due  to  the  BBI  at  the  IP. 


Table  1:  Beam  parameters  during  the  experiinents.^ 


Data  set 

II- 

Il+ 

I5+ 

Oe- 

CTe+ 

#1 

7.18 

7.33 

7.59 

15.4 

11.7 

#2a 

6.84 

7.51 

7.73 

14.3 

9.7 

#2b 

6.30 

3.40 

5.64 

lA 

9.8 

Since  the  size  of  the  orbit  distortion  is  different  at 
each  detector,  we  should  not  average  the  measured  orbit 
differences  directly.  Doing  so  would  weight  the  data  from 
each  detector  by  the  beta-function  at  that  detector.  Instead  we 
will  use  Equation  (6)  to  normalize  the  measured  orbit 
distortion  at  each  detector  to  j3*,  then  average  them.  The 
three  sets  of  normalized,  averaged  data  are  plotted  in 
Figures  2,3,  and  4. 


i  The  current,  I,  is  in  mA,  and  the  vertical  beam  size,  a, 
is  in  |im.  The  subscripts  refer  to  the  bunch  number  and 
species.  The  currents  are  averages  over  the  measurements. 
The  beam  sizes  are  also  averages  over  the  measurements,  and 
for  the  positrons,  an  average  of  the  two  bunches  as  well. 


^y(IP)  =  ^y(arc) 


Figure  2:  Data  set  #2b  (unequal  bunch  currents). 


ysep 

Figure  3:  Data  set  #2a  (equal  bunch  currents). 


ysep 

Figure  4:  Data  set  #1  (equal  bunch  currents). 


To  vary  the  vertical  separation  at  the  IP  we  used  two 
electrostatic  separators  located  on  the  opposite  side  of  the 
ring  from  the  IP.  Ideally,  the  vertical  betatron  phase  between 
these  separators  is  n  creating  a  closed  vertical  bump  at  the 
parasitic  crossing  point  opposite  the  IP  and  no  vertical 
separation  at  the  IP;  however,  coupling  plus  the  presence  of 
the  pretzel’!'  may  create  a  vertical  separation  at  the  IP  even  if 
the  bump  is  closed.  Changing  the  phase  advance  uncloses  the 


2899 


bump  creating  a  vertical  ripple  which  changes  the  vertical 
separation  at  the  IP.  A  ‘‘knob”  in  the  control  room  controls  a 
combination  of  quadrupoles  such  that  we  can  change  the 
phase  advance  between  these  separators  without  disturbing 
the  rest  of  the  machine.  Before  attempting  to  measure  the 
effect  of  the  BBI,  we  measured  the  change  in  the  orbit  at 
several  points  as  we  varied  the  phase  advance,  and  calculate 
the  corresponding  change  in  the  displacement  of  the  orbit  at 
the  IP.  To  measure  the  effect  of  the  BBI,  we  varied  the 
vertical  separation  at  the  IP  over  35  |Xm  or  about  4cr^ . 

m.  DATA  ANALYSIS 

To  find  the  phase  advance  which  corresponded  to 
ysep  =  0 »  we  used  the  fact  that  =  0  occurs  at  the 
inflection  point  of  Equations  (1)  and  (5),  Using  data  set  #2b, 
we  fit  a  cubic  polynomial  to  the  data  versus 
-ay  <  ysep  <  CTy  with  an  arbitrary  zero  then  found  the 
inflection  point  of  that  fit.  This  point  was  set  to  y^ep  =  0 . 
When  data  sets  #2a  and  #1  were  treated  in  the  same  way, 
their  inflection  points  corresponded  to  the  same  setting  for 
the  phase  advance  within  the  errors  of  the  fit.  The 
coefficients  of  the  fit  were  scaled  accordingly,  and  are  listed 
in  Table  2.  The  slope  of  the  fitted  line  and  mi  of  the  fitted 
polynomial  agree  with  each  other  within  the  limit  of  the 
errors  of  the  fits  in  all  cases.  As  a  further  check,  we 
compared  the  ratio  milm^  of  the  polynomial  fit  to  that 
predicted  by  equation  (5);  they  agreed  within  the  limits  of 
error. 


luminosity  conditions.  Under  normal  conditions  there  would 
not  be  an  extra,  non-colliding  beam  available  to  use  as  a 
reference,  and  having  such  an  extra  bunch  during  high  energy 
physics  runs  is  undesirable.  Figure  5  shows  the  actual 
vertical  positions  of  the  colliding  and  reference  positron 
bunches  in  data  set  #2b  at  one  detector.  Due  to  limitations  of 
the  present  beam  detector  system,  the  effect  of  the  beam- 
beam  interaction  is  visible  only  in  the  difference  between  the 
two  bunches.  Fitting  a  cubic  polynomial  to  the  colliding 
bunch’s  position  and  finding  the  inflection  point  does  not 
agree  with  the  inflection  point  of  the  difference  data.  In  fact, 
adding  the  quadratic  and  cubic  terms  does  not  significantly 
improve  the  “goodness”  of  the  fit. 

IV.  CONCLUSION 

The  experiment  was  successful  in  that  the  effects  of  the 
beam-beam  interaction  on  the  closed  orbit  were  observed  and 
measured,  and  the  measurements  were  consistent  with  the 
formulae  in  section  II.  However,  the  need  for  a  reference 
bunch  as  demonstrated  in  figure  5  makes  this  method 
impractical  for  use  during  normal  operating  conditions.  Two 
pairs  of  dedicated  detectors  on  either  side  of  the  interaction 
point  (to  measure  both  the  position  and  slope  of  the  electron 
and  positron  orbits  separately)  might  be  a  more  reliable 
method  of  determining  the  overlap  of  the  beams  at  the  IP. 

V.  REFERENCES 


Table  2:  Coefficients  of  the  fits  shown  in  figures  (2)-(4). 


Data 

set 

Fit  to  a  line 

Fit  to  a  cubic  polynomial  | 

mi  (X  10-3) 

mi  (x  10-3) 

m3  (x  10-3) 

#1 

#2a 
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5.011.5 
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Figure  5:  Vertical  positions  of  the  colliding  and 
reference  positron  bunches  at  one  detector  from  data 
set  #2b. 


Our  results  suggest  that  in  theory  this  method  could  be 
used  to  determine  whether  the  beams  are  in  collision, 
however,  these  measurements  were  not  done  under  normal 
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CALCULATIONS  ON  DEPOLARIZATION  IN  HERA  DUE  TO  BEAM-BEAM 

EFFECTS 

M.  Boge  and  T.  Limberg,  DESY 


Abstract 

Polarized  beams  will  play  an  important  role  in  the  HERA  physics 
program  in  the  next  years.  First,  the  HERMES  experiment  will 
use  longitudinally  polarized  electrons  (or  positrons)  for  colli¬ 
sions  with  a  polarized  gas  target  while  at  the  detectors  HI  and 
ZEUS  these  particles  undergo  collisions  with  the  proton  beam  in  a 
transversely  polarized  state.  Later,  spin  rotators  will  be  installed 
around  the  HI  and  ZEUS  experimental  regions,  allowing  for  col¬ 
lisions  of  longitudinally  polarized  electrons/positrons  with  the 
proton  beam.  Measurements  show  that  for  present  HERA  beam 
intensities  the  beam-beam  effect  does  not  reduce  polarization  by 
more  than  5%.  We  present  calculations  using  the  spin  tracking 
code  SITROS  which  explore  depolarization  due  to  beam-beam 
effects  towards  higher  beam  intensities  and  luminosity. 

L  INTRODUCTION 

Beam  collisions  in  HERA  occur  at  the  two  interaction  points 
of  the  experiments  HI  and  ZEUS,  The  transverse  dimensions  of 
electron^  and  proton  beams  have  to  be  matched,  otherwise  the 
lifetime  of  the  proton  beam  would  suffer.  Especially  the  naturally 
small  vertical  size  of  the  electron  beam  has  to  be  increased.  For 
that  purpose,  vertical  beam  bumps  are  used  to  increase  vertical 
dispersion  at  bending  magnets  and  thus  vertical  emittance.  About 
10%  of  emittance  coupling  (ratio  between  vertical  and  horizontal 
emittance)  is  needed  to  match  the  height  of  the  proton  beam. 

The  strength  of  the  beam-beam  interaction  is  characterized  by 
the  vertical  tune-shift  parameter  of  the  electron  beam: 

^  _ PzlP _ 

y  2nazip  (cTxiP  +  <^zip) 

where  x  and  z  are  the  horizontal  and  vertical  coordinates,  N  de¬ 
notes  the  number  of  particles  per  proton  bunch,  is  the  classical 
electron  radius  and  y  the  Lorentz  factor. 

A  beam-beam  tune  shift  of  =  0.04  is  generally  considered 
to  be  the  performance  limit,  at  present  luminosities  typical  values 
of  0.01-0.02  are  reached.  For  the  calculations  presented  in  this 
paper,  the  optics  and  beam  sizes  at  the  IP  remain  constant,  so 
is  only  a  function  of  the  bunch  charge.  For  the  optics  we  used,  a 
tune  shift  of  0.04  corresponds  to  single  bunch  currents  of  0.5  mA. 

IL  THE  COMPUTER  MODEL 

The  spin  tracking  code  SITROS  [3]  traces  an  ensemble  of  parti¬ 
cles  through  sections  of  the  storage  ring,  simulating  the  emission 
of  synchrotron  radiation  between  sections.  Orbit  motion  and  the 
variation  of  the  spin  rotation  axis  and  angle  through  a  section  are 
calculated  to  second  order,  the  rotation  of  the  spins  around  these 

^HERA  collides  electrons  or  positrons  with  protons.  Throughout  the  paper, 
we  will  only  refer  to  electrons,  but  everything  also  holds  for  positrons. 


axes  is  treated  correctly  to  all  orders.  The  polarization  is  calcu¬ 
lated  as  a  function  of  time  by  taking  the  vector  sum  of  the  tracked 
particles  spins.  An  exponential  fit  to  these  numbers  then  yields 
a  depolarization  time  constant  The  equilibrium  polarization 
is  then  calculated  from 


where  Pst  is  the  Sokolov-Temov  level[2]  and  Tp  the  polarization 
rise  time. 

In  SITROS,  a  so  called  ’weak-strong’  model  is  used  to  de¬ 
scribe  the  beam-beam  interaction.  The  particles  of  the  tracked 
beam  experience  the  oncoming  beam  as  a  fixed  gaussian  charge 
distribution.  The  resulting  particle  deflections  are  treated  in  a 
thin  lense  approximation: 


with  qx  =  2cr^  -h  q  and  q^  =  2al  -h  q. 

Since  the  820  GeV  proton  beam  is  much  more  rigid  than  the 
27.5  GeV  electron  beam  and  the  particle  deflections  per  bunch 
crossing  are  small,  this  model  should  be  adequate. 

III.  SIMULATION  RESULTS 

The  following  results  are  calculated  for  the  HERA  electron 
ring  with  an  energy  of  27.52  GeV,  the  betatron  tunes  are  47.1  in 
the  horizontal  plane  and  47.2  in  the  vertical.  The  synchrotron 
tune  is  0.06  with  a  total  gap  voltage  of  125  MV.  The  optics  is  the 
luminosity  optics  used  in  this  years  running  period.  One  pair  of 
spin  rotators  provides  longitudinal  polarization  for  the  HERMES 
experiment. 

Care  was  taken  not  to  be  dominated  by  vertical  emittance 
growth  due  to  orbit  resonances.  For  each  calculation,  the  tunes 
were  empirically  fine-tuned  to  keep  the  vertical  emittance  stable 
and  matched  to  the  proton  beam  as  close  as  possible,  just  as  it 
would  be  done  in  real  machine  operation. 

The  results  are  presented  as  energy  scans  over  a  range  of  about 
440  MeV  around  the  operating  energy,  corresponding  to  a  spin 
tune  range  of  one  integer.  The  spin  tune,  which  is  plotted  on  the 
horizontal  axes,  is,  in  an  ideal  planar  storage  ring  without  spin 
rotators ,  the  number  of  spin  precessions  around  the  magnetic  field 
axis  in  the  bending  magnets  and  is  given  by  Vj  =  ay.  On  the 
vertical  axes,  the  results  for  equilibrium  polarization  are  plotted. 
The  dotted  lines  are  first  order  polarization  calculations  using  a 
matrix  algorithm[4].  The  points  with  error  bars  connected  with 
a  solid  line  are  tracking  results  from  SITROS. 

In  figure  1  the  HERA  electron  storage  ring  is  modeled  with 
realistic  imperfections,  the  simulation  with  the  present  running 
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Figure.  1.  HERA  electron  ring  with  realistically  modeled  im~ 
perfections  with  a  beam-beam  tune  shift  of  0.01 


Figure.  2.  HERA  electron  ring  with  realistically  modeled  im¬ 
perfections  at  the  beam-beam  limit  (^^=0.04). 

conditions  agree  within  a  few  percent  with  polarization  measure¬ 
ments.  The  beam-beam  tune  shift  is  0.01.  Figure  2  shows  the 
same  machine  operating  at  the  beam-beam  limit,  with  0.5  mA 
current  per  proton  bunch  and  a  beam-beam  tune  shift  of  ^^=0.04. 

Figure  3  shows  a  calculation  for  the  HERA  electron  ring  with¬ 
out  imperfections,  only  the  vertical  dispersion  bump  presently 
used  in  the  real  machine  generates  vertical  emittance.  The  beam- 
beam  effect  is  less  than  0.01  in  this  calculation.  Although  po¬ 
larization  is  improved  at  low  currents  (compared  to  the  realistic 
machine  in  figure  1),  figure  4  shows  that  at  the  beam-beam  limit 
the  equilibrium  polarization  is  not  higher  than  in  the  realistic 
machine  (figure  2). 

In  figure  3,  the  linear  calculation  shows  that  the  first  order  syn¬ 
chrotron  resonances  are  strong.  We  optimized  the  harmonic  con¬ 
tent  of  the  dispersion  trajectories [5]  to  weaken  the  synchrotron 
resonances  and  side  bands.  Figure  5  indeed  shows  a  further  im¬ 
provement  for  the  low  current  case,  both  width  and  height  of  the 
polarization  plateau  improved  compared  to  figure  3,  The  curve 
labeled  ’SITF  Ideal’  is  the  first  order  result  for  a  perfect  machine 
with  one  spin  rotator  pair  without  dispersion  bumps. 

Figure  6  shows  a  somewhat  artificial  result  in  that  only  one 
of  the  two  ways  the  beam-beam  force  acts  on  the  spins  is  taken 
into  account:  the  spins  of  the  particles  are  rotated  according  to 
fields  experienced  in  the  colliding  bunch,  but  the  particle  orbit  is 


Figure.  3.  HERA  electron  ring  without  imperfections  but  with 
dispersion  generating  vertical  bump.  No  beam-beam  effect. 


62  62.2  62.4  62.6  62.8 
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Figure.  4.  HERA  electron  ring  without  imperfections  but  with 
dispersion  generating  vertical  bump  at  the  beam-beam  limit 
(?.=0.04). 

artificially  left  untouched.  Therefore,  the  spins  do  not  experience 
additional  fields  and  rotations  in  the  quadrupoles  and  sextupoles 
around  the  ring  due  to  a  slightly  changed  particle  trajectories. 

In  figure  7,  the  full  effect  of  the  beam-beam  force  is  applied, 
like  in  figures  2  and  4.  Still  an  improvement  can  be  seen  in 
comparison  with  figure  4.  The  polarization  peaks  at  45%  instead 
of  35%. 

Figure  8  gives  an  overview  of  measured  and  simulated  equi¬ 
librium  polarization  versus  beam-beam  tune  shift  in  the  HERA 
electron  ring.  The  simulation  results  are  averaged  values  for  the 
polarization  ’plateaus’.  The  simulation  results  indicated  with 
circles  are  calculated  for  the  machine  with  realistic  imperfec¬ 
tions  like  in  figures  1  and  2.  The  triangular  point  is  the  improved 
result  with  an  optimized  harmonic  content  of  the  vertical  disper¬ 
sion  trajectories. 

IV.  CONCLUSION  AND  OUTLOOK 

Without  measures  taken  SITROS  indicates  a  loss  of  about  20% 
of  polarization  if  the  operating  currents  of  HERA  are  increased 
towards  reaching  the  beam-beam  limit  with  the  present  optics. 
An  optimization  of  the  harmonic  content  of  the  vertical  disper¬ 
sion  trajectories  improves  polarization  by  about  10%.  Further 
work  will  concentrate  on  pushing  this  gain  further  and  to  inves- 
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Figure.  5.  HERA  electron  ring  with  improved  dispersion  gen¬ 
erating  vertical  bump  with  optimized  spin  harmonic  content,  no 
beam-beam  effect. 


Figure.  6.  HERA  electron  ring  with  improved  dispersion  gener¬ 
ating  vertical  bump  with  optimized  spin  harmonic  content  at  the 
beam-beam  limit  (^^=0.04).  Only  the  spins  are  deflected  by  the 
beam-beam  force,  not  the  particle  trajectories. 


a*gaitima 

Figure.  7.  HERA  electron  ring  with  improved  dispersion  gen¬ 
erating  vertical  bump  with  optimized  spin  harmonic  content,  at 
the  beam-beam  limit  (|2=0.04). 


Figure.  8.  Polarization  versus  for  a  machine  with  realistic  dis¬ 
tortions.  Simulation  (SITROS)  results  and  measurements  made 
in  1994  [1]  are  shown. 

tigate  a  possible  cancellation  between  the  direct  spin  kick  at  the 
IP  and  the  integrated  kick  due  to  the  subsequently  different  orbit 
[6], 
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A  MAP  FOR  THE  THICK  BEAM-BEAM  INTERACTIONt 

J*  Irwin,  T.  Chen,  Stanford  Linear  Accelerator  Center,  Stanford  University,  Stanford,  CA  94309  USA 


We  give  a  closed-form  expression  for  the  thick  beam- 
beam  interaction  for  a  small  disruption  parameter,  as 
typical  in  electron-positron  storage  rings.  The  dependence 
on  transverse  angle  and  position  of  the  particle  trajectory  as 
well  as  the  longitudinal  position  of  collision  and  the  waist- 
modified  shape  of  the  beam  distribution  are  included. 
Large  incident  angles,  as  are  present  for  beam-halo 
particles  or  for  large  crossing-angle  geometry,  are 
accurately  represented.  The  closed- form  expression  is  well 
approximated  by  polynomials  times  the  complex  error 
function.  Comparisons  with  multi-slice  representations 
show  even  the  first  order  terms  are  more  accurate  than  a 
five  slice  representation,  saving  a  factor  of  5  in 
computation  time. 

L  INTRODUCTION 

S.  Krishnagopal  and  R.  Siemann[l]  have  established 
that  it  is  essential  to  retain  the  finite  longitudinal  thickness 
of  the  beam  when  simulating  the  beam-beam  interaction. 
Present  beam-beam  simulation  codes  [2]  represent  the  thick 
interaction  as  a  set  of  thin  beam-beam  kicks.  Since  the 
thin  beam-beam  kick  for  a  bi-Gaussian  distribution  is 
usually  represented  by  the  Erskine-Bassetti[3]  formula 
involving  the  evaluation  of  two  complex  error  functions, 
the  calculation  is  computer  intensive  and  the  representation 
of  the  thick  beam-beam  interaction  as  a  set  of  slices  slows 
down  the  simulation  by  a  factor  roughly  equal  to  the 
number  of  slices.  To  find  a  thick  beam-beam  generator, 
we  represent  the  thin  beam-beam  kick  by  an  exponential 
Lie  map,  and  the  thick  beam-beam  interaction  by  an 
infinite  product  of  thin  beam-beam  kicks.  We  then  use  the 
Cambell-Baker-Hausdorff  formula  to  compose  this  product 
to  a  single  exponential  map. 

IL  THE  THIN  BEAM-BEAM  KICK 

S.  Kheifets[4]  has  shown  that  the  potential  for  the 
Erskine-Bassetti  thin  beam-beam  kick  is  given  by 

dV(x,y,(rlal)  = 

where  dN  is  the  number  of  electrons  in  the  thin  sheet,  re  is 
the  classical  electron  radius,  y  is  the  Lorentz  factor  of  the 
particle,  and  I(x,y,ax^,  Oy^)  is  the  (dimensionless)  integral 

Iix,y,al,al)  =  'jdX  ■  g(x,a^^,^)- g(y,al,X)  (2) 

0 

The  function 


g(x,  ct^,A) —•  I — ♦- 


is  a  normalized  Gaussian  distribution  of  rms  width 
(ax^+?l/2)^^^  and  a  solution  of  the  diffusion  equation, 

<•*) 

The  vertical  and  horizontal  kicks  from  the  potential  dV 
are  given  by  the  Erskine-Basseti  formula[3]  as 

A  /  .  -A  /  \  .  (5) 

Av  =dN — -  w(Zi)-e  ^  wfe) 

7  a 


and  w{z)  =  1  +  — 


is  the  complex  error  function.  The  map  for  this  kick  may  be 
represented  as  an  exponential  Lie  map  by[5]  M  =  (7) 

in.  THE  THICK  BEAM-BEAM  MAP 

We  assume  the  longitudinal  particle  density  is  also 
Gaussian  and  given  by 

p{s-s^,(T,)=  ,  -e  ® 

V2;r< 

The  potential  for  a  small  slice  of  thickness  ds  at 
position  s  will  be  given  by 

dV  =  Pis  -  s„,^)ds  ^  nx(s),y{s\  al(s\  o^is))  (9) 

2  Y 

since  the  beam  distribution  as  seen  by  the  counter-moving 
particle  is  fore-shortened  by  a  factor  of  2.  The  coordinate 
SQ  =  ct/2  is  the  location  of  the  center  of  the  bunch  as 
experienced  by  a  counter-moving  particle  whose  time  of 
arrival  at  the  interaction  point  (IP)  is  delayed  by  T.  The  map 
through  a  set  of  n  slices  is  given  by 

M  =  Y[e^ 

j=i 

where  sj  is  the  longitudinal  position  of  the  center  of  the 
slice  of  width  dsj. 

The  first-order  Cambell-Baker-Hausdorff  (CBH) 
formula  can  be  invoked  to  obtain,  in  the  limit  of  very 
small  slices, 

M  ^  =Yle  ^  ^ 
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The  transverse  position  of  the  particle  may  be  written  x(s) 
=  xo  +  (s-so)  x’o  and  y(s)  =  yo  +  (s-sq)  y’o,  where  xq  , 
x’o  »  yo  y’O  the  particle’s  position  and  slope  at 
s=so.  Also  ax(s)^=ax^  +  s^Cx’^  and  ay(s)2=Oy2  + 
s^Cy’^  describe  the  longitudinal  shape  of  the  waist  with 
Gx,  Gx’,  Gy,  and  Gy’  being  the  rms  values  of  the  position 
and  slope  of  the  beam  distribution  at  the  interaction  point 

(IP). 

The  first-order  CBH  formula  implicitly  assumes  that 
the  trajectory  of  the  particle  is  not  changed  by  the 
interaction,  and  hence  it  represents  an  integrated  impulse 
approximation.  The  accuracy  of  this  impulse 
approximation  may  be  estimated  by  noting  that  for  electron 
storage  rings  we  have 

^  =  A0,,„3x=4?r|,<O.4 

where  we  have  taken  the  beam-beam  tune-shifts  ^y  =  0.03. 
The  second-order  correction  can  be  estimated  through  a 
two-slice  approximation  as: 

from  which  we  deduce  that 


M<1^ 


implying 


To  achieve  better  than  4%  accuracy  it  will  be  necessary  to 
include  second-order  effects. 

i.  The  first-order  CBH  integral 

To  find  the  generator  for  the  thick  beam-beam 
interaction  we  must  perform  the  integral  in  equation  (11). 
If  we  begin  by  assuming  x'o  =  Gx'  =  Gy'  =  0  the  integral  to 
be  performed,  after  changing  the  order  of  the  s  and  X 
integration,  is 

Gi  =  J  ds-p{s  -  Sa,^)  ■  g(yo  +  (s  -  (12) 

For  simplicity  we  introduce  the  variables 
a 

We  evaluate  this  integral,  in  a  way  that  will  later  allow 
us  to  manage  the  full  s  dependence,  by  introducing  a 
translation  operator  to  represent 

.  „  d 

+  =  c  ”  ^'’g(yo,<y1,k)’  (13) 

We  combine  the  s  dependence  of  the  translation  operator 

^  with  the  s  dependence  of  p(s,  1)  and  then 
complete  the  square,  to  obtain 


pilD-e 


=  p(s-y'^,l)e^ 


f  ds  •  p(J  “  y  — , \)^\ds‘e  1) 

=  lds-Y,-i-y'^r^pC^A)  =  i 

J  ^n\  dy^  ds  07) 

Hence  we  have 

i.  *'2 

Qi-e^  •g(yo,a^,X)  0g) 

Since  g  is  a  solution  of  the  diffusion  equation 

Q=e  •g(>’o,0'^2,)  =  g(yo•0■J+5>'^A)  05) 

This  result  for  Qi  implies  that  the  thick  beam-beam 

potential  for  the  case  x’o  =  Gx’  =  Gy'  =  0  is  just  the  original 
2  2*^  ^/2 
potential  with  (Jy .  replaced  by  (7^  +  y  . 

Next  we  perform  the  integral  with  only  Gx’  =  Gy’  =  0  . 

Q2  =  jds-pis,l)g(x„  +  sx',al,X)-g(y„  +  sy,a^,X) 


The  integral  over  ds  can  now  be  performed  by 
translating  p: 


d  d 

=  /'  *0  ^0 +  x'\X) ■  g(yo, a]  +  f  ^  A) 

The  integral  with  only  Gx’  =  0  is: 

Q,  =  jds-  Pis  -  So.y)  •  g(Xo  +  (j  -  So)x',  A)_  0)) 

■givo+is-  ■s'o  )yo’  ) 

In  changing  s  to  5  it  is  convenient  to  introduce 
5^  =_£o_/  (Tj.  =-^cr,,and  <  =  o]  +44. 

(f) 

Using  these  definitions 

5(>'o  +  +  <^|-(2So^  +  ). 

,  (22) 

The  first  factor  has  no  S  dependence  and  can  be  taken 
out  of  the  integral.  The  remaining  integral,  after  translating 
xQ,  is  just  Q2.  We  can  now  write  down  an  expression  for 
the  double  integral  in  the  generator  of  eq.  11  with  no 
assumptions  on  x’o,  y’0»  ^x’»  ^y’- 

7Nr  Jo ^^+^772-)  ^(2So‘5r7-r“+^)  x'/—— 

^  _  Ziyr^  ^  2  dx  dxQ  dx'^  ^  1  ^  ^0  ^  ^  *C0  ^0  ^23) 

‘  7 

Iix„y„ai+x'\al+r) 


2.  First-order  symplectification 

To  obtain  a  symplectic  evaluation  of  Gi  one  can 
introduce  a  mixed-variable  generator 
F,  ix,  y,  r,  r)  =  xX'  +  yY'  +  G,ix,  y,  X',  Y') .  (24) 

The  implicit  equations  can  be  solved  approximately  by 
expanding  F  i  in  a  Taylor  series  about  the  point  (x,x',y,y'). 

3.  Evaluation  of  the  derivatives  of  the  generator 

The  calculation  can  be  arranged  so  that  the  derivatives 
of  Gi  required  to  compute  coordinate  changes  can  be 
found  from  derivatives  of  the  complex  error  function. 
Derivatives  of  with 
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respect  to  Jc'  or  y  may  be  replaced  by  derivatives  with 
respect  to  CxO^  and  which  may  in  turn  be  replaced  by 
derivatives  with  respect  to  xq  and  yo-  Thus  the 
computation  reduces  to  derivatives  of  the  Erskine-Bassetti 
formula  with  respect  to  xq  and  yo-  These  derivatives 
become  polynomials  times  the  complex  error  function  by 
using  the  relationship 
dw{z)  «  \ 

dz  471  (25) 


The  order  of  this  polynomial  depends  on  the  accuracy 
with  which  the  waist  effects  are  represented.  The  largest 
corrections  to  the  thin  beam-beam  kick,  arising  from  the 
slope  y  %  are  accounted  for  by  replacing  by  <7^  +  y  . 


4,  The  second-order  CBH  integral 

The  second  order  CBH  may  also  be  computed.  The 
result  is 


INr.  1 

4k 


+/ 


d^l  dl 
dy^  dy 


dH 

dy\ 


+  ... 


where  I  =  I(x,y,ol,ay+^). 

G2  can  be  inserted  into  equation 
F,^(x,y,X'X)  =  xX'  +  yr  +  G,ix,y,X'X) 

1  dG,(x,y,X'X)  dG,(x,y,X'X) 

"^2  dx  dX' 

1  dG,(x,y,X'X)  dG,{x,yXX) 

2  dy  dY' 

to  obtain  a  second  order  implicit  generator. 


(26) 


(27) 


IV.  NUMERICAL  RESULTS 

We  compare  the  results  calculated  by  the  thick  beam- 
beam  interaction  with  the  multiple  slice  approach  for  the 
vertical  plane,  since  the  horizontal  plane  has  little  thick 
beam-beam  effect.  We  scanned  the  range  of  y=0  to  10  c, 
y’=-10  to  10  a,  in  1/4  a  steps.  In  Table  1,  the  maximum 
and  r.m.s.  differences  from  a  21 -slice  results  are  listed. 

The  thick  beam-beam  integral  may  be  calculated  for 
various  orders.  The  1st  order  includes  the  lowest  order  of 
correction  of  Gi — ^up  to  the  1st  order  derivatives  of  single 
beam-beam  kick,  and  the  5th  order  includes  up  to  5th  order 
derivatives.  Then,  2nd  order  CBH  correction,  G2,  is 
included  respectively.  Finally,  both  2nd  order  Poisson 
Bracket  of  G 1  and  CBH  corrections  are  included. 

One  can  see  that  even  the  1st  order  thick  beam-beam 
calculation  gives  better  result  than  5  slices.  Notice  that  in 
this  approximation,  the  y’  kick  requires  essentially  the  same 
computation  time  as  a  single  slice,  implying  a  factor  of  5 
can  be  saved  in  beam-beam  simulation.  In  addition,  the 
maximum  errors  occur  at  about  la  in  thick  beam-beam, 


unlike  the  multi-slices  methods  which  have  larger  error  at 
large  y’. 


Table  1 .  Comparison  of  beam-beam  kick  with  ^  o=0 


location  of 
maximum 
error  (a) 

Errors:  * 

(Az-Az2  l)/niax(Az2i) 
z=y  or  y’ 

y 

f 

1  slice 

■■ 

0 

9.25 

100 

.032 

■1 

1.75 

-10 

60 

.233 

3  slices 

■1 

-10 

34 

.009 

■1 

4.75 

-10 

14 

.05 

5  slices 

n 

5.75 

-10 

20 

.005 

11 

5.75 

-10 

7.4 

.024 

thick  BB 

1st  order 

■1 

1.5 

-1.5 

4.9 

,001 

■1 

1 

-1 

5.1 

.017 

thick  BB 

5th  order 

■1 

.75 

5.5 

5.5 

.002 

■1 

1 

1,25 

3.5 

.015 

thick  BB 
w/2ndCBH'l' 

■1 

2 

4.75 

4.9 

.002 

D 

1.25 

1.75 

3.0 

.015 

thick  BB 

w/2ndPB&CBHt 

■1 

7.75 

10 

4.8 

.001 

a 

1.25 

1.75 

3.0 

.014 

*  Z21  indicates  the  Az  calculated  with  a  21-slice  method, 
t  These  results  should  be  considered  as  preliminary. 


V.  CONCLUSION 

We  represent  the  thick  beam-beam  interaction  as  the 
infinite  product  of  thin  kicks.  When  the  disruption 
parameter  is  small  it  is  valid  to  compose  this  product  to  a 
single  map  defined  by  a  generator  given  by  the  CBH 
formula.  The  largest  effect  by  far  in  typical  beam-beam 
situations  is  the  dependence  on  the  vertical  slope.  The  first 
order  computation  for  this  case  results  in  the  replacement 
of  Gy^  by  Gy^  +  (Gs/2  y’)^  in  the  Erskine-Bassetti  formula. 
The  numerical  comparison  shows  the  thick  beam-beam 
method,  especially  the  1st  order  approach,  can  replace  the 
multi-slice  method  which  has  been  used  in  most  of  beam- 
beam  simulations,  and  save  substantial  CPU  time. 
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Abstract 

Effects  arising  from  heavy  beam  loading  in  the  Stanford  Linear 
Collider  (SLC)  Damping  Rings  are  described.  The  stability  of 
the  rf  system  and  particle  beam  is  studied  using  a  numerical 
model  of  the  beam  cavity  interaction  with  multiple  feedback 
loops.  Nonlinearities  of  the  power  source  are  also  considered. 
The  effects  of  beam-induced  transients  and  intensity  jitter  on  the 
rf  system  are  analyzed  and  used  to  determine  stability  tolerances 
for  both  high  current  and  low  current  pulses. 

L  INTRODUCTION 

When  a  particle  beam  is  injected  into  or  extracted  from  a  cir¬ 
cular  accelerator,  beam-induced  electromagnetic  fields  cause  the 
accelerating  cavity  voltage  to  oscillate  at  the  synchrotron  fre¬ 
quency.  For  fast  cycling  storage  rings  like  the  SLC  damping 
rings,  the  magnitude  of  these  oscillations  depends  on  the  time 
between  extraction  and  injection  of  beam  pulses,  the  cavity  fill 
time,  and  on  the  beam  current.  At  the  SLC  where  the  single 
bunch  beam  current  was  increased  by  20%  for  the  recent  run, 
transient  loading  occassionally  caused  rf  system  and  beam  insta¬ 
bilities.  To  better  understand  the  sources  of  these  instabilities, 
simulations^’^  were  performed  using  MatriXx^,  a  program  de¬ 
veloped  for  the  analysis  of  dynamic  stability.  The  simulations 
included  a  detailed  model^  of  the  rf  system  for  which  a  block 
diagram  is  shown  in  Fig.  1. 

^des 


Figure.  1.  Circuit  model  of  a  beam  loaded  rf  system  including 
amplitude,  phase,  and  direct  rf  feedback.  The  thick  solid  lines 
indicate  paths  for  phasors  which  have  both  an  amplitude  and 
phase. 

11.  TRANSIENT  BEAM  LOADING 

Large  oscillations  in  the  cavity  voltages  induced  by  injection 
of  a  high  current  beam  in  the  SLC  damping  rings  resulted  in 
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substantial  beam  losses'^,  which  were  reduced  using  direct  rf 
feedback^.  Figure  2  shows  simulation  results  with  direct  rf  feed¬ 
back  (open  loop  gain  //  =  6)  and  without.  With  feedback,  the 
cavity  fill  time  is  reduced  by  1  +  The  cavity  therefore  re¬ 
sponds  quickly  to  the  voltage  and  phase  errors  resulting  from 
the  absence  of  beam.  Residual  oscillations  still  persist  however 
because  the  klystron  is  saturated  when  the  beam  is  injected. 


0  20  40  60  80  100 


4-95  t  (ns)  7928A2 

Figure.  2.  Simulations  of  transient  beam  loading.  The  cavity 
voltage  Vc»  the  klystron  output  power  Pg,  the  loading  angle 
the  beam  phase  0^,  and  current  4  are  plotted  as  a  function  of 
time  for  a  direct  rf  feedback  open  loop  gain  of  =  0  (dotted 
curves)  and  H  =  6  (solid  curves). 

A  second  problem  during  operation  was  poor  regulation  of 
the  cavity  voltage.  Loss  of  regulation  can  result  from  beam- 
induced  transients:  if  the  klystron  input  power  is  not  properly 
limited,  there  exist  two  solutions  for  the  feedback  loops.  One 
solution,  on  the  rising  edge  of  the  klystron  power  curve  is  stable. 
The  other,  beyond  saturation,  is  unstable.  Simulation  results  are 
shown  in  Fig.  3  (compare  with  experimental  data  in  Ref.  4).  At 
each  beam  current,  the  tuning  angle  was  adjusted  to  maintain  a 
zero  loading  angle,  0/  =  0,  in  the  steady  state  with  beam.  At 
high  beam  current  more  power  is  required  in  the  steady  state  and 
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the  small  signal  gain  approaches  zero;  just  below  saturation,  any 
change  in  the  klystron  input  power  produces  little  effect  on  the 
output  power.  At  high  beam  current  the  klystron  is  unable  to 
return  to  a  condition  of  positive  small  signal  gain  and  the  cavity 
voltage  is  not  maintained  as  a  result. 

Intensity  fluctuations  of  the  incoming  beam  are  considered 
tolerable  provided  the  rf  cavity  voltage  can  regulate.  For  a  fast 
cycling  storage  ring  with  a  store  time  much  smaller  than  the 
bandwidth  of  the  tuner  feedback  loops,  the  effect  of  injecting  a 
pulse  of  different  current  is  a  change  in  the  steady  state  loading 
angle  This  in  turn  requires  more  klystron  power.  As  discussed 
previously,  the  rf  system  is  stable  provided  that  the  combined 
effects  of  the  transients  induced  by  extraction  and  injection  of 
the  beam  are  such  that  the  klystron  returns  to  a  state  of  positive 
small  signal  gain. 


0  40  80  0  40  80 
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Figure.  3.  Transient  beam  loading  as  a  function  of  4  with  0/  =  0 
in  the  steady  state. 


IIL  STABILITY  TOLERANCES 

The  percentage  tolerable  current  jitter  |^|  as  a  function  of 
4  when  <^/  =  0  is  plotted  in  Fig.  4.  In  these  simulations  the 
steady  state  current  4  is  extracted,  and  a  new  pulse  of  current 
54  +  4  is  injected.  The  rf  system  is  easily  able  to  regulate 
for  large  fluctuations  in  the  beam  current  except  at  the  highest 
currents.  With  4  =  0,20  A  for  example,  the  rf  system  would 
remain  stable  if  a  subsequent  pulse  of  40%  above  nominal,  or 
0.28  A,  were  injected  into  the  ring.  The  vertical  line  at  4  =  /m> 
however,  indicates  a  hard  limit  due  to  a  missing  pulse.  With 
4  >  Im  the  klystron  is  driven  towards  saturation  when  the  beam 
is  absent.  A  subsequent  pulse  may  then  experience  an  arbitrary 
cavity  voltage.  The  time  required  for  the  system  to  become 


stable  depends  on  the  response  time  of  the  slow  tuner  feedback 
loops  and  on  the  output  of  low  level  amplifiers  which  may  limit 
the  maximum  klystron  input  power.  This  hard  limit  presents  a 
strict  limit  on  the  maximum  current.  At  the  SLC  with  a  cavity 
voltage  of  1  MV,  a  60  kW  maximum  klystron  output  power,  and 
the  cavities  tuned  to  (^/  =  0,  stability  against  missing  pulses  is 
ensured  for  4  <  0.16  A.  To  accomodate  0.22  A  rf  currents  for 
the  1994  run,  the  available  operating  region  was  expanded  by 
lowering  the  rf  gap  voltage  fi-om  1  MV  to  800  kV. 
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Figure.  4.  Tolerable  current  jitter  ^  as  a  function  of  nominal 
current  4  with  0/  =  0  in  the  steady  state. 


The  parameter  space  for  voltage  regulation  in  the  steady  state  is 
shown  in  Fig.  5  for  the  rf  operating  conditions  of  the  past  3  years. 
The  solid  curve  is  an  analytic  result^  for  the  contour  of  constant 
klystron  power  at  the  indicated  power  and  cavity  voltage.  The 
small  circles  are  simulation^  results  using  a  nonlinear  klystron 
and  a  power  limiter.  The  large  dots  indicate  the  operating  current 
and  tuning  angle.  In  general,  the  highest  beam  currents  are  ob¬ 
tainable  for  (pi  =  0.  The  limitation  due  to  low  current  or  missing 
pulses  is  representable  by  a  vertical  line  intersecting  the  contour 
of  maximum  klystron  output  power  and  4  =  0.  If  not  properly 
compensated,  the  rf  system  can  be  unstable  for  operation  to  the 
left  of  this  line.  Alternatively,  the  performance  requirements  of 
the  klystron  can  be  specified  using  this  analysis^. 

A.  Cavity  Detuning 

Provided  that  the  additional  power  reflected  from  the  cavities 
is  absorbed  in  an  isolator  between  the  cavities  and  klystron,  inten¬ 
tional  detuning  (<^/  ^  0)  is  advantangeous  for  two  reasons.  First, 
it  provides  stability  against  beam-induced  transients  as  shown  in 
Fig.  6.  Notice  that  the  peak-to-peak  amplitude  ofthe  voltage  os¬ 
cillations  is  largest  for  0/  =  0.  This  is  due  to  the  large  difference 
in  the  klystron  output  power  in  the  steady  state  and  in  saturation. 
Second,  cavity  detuning  may  be  used  to  relax  the  hard  limit  from 
low  current  or  missing  pulses  as  evidenced  by  the  change  (see 
Fig.  5)  in  operating  point,  from  <pi  =  Qio4>i  =  10°,  for  the  1994 
run. 
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B.  RF  Conditioning 

To  achieve  higher  beam  currents  for  the  same  maximum 
klystron  output  power  and  cavity  voltage,  the  klystron  must  be 
made  to  operate  more  efficiently;  the  hard  limit  due  to  missing 
pulses  or  absence  of  beam  must  be  overcome.  This  can  be  ac¬ 
complished  by  changing  the  voltage  and  phase  references  to  the 
direct  rf  feedback  loop!  The  required  changes  are  calculable^.  In 
practice,  with  a  power  limited  klystron,  the  amount  by  which  to 
lower  the  voltage  reference  would  be  to  that  value  for  which  the 
control  voltage  from  the  amplitude  feedback  loop  is  unchanged 
by  the  change  in  beam  current  at  injection.  The  amount  by  which 
to  change  the  phase  reference  would  be  to  minimize  the  change 
in  the  cavity  voltage  phase  angle. 
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Figure.  6.  Transient  beam  loading  as  a  function  of  4  with 
(f)^  =  —45°  in  the  steady  state. 
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Figure.  5.  Parameter  space  for  voltage  regulation  for  SLC  damp¬ 
ing  ring  parameters  for  the  past  3  years. 


IV.  CONCLUSION 

Simulation  results  were  used  to  explain  performance  and  per¬ 
formance  limits  and  to  suggest  changes  that  could  be  made.  At 
the  SLC,  rf  system  and  beam  instabilities  were  shown  to  result 
from  the  interaction  of  rf  feedback  loops  and  a  power  limited 
klystron.  Rf  conditioning  was  suggested  for  future  operations  at 
even  higher  beam  currents. 
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The  halo  distribution  due  to  the  beam-beam  interaction 
in  circular  electron-positron  colliders  is  simulated  with  a 
program  which  uses  a  technique  that  saves  a  factor  of 
hundreds  to  thousands  of  CPU  time[h2]  jhe  distribution 
and  the  interference  between  the  beam-beam  interaction 
and  lattice  nonlinearities  has  been  investigated.  The  effects 
on  the  halo  distribution  due  to  radiation  damping, 
misalignment  at  the  collision  point,  and  chromatic  effect 
are  presented. 

L  INTRODUCTION 

The  leap-frog  simulation  methodf^]  makes  the  study  of 
the  beam-beam  halo  distribution  much  more  efficient, 
provides  the  ability  to  look  into  many  problems  that  were 
difficult  or  impossible.  Using  a  simulation  code,  we  have 
studied  various  beam-beam  effects  for  two  existing 
colliders  and  for  PEP-II  B-factory  design.  In  this  paper,  we 
present  the  results  of  these  efforts. 

II.  THE  LATTICE  NONLINEARITIES— TUNE 
SHIFT  WITH  AMPLITUDES 

In  previous  studies,  we  have  shown  that  resonances  are 
the  dominant  effect  in  tail  formationt^],  as  evidenced  by  the 
fact  that  the  distributions  follow  resonances  locations.  The 
locations  of  resonances  are  not  only  determined  by  the 
beam-beam  kick  potential,  but  also  by  the  nonlinearities  of 
the  lattice,  primarily  the  tune  shifts  with  amplitudes. 

Figure  1(a)  shows  the  tail  distribution  of  PEP-II  HER 
from  the  beam-beam  interaction.  The  lattice  is  linear  and 
the  parameters  can  be  found  in  [3].  The  beam  distribution 
contour  lines  are  steps  of  the  logarithm  of  numbers  in 
transverse  amplitude  space.  The  symbols  plotted  over  the 
distribution  contour  lines  are  the  locations  of  resonances. 
The  few  selected  resonances  believed  to  be  relevant  are 
plotted.  The  locations  of  the  resonances  are  calculated  by 
first  order  perturbation  theory  using  beam-beam  potential. 

When  lattice  nonlinearities  are  added,  the  tune  shifts 
with  amplitudes  from  the  beam-beam  interaction  and  the 
lattice  nonlinearities  must  be  combined.  As  a  result, 
resonance  lines  move.  It  is  easy  to  imagine  that  the  tail 
distribution  will  follow  the  move,  and  this  has  been 
observed  in  most  of  our  simulations. 

However,  the  lattice  tune  shift  can  do  more  than 
change  the  ridge  locations  at  large  amplitudes,  and  the 


change  of  the  tail  distribution  can  be  dramatic.  The  change 
at  medium  amplitudes  is  important  also.  One  example  of 
PEP-II  HER  is  shown  in  figure  1.  In  figure  1(b),  the  lattice 
tune  shifts  are  included.  At  large  vertical  amplitude, 
resonances  2Qx+6Qy=5  and  6Qy+3Qs=4  are  at  almost  the 
same  location.  The  tune  shift  terms  dQx/dAx^  and 
dQy/dAy^  are  small,  but  the  larger  crossing  terms 
dQx/dAy^=dQy/dAx^  are  large.  They  move  the  two 
resonances  close  to  the  core  where  there  are  many  more 
particles  that  now  stream  to  large  amplitudes.  This 
produces  the  dramatic  change  in  the  distribution,  that  we 
see  in  figure  1(b). 
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Figure  1 :  The  beam  tail  distributions  of  PEP-II  HER  (a) 
with  linear  lattice,  and  (b)  with  nonlinear  tune  shift  with 
amplitudes:  dQx/dAx^=-85.6,  dQx/dAy^=dQy/dAx^=“ 
3931,  dQy/dAy2=-2.1. 

ni.  ACTION  OF  MULTIPLE  RESONANCES 

The  resonance  streaming  and  phase  convection 
theory  have  predicted  the  role  of  resonances  in  forming 
the  tail  and  are  verified  by  our  simulation.  In  addition,  we 
found  that  in  many  cases  the  same  particle  may  be  trapped 
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in  a  few  resonances  simultaneously,  rather  than  streaming 
in  a  single  resonance.  This  is  shown  in  an  investigation  for 
the  PEP-II  HER  with  a  linear  lattice,  the  case  in  figure  1(a). 

Study  concentrates  on  the  ridge  in  the  distribution  at 
about  1  Ox  extending  from  8  to  12  Oy.  A  single 
particle  was  launched  at  1  Ox  and  9  Oy,  and  tracked  for 
1000  turns.  The  location  of  the  particle  in  amplitude  space 
turn  by  turn  is  plotted  in  figure  2.  One  can  see  this  particle 
is  roaming  around  the  ridge,  and  presumably  it  is  a  typical 
particle  contributing  to  it.  The  particle’s  phases  are  found 
on  every  turn.  They  are  plotted  in  Oy  versus  Ox  and  Os 
versus  Oy  in  figure  2.  The  phase  relationship  indicates  the 
particle  is  trapped  in  the  4Qx+Qy  resonance  most  of  the 
time,  and  8Qy-3Qs  all  the  time.  Due  to  the  symmetry  of 
the  beam-beam  force,  there  should  be  no  odd  order 
transverse  resonances.  So,  we  believe  the  resonance 
4(3x+Qy  should  be  8Qx+2Qy.  Both  resonances  are  plotted 
in  the  distribution  plot.  One  can  see  the  particle  has  been 
moving  between  them. 


%i2n) 

Figure  2:  A  particle  trapped  in  two  resonances.  Plots  show 
the  particle  motion  in  amplitude  and  phases. 

It  is  also  interesting  to  see  a  particle  switch  between 
resonances  and  change  behavior.  Take  the  case  of  figure 
1(b),  and  launch  a  test  particle  at  Ax=2.5  Gx  and  Ay=13.5 
Gy  to  study  the  large  tail.  We  found  in  the  first  260  turns, 
the  particle  dropped  from  13.5  Gy  to  8.5  Gy.  Then,  the 
particle  climbed  up  to  12  Gy  in  the  next  250  turns.  The 
phases  of  the  particle  is  plotted  in  figure  3.  A  cross  is  used 
for  the  time  when  the  vertical  amplitude  was  falling  and  a 
circle  for  when  it  was  increasing.  One  can  see  the  particle 
certainly  has  different  resonance  features.  In  addition, 
multiple  resonances  acting  together  may  form  an  ’’island" 


structure  in  phase  plot,  as  shown  in  the  Os  versus  Oy  plot 
for  the  falling  period. 
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Figure  3.  Phase  plots  of  a  particle  during  the  period  of 
falling  and  increasing  amplitude.  Different  resonances  are 
shown  for  each  period. 


IV.  THE  EFFECT  OF  SYNCHROTRON 
RADIATION 

We  know  that  the  synchrotron  radiation  plays  an 
important  role  in  the  tail  distribution.  It  may  damp  the 
amplitude  of  a  particle,  but  it  may  also  help  resonance 
streaming.  With  our  program,  the  effect  of  radiation  on  the 
beam  halo  is  simulated  for  the  first  time.  Generally 


0  0  0  8 
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Figure  4.  Beam-beam  tail  distributions  with  different 
radiation  damping:  (a)  5,000  turns;  (b)  10,000  turns;  (c) 
20,000  turns. 
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Figure  5.  Lifetime  as  a  function  of  vertical  aperture  with 
different  radiation  damping  times  (5000-40,000  turns). 

speaking,  the  stronger  the  radiation,  the  shorter  the  vertical 
tail.  The  radiation  damping  seems  to  have  little  effect  in 
the  horizontal  tail. 

We  studied  the  radiation  effect  of  PEP-II  LER.  The 
parameters  used  are  the  same  as  CDR  except  the  tunes 
were  Qx=0.63,  Qy=0.552,  Qs  =0.2477,  and  momentum 
compaction  factor  was  a=0. 00131.  In  figure  4,  the  tail 
distributions  are  plotted  for  different  radiation  damping 
times.  Figure  4(a)  has  the  design  damping  time  of  5000 
turns.  With  less  radiation  damping,  the  vertical  tail  extends 
farther.  The  lifetime  as  a  function  of  vertical  aperture  is 
shown  in  figure  5. 

V.  EFFECT  OF  MISALIGNMENT  AT  IP 

In  order  to  achieve  high  luminosity,  PEP-II  is  designed 
with  two  rings  to  carry  the  counter-rotating  beams.  Unlike 
other  circular  electron-positron  colliders,  which  have  a 
common  closed  orbit  for  both  beams,  PEP-II  depends  on 
mechanical  alignment  to  bring  two  beams  together  at  the 
interaction  point.  This  introduces  the  problem  of  beams 
colliding  with  an  offset.  Simulations  were  performed  to 
investigate  this. 

Figure  6  gives  the  PEP-II  LER  tail  distribution  for 
various  misalignments.  Again,  the  parameters  are  from  the 
PEP-II  CDR.  The  beam  sizes  at  the  IP  is  6  |xm  in  vertical 
and  155  |xm  in  horizontal.  In  figure  6(a)  there  is  no  offset 
at  the  collision  point.  In  figure  6(b)  and  (c),  the  vertical 
offset  is  2  |Lim  and  6  |am  respectively,  and  the  horizontal 
offset  is  zero.  In  6(d)  through  6(f)»  the  vertical  offset  is  zero 
but  horizontal  offsets  were  set  to  30,  50,  and  150  |Lim, 
respectively.  From  figure  6,  one  can  draw  the  conclusion 
that  the  horizontal  offset  drives  large  horizontal  tails,  while 
the  vertical  offset  blows  up  the  vertical  core.  The  offsets 


are  not  a  problem  if  alignment  errors  are  controlled  to  a 
fraction  of  the  beam  sizes. 

The  essential  physics  behind  this  result  is  a  breaking  of 
the  symmetry  of  the  beam-beam  force,  that  allows  odd 
order  resonances  to  be  excited.  Therefore,  the  conclusion 
from  this  particular  case  is  not  general,  since  it  depends  on 
near-by  resonances. 


Figure  6.  Beam-beam  tail  distribution  of  PEP-II  LER  with 

offset  at  the  IP.  (a):  Xoff=0,yoff=0;  (b):  Xoff=0,yoff=2|im; 

(c):  Xoff=0,yoff=6|im;  (d):  Xoff=30^m,yofr=0;  (e): 

Xoff=50|jm,yoff=0;  (f):  Xoff=150[im,yoff=0. 
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THE  EFFECT  OF  PHASE  ADVANCE  ERRORS  BETWEEN  INTERACTION 

POINTS  ON  BEAM  HALOSt 
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CA  94309  USA 


Phase  advance  errors  between  interaction  points  (IP) 
break  the  symmetry  of  multi-IP  colliders.  This  symmetry 
breaking  introduces  new,  lower  order  resonances  which 
may  change  the  halo  from  the  beam-beam  interaction 
dramatically.  In  this  paper,  the  mechanism  of  introducing 
new  resonances  is  discussed.  Simulation  results  showing 
the  changes  due  to  phase  advance  errors  are  presented. 
Simulation  results  are  compared  with  experimental 
measurements  at  VEPP-2M. 


where  Hq  is  the  unperturbed  Hamiltonian  of  the  storage 
ring,  and  Vbb  is  the  beam-beam  potential[3].  With  Bp 
interaction  points,  the  beam-beam  potential  is 


xexp 


^Vp{b,x,y,s) 


b=0 


1.  INTRODUCTION 

The  luminosity  of  circular  e~  colliders  is  usually 
limited  by  the  lifetime  caused  by  the  beam-beam 
interaction.  The  mechanism  that  drives  particles  into  the 
halo  has  been  a  puzzle,  because  factors  combine  in 
complex  ways. 

Understanding  has  been  hampereded  by  the  amount  of 
CPU  time  required  to  simulate  the  halo.  A  method[l]  was 
proposed  to  look  into  rare  particles  in  the  beam  tail  while 
saving  a  factor  of  hundreds,  or  even  thousands,  on  CPU 
time.  A  program  based  on  this  method  was  written,  tested 
and  applied  to  PEP-II,  LEP,  CESR,  and  VEPP-2M  to 
understand  the  halo  from  the  beam-beam  interaction.  This 
study  concluded  that  resonance  streaming  dominates  the 
beam-beam  lifetime[2]. 

The  program  has  been  upgraded  to  model  multiple  IP 
machines,  such  as  LEP  and  VEPP-2M.  The  lattices 
between  each  individual  IP  are  completely  independent. 
Therefore,  it  can  be  used  to  investigate  the  effects  of  errors 
in  each  section.  The  results  show  the  important  role  of  the 
errors.  Hamiltonian  analysis  has  been  extended  to  interpret 
the  simulation  results. 

IL  HAMILTONIAN  ANALYSIS  FOR 
MULTIPLE  IP’S  WITH  LATTICE  ERRORS 

In  existing  multiple  IP  e'^  e~  colliders,  the  IPs  are 
symmetrically  arranged  so  that,  the  collider  can  be  treated 
as  a  few  single  IP  colliders  in  cascade.  However,  when 
errors  are  introduced,  especially  when  the  phase  advaces 
between  IPs  are  different,  this  treatment  is  no  longer  valid. 
Because  the  differences  are  relatively  small,  we  take  them 
as  the  perturbations  to  the  symmetric  lattice. 

The  Hamiltonian  including  the  beam-beam  interaction 
can  be  written  as 

H{x,  p^,y,Py,s)  =  HQ+  V SB  {x,  y ,  s)  (1) 


T  =  |cos(2;ra(n  +  -^)),  (3) 

z 

and  Vf  is  defined  in  [3]  with  the  additional  feature  that  it 
depends  on  the  parameters  of  the  interaction  point,  b.  By 
applying  Fourier  analysis,  equation  (1)  becomes 

My  ^IP~^ 

mfn,p,r=-f>o 

1 8}  X  >  2)exp{i(pV'*  +  rWy  (4) 

-2K(n-mQ^)s  I  C)-i'i2mb  I  Bjp] 

where  is  a  function  of  transverse  actions  and  strong- 
beam  size  at  each  IP  ,  and  is  a  wave  number  that  also 

depends  on  IP  parameters.  The  AQ^’s  are  the  phase 
advance  errors  from  one  interaction  point  to  the  next  one 
relative  to  the  standard  phase  advance  Q/Bjp. 

Let’s  examine  the  phase  in  the  second  exponential 
function  in  equation  (4).  The  last  exponential  function 
averages  to  zero,  except  when  the  resonance  condition 

pQ^+rQy+mQ^^n,  (5) 

is  satisfied.  If  there  are  no  errors,  Le.,  all  the  IP's  are 
identical  and  there  are  no  phase  advance  differences,  the 
superscript  b  in  eq.  (4)  can  be  dropped  and  the  sum  over  b 

fi/p-i 

is  reduced  to  the  factor  5Lexp{i2;rfcn  /  B^p] .  This  factor, 

b=0 

which  can  be  viewed  as  a  sum  of  unit-length  phasors, 
equals  zero  unless  n  is  a  multiple  of  Bjp.  Resonances  with 
n  not  equal  to  a  multiple  of  Bjp  are  eliminated  because  the 
phasors  cancel  each  other.  The  resonances  left  are 

P^  +  ''^  +  m-^  =  'mtege:T.  (6) 

Bip  Bfp  Bjp 

This  is  equivalent  to  a  storage  ring  with  one  IP  and 
VBjp  of  the  size.  If  the  IP's  are  not  identical,  or  there  are 
phase  advance  errors,  or  both,  the  cancellation  does  not 
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occur.  When  the  IP's  are  not  identical,  the  phasors  have 
unequal  magnitudes,  so  that  they  will  not  cancel 
completely.  When  the  phase  advances  between  IP’s  are 
different,  the  phasors  are  no  longer  evenly  spaced,  and  the 
cancellation  is  incomplete. 

The  above  analysis  gives  two  consequences  for  multiple 
IP  colliders  with  errors;  First,  more  resonances  are 
introduced.  The  resonance  condition  with  errors  is 
pQx+rQy  +  mQ^=n,  or,  in  terms  of  tune  per  IP,  the 

condition  is 

Qv  Qy  (2,  integer 

B/p  Bjp  B/p  Bjp 

Comparing  eq.  (7)  with  eq.  (6),  one  can  see  that  many  more 
resonances  are  allowed  in  this  case.  Second,  among  those 
resonances,  some  are  possibly  of  lower  order.  They  can 
dramatically  change  the  tail  distribution  and  the  lifetime. 

in.  SIMULATION  OF  A  4-IP  MACHINE^LEP 

The  first  multi-IP  machine  are  studied  was  LEP,  which 
has  4  interaction  points  symmetrically  distributed.  Large 
synchrotron  radiation  energy  losses  and  chromatic  effects 
naturally  break  the  synometry.  The  tune  errors  can  be  as 
large  as  0.015  to  0.04  because  only  two  arcs  have  RF 
cavities  [4].  The  errors  introduced  in  the  simulation 
include  errors  in  the  P-functions  and  dispersion  functions  at 
each  IP,  and  phase  advance  errors  between  IP's.  When 
phase  advance  errors  are  included,  the  total  tunes  of  the 
storage  ring  are  held  constant. 

The  beam  distribution  from  simulations  is  plotted  in 
transverse  amplitude  space.  The  amplitudes  are  normalized 
to  beam  sizes.  The  contour  lines  indicate  equal  number 
density  and  are  spaced  logarithmically.  Figure  1  gives  the 
beam  distribution  with  a  linear  lattice  and  4  symmetric  IP's. 
Resonance  lines  allowed  by  synmietry  up  to  8th  order  are 
plotted  over  the  distribution.  One  can  see  that  the  sixth 
order  resonance  2Qx-2Qy-2Qs=l  dominates  the  tail 
formation. 

When  lattice  errors  are  included,  the  tail  distribution 
changes  dramatically,  as  shown  in  figure  2.  About  40 
resonances  appeared  inside  the  footprint  of  the  beam-beam 
interaction.  We  have  plotted  four  of  those  that  appear 
related  to  the  halo  distribution.  The  6  resonances  in  figure 
1  are  still  present,  but  they  now  appear  to  have  little  effect 
on  the  tail  distribution.  The  resonances  2Qx+2Qy+0Qs=5/4 
and  4Qx-tOQy-3Qs=9/4  seem  responsible  for  the  vertical 
tail.  The  resonance  2Qx+2Qy-lQs=5/4  also  has  an  effect  at 
the  upper  left  comer.  Notice  that  all  these  resonances  are 
forbidden  in  the  symmetrical  case. 

The  horizontal  tail  is  believed  to  be  related  to  the 
resonance  4Qx=9/4,  another  low  order  resonance  forbidden 
by  symmetry.  As  a  result,  a  peak  at  Ax=5.5,  Ay=l  is 
formed.  The  horizontal  tune  of  LEP  is  0.2756,  which  is 


close  to  the  4th  integer  resonance,  making  this  resonance 
strong.  Figure  3  plots  the  lifetime  as  a  function  of 
horizontal  aperture  for  the  symmetric  lattice  and  the  lattice 
with  errors.  The  4Qx=9/4  would  cause  a  short  lifetime  if 
the  horizontal  aperture  was  below  Ax~9. 


Figure  1.  LEP  beam-beam  tail  distribution  and  resonances. 
A  linear,  symmetric  lattice  is  used.  The  tunes  in  the  legend 
refer  to  1/4  of  the  total  ring  tunes. 


Figure  2.  LEP  beam-beam  tail  distribution  when  lattice 
errors  are  included.  The  tunes  in  the  legend  refer  to  1/4  of 
the  total  ring  tunes. 
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Figure  3.  Lifetime  versus  horizontal  aperture  for  LEP  with 
and  without  errors. 

IV.  SIMULATION  RESULTS  COMPARED 
WITH  VEPP-2M  MEASUREMENT 

The  effects  of  phase  advance  errors  have  been 
measured  in  VEPP-2M[5]  which  has  a  two-fold  symmetry. 
This  offers  the  opportunity  to  compare  our  simulation  with 
data.  Parameters  are  given  in  Table  1[5,6].  The  maximum 
beam-beam  tune-shift  was  determined  by  the  lifetime 
falling  to  about  500  sec,  and  it  was  measured  as  a  function 
of  phase  advance  error. 

The  first  step  of  the  simulation  was  to  set  the  phase 
advance  error  to  zero  and  set  the  beam  current  to  give  a 
beam-beam  tune-shift  of  0.045  as  measured.  The  lifetime 
versus  vertical  aperture  was  calculated  under  these 
conditions,  and  the  vertical  aperture  for  a  500  second 
lifetime  was  determined.  It  was  Ay=29.  Then  phase 
advance  errors  were  introduced  and  the  current  adjusted 
until  the  lifetime  was  500  second  with  Ay=29.  The  beam- 
beam  tune-shift  at  this  current  is  plotted  in  figure  4. 


Table  1.  VEPP-2M  parameters 


Qx 

0.059 

En  (MeV) 

510 

Qv 

0.097 

Un  (KeV) 

9.17 

0, 

0.0085 

Ex  (m*rad) 

4.6x10-7 

0*X  (m) 

0.48 

Ev  (m*rad) 

4.1x10-9 

3*v(m) 

0.048 

To  (sec.) 

6x10-8 

n*x  (m) 

0.4 

a 

0.33 

Figure  4  The  maximum  beam-beam  tune-shift  as  a 
function  of  phase  advance  errors,  simulation  and 
measurement[5]. 

The  simulation  and  the  measurement  show  that  the 
best  performance  is  obtained  with  no  errors.  The 
quantitative  agreement  is  not  good,  with  the  simulation 
giving  more  optimistic  results  than  the  experiment.  This 
may  be  due  to  lattice  nonlinearities  which  are  not  included 
in  the  present  simulation. 
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Abstract 

“Factory”-like  colliders  presently  under  design  or 

construction  achieve  high  luminosity  by  resorting  to  large 
numbers  of  closely-spaced  bunches.  The  short  bunch  spacing 
implies  that  there  are  unavoidable  parasitic  collisions  (PCs)  in 
the  neighborhood  of  the  interaction  point  (IP).  Since  the 
bunch  population  of  the  beam  is  not  uniform  due  to  an 
intentional  ion-clearing  gap,  the  bunches  at  the  head  or  tail  of 
the  train  (“pacman  bunches”)  experience  different  beam-beam 
tune  shifts  than  those  away  from  the  edges  (“typical 
bunches”).  We  present  here  a  method  to  minimize  the  vertical 
tune  spread  at  the  expense  of  increasing  the  horizontal  tune 
spread  (we  assume  that  there  is  only  one  IP).  Since  the  beam- 
beam  dynamics  for  flat  beams  typically  tolerates  a 
significantly  higher  horizontal  tune  spread  than  a  vertical  tune 
spread,  this  method  implies  a  net  advantage.  We  present  our 
discussion  in  the  context  of  the  PEP-II  collider. 


As  a  result,  the  particles  in  these  bunches  have  different 
closed  orbits  [3]  and  different  beam-beam  tune  shifts  [4]  than 
those  in  typical  bunches.  This  “pacman  tune  spread”  implies 
that  a  working  point  that  may  be  appropriate  for  typical 
bunches  might  not  be  good  for  the  pacman  bunches  and  vice 
versa.  In  this  note  we  show  how  to  compensate  this  tune 
spread  for  both  beams  in  first  order  approximation  by  tailoring 
the  bunch  currents.  The  difference  in  sign  and  magnitude 
between  the  vertical  and  horizontal  beam-beam  parameters  at 
the  PCs  makes  it  impossible  to  compensate  vertical  and 
horizontal  tune  spreads  simultaneously.  In  our  particular  case, 
we  choose  to  compensate  the  vertical  tune  spreads,  which  are 
larger  than  the  horizontal.  As  a  result,  the  horizontal  tune 
spread  is  increased  relative  to  the  nominal  (even-bunch-current) 
case.  This  increase,  however,  is  not  expected  to  be  detrimental, 
as  explained  below. 

IL  COMPENSATION  PRINCIPLE 


L  INTRODUCTION 

The  PEP-II  design  [1]  calls  for  head-on  collisions  with 
magnetic  separation  in  the  horizontal  plane.  This  separation 
scheme  entails  unavoidable  PCs  near  the  IP  whose  effects  on 
the  beam-beam  dynamics  have  been  studied  quite  extensively 
[1,2].  The  design  also  calls  for  an  ion-clearing  gap  equivalent 
to  ~5%  of  the  total  beam  length.  The  gaps  in  the  two  beams 
have  the  same  length  and  are  positioned  such  that  head  bunch 
in  one  beam  collides  at  the  IP  with  the  head  bunch  of  the  other 
beam  (the  two  beams  have  the  same  bunch  spacing  and  overall 
length). 

The  interaction  region  (IR)  is  such  that  a  typical  bunch 
experiences  four  PCs  on  either  side  of  the  IP  (for  a  total  of  9 
collisions).  On  the  other  hand,  the  pacman  bunches  (those  at 
the  head  or  tail  of  the  train)  do  not  experience  all  the 
collisions,  as  sketched  in  Fig.  1. 

PC  IP  PC 

I  I  I  positron  beam 

4  3  2 

•  •  • 

electron  beam 

Fig.  1.  Sketch  of  the  collision  schedule.  The  dashed 
lines  indicate  the  location  of  the  IP  and  first  PC.  Bunch 
#1  is  at  the  head  of  the  train  in  its  respective  beam. 
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Let  us  consider  only  one  PC  on  either  side  of  the  IP,  as  we 
will  in  the  case  of  PEP-II  (our  analysis  is  extended  in  a 
straightforward  fashion  to  the  case  with  more  PCs).  As  a 
result,  there  is  only  one  pacman  bunch  at  the  head  of  the  train 
and  one  at  the  tail. 

Let  us  focus  on  the  vertical  tune  shift  of  the  positron 
beam.  Neglecting  the  dynamical  beta  function  effect  [4],  the 
vertical  tune  experienced  by  a  positron  at  the  center  of  a  bunch 
is  (refer  to  Fig.  1) 

Vy+  =  (typical  bunch) 

Vy+  =  +  4y+  +  4y+  (pacman  bunch) 

Similar  expressions  apply  to  the  electron  beam,  and  to  the 
horizontal  counterparts  of  both  beams.  Here  is  the  lattice 
(bare)  tune  and  the  ^’s  are  the  beam-beam  tune  shifts  at  the  BP 
and  the  PC.  The  absolute  difference  between  these  two 
equations  is  the  vertical  “pacman  tune  spread”  for  the 
positrons,  namely 

(2) 

It  is  this  tune  spread  (and  its  counterpart  in  the  opposing 
beam)  that  we  show  here  how  to  eliminate. 

Let  be  the  number  of  particles  in  electron  bunch  n  and 
d  be  the  separation  between  the  beams  at  the  PC.  Then  the 
well-known  expressions  for  the  vertical  beam-beam  parameters 
of  the  positron  bunch  n  are  written  as 

and  Cy^,=b,N„.  (3) 

where,  using  standard  notation. 
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B* 

eHy 


y+ 


lnryy-(Gl_  +  ay_) 


and 


K- 


oPC 

^y+ 


Iny^d 


(4) 


The  schedule  of  the  collisions  is  shown  in  Fig.  1.  We  label 
the  bunches  so  that  #1  is  at  the  head  of  the  train  in  both 
beams.  Thus  we  see  that  bunch  #1  experiences  only  one  PC 
with  bunch  #2  in  the  opposing  beam,  in  addition  to  the  main 
collision  at  the  IP.  From  Fig.  1  we  can  read  off  the  beam- 
beam  parameter  for  each  bunch  as  follows: 

=a+A^i_+/>+A^2- 

=  «+^2-  +  *+(^1-  +  ^3- )  ^5) 

l3y+  =a+A^3-  +^+(^2-  +^4-) 


where  we  assume  that  the  bunch  sizes  and  Cy  remain  at 
their  nominal  values  under  colliding  conditions.  If  we  now 
equate  all  beam-beam  parameters  to  their  nominal  value  (i.e., 
in  the  absence  of  any  beam  gap),  we  obtain 

a+A^i_  +  b^N2.  =  (a+  +  2fc+)iV_ 
a+iV2_  +  (iVi_  +  ATj. )  =  +  2b  ^  )N_ 
a+N-i-  +  ^+(^2-  +  -^4-)  ~  (^+  ^b^)N_ 


where  AL  is  the  nominal  number  of  electrons  per  bunch.  Thus 
we  obtain  the  matrix  equation 


1 

0 

0 

>1-' 

T 

1 

0  ••• 

)'2- 

1 

0 

1 

e+  ••• 

ys- 

=  (l  +  2e^) 

1 

0 

0 

1  ••• 

^4- 

1 

where  we  have  defined 

y„.  =  N„.IN_  and  e^=b^la^  (8) 

Eq.  (7)  has  as  many  entries  as  there  are  bunches  in  the  train 
(1658  in  the  case  of  PEP-II).  The  solution  is  symmetrical 
about  the  middle  bunch  and  is  readily  found  in  perturbation 
theory. 


>1-’ 

'l  +  e^+"-‘ 

^2- 

^3- 

1+... 

• 

where  •••  represents  in  all  entries  terms  of  0(el)  or  higher, 

IV.  Application  to  PEP-II  and  Discussion 

Let  us  apply  our  analysis  to  the  case  of  PEP-II  [1],  whose 
basic  parameters  are  listed  in  Table  1  (LEB=low-energy  beam, 
HEB=high-energy  beam).  The  optics  in  the  IR  is  symmetrical 
about  the  IP  and  is  such  that  the  1st  PC  at  either  side  of  the  EP 
is  much  stronger  than  the  others.  We  are  therefore  justified  in 


neglecting  all  other  PCs. 

From  Eq.  (2)  and  Table  1  we  see  that  the  nominal  vertical 
pacman  tune  spread  of  the  positron  beam  is  0.004,  which  is 
-14%  of  the  main  beam-beam  parameter  at  the  IP,  i.e., 

w) 

Thus  Eq.  (9)  says  that,  in  order  to  compensate  this  tune  spread 
we  must  increase  the  number  of  particles  in  the  first  and  last 
bunches  of  the  electron  train  by  14%  relative  to  the  nominal 
value,  and  decrease  the  number  of  particles  in  the  second  and 
next-to-last  bunch  by  2%  relative  to  the  nominal  value.  These 
numbers  are  within  the  precision  reach  with  which  the  linac 
can  inject  beam  [1]. 


Table  1.  Selected  PEP-II  parameters. 


LEB  (e+) 

HEB  (e-) 

^[GeV] 

3.1 

9.0 

N 

5.63x10'° 

2.59xl0'° 

0.375 

0.50 

P*y  [m] 

0.015 

0.02 

[m] 

1.433 

1.293 

P;""  [m] 

26.46 

19.85 

152 

152 

Gy  [nm] 

6.1 

6.1 

0.03 

0.03 

0.03 

0.03 

-0.00022 

-0.00015 

,FC 

0.0041 

0.0023 

^[mm] 

3.5 

A  calculation  for  the  electron  beam  yields  a  similar 
solution,  obtained  from  Eq.  (9)  by  replacing  +  .  Because 

the  beam  energies  in  PEP-II  are  sufficiently  high,  the  beam- 
beam  parameter  in  one  beam  does  not  depend  on  its  own 
charge;  therefore  the  positron  and  electron  pacman  tune  spreads 
can  be  compensated  simultaneously.  From  Table  1  we  obtain 
e  =0.08,  which  implies  that  the  number  of  positrons  in  the 
first  and  last  bunches  of  the  train  must  be  increased  by  8% 
relative  to  the  nominal  value,  while  the  number  of  positrons 
in  the  second  and  next-to-last  bunches  must  be  decreased  by 
0.6%  relative  to  the  nominal  value. 

If  we  were  to  carry  out  the  same  calculation  for  the 
horizontal  tune  spreads  we  would  obtain  =-0.0075  and 
e_  =  -0.005.  Since  both  magnitude  and  sign  are  different 
from  the  solutions  presented  above  for  the  vertical  tune  spread, 
it  is  obvious  that  one  cannot  simultaneously  compensate  for 
the  vertical  and  horizontal  tune  spreads. 

As  a  corollary  we  conclude  that,  if  we  choose  to 
compensate  the  vertical  tune  spreads,  the  horizontal  tune 
spreads  become  larger  than  their  nominal  values.  For  the  LEB 
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we  obtain 

=|(l  +  £*)C.+(l-eJ)l,''f-C-24;f|  (11) 

-|£.c| 

which  evaluates  to  -0.004.  The  corresponding  calculation  for 
the  horizontal  pacman  tune  spread  of  the  HEB  yields  -0.002. 
These  numbers  are  a  factor  -15-20  larger  than  their  nominal 
values  (see  Eq.  (2))  and,  in  fact,  are  equal  to  the 
uncompensated  vertical  tune  spreads.  Thus  we  can  say  that  our 
method  transfers  the  pacman  tune  spread  from  the  vertical 
plane  to  the  horizontal.  However,  for  PEP-II,  the  horizontal 
beam  dynamics  is  much  less  sensitive  than  the  vertical  to 
beam-beam  parameter  strengths  of  the  same  magnitude  for  an 
extended  region  of  the  tune  plane  [2].  Therefore,  transferring 
the  tune  spread  from  the  vertical  plane  to  the  horizontal 
implies  a  net  advantage. 

In  the  more  general  case,  when  there  are  more  than  two 
PCs,  the  method  generalizes  in  a  straightforward  fashion.  If 
there  are  altogether  n  PCs,  and  if  the  beam  orbits  are  not 
symmetrical  about  the  IP,  Eq.  (6)  will  couple  the  currents  of 
n+1  bunches  in  the  opposing  beam,  there  will  be  n  different  e 
parameters  in  Eq.  (7),  and  the  matrix  will  have  n  secondary 
diagonals.  If  all  the  e  parameters  are  small,  as  is  likely  to  be 
the  case  in  any  realistic  IR  design,  the  solution  can  be  found 
in  perturbation  theory. 

The  increase  in  the  bunch  current  for  the  pacman  bunches 
will  affect  their  closed  orbit  distortion  [3].  Here,  again,  the 
effects  are  quite  small.  In  the  nominal  (non-compensated)  case, 
the  closed  orbits  of  the  pacman  bunches  are  displaced 
horizontally  from  the  optical  IP  by  -5  p.m.  However,  for  most 
values  of  the  horizontal  tune,  both  the  LEB  and  HEB  pacman 
bunches  are  displaced  to  the  same  side  of  the  optical  IP.  As  a 
result,  the  relative  displacement  of  their  centers  is  -1-2  |xm, 
which  is  very  small  compared  to  the  horizontal  beam  size 
(T^=152|im.  If  the  vertical  pacman  tune  spread  is 
compensated  as  discussed  above,  the  relative  displacement  of 
the  pacman  bunch  centers  at  the  collision  point  will  not 
increase  by  more  than  -20%  from  the  nominal  value  of  -1-2 
|im  quoted  above,  and  therefore  will  remain  small. 

The  tailored  beam  current  will  also  have  an  effect  on  the 
induced  transient  voltages  on  the  RF  cavities,  and  on  the 
stability  of  the  coherent  dipole  mode  of  the  beams.  The  ideal 
case,  in  which  there  is  no  beam  gap  and  all  bunches  have  the 
same  charge  is,  of  course,  the  simplest.  We  do  not  expect  that 
the  beam-beam  interaction  will  drive  a  coherent  dipole 
instability  for  any  reasonable  value  of  the  tune.  The  design  of 
the  RF  system  does  take  into  account  the  gap.  Although  these 
issues  remain  to  be  evaluated  in  detail,  we  believe  that  an 
increase  of  -14%  in  the  current  of  the  first  and  last  bunches 
should  not  entail  serious  difficulties,  if  any. 

V.  Conclusions 

We  have  presented  a  method  for  the  compensation  of  the 


vertical  pacman  tune  spread  in  PEP-II.  The  method  consists  in 
tailoring  the  beam  current  in  such  a  way  that  the  pacman 
bunches  have  slightly  larger  charge  than  the  typical  bunches. 
The  compensation  can  be  carried  out  simultaneously  in  both 
beams  but  not  in  both  planes.  In  fact,  a  generic  feature  of  the 
method  is  a  trading  off  of  the  vertical  tune  spread  for  the 
horizontal.  Thus  if  the  vertical  tune  spread  is  compensated,  the 
horizontal  tune  spread  becomes  roughly  equal  to  the 
uncompensated  vertical  tune  spread,  which  is  typically  larger 
than  its  nominal  value.  However,  the  horizontal  beam 
dynamics  is  much  more  tolerant  than  the  vertical,  so  tune 
spreads  of  this  magnitude  should  not  cause  any  problems,  and 
the  method  therefore  implies  a  net  advantage.  We  believe  that 
this  beneficial  trade-off  is  a  generic  feature  of  flat  beams.  Thus 
our  technique  seems  unlikely  to  be  applicable  to  round  beams, 
such  as  those  encountered  in  multibunch  proton  colliders. 
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Abstract 

At  the  SLC  Final  Focus  with  higher  currents  and 
smaller  beam  sizes,  the  disruption  parameter  Dy  is  close  to 
one  and  so  the  pinch  effect  should  produce  a  luminosity 
enhancement  Since  a  flat  beam-beam  function  is  fit  to 
deflection  scan  data  to  measure  the  beam  size,  disruption  can 
affect  the  measurement.  Here  we  discuss  the  quantitative 
effects  of  disruption  for  typical  SLC  beam  parameters.  With 
3.5*10^®  particles  per  pulse,  bunch  length  of  0.8  mm  and 
beam  sizes  of  2.1  \im  horizontally  and  0.55  |im  vertically,  the 
measured  vertical  size  can  be  as  much  as  25%  bigger  than  the 
real  one.  Furthermore  during  the  collision  the  spot  size 
actually  decrease,  producing  an  enhancement  factor  of 
about  1.25.  This  would  yield  to  a  true  luminosity  which  is 
1.6  times  that  which  is  estimated  from  the  beam-beam 
deflection  fit. 

Disruption  Effects 

The  disruption  originates  several  desired  and  undesired 
effects.  The  desired  one  is  the  extra  focusing  that  the  two 
beam  exercises  during  their  interaction  due  to  their  attractive 
fields  and  the  finite  bunch  lengths. 

Of  course  the  extra  focusing  produces  a  direct  increase  of 
the  luminosity,  however,  since  the  fields  are  not  linear 
(radially)  and  do  vary  during  the  interaction,  the  angular  spread 
and  emittance  of  the  beam  do  increase  during  the  interaction. 
This  can  affect  the  extraction  of  the  two  beams,  increasing 
the  current  losses  in  the  extraction-lines. 

The  extra  focusing  is  desired,  but  the  related  luminosity 
enhancement  becomes  very  difficult  to  measure.  On  top  of 
that  the  beam-beam  deflection  scans  [1]  are  also  distorted  by 
the  disruption,  in  such  a  way  that  the  spot  sizes  measured 
with  this  technique  are  in  general  bigger  than  the  original, 
undisrupted  ones. 

Furthermore  it  is  also  possible  that  the  disruption  alters 
the  optimization  of  the  beam  spots  leading  to  a  luminosity 
lower  than  the  optimal. 


Experimental  Evidence 

In  the  last  SLC-SLD  run  the  discrepancy  between  the 
estimated  luminosity  by  using  beam-beam  deflection  scans 
(SLC)  and  the  effective  one  by  counting  the  number  of  Zq 
effectively  found  (SLD)  has  become  evident. 

In  particular,  this  discrepancy  has  become  quite  large 
(about  30%)  after  an  improvement  of  the  beam-beam 
deflection  fits  was  made,  in  order  to  make  it  insensitive  to 
beam  position  jitter  at  the  IP.  The  estimated  luminosity 
measurement  has  become  much  more  stable  since  then, 
permitting  a  much  more  reliable  comparison  with  the  SLD 
data.  In  Fig.  1  the  SLD/SLC  luminosity  ratio  for  the  last  two 
months  of  run  is  shown. 


Fig.  1:  SLD/SLC  luminosity  ratio  history 

Moreover  one  expects  that  the  discrepancy  has  to  become 
bigger  for  higher  luminosity,  Fig.2  shows  the  SLD/SLC 
ratio  as  a  function  of  the  luminosity  itself. 
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Fig.  2:  SLD/SLC  luminosity  ratio  vs  luminosity 
Theoretical  Estimates 


In  order  to  estimate  the  pinch  effect,  a  full  tracking  code 
to  simulate  the  beams  dynamics  during  the  interaction  has 
been  developed  [2].  The  simulation  predicts  typical  luminosity 
enhancement  of  about  25%  for  our  normal  running  conditions. 

Moreover  with  the  same  code  it  is  possible  to  simulate  a 
beam-beam  scan.  Fig.3  shows  the  theoretical  beam-beam 
deflection  as  function  of  the  y  offsets  of  the  two  beam  and  the 
fit  with  the  beam-beam  formula.  It  is  noticeable  that  the  fit  is 
not  perfect,  and  the  fitted  Zy  is  25%  bigger  than  the  original 
one,  while  the  other  plane  E  is  20%  smaller.  For  a  horizontal 
scan  the  difference  is  negligible. 


A+B*(pi/2/(F>^2-1  ))A.5*erf(Y,F*Y);  Y=(X-D)/C/{2*(FA2-1  ))\5 


Ey,  incoming  =  0.780  |im  E^  incoming  =  2.98  |LLm 
Ey,  fitted  value  =  0.990  \im  E^  fitted  value  =  2.42  |i.m 


Fig.  3:  Simulated  Disrupted  b-b  scan,  and  deflection  fit 


Fig.  4  shows  the  relative  increase  in  the  overestimation 
of  the  unfocused  Ey,  while  the  effective  Ey  (the  average  spot 
size  during  the  interaction)  decreases  proportionally  more  and 
more  for  smaller  spots,  leading  to  a  large  underestimate  of  the 
luminosity.  A  similiar  effect  is  visible  for  Ey  when  Ej^ 
changes  (see  Fig.  5). 
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Fig.  4:  Eyy  (measured)  lEy,  (incoming)  and 
Ey,  (effective)  lEy,  (incoming)  versus  Ey, 


1.4r 


1.2 


E 

t  11 

CO 

E 

■^0.8^ 
CO 

O 

0.61^ 


Y  Sigma  measured 
_  Y  Sigma  incoming 
..  Y  Sigma  effective 


0.4L 


3  4  5 

Cap-sigma  x  (urn) 


Fig.  5:  Ey,  (measured)  and  E^,  (effective)  versus  E^ 

In  order  to  get  in  real  time  the  correct  beam  spot  sizes,  it 
has  been  developed  a  b-b  deflection  expression  that,  with  some 
approximations,  takes  into  account  for  the  disruption. 

The  following  assumptions  are  made: 

a)  the  fields  seen  by  the  two  beams  are  always  the  linear 
expansion  of  the  true  fields  around  the  centroid  beam 
positions, 
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b)  the  fields  are  constant  during  the  interactions,  in  other 
words  the  focusing  effects  does  not  change  them  appreciably. 

c)  the  beam  longitudinal  distribution  is  rectangular  (in 
the  real  case  the  longitudinal  distribution  is  something 
between  rectangular  and  gaussian). 

With  this  assumption,  it  is  straightforward  to  compute 
the  luminosity  enhancement.  Indeed  the  focusing  effect  is  now 
simply  like  a  pure  linear  focusing  lens,  and  the  effective 
average  beam  spot  size  during  the  interaction  can  be  estimated 
according  to: 

^yEFF~  ^24*5111(20  ^ 

40 

0  is  the  phase  advance  in  the  interaction  region: 

<j)  =  ^K  Ob 

K  is  the  derivative  of  the  electric  field  (colliding  beams): 

631 N 

<Jy  i(Jy  4CT;c  ) 

N  is  the  target  beam  number  of  particles  (10^®  units), 

Gf,  the  bunch  length  (in  meters), 

Gy  and  cr,.  the  target  beam  spot  sizes  ( in  |am). 

The  luminosity  enhancement  so  evaluated  differs  from 
the  one  estimated  with  full  tracking  by  less  the  5%  up  to 
luminosities  of  3  times  bigger  than  the  achieved  ones. 

The  deflection  angle  can  be  evaluated  starting  fi:om  the 
fields  generated  by  the  effective  spot  sizes  (at  the  relative 
distance)  and  considering  that  the  beams  do  move  in  a 
focusing  lens,  hence: 

^EFF  ~^y  sin(20£/rf’} 

2(^eff 

being  6y  the  deflection  angle  computed  using  the 
effective  beam  spot  sizes  and  zero  bunch  length. 

With  such  formulas  (see  Fig.  6)  the  fit  of  the  beam- 
beam  deflection  computed  with  the  tracking  gives  much  better 
agreement  for  the  on  plane  and  off  plane  sigmas  and  in  general 
the  function  fits  the  points  much  better  than  the  previous  one. 

Unfortunately  the  difference  between  the  undisrupted  and 
disrupted  deflection  is  not  impressive  and  probably  difficult  to 
see  in  a  fit  of  real  data. 


ly,  incoming  =  0.780  |im  incoming  =  2.98  |xm 

ly,  fitted  value  =  0.781  \im  fitted  value  =  2.98  |im 


Fig.  6:  Simulated  Disrupted  b-b  scan,  and 
Disrupted  deflection  fit 

Conclusions 

The  disruption  has  been  shown  to  be  a  possible  cause  of 
the  discrepancy  between  the  SLC  estimated  luminosity  and  the 
SLD  one.  Moreover  it  can  explain  a  part  of  the  degradation  in 
the  measured  luminosity  as  a  function  of  the  beam  current.  In 
the  next  run  we  hope  to  have  a  clearer  signature  of  the  effect 
taking  accurate  data  of  the  beam  beam  deflection  at  low  and 
high  beam  current. 

Moreover  the  use  of  the  disrupted  formula  probably  will 
lead  to  a  better  estimate  of  the  luminosity  and  better  tuning  of 
the  final  focus. 
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With  the  switch  to  flat  beam  operation  in  the  SLC 
during  the  1993  run  [1],  it  has  become  necessary  to  develop 
an  algorithm  that  is  capable  of  measuring  the  beam  spot 
sizes  at  the  Final  Focus  Interaction  Point  (IP).  This 
algorithm  uses  the  correct  beam-beam  deflection  formula 
for  the  more  general  flat-beam  case,  since  the  round  beam 
approximation  is  no  longer  valid  [2].  The  application  of  this 
formula  to  the  IP  spot  size  measurements  in  the  SLC  Final 
Focus  is  the  subject  of  this  paper. 

L  DERIVATION  OF  THE  BEAM-BEAM 
DEFLECTION  FORMULA  IN  THE  FLAT 
BEAM  CASE 


where 


= 


2?) 


erfcix)  = 


C+oo 


4^ 


dt  e 


Ng+  is  the  number  of  particles  in  the  positron  bunch 
Tg  is  the  classical  electron  radius 
/is  the  beam  energy  over  the  electron  mass, 
and 


+  ct: 


and  S, 


+  (t: 


The  assumptions  used  in  the  theoretical 
evaluation  of  the  beam-beam  deflection  are: 

(a)  Gaussian  and  upright  distributed  beams  with  sigmas 
in  the  three  dimensions  Gz..,  Cx-,  CJy-  for  electrons, 
and  az+»  ^x+»  ^y+  f^i^  positrons 

(b) };  =  0  (on  plane  colliding  beams) 

(c)  O^max  ^  disruption ) 

It  can  be  proved  that  the  overall  deflection  angle  is 
proportional  to  the  electric  field  generated  by  the 
convolutions  of  the  two  beam  space  distributions  [3]. 
Moreover,  the  Bassetti  expression  for  the  electric  field  E(x) 
is  valid  for  Gaussian  distributed  beam  [4].  Hence,  after 
some  algebra,  the  total  deflection  angle  a(x)  in  the  x-plane 
of  the  e‘  beam,  due  to  the  interaction  with  the  e"*"  beam,  as  a 
function  of  their  distance  x  is: 

It  can  be  proved  that  the  overall  deflection  angle  is 
proportional  to  the  electric  field  generated  by  the 
convolutions  of  the  two  beam  space  distributions  [3]. 
Moreover,  the  Bassetti  expression  for  the  electric  field  E(x) 
[4]  is  valid  for  the  Gaussian  distributed  beam.  Hence,  after 
some  algebra,  the  total  deflection  angle  o(x)  in  the  x-plane 
of  the  e“  beam  (due  to  the  interaction  with  the  e"*"  beam)  as 
a  function  of  their  distance  x  is 


- 

(l^  '] 

X 

erfc 

) 

-  erfc(j:„) 

(1) 
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with  some  further  algebra,  we  can  also  express  the 
deflection  in  an  integral  form  simpler  than  the  one  used  in 
[2]: 


a{x)  = 

Y 


•\/l  +  (cP'  —  1)  t 


,(2) 


where 

a  =  'Ey  I 'Lx  • 


3-95  X  (pm)  7918A1 

Figure  1.  Beam-beam  deflection  at  different  aspect  ratios 
(not  in  scale), 


It  can  be  shown  that  in  the  limit  Eq.~(l) 

becomes  the  “round  beam-beam  deflection”  expression  [2], 
and  in  the  limit  ly  »  Ex  it  becomes  the  “error  function”  as 
expected  in  the  infinite  flatness  case  (see  Fig.  1).  This 
behavior  is  much  more  evident  in  the  integral  expressiomn 
for  a(x),  since  in  the  case  Ex  =  Ey^  the  integral  is  solvable 
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in  terms  of  elementary  functions;  whereas,  in  the  case  A  further  advantage  of  (1)  is  that  the  overall  scale  factor  of 
Ey»Xx,  it  is  simply  expressible  as  an  error  function.  the  deflection  angle  is  a  known  quantity,  depending  only 

by  the  other-beam  charge  (measured  elsewhere); 

II.  MEASUREMENT  OF  BEAM  SPOT  SIZES  specifically: 

AT  THE  SLC  INTERACTION  POINT  ^  r-  ^6+  re  . , ,  o  . 

1-^jn  ^  =  1118.4  Ne+  , 

7 

The  typical  beam  sigmas  at  the  SLC-IP  are:  cjz-,  Oz+  ~ 

600  |j.m,  Ox-,  Ox+  -  2.5  pm,  and  Cfy-,  Oy+  ~  0.8  pm.  with  the  given  SLC-beam  energy  (  45.64  GeV  ),  and 
Furthermore,  the  maximum  deflection  angle  ttmax  is  of  the  expressing  the  deflection  angle  in  prad,  the  sigmas  in  pm 
order  of  300  prad.  *^e  number  of  e"*"  in  10^®  units. 

It  can  be  shown  that  (x(x)  is  finite  and  real  for  any  Zx  fitting  of  the  beam-beam  deflection  therefore 

and  Zy  >  0.  involves  only  four  free  parameters:  the  two  beam  spot- 

Since  conditions  (b)  and  (c)  are  satisfied  [condition  (a)  absolute  distance  between  the  two  beams,  and  the 

is  assumed  to  be  correct],  Eq.  (1)  was  applied  to  fit  the  overall  offset  of  the  measured  deflection  angle.  The  last 
beam-beam  deflection  in  the  SLC  1993  run  [1],  It  is  two  parameters  are  mainly  caused  by  the  residual  offsets  of 
possible  to  notice  from  (1)  that  the  deflection  in  one  plane  beam-position-monitor  readings, 
is  a  function  of  the  distance  between  the  two  beams,  and  of  Figure  2  shows  two  typical  beam-beam  scans  in  the 
both  Zx  and  Zy,  so  that,  in  principle,  the  deflection  in  one  Pl““>  with  the  round-beam  formula  and  with 
plane  is  able  to  give  information  on  both  spot  sizes.  formula.  Also  shown  in  Fig.  2  are  the  beam  sigmas, 


3-«5  X  (|Lim)  X  (fim) 


Figure  2.  Beam-beam  scan  fits  in  a  typical  SLC  running  conditions:  (a)  fit  of  the  x-deflection  using  the 
round  beam-beam  formula,  (b)  fit  of  the  x-deflection  using  the  flat  beam-beam  formula,  (c)  fit  of  Zx  using 

the  Bhabha-counts,  (d)  fit  of  the  y-deflection  using  the  round  beam-beam  formula,  (e)  fit  of  the  y-deflection 
using  the  flat  beam-beam  formula,  (f)  it  of  Zy  using  the  Bhahba-counts;  where  A  =  deflection  offset,  B  = 

scale  factor,  C  =  on  plane  beam  spot  size,  D  =  position  offset,  F  =  other  plane  beam  spot  size. 
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as  measured  by  using  a  signal  proportional  to  the  Bhabha 
scattering  at  low  angle.  The  measured  spot  sizes  using  the 
two  techniques  are  in  good  agreement. 

The  accuracy  in  determining  both  beam  spot  sizes  with 
a  single  beam-beam  scan  is  typically  better  than  5%. 

III.  CONCLUSIONS 

The  use  of  the  Eq.  (1)  to  fit  the  beam-beam  deflection 
at  the  SLC  IP  gives  us  a  very  accurate  spot-size  monitor  to 
tune  SLC  Final  Focus,  and  to  optimize  and  estimate  the 
SLC  luminosity.  The  agreement  of  the  data  with  the  theory 
is  excellent  showing  that  the  assumption  (a)  is  also  correct. 
Furthermore,  the  disruption  effect  can  be  estimated  to  be 
still  small  enough  to  affect  the  behavior  of  the  beam-beam 
scans  at  the  typical  1993  running  condition,  leading  to 
anunderestimate  of  the  real  SLC  luminosity  of  about  8%, 
while  it  has  been  a  more  serious  problem  in  the  SLC  1994 
where  the  Ey  was  of  the  order  of  0.9  |am  and  condition  (c) 


was  no  longer  valid,  causing  an  appreciable  difference  in 
the  behavior  of  the  measured  beam-beam  deflection  with 
respect  to  (1).  Corrections  of  the  flat  beam-beam  formula 

(1)  must  be  included  to  take  this  effect  into  account. 
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POLARIZATION  CORRELATIONS  IN  THE  SLC  FINAL  FOCUS 

F.-J.  Decker,  Stanford  Linear  Accelerator  Center*,  Stanford  University,  Stanford,  CA  94309  USA 


ABSTRACT 


IL  ENERGY-Z  CORRELATION 


At  the  SLC,  the  electron  beam  polarization  (P)  is 
measured  by  a  Compton  polarimeter  downstream  of  the 
Interaction  Point.  This  measurement  averages  over  the 
entire  beam  distribution  and  must  be  corrected  for  various 
correlations  to  calculate  the  luminosity  (L)  weighted 
polarization.  Because  the  spin  rotation  in  the  ARC  is 
energy  dependent,  off  energy  particles  have  lower 
polarization.  These  particles  may  also  be  poorly  focused 
and  contribute  less  luminosity  due  to  the  higher  order 
chromatic  optics  of  the  final  focus.  The  small  vertical  P 
function  at  the  interaction  point  also  causes  an  hour-glass 
effect,  where  particles  at  the  head  and  tail  of  the  bunch 
have  less  luminosity.  Since  there  is  an  energy-z  correlation 
due  to  the  compensation  of  longitudinal  wakefields  in  the 
linac,  these  particles  may  also  have  lower  polarization.  The 
correlations  are:  z  < — E  (linac),  E  < — >  P  (ARC),  z  < — > 
L  (hour-glass)  and  E  < — >  L  (chromaticity).  The 
contributions  from  the  z  < — E  and  z  < — >  L  correlations 
are  discussed. 


L  INTRODUCTION 

At  the  Stanford  Linear  Collider  (SLC)  highly  polarized 
(80%)  electrons  collide  with  positrons  at  the  Z  mass.  The 
asymmetry  in  the  measured  cross  section  for  left  and  right 
handed  electrons  (A^)  determines  important  high  energy 
parameters  like  sin^  9^  and  the  top  mass  range  [1].  The 
statistical  error  of  the  up  to  this  year  is  about  ±3% 
and  the  systematic  around  1.5%.  Any  additional 
systematics  should  be  carefully  checked.  The  big  correction 
of  about  2%  for  a  low  energy  tail  in  1993  [2]  is  much 
reduced  for  the  94/95  run  since  there  are  less  low  energy 
tails  due  to  over-compression  [3].  The  number  of  effective 
spin  rotations  in  the  ARCs  was  not  reduced  conciderably 
(from  17  to  13  turns),  so  other  effects  have  to  be  investi¬ 
gated.  Here  we  will  discuss  the  effect  of  the  energy  spread, 
which  has  a  certain  correlation  with  the  z  distribution  due 
to  longitudinal  wakefields  in  the  linac.  This  longitudinal 
distribution  correlates  with  the  luminosity  at  the  interaction 
point  (IP),  due  to  the  hour-glass  effect,  where  earlier  and 
later  particles  contribute  less  to  the  luminosity.  Since  these 
particles  are  off  in  energy  and  the  effective  polarization  of 
the  collisions  will  be  slightly  higher. 

*Work  supported  by  the  Department  of  Energy, 
contract  DE-AC03-76SF00515. 


The  correlation  for  the  energy  in  the  longitudinal 
dimensions  comes  mainly  from  the  rf  sinus  curve  and  the 
longitudinal  wakefield.  By  chosing  the  bunch  length  to 
about  1.2  mm  (cr)  at  3.5  T0^^  particles  per  bunch,  the 
generated  wakefield  compensates  the  rf  sinus  curve 
roughly.  The  bunch  shaping  with  over-compression 
reduced  the  long  low  energy  tails,  so  that  the  energy 
distribution  was  about  Gaussian  with  an  energy  spread  of 
0.10-0.15%.  Since  the  intrinsic  energy  spread  is  about 
0.04%,  there  is  some  correlation  with  z.  The  front  has 
normally  a  higher  energy  than  the  back.  This  leads  also  to  a 
compression  in  the  ARCS.  A  term  of  ^56  =  150  mm  gives 

about  a  compression  of  0.15-0.23  mm  or  an  IP  bunch 
length  of  1.0±0.05  mm  at  the  IP. 

A  simulation  of  the  longitudinal  wakefield  effect 
showed  a  big  sensitivity  to  the  overall  phase  of  the  linac. 
Small  variations  of  1°  in  phase  will  vary  the  bunch  length 
at  the  IP  by  20%  (see  Fig.  1). 


Linac  RF  with  Longitudinal  Wakefield 


z  [mm] 


Fig.  1:  Energy-z  correlation  for  different  linac  phase. 
Small  phase  changes  of  ±  1°  influence  the  energy-z 
correlation  which  changes  the  IP  bunch  length.  The  beam 
distribution  (dashed)  is  generated  by  over-compression. 


III.  HOUR-GLASS  EFFECT 

The  strong  focussing  of  the  beams  at  the  IP  result  in  an 
beam  envelope  which  has  the  form  of  an  hour-glass. 
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A.  Description 

At  the  IP  there  are  two  effects  which  produce  different 
luminosity  for  different  longitudinal  positions.  One  is  the 
hour-glass  effect,  where  particles  in  the  head  and  the  tail  of 
the  bunch  collide  mainly  past  or  in  front  of  the  IP  with  the 
smallest  spot  size.  The  other  is  the  disruption,  where  the 
strong  beam-beam  forces  bend  the  beams  towards  each 
other  shifting  the  beam  waist  somewhat  downstream.  More 
sophisticated  correlations  like  traveling  focusing,  where 
different  longitudinal  parts  of  the  bunch  have  their  focus  at 
different  z  locations,  are  not  considered  in  this  paper. 

The  hour-glass  effect  comes  mainly  from  y.  With  an 
BP  beam  size  of  0.5  |am  and  an  angular  divergence  of  250 
[irad,  the  spot  size  at  z  =  0.5  mm  (one  effective  sigma 
away)  will  be  0.515  |im  or  3%  bigger  (12%  at 


(1) 

Figure  2  shows  the  behavior  of  the  this  formula  with  a 
correction  for  the  disruption  effect. 


Hour  Glass  Effect,  1 .0  mm,  250  urad,  0.5  urn 


z  [mm] 


Fig.  2:  Hour  glass  effect  with  disruption. 

The  beam  enters  from  the  left  with  a  y-z  distribution 
indicated  by  a  7,  2,  and  3  sigma  contour  lines.  The  beam- 
beam  forces  from  the  other  bunch  were  assumed  to  be 
constant  over  ta^/l  (dash-dotted  line).The  smaller  spot 
and  the  bigger  outgoing  angular  divergence  is  visible  from 
the  1 -sigma  envelope  lines.  The  dashed  curve  is  the  not 
disrupted  case. 


the  forces  were  locally  fixed  and  change  the  beam  match  in 
the  following  way: 

Oyod  =  •  cos^  (kz)  +  Oy^  ■  sin^  (fe)  /  k'^  and 

0yd  =  ^y  (^yl  (^yod  for  -  CT,  <  2z  <  CT, 

[k^  633  iV/10‘° 

with  k  =  J—  and  Kj,  = - . 

Gyia^  +  ay) 

The  spot  size  in  a:  is  2.1  |xm  and  N  =  3. 5  10*°.  The 
beam  spot  is  reduced  while  the  angular  divergence 
increases,  keeping  the  emittance  constant  in  this  linarized 
approach. 

B.  Estimate 

The  effective  turn  in  the  ARCs  set  the  scale  of  the 
problem.  With  25  turns  and  1%  energy  offset  the  spin  of 
these  particles  will  rotate  0.25  turns  or  90°,  which  means 
they  would  not  have  any  longitudinal  polarization  at  the  IP. 
For  n  =  13  turns  and  a  A£/£  =  0.3%  energy  offset  the  loss 
in  polarization  is  3%: 


Since  there  are  not  too  many  particles  out  there  the 
correction  will  be  small.  If  all  the  particles  outside  of  2 
sigma  (4.6%)  would  be  about  4%  off  in  polarization,  but 
still  giving  about  80%  of  the  IP  luminosity,  the  effect 
would  cause  only  a  correction  of  0.04%.  The  highly  non¬ 
linear  behavior  (quadratic  in  E  and  z)  can  give  bigger 
values  especially  if  the  cosine  curves  are  not  perfectly 
centered.  To  quantify  the  effect  a  small  simulation 
program  was  written. 

C.  Simulations 

The  energy  spread  is  assumed  to  be  Gaussian  and 
totally  correlated  with  z.  The  energy  spread  is  0.15%  and 
the  effective  bunch  length  at  the  IP  is  0.5  mm,  half  the  real 
value  and  totally  correlated  with  energy  (assumption).  The 
angular  divergence  in  y  is  250  |irad  and  the  spot  size  0.5 
|Lim.  Due  to  the  hour-glass  effect  (Eq.  1)  the  spot  is  bigger 
and  will  give  less  luminosity  (3%).  An  off-energy  particle 
will  be  sitting  off  the  core  and  gives  even  less  luminosity. 
Fig.  3  shows  the  luminosity  versus  energy  offset  and  gives 
for  comparison  the  chromatic  effect  of  U3246  =  850  m. 


AP  =  l-cos  Inn 


The  beam-beam  disruption  [4]  or  pinch  effect  focuses 
the  beam  even  further.  The  approximation  was  used,  that 
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Luminosity  versus  Energy 


Fig.  3:  Luminosity  versus  Energy  Offset 
The  hour-glass  effect  (solid)  on  the  luminosity  versus 
energy  is  less  than  the  direct  chromatic  effect  from  a  higher 
order  term  (dash).  A  typical  (0.15%)  energy  distribution  is 
given  dash-dotted. 

IV.  HIGHER  ORDER  CHROMATICS 

For  the  1994/95  run  the  higher  order  chromatics 
consist  mainly  of  the  term  U3246  =  850  m.  The  effect  on 
the  spot  size  is  as  follow: 

~  ^{^yo  +  (2  •  ^3246 

where  the  initial  size  is  enlarged  by  a  term  which  depends 
on  the  angular  divergences  in  jc  (350  |j.rad)  and  y,  and  the 
energy  spread  5. 

V.  DISCUSSION  OF  RESULTS 

The  hour-glass  and  direct  chromatic  effect  on  the 
polarization  at  the  interaction  point  give  small  corrections 
of  0.04  %  and  0.09  %.  For  17  turns  the  chromatic  number 
is  0.16%  which  is  half  the  value  calculated  a  year  ago  with 
a  different  program  and  somewhat  different  parameters, 
e.g.  real ,  non-gaussian  bunch  distribution  in  z.  with  more 
weight  in  the  tails.  Taking  into  account  the  quadratic 
effects  and  any  mistuning  an  overall  corrections  of  about 
plus  0.2+0. 1  %  from  the  apparently  lost  polarization  of 
“0.75  %  from  the  ARCs  seems  reasonable. 
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ABSTRACT 

Longitudinal  and  transverse  dimensions  of  bunched 
beams  may  be  cooled  by  coherent  synchrotron  radiation  in 
storage  rings.  The  cooling  starts  if  the  bunches  are  short 
enough.  Coherent  synchrotron  radiation  with  wavelengths  of 
the  order  of  the  length  of  the  bunch  will  propagate  in  the 
vacuum  chamber  of  the  bending  magnet.  Achievement  of 
such  condition,  linked  to  the  bunch  dimensions,  is  generally 
not  possible  if  only  the  main  RF  system  is  used.  Therefore  it 
is  necessary  to  add  a  tunable  idle  or  powered  extra  RF 
cavity,  whose  frequency  depends  on  the  transverse 
dimensions  of  the  vacuum  chamber  of  the  bending  magnet 
and  on  the  radius  of  the  orbit  curvature.  By  this  mean,  a  self- 
consistent  effect  can  be  achieved.  The  energy  transfer  among 
particles  of  the  same  bunch  leads  to  a  dynamic  reduction  of 
all  bunch  dimensions.  For  these  reasons  the  whole  radiated 
spectrum  becomes  coherent.  This  should  be  true  for  all 
storage  rings  with  particles  which  emit  synchrotron 
radiation.  Our  experimental  results  observed  on  a  e*^/  e" 
storage  ring  are  described. 

MICRO-BUNCHING 

Coherent  synchrotron  radiation  can  propagate  when  the 
particle  bunch  length  is  smaller  or  equal  to  the  cutoff 
wavelength  of  the  vacuum  chamber  of  the  bending  magnet. 
This  cutoff  wavelength  depends  on  the  transverse  size  of  the 
vacuum  chamber  and  the  curvature  of  the  bending  magnet 
[1],  according  to  the  formula: 

Xc  =  2h(h/R)l/2  (1) 

where  h  is  the  vertical  dimension  of  the  vacuum  chamber, 
and  R  the  radius  of  curvature.  In  order  to  attain  the  desired 
bunch  length  by  using  only  a  single  RF  system,  one  needs  to 
increase  the  RF  potential.  If  g  represents  the  length  gain 
(shortening),  and  GQ  and  Od  the  initial  and  desired  bunch 
length  respectively,  g  =  OQ  /  c^d,  then  the  increase  in  RF 
potential  is  related  to  g^  and  the  RF  power  to  g^,  which 
rapidly  becomes  limiting. 

One  can  overcome  this  problem  by  using  a  second  RF 
system  with  a  cavity  tuned  to  a  higher  harmonic.  The  bunch 
length  gain  is  then  characterized  by  the  formula: 

g  =  [(ni  Vi  cos  <|)l+n2  V2  cos  (|)2)  /  ni  Vq  cos  (2) 


where  V  and  ([)  are  the  potential  and  phase  of  the  RF  systems, 
and  the  indexes  0,  1  and  2  refers  to  the  initial,  first  and 
second  cavity  respectively,  and  n  is  the  number  of  the 
harmonic.  In  the  special  case  when  the  characteristics  of  the 
main  RF  are  maintained,  in  order  to  permit  the  acceptance 
energy  at  injection,  and  to  compensate  the  losses  at  each 
turn,  one  has  Vj  cos  (j)]  =  Vq  cos  (})0.  In  addition  if  the 
second  cavity  does  not  procure  energy  to  the  beam 
(at  ^2-  equation  (2)  becomes: 

g  =  [1-  (n2  V2  /  ni  Vq  cos  (3) 

and  each  bunch  will  be  replaced  by  a  group  of  micro¬ 
bunches  (MB).  The  length  of  the  MB  will  depend  on  the  gain 
(g)  defined  above,  and  the  number  of  MB  will  depend  on  the 
length  of  the  bunch  provided  by  the  main  RF  system. 

The  energy  acceptance  (e)  of  the  two  RF  systems  must 
be  higher  than  the  dispersion  energy  of  the  particles  after 
dumping  e  =  r  (a  E/  E ) .  This  determines  the  minimum  level 
for  V2  described  by: 

V2=  [  2  TC  r  Vq  ni  ( g  ^-1 )  a  E  ( o  E/  E)  ^  (4) 

where  a  is  the  momentum  compression,  and  E  the  energy. 
The  potential  on  the  second  cavity  must  increase  with  the 
dumping  of  the  particles,  which  implies  that  the  second 
cavity  must  be  passive.  If  the  shunt  resistance  is  sufficient  to 
procure  the  needed  potential,  then  the  idle  cavity  can  be 
excited  directly  by  the  beam,  otherwise  it  has  to  be  via  a 
pick-up  followed  by  an  amplifier. 

It  should  be  mentioned  that  with  a  double  RF  system 
with  different  harmonics,  the  MB  are  not  equally  separated 
and  therefore  the  slope  at  the  loss  potential  seen  by  each  MB 
is  different.  In  case  of  phase  oscillations,  this  gives  a 
synchrotron  spectrum  with  groups  of  closely  spaced  lines 
around  the  synchrotron  main  frequency  side  band  and  it’s 
"harmonics",  the  later  depending  only  on  the  main  cavity. 
This  was  already  seen  on  several  rings,  AGO,  LEP  [2,3], 
SuperACO  (see  below),  which  means  that  there  is  an 
inherent  resonant  element  in  these  rings  that  induces  MB. 

SUPERCOOLING 

When  the  MB  becomes  sufficiently  short,  coherent 
synchrotron  radiation  can  also  propagate  in  the  vacuum 
chamber  of  the  bending  magnet.  Because  of  the  different 
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path  in  the  bending  magnet  for  the  particles  (along  the  arc  of 
circle)  and  for  the  coherent  synchrotron  radiation  that  they 
emit  (along  the  cord),  the  particles  at  the  rear  of  the  bunch 
will  interact  with  the  particles  in  front  of  them  by  stimulated 
absorption.  The  former  will  transfer  energy  to  the  later  and 
therefore  they  will  accelerate  them.  The  phenomenon  will 
propagate  gradually,  from  the  tail  to  the  front  of  the  MB. 

The  resulting  energy  change  can  be  calculated  from  the 
Lorentz  force: 

5Ymc^  =  -eJJv£'  dtd^  (5) 

where  e  is  the  electronic  charge,  v  is  the  speed  of  electrons, 
E  is  the  transverse  electric  field  of  the  plane  light  wave,  t  is 
the  time  of  interaction,  and  X  are  the  coherent  wavelengths. 
The  absorption  will  occur  if  this  energy  change  is  positive. 
From  the  energetic  point  of  view,  this  phenomenon  leads  to  a 
decrease  in  energy  dispersion  in  the  MB  as  a  whole,  which 
brings  to  a  proportional  reduction  of  the  length  of  the  MB, 
and  to  a  dumping  of  the  transverse  horizontal  and  vertical 
movements,  because  of  coupling.  The  shortening  of  the  MB 
starts  very  slowly  and  accelerate  with  the  increase  in  number 
of  coherent  wavelengths  which  are  participating  and  which 
becomes  shorter  and  shorter.  The  transferred  energy 
increased  faster  than  the  sum  of  wavelengths,  because  the 
shorter  ones  transfer  more  energy.  Concomitantly,  the  yield 
of  the  transfer  increases  with  the  increase  in  MB  density. 
The  phenomenon  is  cumulated  in  all  bending  magnets,  and 
during  a  great  number  of  turns  in  the  ring.  The  overall 
synchrotron  spectrum  emitted  in  the  magnets  becomes 
totally  coherent  and  is  seen  as  a  line  spectrum  with  the 
separation  among  the  lines  corresponding  to  the  higher 
harmonic  of  the  idle  cavity  frequency.  The  beam  becomes 
"single-energetic"  with  very  shortened  transverse  and 
longitudinal  dimensions. 

As  opposed  to  what  happens  in  free  electron  lasers,  here 
the  MB  are  cooled  down.  Only  the  particles  at  the  front, 
which  have  the  lowest  energy,  gain  energy  by  stimulated 
absorption  of  different  wavelengths,  higher  or  equal  to  the 
length  of  the  MB.  In  free  electron  lasers  stimulated  emission 
and  absorption  occur  at  the  wavelength  of  the  laser,  which  is 
very  short  compared  to  that  of  the  bunch,  leading  to  heating. 

RESULTS  OBTAINED  ON  e+/  c  STORAGE 
RINGS 

Measurements  performed  on  the  SuperACO  storage 
ring,  related  to  synchrotron  oscillations,  showed  that  the 
movement  of  particles  is  only  dipolar,  whatever  the 
frequency  of  oscillation  (figure  1).  This  result  is  in 
contradiction  to  current  concepts.  It  confirms  the  presence  of 
a  passive  cavity,  which  could  be  either  a  higher-order  mode 


of  the  main  cavity,  or  could  be  at  any  other  position  of  the 
vacuum  chamber.  This  idle  cavity  is  close  to  a  much  higher 
harmonic  than  the  main  RF  of  the  ring.  If  it  is  exactly  tuned 
to  a  harmonic  of  rotation,  the  RF  level  permits  to  obtain  very 
short  and  stable  MB,  leading  to  the  presence  of  first 
wavelengths  of  coherent  synchrotron  radiation. 

These  exceptional  conditions  which  were  met  on  the  old 
ACO  ring,  allowed  us  to  see  the  self-consistent  phenomenon 
of  supercooling  of  MB.  The  synchrotron  spectrum  became 
totally  coherent.  The  light  leaving  the  magnet  windows 
consisted  of  a  succession  of  stable  longitudinal  slices  of 
light,  that  were  thin,  vertical  and  perpendicular  to  the  output 
axis.  These  slices  of  light  were  equally  spaced  without  any 
light  between  them.  Although  partially  unexplained,  this 
phenomenon  is  a  representation  of  the  total  coherence  of  the 
spectrum.  The  measurements  of  the  emitted  light,  using  a 
streak  camera  [4,5],  reveled  the  presence  of  a  discrete 
structure  of  the  bunch  of  particles  that  had  a  period 
corresponding  to  the  distance  between  two  slices  of  light. 

Two  other  features,  which  we  think  are  related  to  total 
coherence,  were  also  recorded  under  the  mentioned 
conditions.  The  lifetime  of  the  beam  was  independent  of  the 
current  stored  in  the  ring,  and  corresponded  to  the  one 
usually  seen  at  small  currents.  The  beam-beam  limit  was  one 
order  of  magnitude  higher  than  the  usual  limit. 

In  order  to  confirm  the  results  obtained  on  the  ACO 
ring,  test  should  be  performed  on  rings  that  have  similar 
characteristics,  similar  or  smaller  energy  and  curvature 
radius.  Our  results  indicate  that  coherent  radiation  and 
supercooling  of  the  beam  could  be  implemented  to  all 
existing  storage  rings  producing  synchrotron  radiation, 
which  would  extend  noticeably  their  usage. 
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Figure  1.  Spectral  analysis  of  the  synchrotron  oscillations  and  the  demonstration  that  the  movement  of 

the  beam  is  only  dipolar. 

Measures  were  performed  on  the  SuperACO  storage  ring,  using  two  ultra  fast  PIN  photodiodes  (35  ps  rise  time,  PD15, 
Opto-Electronics,  Oakville,  Canada).  The  photodiodes  were  positioned  to  see  the  internal  and  external  part  of  the  image  of 
the  horizontal  synchrotron  beam  behind  the  optics  at  the  exit  of  a  magnet.  Each  circuit  consisted  of  one  photodiode  followed 
by  a  wideband  amplifier  with  two  outputs,  one  for  measurements  with  a  spectrum  analyzer,  the  other  for  peak  detection.  This 
second  output  permitted  to  detect  and  extract  the  amplitude  modulation  of  the  pulses  which  represent  the  bunches.  This 
modulation  is  the  consequence  of  oscillations  in  energy  of  the  particles  of  the  beam.  The  modulations  detected  were  of 
opposite  phase,  as  expected  for  dipolar  movements  of  the  particles.  This  was  true  for  different  frequencies  of  synchrotron 
oscillations.  The  recorded  spectrum  shows  that  the  dipolar  movement  consists  of  a  series  of  closely  spaced  frequencies, 
which  indicates  the  presence  of  micro-bunches.  For  a  theoretical  and  measured  synchrotron  oscillation  frequency  of 
14.6  kHz,  two  dipolar  frequency  oscillations  were  detected:  one  at  28  kHz  for  a  current  between  72  mA  and  «  100  mA,  and 
an  other  one  at  39  kHz  for  a  current  above  100  mA  to  the  limit  of  200  mA.  The  limit  is  determined  by  the  high  temperature 
tolerance  of  the  sapphire  window.  All  measurements  were  performed  with  two  equal  "bunches"  of  particles  at  the  opposite 
sides  of  the  storage  ring. 
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ABSTRACT 

The  leading  cause  of  the  delay  in  the  successful 
completion  of  the  Tevatron  Collider  bunched  beam  stochastic 
cooling  project  was  the  existence  of  large  coherent 
longitudinal  spectral  lines  at  harmonics  of  the  revolution 
frequency  (47.7  kHz)  in  the  frequency  range  of  4-8  GHz.  The 
preamplifiers  of  the  cooling  system  would  saturate,  distorting 
the  betatron  Schottky  signals  to  the  extent  that  they  were  not 
suitable  for  stochastic  cooling.  The  results  of  extensive 
measurement  of  these  unexpected  spectral  lines  are  described 
and  analyzed  in  this  paper. 

I.  DISCUSSION 

The  Tevatron  bunched  beam  stochastic  cooling  project  [2] 
has  been  stalled  because  of  large  coherent  revolution 
harmonic  lines  in  its  bandwidth.  As  seen  in  figure  1,  these 
lines  dominate  the  power  in  the  system,  and  cause  the  TWT 
driving  the  kicker  array  to  run  at  reduced  loop  gain. 
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Figure  1:  Measured  beam  spectrum  from  a  vertical 
proton  pickup.  Note  the  large  coherent  lines  at  revolution 
harmonic  frequencies  at  the  left,  center,  and  right.  The 
betatron  Schottky  lines  are  clearly  visible  above  the  noise 
floor.  The  center  frequency  is  4  GHz  and  the  scale  is  10 
kHz/div. 

In  order  to  look  systematically  at  the  power  in  these  lines 
over  a  broad  frequency  range,  it  is  necessary  to  look  at 
harmonics  of  the  RF  frequency.  This  is  true  because  the  6 
proton  bunches  in  the  ring  are  not  equally  spaced.  In  addition, 
the  bunches  are  usually  quite  different  in  intensity.  Therefore, 
the  only  way  to  assure  measuring  the  microwave  properties  of 
the  beam  and  not  a  form  factor  modulation,  measurements  are 
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restricted  to  the  RF  frequency  harmonics.  Figure  2  shows  the 
results  of  such  a  survey  using  the  Tevatron  resistive  wall 
monitor  [3].  Given  that  there  is  no  beam  calibration  of  the 
response  of  the  stochastic  cooling  pickup  electrodes,  they  are 
not  a  reliable  means  of  accurately  measuring  such  a  spectrum. 


Frequency  (GHz) 

Figure  2;  Beam  current  power  spectrum,  measured  at 
each  harmonic  of  the  RF  frequency. 
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Figure  3:  Power  spectrum  of  a  single  revolution 
harmonic  line  at  4.15  GHz.  The  frequency  scale  is  50 
Hz/div. 


Upon  closer  inspection  of  the  longitudinal  lines,  as  seen  in 
figure  3,  there  is  obviously  a  modulation  at  the  synchrotron 
frequency  of  the  beam.  Since  the  vertical  dispersion  is 
negligible,  this  must  be  the  result  of  phase  (arrival  time) 
modulation.  Indeed,  the  Bessel  function  distribution  of  the 
sidebands  confirms  that  hypothesis.  By  measuring  the  relative 
strengths  of  the  various  lines,  it  was  found  that  they  could  be 
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explained  by  a  bulk  coherent  synchrotron  oscillation  of 
amplitude  60  psec  [4]. 

If  the  opposing  array  were  perfectly  centered  (vertically) 
around  the  beam  and  the  signal  differencing  hybrid  were 
perfect,  then  in  principle  a  coherent  synchrotron  oscillation 
can  not  be  the  problem.  To  convince  oneself  of  this  fact,  just 
look  in  the  time  domain.  Figure  4  shows  the  result  of  a 
measurement  of  the  longitudinal  beam  profile  using  the 
resistive  wall  monitor,  which  has  a  bandwidth  ranging  from 
3  kHz  to  6  GHz.  The  oscilloscope  measuring  this  signal  is  a 
Tektronix  11801  fitted  with  a  20  GHz  analog  bandwidth 
sampling  head.  The  beam  is  composed  of  the  central  collider 
bunch  surrounded  by  satellites  formed  by  the  process  of 
coalescing  [5]. 


Beam  Signal  from  Resistive  Wall  Monitor 
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Figure  4:  Longitudinal  beam  signal  from  a  1  W  resistive 
wdl  monitor  which  has  a  6  GHz  bandwidth.  The  scope 
has  an  analog  bandwidth  of  20  GHz. 

The  effect  of  this  waveform  on  the  bunched  beam 
stochastic  cooling  electronics  is  apparent  in  figure  5.  The  two 
satellites  before  the  main  bunch  are  visible  and  are  not 
saturated,  but  the  main  bunch  clear  sends  the  microwave 
electronics  into  shock.  The  disruption  is  so  pronounced  that 
the  trailing  satellite  bunches  are  not  event  visible. 

Figure  5  shows  the  effect  of  attempting  to  center  the 
pickup  arrays  vertically  around  the  beam.  This  is 
accomplished  by  using  the  motor  control  on  the  cooling 
vacuum  tank,  where  the  arrays  are  fixed  with  respect  to  the 
tank  itself.  Table  1  contains  a  summary  of  the  vertical 
position  and  scope  scale  for  each  of  the  tank  positions.  Note 
that  even  though  the  main  bunch  signal  does  show  a 
minimum,  the  amount  of  signal  change  with  tank  position  is 
minimal  compared  to  the  amplitude  change  of  the  signals  from 
the  leading  satellite  bunches.  By  comparing  the  amplitudes  of 
the  satellite  and  main  bunch  signals,  it  is  clear  that  the 
electronics  are  compressed  by  almost  an  order  of  magnitude, 
even  the  arrays  are  centered  as  well  as  possible.  Use  of  the 
longitudinal  inchworm  motor  to  align  the  arrays  longitudinally 


may  be  a  possible  method  to  improve  this  situation  a  bit.  This 
will  be  one  of  the  next  studies  undertaken. 


Table  1:  Summary  of  information  related  to  the  data 
shown  in  figure  5.  The  scale  data  is  the  full  range  vertical 
scale  of  the  scope  image. 


Data 

Position  (") 

Scale  (mV) 

A 

233 

972 

B 

218 

964 

C 

204 

940 

D 

193 

900 

E 

185 

860 

F 

169 

944 

One  of  the  problems  with  doing  these  measurements  is  the 
fact  that  the  closed  orbit  of  the  beam  moves  vertically  at  a 
frequency  of  60  Hz.  As  far  as  the  electronics  are  concerned, 
that  is  DC.  Therefore,  if  nothing  can  be  done  to  eliminate  the 
coherent  power  at  this  4-8  GHz  frequency  band,  then  the  only 
way  to  null  out  the  signal  would  be  to  build  a  filter  in  which 
the  sum  signal  from  the  differencing  hybrid  if  fed  back  into 
the  difference  signal  with  a  fast  gain  modulation  to 
compensate  for  the  beam  motion.  This  has  been  tried  without 
success  [6]. 

Therefore,  the  fundamental  problem  is  the  existence  of 
coherent  longitudinal  energy  at  these  high  frequencies. 
Diagnosing  the  cause  of  these  signals  is  hampered  by  the  fact 
that  the  beam  is  so  dynamic,  undergoing  closed  orbit  shifts 
and  coherent  synchrotron  oscillations.  The  real  challenge  for 
making  progress  will  be  on  the  instrumentation  and  filter 
front. 
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Figure  5:  Results  of  a  tank  position  scan.  The  horizontal 
scale  is  10  nsec/div,  vertical  full  scale  is  in  table  1. 
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Abstract 

We  observed  maintained  longitudinal  limiting  cycle  oscillations, 
which  grew  rapidly  once  a  critical  threshold  in  the  relative  ve¬ 
locity  between  the  proton  beam  and  the  cooling  electrons  was 
exceeded.  The  threshold  for  the  bifurcation  of  a  fixed  point  into 
a  limit  cycle,  also  known  as  a  Hopf  bifurcation,  was  found  to  be 
asymmetric  with  respect  to  the  relative  velocity.  This  asymme¬ 
try  of  Hopf  bifurcation  was  found  to  be  related  to  the  electron 
beam  alignment  with  respect  to  the  stored  proton  beam. 

I.  Introduction 

Recently,  we  have  reported  an  experimental  observation  of 
the  Hopf  bifurcation  in  the  synchrotron  phase  space  when  the 
relative  velocity  between  the  proton  beam  and  the  cooling  elec¬ 
trons  is  greater  than  a  threshold  value[l],  [2].  We  have  found 
that  the  threshold  of  bifurcation  is  related  to  the  “temperature” 
of  the  cooling  electrons,  or  equivalently  the  rms  velocity  spread 
of  cooling  electrons  seen  by  the  proton  beams.  In  these  observa¬ 
tions,  we  were  puzzled  by  the  asymmetry  of  the  bifurcation  with 
respect  to  the  relative  velocities  (See  Fig.  1  of  Ref.  [1]  and  Figs. 
4  and  5  of  Ref.  [2]). 

This  paper  reports  results  of  experimental  studies  on  beam  mo¬ 
tion  when  the  energy  of  the  synchronous  proton  is  varied,  while 
holding  the  electron  energy  constant  and  varying  the  electron 
beam  direction  relative  to  the  proton  beam.  In  particular,  we  in¬ 
vestigate  the  effect  of  electron  beam  alignment  on  the  asymmetry 
of  Hopf  bifurcation  and  the  shape  of  the  cooling  drag  force  on 
Hopf  bifurcation  amplitude.  Our  experimental  results  are  com¬ 
pared  with  results  from  numerical  simulations,  where  the  onset 
of  the  limit  cycle  instability  is  related  to  the  temperature  of  the 
electron  beam. 

IL  Experimental  Methods  and  Results 

The  lUCF  Cooler  Ring  is  a  hexagonal  shaped  storage  ring 
with  a  circumference  of  86.8  m.  The  experiment  was  done  with 
a  45  MeV  proton  beam  injected  and  then  stored  in  a  10  s  cycle 
time.  After  5  s  from  the  start  of  the  cycle,  the  6-D  phase  space 
coordinates  were  digitized  at  10-revolution  intervals  for  16384 
points.  The  nominal  rf  cavity  frequency  was  1.03168  MHz  with 
the  harmonic  number  A  =  1 .  At  this  energy,  the  phase  slip  factor 

*Work  supported  by  grants  from  NSF  PHY-9221402  and  DOE  DE-FG02- 
93ER40801. 
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7]  of  the  Cooler  Ring  was  about  —0,86.  The  beam  was  typically 
a  single  bunch  of  about  4  x  10^  protons  with  a  typical  length  of 
about  100  ns  FWHM  at  a  rf  peak  voltage  of  about  41  V.  For  ex¬ 
perimental  results  reported  in  this  paper,  the  rf  voltages  were  set 
at  85  V  and  128  V  respectively.  Since  measurements  of  longi¬ 
tudinal  motion  were  being  made,  the  phase  lock  feedback  loop 
for  the  rf,  which  is  normally  on,  was  switched  off.  Damping  of 
synchrotron  oscillations  while  operating  under  these  conditions 
occurred  entirely  due  to  the  electron  cooling. 

The  difference  equations  describing  the  longitudinal  motion 
are 

27rv^ 

-  -^(sin^;,  -  sin^D  -  /(5„)  (1) 

+  27r/i;75„+i,  (2) 

where  t]  is  the  phase  slip  factor,  <l>s  is  the  phase  of  the  synchronous 
particle,  h  is  the  harmonic  number,  /(5)  is  the  damping  force, 
provided  in  our  case  by  electron  cooling,  is  the  small  amplitude 
synchrotron  tune  at  a  zero  synchronous  phase,  and  the  subscripts 
n  refer  to  the  revolution  number. 


A.  The  damping  force 

The  damping  force  f{8)  produced  by  the  electron  cooling 
is  the  result  of  a  statistical  exchange  of  energy  in  Coulombic 
collisions  between  the  protons  and  relatively  cold  electrons  as 
they  travel  together  at  the  same  velocity  in  the  accelerator.  In 
practice,  electron  cooling  in  synchrotrons  is  normally  done  in 
relatively  short  straight  sections  due  to  cost  and  space  limitations. 
At  lUCF  the  electron  beam  is  mixed  with  the  proton  beam  for 
distance  of  only  2.2  m  or  about  2.5%  of  the  circumference  of  the 
ring.  The  electron  beam  radius  is  about  1 .27  cm  and  the  cathode 
temperature  is  about  1300®K  or  fcTcath  =  0. 1 1  eV,  where  k  is  the 
Boltzmann  constant.  The  maximum  electron  beam  current  is  4 
A. 

Assuming  an  electron  beam  with  an  isotropic  phase  space 
Maxwellian  velocity  distribution,  the  damping  force  in  the  non- 
magnetized  binary  collision  theory  is  given  by 


/(5)  = 


47taAe\\ 

0)0 


g(0, 


with  a  kinematic  factor  given  by 


(3) 


g(0  = 


erf(f )  -  ^e 

s/Tt 


(4) 
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Figure.  1.  The  drag  force  measured  with  respect  to  electron 
beam  alignment  by  using  the  horizontal  and  vertical  dipoles  Hjoi 
and  Vsoi. 


where  A^n  =  Oet^c,  C  =  (5  -  5e)/Ae||,  a  is  the  1/c  damping 
rate  for  small  relative  velocities  with  units  s“* .  From  our  previous 
measurements  [1],  [2],  we  have  A^n  3  x  10“^  for  the  lUCF 
electron  cooling  system  at  45  MeV  of  proton  kinetic  energy. 

The  effective  temperature  of  the  electron  beam  is  related  to 
the  rms  electron  velocity  spread  by 

fcT||eff  =  =  ^m^ySVA^.  (5) 

Because  of  the  adiabatic  acceleration,  the  longitudinal  effective 
electron  temperature  is  much  smaller  than  that  of  the  cathode  tem¬ 
perature.  Since  there  is  no  adiabatic  damping  in  the  transverse 
phase  space,  the  effective  transverse  temperature  remains  0.11 
eV.  The  equivalent  momentum  deviation  is  A^_l  =  2.1  x  10~^. 
For  comparison,  the  bucket  height  of  the  synchrotron  phase  space 
at  a  rf  voltage  of  128  V  is  about  1.0  x  10”^.  The  cooling  drag 
force  for  relative  velocities  between  protons  and  cooling  elec¬ 
trons  lying  between  the  longitudinal  and  transverse  rms  values 
is  of  particularly  interest. 

In  machines  where  the  electron  beam  is  magnetically  confined 
by  a  solenoidal  field,  as  it  is  in  the  lUCF  Cooler  Ring,  the  damp¬ 
ing  force  can  be  enhanced  by  an  effect  called  magnetized  cool¬ 
ing.  Magnetized  cooling  can  be  substantial  for  small  relative  ve¬ 
locities,  where  electrons  are  trapped  in  magnetic  field  lines,  the 
effective  longitudinal  and  transverse  cooling  rates  can  be  greatly 
enhanced. 

B.  Optimization  of  electron  cooling  system 

Since  the  threshold  of  Hopf  bifurcation  is  related  to  the  rms 
velocity  spread  of  cooling  electrons  along  the  proton  trajectory  in 
the  cooling  electron  cloud,  the  asymmetry  of  the  Hopf  bifurcation 


can  easily  be  explained  by  different  velocity  spreads  seen  by  the 
proton  beam  having  different  momentum  closed  orbit.  Since 
electrons  having  identical  speed  as  that  of  protons  have  a  much 
smaller  momentum  rigidity,  the  electron  beam  alignment  can 
easily  be  adjusted  by  superimposing  a  horizontal  or  a  vertical 
dipole  field  to  the  solenoidal  field.  A  method  to  obtain  optimal 
alignment  is  described  as  follows. 

When  the  rf  frequency  is  shifted,  the  beam,  which  is  originally 
at  the  center  of  the  rf  bucket  (i.e.,  5  =  0  and  <p  =  0),  will  be 
dragged  away  from  the  origin  and  begin  to  undergo  a  synchrotron 
oscillation.  If  the  damping  force  were  linear  over  the  entire  range 
of  Vrei,  the  proton  beam  would  damp  to  a  new  fixed  point  attractor 
</>FP,  i  e.  the  synchronous  phase  angle,  where 

2Qf  hnSe 

0FP  ^ - (6) 

COqVs  V5 

where  8e  is  the  fractional  momentum  spread  of  the  proton  trav¬ 
eling  at  the  velocity  of  cooling  electrons  with  respect  to  the  syn¬ 
chronous  particle  of  the  rf  cavity.  This  would  correspond  to  the 
situation  where  the  proton  beam  was  continually  losing  energy 
due  to  the  damping  force,  but  with  it  continually  being  made 
back  by  the  rf  cavity,  or  vice  versa.  Because  a  a>oVj,  the  re¬ 
sulting  0FP,  which  is  equivalent  to  the  synchronous  phase  angle 
<j>s  of  the  beam,  is  very  small. 

In  order  to  increase  the  sensitivity  of  measuring  the  syn¬ 
chronous  phase  angle  <^fp  shown  in  Eq.  6,  we  choose  the  rf  volt¬ 
age  with  Vrf  =  10  V,  where  The  corresponding  synchrotron  tune 
is  1.25  X  10“"^  at  =  1.  The  rf  synchronous  phase  angle  is  mea¬ 
sured  by  stepping  away  from  the  reference  frequency  by  200  Hz. 
Figure  1  shows  the  drag  force,  which  is  ^Vrf  sin^FP»  vs  the  hor¬ 
izontal  and  vertical  alignment,  where  the  lower  plot  shows  the 
drag  force  vs  the  vertical  alignment  with  Hsoi  =  160  dac.  We  ob¬ 
tained  a  maximum  drag  force  at  about  1.8  eV/tum.  From  Eq.  6, 
we  obtain  a  =  45  s”^  which  agrees  well  with  the  value  of  40 
s”^  obtained  from  an  earlier  measurement  by  using  the  harmonic 
modulation  to  the  HVPS  (see  Sec.  Ill  A  of  Ref.  [2]). 

C.  Hopf  Bifurcation  amplitude  with  a  Nonlinear  Damping  Force 

To  investigate  Hopf  bifurcation  due  to  the  nonlinear  damping 
force,  the  electron  velocity  was  displaced  from  the  proton  ve¬ 
locity  to  produce  a  nonzero  relative  velocity.  This  was  done  by 
changing  the  rf  cavity  frequency,  where  a  step  of  1  Hz  resulted 
in  changing  the  fractional  proton  velocity  by  about  1  x  10“^.  If 
the  electron  velocity  is  equal  to  the  proton  velocity  when  the  rf 
cavity  frequency  is  /o,  then  the  fractional  momentum  deviation 
of  the  electron  beam  from  the  proton  beam,  5^,  at  the  new  rf  fre¬ 
quency  /  is  given  by 

.  (/  -  /o) 


The  maximum  synchrotron  phase  amplitude  and  the  maximum 
fractional  momentum  deviation  8  are  measured  at  5  s  after  the 
start  of  an  injection  cycle  to  allow  the  initial  transient  oscillations 
to  damp  out.  As  shown  in  our  earlier  reports  [1],  [2],  the  Hopf 
bifurcation  amplitudes  can  also  be  measured  with  a  BPM  sum 
signal  on  an  oscilloscope. 

Choosing  the  optimal  drag  force  with  Hsoi  =  160  dac  and 
Vsoi  =  — 185  dac,  the  measured  bifurcation  amplitude  is  shown 
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Figure.  2.  The  stored  beam  current  and  the  stable  synchrotron 
amplitudes  vs  Sg.  Note  the  close  correlation  between  the  stored 
beam  current  and  the  Hopf  bifurcation  threshold.  The  dashed 
line  corresponds  to  numerical  simulations  with  non-magnetized 
cooling  force  while  the  solid  line  is  obtained  from  a  parameteri¬ 
zation  with  a  magnetized  cooling  force. 


in  Fig.  2b  and  the  corresponding  beam  intensity  is  shown  in 
Fig.  2a.  In  particular,  Fig.  2b  shows  a  nearly  symmetric  Hopf 
bifurcation  amplitude  vs  Sg. 

More  significantly,  a  close  correlation  between  the  storage 
beam  current  and  the  Hopf  bifurcation  threshold  indicates  the 
importance  of  this  phenomena  in  realistic  beam  operation.  It 
is  worth  pointing  out  that  the  dashed  line  in  Fig.  2b  shows  the 
theoretical  prediction  of  Hopf  bifurcation  amplitude  based  on  the 
kinematic  factor  of  Eq.  4  with  =  3  x  10”"^.  Two  obvious 
disagreements  are  (1)  the  experimental  threshold  is  lower  than 
that  predicted  by  theory  and  (2)  the  Hopf  bifurcation  amplitudes 
observed  are  much  lower  than  those  predicted  by  theory. 


Figure.  3.  Similar  to  that  of  Fig.  2  except  with  a  non-aligned 
electron  beam.  Note  that  the  asymmetric  Hopf  bifurcation  is 
evident. 


Using  the  values  of  Hsoi  =  160  dac  and  =  -“135  dac  that 
do  not  optimize  the  drag  force,  the  measured  Hopf  bifurcation 
curve  is  shown  in  Fig.  3b.  It  is  evident  that  the  Hopf  bifurca¬ 
tion  amplitude  is  asymmetric  with  respect  to  relative  momentum 
deviation.  Similarly,  We  have  also  observed  a  close  correlation 
between  the  loss  of  beam  intensity  with  respect  to  the  Hopf  bi¬ 
furcation  threshold  shown  in  Fig.  3a. 

A  strong  asymmetry  in  the  Hopf  bifurcation  threshold  may 
indicate  that  the  off  momentum  closed  orbit  of  the  proton  beam 
would  experience  different  electron  “temperature”,  or  equiva¬ 
lently  different  velocity  spread  of  the  cooling  electron  cloud.  In 
order  to  increase  the  momentum  aperture  of  proton  beam,  align¬ 
ment  between  the  proton  and  the  electron  beams  is  important. 

III.  Conclusion 

In  conclusion,  we  have  studied  the  effect  of  electron  beam 
alignment  on  the  Hopf  bifurcation.  When  the  electron  and  pro¬ 
ton  beams  were  aligned,  the  Hopf  bifurcation  amplitudes  became 
symmetric  with  respect  to  the  relative  velocity  between  the  cool¬ 
ing  electrons  and  the  synchronous  proton.  The  non-magnetized 
drag  force  model  with  the  kinematic  factor  of  Eq.  (4)  fails  to  fit  the 
data  of  Hopf  bifurcation  amplitudes.  The  data  may  be  employed 
to  determine  the  slope  of  drag  force  in  the  region  (Ae||,  Ae_L), 
which  can  provide  essential  characteristics  of  the  magnetized 
cooling. 

References 

[1]  D.D.  Caussyn  et  al,  Phys.  Rev.  Lett.  73,  2696  (1994). 

[2]  D.D.  Caussyn  et  a/.,  Phys.  Rev.  E  51,  (1995). 


2936 


Space  Charge  Effects  and  Intensity  Limits  of  Electron-Cooled  Bunched  Beams 


S.  Nagaitsev,  T.  Ellison',  M.  Ball,  V.  Derenchuk,  G.  East,  M.  Ellison,  B.  Hamilton,  P.  Schwandt 
Indiana  University  Cyclotron  Facility,  2401  Milo  B.  Sampson  Ln.,  Bloomington,  IN  47406  USA 
'Present  address:  Energy  Conversion  Devices,  Inc.,  1675  West  Maple  Rd.,  Troy,  MI  48084  USA 


For  stripping  injection  of  proton  beams  in  the  lUCF 
Cooler,  electron  cooling  permits  us  to  accumulate  beam 
currents  several  times  higher  than  what  can  be  obtained 
without  cooling.  Paradoxically,  the  electron  cooling  system 
also  appears  to  be  responsible  for  limiting  peak  currents  in  the 
ring  at  45  MeV  to  about  6  mA.  Thus  the  tool  which  allows  us 
to  accumulate  beam  also  prevents  us  from  accumulating  more 
beam.  At  this  point  we  can  account  for  some  of  the  observed 
beam  features  when  we  include  space  charge  effects.  Presently, 
we  do  not,  however,  have  any  techniques  to  counteract  the 
space  charge  effects  and  thus  raise  this  intensity  limit. 

I.  INTRODUCTION 

The  lUCF  Cooler[l],  an  electron  cooling[2]  storage 
ring-synchrotron  of  a  3.6  Tm  maximum  rigidity,  has  been 
operating,  primarily  for  internal  target  experiments  in  nuclear 
and  particle  physics,  since  1988.  The  low  beam  current  from 
the  lUCF  cyclotrons  used  for  injection  requires  a  current  gain 
by  beam  accumulation  of  order  one  thousand  to  obtain  useful 
event  rates  in  experiments.  The  typical  cyclotron  beam  current 
is  about  0,5  |iA.  The  time  microstructure  is  a  stream  of  0.4  ns 
pulses  normally  spaced  at  1/6  of  the  Cooler  circumference 
(86.8  m).  The  cyclotron  beam  normalized  rms  emittance  is 
about  In  mmmrad  and  the  relative  rms  momentum  spread 
about  3*10^  To  fill  the  Cooler  ring,  a  beam  pulse  of  5  ms 
duration  is  diverted  down  the  Cooler  injection  line  by  a  splitter 
magnet  with  timing  and  repetition  rate  selected  by  the  Cooler 
operator.  At  0.5  |jiA,  a  5  ms  pulse  of  H2‘^  after  stripping  is 
expected  to  deliver  about  3x10^®  (5  mA)  protons  into  ring.  In 
practice,  however,  it  takes  up  to  50  such  pulses  to  reach  the 
current  of  5  mA.  The  maximum  cooled  proton  beam  peak 
current  stored  in  the  lUCF  Cooler  at  45  MeV  is  about  6  mA 
(i.e.,  6  mA  coasting  beam  or  about  1  mA  for  rf  bunched  beams 
with  bunching  factor  BF  =  Ipea/ia^emge  of  about  6).  These 
currents  have  been  obtained  using  a  combination  of  stripping 
injection  of  a  90  MeV  beam  with  electron  cooling 
accumulation  and  transverse  damping.  This  paper  elaborates 
on  this  accumulation  inefficiency  as  well  as  on  the  cooled 
beam  intensity  limitations[3]. 

11.  INTENSITY  LIMITATIONS 

A.  Peak  Current  Limit 

As  might  be  expected,  the  intensity  limit  in  the  lUCF 
Cooler  is  a  peak  current  limit,  rather  than  an  average 
current  limit.  Since  to  first  order  we  expect  the  bunch 
length  to  vary  as  4^/^^  in  the  space  charge  dominated 
regime[4]  for  a  constant  rf  voltage,  ,  it  can  be  easily  shown 
that  for  a  constant  peak  current  4^^  should  vary  as 


where  h  is  the  harmonic  number.  Such  is  indeed  the  case  in 
the  Cooler,  as  illustrated  in  Fig.  1,  where  the  measured 
maximum-achievable  average  beam  current  is  plotted  as  a 
function  of  the  =  1  rf  voltage. 


Figure  1. 

is 


4v^  vs.  {h  =  1)  in  the  lUCF  Cooler.  Solid  line 


This  suggests  an  operating  mode  which  would 
increase  4ve  without  actually  addressing  the  4^0* 
highly  cooled  beams,  the  balance  between  the  space  charge 
and  rf  forces  determines  the  required  rf  voltage  for  fixed 
frequency  operation  and  the  required  energy  gain  per  turn 
determines  the  voltage  requirements  during  ramping.  This  is 
in  contrast  to  the  bucket  area  («=  h'^^)  requirements  for 
emittance  dominated  beams  in  many  other  machines.  We  thus 
operate  in  a  regime  where  the  required  is  not  a  function  of 
h  for  beam  acceleration,  and  should  be  able  to  increase  4ve  t)y 
a  factor  of  2  to  3  by  operating  with  a  larger  value  for  h  (we 
presently  operate  at  =  1  for  historical  reasons). 


B.  Coherent  Transverse  Instabilities 

Although  coherent  transverse  instabilities  have  been 
observed,  they  do  not  appear  to  be  a  limit: 

--Coherent  transverse  instabilities  are  usually  observed 
only  when  the  Cooler  is  operated  in  a  non  standard  mode  (i.e., 
cooling  the  beam  after  injection  for  many  seconds  before 
beginning  acceleration). 

“A  transverse  feedback  (damping)  system  can  damp 
these  instabilities  at  rates  up  to  two  orders  of  magnitude  faster 
than  the  measured  growth  rates. 


C  Injection  Efficiency 

The  4eajt  bniit  is,  within  limits,  independent  of  both 
the  injected  beam  current  and  the  injection  repetition  rate.  We 
thus  conclude  that  the  limit  is  not  related  to  beam  lifetime. 
This  is  illustrated  in  Figure  2  which  shows  the  stored  average 
current  as  a  function  of  time  during  the  process  of  cooling 
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Figure  2.Beam  current  as  a  function  of  time  during  continuous 
stripping  injection  with  cooling  accumulation.  ~  10  V. 


accumulation  using  stripping  injection.  The  beam  current  does 
not  increase  as  4^X1  -  where  T  is  the  beam  lifetime; 
rather  the  current  increases  with  no  significant  change  in  rate 
until  just  below  the  limiting  current.  Beam  is  lost  continuously 
between  injections  rather  than  suddenly;  thus  there  is  no 
indication  of  an  easily-correctable  hardware  problem.  The 
manner  in  which  the  beam  approaches  its  limiting  current  can 
be  explained  by  the  beam  lifetime  being  a  highly  nonlinear 
function  of  the  beam  intensity. 

D.  Increased  Transverse  Beam  Size 

One  could  conjecture  that  the  intensity  limit  is  due  to 
an  increase  in  the  beam  size  with  increasing  current.  This 
conjecture  was  verified  by  measuring  transverse  beam  profile 
using  a  new  "flying  wire"  profile  monitor  installed  in  the 


Figure  3.  Transverse  beam  profile  (solid)  and  Gaussian  fit 
(dashed).  Average  (peak)  beam  current:  460  (2,000)  pA;  rms 
size  from  the  fit:  1.05  mm. 

region  of  the  Cooler  where  the  dispersion  function  is  nominally 
zero  and  the  measured  horizontal  beta- function  is  13.2  m.  A 
rotary  pneumatic  actuator  swings  a  6.4  pm  diameter  carbon 


filament  through  the  beam  at  a  speed  of  8.1  m/s.  Secondary 
electrons  produced  by  the  protons  passing  through  the  filament 
are  collected  by  an  electrode  surrounding  the  fiber  holder. 
This  current  is  amplified  by  a  low-noise  current-to-voltage 
converter,  recorded  by  a  digitizing  oscilloscope,  and  transferred 
to  storage  on  a  PC  for  offline  analysis.  Approximately  200  to 
500  beam  revolution  periods  are  necessary  to  measure  the 
profile,  and  consequently  the  monitor  cannot  differentiate 
between  coherent  betatron  oscillations  and  the  beam  size  due 
to  incoherent  oscillations. 

Figure  3  is  an  example  of  a  transverse  beam  profile. 
The  long  tail  on  the  right-hand  side  of  the  profile  is  due  to  the 
interaction  of  the  wire  with  the  proton  beam.  One  can  also 
observe  a  relatively  long  tail  on  the  left-hand  side.  This  tail 
corresponds  to  an  emittance  ~60  times  larger  than  the  rms 
emittance  of  the  bright  central  core;  such  tails  develop  for 
relatively  high  (>  1-2  mA)  peak  beam  currents  and  are 
believed  to  be  related  to  the  beam  intensity  limit  in  the  lUCF 
Cooler. 


Beam  current  (uA) 


Figure  4.  Normalized  rms  emittance  as  a  function  of  the 
average  bunched  proton  beam  current  before  (□)  and  after  (a) 
the  alignment  of  electron  and  proton  beams.  Solid  line  is 

Recent  measurements  of  the  transverse  beam  size  as 
a  function  of  beam  current  indicate  that  even  at  high  currents 
the  non-normalized  emittance  («  O.Itc  mmmrad)  is  still  only 
a  small  fraction  of  the  ring  acceptance  (~  157C  mminrad). 
Figure  4  shows  the  measured  equilibrium  horizontal  rms 
normalized  emittance  as  a  function  of  the  average  beam 
current.  Note  that  the  measurements  were  made  with  bunched 
beams  and  that  the  horizontal  scale  is  the  average  beam 
current.  One  observes  that  the  beam  size  varies  approximately 
proportional  to  the  1/3  power  of  the  beam  current.  Since  the 
bunch  length,  to  first  order,  also  varies  as  the  1/3  power  of  the 
beam  current,  we  see  that  the  particle  beam  density  to  first 
order  stays  constant  as  does  the  ratio  of  the  longitudinal  and 
transverse  beam  temperatures. 
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E.  Space  Charge  Ejfects 

The  peak  current  limit  appears  to  be  due  to  space- 
charge  effects.  Space-charge  effects  in  synchrotrons  are 
usually  quantified  by  the  space-charge  tune  shift,  which 
can  be  expressed  as: 


BFICr 

^Qsc  =  - 


(1) 


where  C  is  the  ring  circumference,  is  the  classical  proton 
radius,  e  is  the  proton  charge,  c  is  the  speed  of  light,  P  and  y 
are  the  usual  relativistic  parameters,  and  is  the  normalized 
rms  beam  emittance.  ^Qsc  is  the  amount  the  incoherent 
betatron  tune  is  reduced  due  to  defocusing  effects  from  the 
beam  space  charge.  Note  that  AQsc  is  not  directly  measured; 
in  this  case  the  tune  shift  is  a  mathematical  quantity  which  can 
be  exactly  calculated  but  does  not  necessarily  accurately 
represent  what  is  happening  physically.  Fig.  5  shows  this 
calculated  space-charge  tune  shift  as  a  function  of  a  45  MeV 
proton  beam  current. 
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Figure  5.  Space  charge  tune  shift  as  a  function  of 


It  is  easy  to  understand  how  a  large  AQ^c  can  lead  to 
emittance  growth:  the  small  amplitude  particles,  which  have 
the  largest  tune  shift,  can  be  shifted  onto  major  resonance 
lines.  It  is  less  easy  to  understand  why  a  large  tune  shift 
should  lead  to  beam  loss.  It  may  be  that  particles  with  large 
amplitudes  are  lost;  these  particles  experience  a  smaller  tune 
shift,  but  also  experience  more  nonlinear  fields  from  the  beam 
space  charge  which  may  drive  higher  order  resonances. 

We  have  observed  that  very  small  (<  0.01)  changes  in 
the  coherent  betatron  tunes  (Q^  ~  3.8,  Qy «  4.8)  can  cause 
more  than  order  of  magnitude  changes  in  the  equilibrium  beam 
intensity;  this  is  somewhat  unexpected  for  situations  in  which 
the  incoherent  tune  shift  is  presumed  to  be  more  than  an  order 
of  magnitude  larger. 

One  of  the  mechanisms  which  could  be  responsible 
for  this  current  limit  is  a  halo  formation[5].  Both  non-uniform 
transverse  density  distribution  (Fig.  3)  and  periodic  density 


fluctuations  of  the  cold  beam  core  due  to  changes  in  beta- 
functions  could  be  a  halo-producing  mechanism.  According  to 
computer  simulations  [5]  large  energy  transfer  can  occur  in  a 
single  interaction  of  the  particle  with  the  cold  core,  thus  the 
particle  with  initial  betatron  motion  can  be  slowed,  stopped,  or 
accelerated  in  one  betatron  oscillation  period.  However,  the 
subject  of  halo  formation  is  not  yet  well  understood,  especially 
in  systems  where  space  charge  and  emittance  play 
approximately  equal  roles.  Nevertheless,  one  could  make  a 
cautious  suggestion  of  how  to  possibly  avoid  the  losses  if  they 
were  associated  with  the  halo  formation.  One  suggestion  for 
future  machine  designs  is  to  make  the  machine  lattice 
functions  smooth  in  order  to  avoid  large  periodic  density 
fluctuations.  Another  suggestion  is  to  increase  the  emittance 
of  the  cold  core  by,  perhaps,  heating  it  in  a  controlled  way. 

F,  Beam  heating 

Our  attempts  to  heat  the  beam  with  white  noise 
applied  to  a  transverse  kicker  resulted  only  in  reduced  lifetime. 
We  found  that  the  beam  lifetime  is  inversely  proportional  to 
the  total  power  of  applied  transverse  white  band  (50  MHz- 
300  MHz)  noise  without  any  noticeable  changes  in  a  transverse 
beam  size. 

One  of  the  possible  heating  techniques  could  be  a 
hollow  electron  beam  created  by  a  ring-shaped  cathode.  This 
would  create  a  cooling-free  phase  space  region  within  available 
acceptance.  If  one  now  places  the  proton  beam  closed  orbit 
into  this  region  by  aligning  the  proton  beam  with  the  axis  of 
the  electron  beam,  proton  beam  emittance  would  be  increased 
to  the  dimensions  of  this  cooling-free  area.  Since  the  available 
acceptance  is  at  least  two  orders  of  magnitude  greater  than  the 
typical  beam  emittance,  this  technique  could  lead  to  an  order 
of  magnitude  increase  in  the  current  limit. 

III.  CONCLUSION 

Thus  far,  we  have  identified  no  techniques  that  can 
substantially  increase  the  limiting  beam  current  without 
compromising  our  ability  to  accumulate  beam  quickly  by 
stripping  injection.  In  the  future,  kick  injection  of  beam  from 
a  new  Cooler  injector  synchrotron[6]  at  significantly  higher 
energy  should  reduce  space  charge  limits.  This  work  is 
supported  by  the  National  Science  Foundation  (Grant  No.  NSF 
PHY  93-14783). 
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Charge  neutralisation  of  the  cooling  electron  beam,  e.g. 
by  stationary  ions  produced  from  the  residual  gas,  is  desirable 
to  compensate  the  space-charge  induced  velocity  spread  which 
tends  to  reduce  the  cooling  force.  However,  it  has  been 
demonstrated  by  Parkhomchuk  and  collaborators  that  two- 
stream  instabilities,  especially  transverse  dipole  modes,  are  a 
serious  threat  to  the  stability.  In  the  present  report  we  analyse 
stabilising  mechanisms  including  Landau  damping,  external 
feedback  and  clearing  of  reflected  electrons.  Experimental 
results  at  LEAR  (the  Low  Energy  Antiproton  Ring  at  CERN) 
are  discussed  in  a  companion  paper  at  this  conference. 

L  INTRODUCTION 

It  is  known  that  the  maximum  current  in  a  neutralised 
electron  cooling  system  is  constrained  by  transverse 
instabilities  [1,2].  In  previous  papers  Nezlin's  theory  for 
completely  neutralised  beams  [3]  was  used.  However, 
experiments  at  LEAR  [4]  with  a  vacuum  of  10“^^  torr  show 
that  the  neutralisation  is  less  than  unity  and  therefore  damping 
of  the  ion  oscillations  connected  with  reflections  from  the 
Debye  boundary  is  absent.  In  such  a  system  it  is  necessary  to 
take  into  account  the  classical  Landau  damping  due  to  the 
velocity  spread  of  the  neutralising  ions. 

We  derive  a  dispersion  relation  to  include  this  spread  and 
discuss  resulting  stability  conditions.  Moreover,  the  influence 
of  external  forces  on  the  beam  motion  is  examined. 


IL  EQUATIONS  OF  MOTION 


Let  us  consider  a  system  including  only  the  cooling 
electrons  and  the  slow  (neutralising)  ions.  For  simplicity,  we 
assume  that  the  beams  have  uniform  transverse  densities.  Then 
the  equations  of  motion  are  : 


(fti, 

dt^ 


+  iO}r 


dU. 


+ 


+T]y^o>l[(j,-U^  =  F,(z)e- 


d^U; 

dt^ 


(1.1) 


(1.2) 


dt 


Here  the  subscripts  e  and  i  refer  to  electrons  and  ions 
respectively,  U  =  jc+/y  describes  the  horizontal  (x)  and  vertical 
(y)  displacement  in  complex  notation,  U  denotes  the  motion 
of  a  single  ion  and  U  the  motion  of  the  beam  centre  of  charge: 
U  =  (l/N)TiU,  or,  if  the  dispersion  is  mainly  due  to  the 
velocity  spread  U  =  Ji7/(v)dv  where  /(v)  is  the  velocity 
distribution  normalized  to  if{v)dv  =  1.  The  derivatives  in 
Eq.  (1)  have  to  be  taken  along  the  particle  orbit:  d/dt  = 
(d/dt)+Vz(d/dz),  etc.  The  different  frequencies  have  the 
following  significance: 

(Ole  =  eBlytrie  is  the  Larmor  frequency  (=  cyclotron  fre¬ 
quency)  of  the  electrons  in  the  longitudinal  magnetic 
field  of  the  cooler,  m^y  is  the  relativistic  mass  of  the 
electrons  (coie^lnxl.lS  GHz), 

(Oil  =  ZeB/M  is  the  Larmor  frequency  of  the  ions  with 
charge  number  Z  and  mass  M  =  Artip 
{(On  =  27rx957  kHz), 

(oh  =  {InriQly  ^)reC^  describes  the  electron  space-charge 
effect  on  an  electron,  is  the  electron  density 
(electrons/  m^),  is  the  classical  electron  radius,  c  is 
the  velocity  of  light  (co^;  =  27cx35  MHz), 

=  {27meZ/A)rpC^  with  (Ofon  the  ion  frequency  in  the 
space-charge  potential  of  the  electrons,  rp  is  the 
classical  proton  radius  {(Oion  =  271x835  kHz). 

In  the  following  we  will  use  three  more  frequencies  which 
we  define  here  for  convenience : 

(ol  =  (7})2-1)  (oh  describes  the  incoherent  space-charge 
effect  experienced  by  the  electrons,  7]  =  Zni/rie  is  the 
neutralisation  factor  with  the  density  of  the  trapped 
ions  (cOg  =  271x27.4  MHz), 

2  2 

(Oi  =  (l-Tj)  (Oi^^  describes  the  incoherent  space-charge 
effect  experienced  by  the  ions,  (co/  =  27tx646  kHz), 

(Od  =  fri<all(OL<,  is  the  electron  drift  frequency  in  the 
space-charge  field  of  the  ions  (coj  =  271X291  kHz). 

The  values  for  the  frequencies  given  in  parenthesis  above 
are  for  ’'LEAR  standard  conditions"  as  defined  in  Table  1 
(where  for  simplicity  trapped  hydrogen  ions  are  assumed). 

The  r.h.s.  of  Eqs.  (1.1)  and  (1.2)  describe  the  external 
excitation  by  kicker  electrodes  (used  e.g.  for  diagnostics).  For  a 
short  electrostatic  kicker  of  length  1  at  z  =  0  with  a  horizontal 

electric  field  one  has  e.g.: 

F,=-^ElS{z),  F,=^ElS{z). 
irigY  M 
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Table  1  :  LEAR  cooler  "standard  parameters". 


Electron  energy _  2.8  keV 

Velocity  factor _  P  =  v^/c  0.1 

Electron  current _  4  0.3  A 

Electron  density _  ne  3.2  x  10^^  m“^ 

Longitudinal  B-field _ B _ 0.063  T _ 

Length  of  neutral,  section  L _ 3.2  m _ 

Neutralisation  factor _ i] _ 04 _ 

Ion  charge  to  mass  ratio  Z/A _ 1 _ 

For  an  infinitely  long  system  we  seek  solutions  of 
Eqs.  (1)  in  the  following  form: 

I/g  /  =  a^  i  exp(/fe  “  ioyt\  exp(/fe  -  icot) 

We  obtain : 


a,  [(1/4 )  +  ml  ]  -  a,-  (mWi )  =  fe 
((ofon  )  +  [( V  A-  )  +  n<»fon]  =  fi 


(2) 


[{Vh)+(ol\  -vr^col 

[[VQ  +  Won] 

The  solution  of  the  homogenous  equation  (Fg  =  Fj  =  0)  is 
determined  by  D  =  0. 

With  external  excitation  a  solution  of  the  system  (2)  is 

_fe[{yh)  +  n(oln]  +  fi(vfo)d)  .ik,  (5) 

fe(n(0ln)  +  fijiV^e  )  + 

It  exhibits  resonant  behaviour  for  D(k,©)  0.  For  a  system 

of  finite  length,  the  situation  becomes  very  complex  because 
boundary  conditions  have  to  be  satisfied,  which  can  e.g.  be 
accomplished  by  adding  solutions  corresponding  to  reflections 
at  the  borders  [3],  This  will  not  be  discussed  any  further  here. 
Rather  we  content  ourselves  with  the  solution  of  the 
homogenous  equation  for  an  unbounded  system. 

III.  STABILITY  CONDITIONS 


Here  the  dispersion  integrals  are: 

4  m _ _ 

^  wf  -  (On  {kv;  -  ffl)  -  (fcv,  -  (of 


-\ 


Note  that  in  the  second  expression  for  // 


is  introduced  and  in  the  approximation  for  4  it  is  assumed  that 
(Ole  »\(Oe  -  kve\ 

1  ^ 

The  quantities  fejik)  =  —  J F^je^^^^dz  (with  k  =  nn/L,  n 

=  0,1,2...,  and  L  the  length  of  the  neutralisation  section)  in 
Eq.  (2)  are  the  Fourier  expansion  coefficients  of  the  kicker 
fields  Fej(z)^  Only  the  leading  harmonic  (close  to  the 
resonance  to  be  determined  below)  is  retained.  For  large  L  the 
spectrum  of  k  values  is  practically  continuous. 

The  behaviour  of  the  system  (2)  is  given  by  the 
determinant: 


We  discuss  the  solution  of  the  homogeneous  equation  for 
the  case  of  negligible  dispersion  of  the  electrons,  /(v^) 
=  8(vg).  Then  the  characteristic  equation  D  =  0  is 
approximated  by: 

{(Od  -  (fcv,  -  ©)}{(!//, • )  +  }  -  (ol„(Od  =  0  (6) 


For  negligible  ion  velocity  spread,  the  term  |(l///)  +  r]<3)?^j 

becomes  ~  ^  •  The  roots  of  this  expression 

define  the  "coherent  ion  frequencies" 


^icohhl 


(which  for  the  parameters  of  Table  1  have  the  values 
(Oicohi  -2kx\A  MHz,  (Oi^ohi  =  2;r  x 0.48  MHz ).  With 
finite  spread  of  the  ion  velocity,  developing  the  denominator  of 
li  into  a  Taylor  series  up  to  second-order  in  kv  and  using 

\f(vi)vdv  =  0,  \f(vi)v^dv  =  (T^,  Eq.  (6)  yields  a  third-oider 
equation  for  k{(o).  An  estimate  of  the  growing  solution  can  be 
made  by  putting  (O-  (Od  and  (O  =  cOicohl’  Then  we  obtain  for 
the  imaginary  part  of  k 

X  =  lm(-k)  =  ^ 

with  F  =  [4+(fi)^^/to?„)-7j]/7j^=4/7j.  Thus  pertubations  can  be 

amplified  by  a  factor  of  K  =  e^^  Qy^j.  length  (L)  of  the 
neutralisation  section.  If  this  is  too  large  [^L  >  In  (Kc)]  the 
system  is  unstable.  The  limiting  amplification  Kc  depends  on 
the  initial  perturbation  and/or  on  the  "internal  feedback",  e.g. 
by  reflected  electrons,  to  be  discussed  below. 
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The  upper  limit  for  the  stable  neutralisation  (substituting 
©ion,  etc.  in  Eq.  (7))  can  be  expressed  as; 


1.27x10"^ 


We  conclude  that  a  large  spread  a,  a  large  field  B  and  ions  of 
large  (A/Z)  ensure  a  high  degree  of  neutralisation  77 . 

A  crucial  parameter  is  the  longitudinal  velocity  spread  (a) 
of  the  ions.  Heating  due  to  collisions  with  the  electrons  yields 
a  relatively  low  (<  1  eV)  ion  temperature  compared  to  the 
transverse  energy  spread  (typically  100  eV)  in  the  Coulomb 
field  of  the  electron  beam.  For  a  long  ion  lifetime  (ultra  high 
vacuum)  one  can  (perhaps)  assume  that  this  transverse  spread 
couples  into  the  longitudinal  plane.  One  potential  mechanism 
for  this  involves  the  reflections  in  the  field  of  the  trapping 
electrodes  at  either  end  of  the  neutralisation  section.  Thus  we 

estimate  (p-  =  ^  where  kATeleV]  =  (30/p)  4  [A]  is  the 

Me 

potential  difference  (centre  to  edge)  in  the  electron  beam. 

Reflected  electrons  escaping  from  the  collector  or  the 
migrating  ions  themselves  can  feed  the  perturbation  back  to 
the  upstream  end.  Stability  of  the  system  requires  aK  <  1 
where  a  is  the  "feedback  coefficient"  i.e  the  fraction  of  the 
perturbation  taken  back  to  the  entrance.  For  typical  conditions 
(Table  1)  and  taking  an  ion  temperature  0.5  Mcr'^  of  50  eV, 
Eq.  (7)  yields  X-2.h  A.L«6.7,  K==^800.  Thus  only  a  very  small 
"internal  feedback"  (a  <  1/800)  is  tolerable.  The  current  loss 
Ale/Ie  from  the  collector  can  be  as  high  as  2  xlO’^  if  the  beam 
is  badly  adjusted,  but  probably  only  a  fraction  of  the  reflected 
electrons  will  get  back  to  the  upstream  end  with  the  right 
phase  for  the  growth.  Thus  we  expect  a<  A/g/Tg  Nevertheless, 
a  high  collector  efficiency  and/or  clearing  of  reflected  electrons 
is  important.  This  has  been  confirmed  both  at  the  test-bench  at 
the  CAPT  in  Russia  and  at  the  LEAR  electron  cooler.  In 
addition,  any  other  internal  feedback  has  to  be  small  to  ensure 
stable  neutralisation. 


IV.  EXTERNAL  FEEDBACK  AND  "SHAKING" 

To  suppress  the  instability  in  the  regime  where  the 
"internal  f^back"  or  the  initial  perturbations  are  strong,  an 
external  feedback  system  has  been  implemented  at  LEAR.  The 
signal  is  taken  from  a  pickup,  near  one  end  of  the  cooling 
section.  It  is  duly  amplified  and  phase  shifted  before  being 
applied  to  a  kicker  at  the  other  end  of  the  cooler. 

The  preliminary  tests  are  commented  in  Ref.  [4].  So  fer 
we  have  been  unable  to  stabilise  a  strongly  unstable  beam  by 
this  system.  It  was  however  possible  to  obtain  a  stable 
primary  e-beam  by  "shaking"  with  a  pure  sine-wave  signal 
applied  to  a  transverse  kicker.  We  observe  from  the  examples 
given  above  that  all  the  characteristic  ion  frequencies  are  in  the 
0.1  to  2  MHz  region.  By  exciting  at  these  fi-equencies  we 
expect  strong  response.  This  was  confirmed  by  the 
experiments.  The  response  showed  abrupt  discontinuities  at 
frequencies  corresponding  to  the  resonances  of  ions  of  the 
different  masses  which  can  thus  be  selectively  expelled.  In  this 
way  we  have  been  able  to  obtain  stable  neutralisation  at  values 


which  could  be  chosen  between  zero  ("clearing  by  shaking") 
and  a  maximum  somewhat  lower  than  the  one  reached  during 
fluctuations  without  shaking  (Table  2). 


Table  2  :  An  example  of  the  effect  of  shaking 


Electron  energy 

2.8  keV 

Electron  current 

0.3  A 

Voltage  on  trapping  electrodes 

0 

6kV 

Neutralisation  without  shaking 
fluctuating  between 

0-0.2 

0.5  -  0.7 

Neutralisation  with  shaking 
stable  at 

0 

0.4 

The  response  of  the  beam  ion  system  both  with  and 
without  external  excitation  is  also  a  powerful  diagnostic  tool 
[1,4].  The  onset  of  the  instability  is  accompanied  by  strong 
RF  signals  at  the  coherent  frequencies  of  one  or  several  ion 
species.  It  appears  that  ions  of  (A/Z)  ^4-6  remain  tr^ped. 
The  relatively  large  width  of  the  resonance  supports  the 
hypothesis  of  a  large  velocity  spread  which  is  an  essential 
ingredient  of  the  theory  described  in  the  present  paper. 

V.  CONCLUSIONS 

The  theory  sketched  above  explains  -  at  least  in  a 
qualitative  way  -  the  observations  made  at  LEAR.  Several 
refinements,  e.g.  the  non-linearity  of  the  space-charge  fields  as 
well  as  initial  and  boundary  conditions  for  the  finite  system, 
have  to  be  included  before  quantitative  agreement  can  be 
expected.  Stable  electron  beams  of  0.3  A  at  2.8  keV  have  been 
achieved  with  a  neutralisation  of  up  to  40%.  A  more  detailed 
analysis  of  the  internal  and  external  feedback  is  required  to  see 
whether  further  improvements  are  feasible. 
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The  LEAR  electron  cooler  uses  dense  electron  beams. 
Because  of  this  high  density  the  large  space-charge  potential 
induces  significant  drawbacks  for  the  cooling  process  itself.  As 
a  consequence  a  space-charge  neutralisation  system  has  been 
implemented  on  the  cooler.  It  consists  of  two  positively 
polarised  pairs  of  electrodes,  placed  on  the  outside  of  the  drift 
space,  which  aim  to  store  the  ionised  positive  ions  of  charge 
Z.  The  major  difficulty  arises  in  the  neutralisation  instabilities 
[1].  This  paper  reports  on  the  technological  aspects,  the 
measurement  techniques  and  the  results. 

1.  INTRODUCTION 

In  the  frame  of  the  electron  cooling  (ECOOL)  it  is  worth 
having  at  our  disposal  large  electron  beam  intensities,  I}y.  In 
such  a  case,  mainly  for  low-velocity  beams  (jS  =  v/c  «1),  the 
space-charge  effects  induce  some  drawbacks. 

In  the  drift  space,  at  ground  potential,  where  the  electrons 
and  the  ions  to  be  cooled  are  merged,  the  space-charge  potential 
t^5-p[V]  as  a  function  of  the  radius  r  is  given  by  (Fig.  la,b): 

U,p{r)  =  -'^{\-ri)\  +  2in[^y[^^  .  r<a  (D 

where: 

a,b  are  the  e-beam  and  beam-pipe  radii  respectively, 

7}  =  Zfiiln^  =  stored-ion  density/electron-beam  density 
=  neutralisation  factor 
/^(A)  is  the  electron-beam  current. 

Therefore  the  radial  electrical  field 


Figure  1 :  a)  ECOOL  principle,  b)  Neutralisation  electrode. 

[where  -I/^,  the  cathode  potential  (Fig.  la)],  is  a  function  of 
the  radius  r.  Defining  the  nominal  velocity  vq  (which  is  equal 
to  the  average  velocity  of  the  cooled  ions)  as 

Vo=^^(Uc  +  U,p(r  =  0))  (3) 

then 


v^(r)  =  Vo 


^  1  U,p(r)-Us,(r  =  0y 
2  U,  +  U,^(r  =  0) 


(4) 


has  the  parabolic  shape  represented  in  Fig.  2.  In  the  drift  space 
where  the  dispersion  function  of  the  ion  storage  ring  is  D  and 
the  betatron  function  jSn  the  ion  velocity  is  given  by 


will  induce  a. transverse  force  on  the  electron  at  radius  r.  This 


force,  though  compensated  to  a  certain  extent  by  the 
longitudinal  magnetic  field  Bq,  will  tend  to  increase  the  e- 
beam  transverse  velocity  spread  Even  partial  neutralisation 
(0  <  7]  <  1)  will  reduce  this  unwanted  force. 

Another  difficulty  stems  from  the  fact  that,  the  electron 
kinetic  energy  is  given  by 


v,(.,).Vo  1  +  ^ 

Vq  J 

with  jc/  the  mean  horizontal  position  of  an  ion  with 
momentum  deviation  Api 


The  horizontal  velocity  distribution  is  shown  in  Fig.  2.  It 
must  be  noted  that  to  the  mean  horizontal  position  the 
betatron  oscillation  has  to  be  added  At  LEAR  with 
D  =  3.5  m,  j3h  =  2  m  for  /3  =  0.1, 4  =  0.5  A,  rj  =  0,  the  two 
velocities  Vg  and  v/  intersect  at  xi  «  2  mm  «  a  such  that 
relatively  large  emittance  ion  beams  can  be  heated  rather  than 
cooled. 


It  is  therefore  essential  either  to  reduce  the  dispersion  (D  — >  0) 
at  the  cooler  and/or  to  neutralise  the  e-beam  such  that  the 
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electron  velocity  becomes  independent  of  its  radius  influence  of  rj  jumps  in  Eqs.  (4)  and  (1)].  This  instability  is 
(tj  — >  1  =>  Usp(r)  0).  also  of  concern  for  natural  neutralisation. 


electron  velocity 
v^.  ion  velocity 
X  horizontal  position 
x-  ion  horiz.  position 


Fi 

gure  2:  Electron  and  ion  velocity  versus  horizontal  position. 

II.  PRINCIPLE  OF  NEUTRALISATION  [2,3] 

For  the  purpose  of  neutralisation,  two  neutralisation  elec¬ 
trodes,  Elg  and  Elc,  consisting  of  two  metallic  half  cylinders 
separated  by  a  high-resistive-glass  insulator  (Fig.  lb),  have 
been  installed  outside  the  drift  space  (Fig.  la).  They  are 
polarized  by  independent  positive  power  supplies  named  f/^/l 

Uei2  (0  ^  Uel's  <  6  kV).  Usually,  the  voltages  on 
opposite  electrodes  are  not  equal  such  that  a  transverse  E-field 
also  exists. 

On  their  way  from  the  cathode  to  the  collector  the  ener¬ 
getic  primary  electrons,  ei,  will  ionize  the  residual  gas 
molecules.  The  ionized  low  energy,  ions,  and  electrons,  ^2» 
will  be  submitted  to  the  space  charge  and  to  the  longitudinal 
magnetic  field  forces.  They  will  move  towards  the  cathode  or 
the  collector.  At  the  level  of  the  neutralisation  electrodes  (Elg 
or  Elc)  the  ions,  /2,  will  be  reflected,  and  therefore  stored, 
whilst  the  low-energy  ionized  electrons,  62  which  drift  in  the 
crossed  electric  and  magnetic  fields  will  be  collected  on  the 
glass  insulators.  Consequently,  the  ion  density  n\,  and 
therefore  rj,  will  increase  with  time. 

It  should  be  mentioned  that  in  the  case  of  LEAR  the 
beam-chamber  diameter,  at  the  level  of  Elg  and  E/^,  is 
100  mm  while  in  the  drift  space:  b  =  140  mm.  This  will 
induce  a  "natural  neutralisation"  due  to  the  potential  well  (Eq. 
1). 


IV.  EXPERIMENTAL  RESULTS 


A.  Neutralisation  factor 

The  main  parameter  to  be  measured  is  the  neutralisation 
factor  7]  whose  final  values  will  depend  on  many  parameters 
such  as  the  polarisation  voltages  I/g/i^2,3,4»  the  electron 
current  /^,  the  magnetic  field  Eq,  etc. 

When  the  ions  to  be  cooled,  i  i ,  are  circulating  in  LEAR, 
the  signal  from  a  longitudinal  Schottky  pickup  is  used.  It  is 
displayed  on  a  spectrum  analyser  at  a  given  harmonic  of  the 
revolution  frequency /q.  When  the  neutralisation  is  effective, 
the  space-charge  potential  Usp(r  =  0)  is  reduced  [Eq.  (1)], 
which  entails  an  increase  of  the  ii  velocity.  From  the 
correction  to  be  applied  to  Uc  in  order  to  retrieve  vq  [Eq.  (3)] 
the  value  of  Tj  can  be  deduced. 

A  second  way  to  measure  7/  is  the  time  of  flight  method 
[3].  A  high-frequency  signal  (200  <  /  <  300  MHz)  is  applied 
e.g.  to  Elg.  This  signal  slightly  modulates  the  longitudinal  or 
transversal  density  of  the  e-beam  /  j.  The  modulated  signal  is 
detected  by  a  pair  of  electrodes  at  a  distance  L  from  the 
excitation  electrode.  The  phase  difference  between  signals 


allows  us  to  deduce  and  therefore  the  neutralisation  factor 
[Eqs.  (3),(1)].  The  phase  <j>  can  be  calibrated  by  the  previous 
method  with  ion  beams. 


Figure  3a  shows  a  measured  value  of  (j)  versus  time.  The 
time  it  takes  to  reach  the  final  value  of  0  is  the  neutralisation 
time.  The  initial  jump  is  thought  to  be  due  to  the  stored 
electrons  which  are  expelled  when  the  electrodes  are  polarized. 


III.  PHYSICAL  CONSIDERATIONS 

Many  physical  issues  are  the  subject  of  intense  studies, 
e.g, 

“  The  physical  and  mathematical  description  of  the  evolution 
of  7j  versus  time,  namely  what  brings  the  ion  escape  rate  to 
be  equal  to  the  ionization  rate  (0  <  7)  <  1). 

-  The  conditions  for  the  neutralisation-factor  stability.  These 
are  discussed  in  Ref.  [4]. 

Under  certain  conditions  the  neutralisation  fector  becomes 
unstable,  which  is  detrimental  to  the  cooling  process  since  this 
implies  an  instability  in  the  cooled  beam  velocity  [consider  the 


a)  Stable  7],  b)  Unstable  77. 

Figure  3:  Time  of  flight  or  phase  0  measurement  versus  time. 

An  unstable  neutralisation  is  easily  detected  through  the 
observation  of  the  phase  discontinuity  as  in  Fig.  3b. 

B.  The  Use  of  Position  Pickup  Electrodes 

Usually,  the  pickup  electrodes  in  the  drift  space  (4  in 
Fig.  la)  are  used  to  measure  both  the  electron  (ei)  and  cooled 
ion  (ii)  beam  horizontal  and  vertical  positions.  In  the  present 
case,  they  are  used  to  observe  the  neutralisation  ion  (72) 
transverse  oscillations.  Figure  4a  shows  the  transverse 
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oscillations  versus  time  on  both  pickups  during  the 
instability.  No  longitudinal  oscillations  have  been  observed. 
Figure  4b  shows  the  oscillation  frequency  distribution.  The 
results  of  these  measurements  are  coherent  with  the  theoretical 
computations  [4]. 

The  instability  occurs  simultaneously  with  a  disconti¬ 
nuity  in  the  time-of-flight  measurement  (Fig.  3b). 


0.4 


-0.4 


0.0000  0.0002  0.0004  0.0006  0.0008  0.0010 


Figure  4:  a)  Observed  instabilities  on  PUs,  b)  Frequency 
distribution. 


C.  Attempts  for  Feedback  ,  the  ” Shaker'* 

In  order  to  damp  the  neutralisation  instabilities,  a  feedback 
system  has  been  developed.  The  signal  from  one  of  the 
position  pickups  (where  the  instability  is  observed),  is 
amplified  and  phase  delayed  in  such  a  way  as  to  be  applied 
with  the  correct  phase  on  an  electrode  upstream  of  the 
measurement  pickup.  In  the  present  state  of  experiments,  we 
did  not  succeed  in  damping  the  instabilities.  Nevertheless,  ions 
have  been  ’’shaken"  out  of  the  e-beam  in  order  to  render  the  e- 
beam  velocity  stable.  An  example  is  given  in  Fig.  5  where  the 
neutralisation  factor  (tj  =  1  =»  0  =  100®)  has  been  recorded 
under  4  different  conditions.  Condition  1:  no  feedback  (shaker) 
at  natural  neutralisation,  the  neutralisation  factor  is  unstable. 
Condition  2:  the  shaker  is  ON,  the  natural  neutralisation  factor 
is  reduced,  but  stable.  Condition  3:  an  induced  neutralisation  is 
introduced  (for  Elg  :  Uei\  =  0  V,  =  6  kV;  for  EIq  :  Uei\= 

^  ^ell  =  6  kV,  see  Fig.  lb)  while  the  shaker  is  still  ON. 
Condition  4:  the  shaker  is  OFF  while  the  neutralisation 
voltages  are  maintained,  the  neutralisation  factor  increases,  but 
becomes  unstable. 


CH2 


START  o  •  CM  rtHK  stor  oq  ei-  m 

Cond.l  Cond.2  Cond.3  Cond.4 

I - 1 - 1 - ! - 1 

Figure  5:  Different  uses  of  the  "shaker". 

V.  CONCLUSION 

Neutralisation  of  the  electron  beam  can  be  achieved. 
Nevertheless,  under  certain  conditions  it  becomes  unstable.  In 
order  to  cancel  these  instabilities  a  so-called  "shaker"  rf  voltage 
has  been  applied  to  one  pair  of  position  pick-up  electrodes; 
this  reduces  but  stabilises  the  neutralisation  factor.  More 
investigations  and  experiments  are  under  way. 
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Abstract 

Employing  a  previously  developed  formalism^  we  have  per> 
formed  ground-state  and  melting  calculations  of  the  expected 
crystalline  beams  in  ion  storage  rings  ASTRID  and  TSR. 

1.  INTRODUCTION 

During  recent  years,  significant  progress  has  been  made  in 
understanding  the  formation  of  crystalline  beams  in  circular  ac¬ 
celerators  and  storage  rings.  No  crystalline  beam  exists  in  a 
constant  gradient  storage  ring,  but  in  an  alternating  gradient  (AG) 
ring  crystalline  beams  exist  at  all  densities  as  long  as  the  beam 
energy  is  smaller  than  the  transition  energy  of  the  machine.  The 
ground-state  structure  depends  upon  the  machine  lattice  prop¬ 
erty,  the  beam  energy,  and  the  beam  intensity  (line  density).  At 
low  density,  the  ground  state  is  a  one-dimensional  (ID)  chain 
with  particles  equally  spaced  along  the  azimuthal  axis.  As  the 
density  increases,  the  ground  state  first  becomes  a  2D  zig-zag  in 
the  plane  of  weaker  transverse  focusing,  and  then  becomes  3D 
single-  and  multi-shell  helices.  The  maximum  spatial  density 
of  the  crystal,  on  the  other  hand,  is  determined  only  by  the  ma¬ 
chine  lattice  property  and  beam  energy,  independent  of  the  beam 
intensity. 

When  circulating  in  an  AG-focusing  machine,  the  total  energy 
of  the  beam  is  not  a  constant  of  motion.  As  a  result,  the  crys¬ 
talline  beam  will  gradually  heat  up  and  eventually  melt  if  not 
refrigerated.  Previously,  we  have  shown  that  if  the  machine  lat¬ 
tice  periodicity  is  lower  than  twice  the  maximum  betatron  tune, 
heat  will  generally  transfer  into  the  system  extremely  fast  so  that  a 
crystalline  beam  can  not  last  a  meaningful  period  of  time  (except 
at  very  low  density).  On  the  other  hand,  if  the  lattice  periodicity 
is  significantly  higher  than  twice  the  maximum  betatron  tune,  the 
heat  transfer  is  slow,  and  the  crystalline  beam  can  last  for  a  long 
time.^’"^ 

11.  CRYSTALLINE  BEAM  IN  THE  ASTRID 

ASTRID  is  a  charged-ion  storage  ring  of  circumference  Co  = 
40  m.  Laser  cooling  has  been  used  to  reduce  the  velocity 
spread  of  the  beam,  currently  achieving  a  rest  frame  tempera¬ 
ture  r  =  1  mK  in  longitudinal  dimension.  The  lattice  has  a 
super-periodicity  of  4. 

Employing  the  previously  developed  formalism,^  we  perform 
the  molecular  dynamics  (MD)  calculation  and  analysis  with  the 
100  keV  ^Li"*"  ion  beam.  The  transverse  tunes  of  the  machine  are 
Vx  —  2.62  and  Vy  —  1.13.  The  characteristic  distance  is^ 

/  2  2  \ 

(1) 

*Work  performed  under  the  auspice  of  the  U.S.  Department  of  Energy,  Office 
of  High  Energy  and  Nuclear  Physics  under  Contract  No.  DE-AC03-76SF00098. 
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where  kq  =  =  1.53  x  10“^^  m  is  the  proton  classical 

radius,  p  =  1.2  m  is  the  bending  radius,  fie  =  5.54  x  10“^c  is 
the  beam  velocity,  y  =  (1  —  ^  =  1  is  the  charge,  and 

A^l  is  the  atomic  mass  number. 

At  low  density,  the  ground  state  is  a  ID  chain,  MD  calculation 
shows  that  the  transition  from  ID  to  2D  occurs  when  the  inter- 
particle  distance  ^  5.5  in  reduced  units, ^  i.e.  when  the 
number  of  particles  in  the  machine  is 

N  =  ^i=i3Ax  10^  (2) 

Az? 

When  the  total  number  of  particles  exceeds  this  value,  the  ground 
state  first  becomes  a  2D  zig-zag  in  the  vertical  plane  where  the 
focusing  is  relatively  weak.  Fig,  1  shows  the  trajectory  of  the 


Figure.  1 .  A  vertical  zig-zag  structure  at  density  A;,  =  3  formed 
with  the  ASTRID  lattice.  The  displacement  in  both  x  and  z  is  zero 
at  all  time.  B,  QF,  and  QD  denote  dipole,  focusing  quadrupole, 
and  defocusing  quadrupole,  respectively. 

particle  with  positive  y  in  such  a  structure  at  A^  =  3  (i.e.  N  = 
6.1  X  10^).  The  breathing  of  the  structure  can  be  seen  as  the 
particles  encounter  the  focusing  and  defocusing  elements  of  the 
machine. 

Due  to  the  AG  focusing,  the  crystalline  structure  absorbs  en¬ 
ergy  (heat)  from  the  lattice.  The  dots  in  Fig.  2  shows  the  heating 
rate  as  a  function  of  the  temperature  T  in  the  reduced  units^  for 
a  ID  crystal  of  density  A^  =  10  (A^  =  1.8  x  10^).  The  conven¬ 
tional  rest-frame  temperature  can  be  conveniently  obtained  by 
the  relation 


Trest  - 


2kBP^ 


T  =  0.38  T  (K), 


(3) 


where  ks  is  the  Boltzmann  constant.  At  low  temperature,  the 
heating  rate  is  low.  Fig.  3  shows  that  although  the  horizontal 
tune  (Vx  =  2,62)  is  larger  than  half  the  lattice  periodicity  (4), 
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Figure.  2.  Heating  rates  as  functions  of  the  temperature  T  for  a  Figure.  4.  Power  spectrum  for  the  2D  (A^  =  3)  structure  in  the 

ID  (A^  =  10)  and  a  2D  (A^  =  3)  ground  state  in  the  ASTRID  ASTRID  lattice  at  extremely  low  temperature. 

lattice. 


Figure.  3.  Power  spectrum  for  the  ID  (A^  =  10)  structure  in 
the  ASTRID  lattice  at  extremely  low  temperature.  The  machine 
tunes  are  Vx  =  2.62,  Vx  —  1.13. 

the  phonon  spectrum  does  not  extend  to  twice  the  revolution 
frequency  (cuq),  thus  avoiding  the  two-phonon  process  which 
leads  to  immediate  heat-up.'^ 

As  the  temperature  increases,  the  heating  rate  increases  due  to 
the  increased  probability  of  multi-phonon  processes.  The  maxi¬ 
mum  heating  rate  isAT/T  10"^  per  lattice  period,  which 

corresponds  to  an  e-folding  growth  time  of  0.15  ms.  The  break 
up  of  the  crystal  occurs  at  the  temperature  that  corresponds  to 
the  maximum  heating  rate,  i.e.  7^4  (total  rest-frame  tem¬ 
perature  Trest  =  1.5  K).  As  the  temperature  increases  further, 
the  heating  rate  decreases  due  to  the  reducing  spatial  density. 
The  MD  calculation  quantitatively  agrees  with  the  conventional 
intra-beam  scattering  calculation  at  the  high-temperature  limit 
(approximately  T  >  20). 

The  squares  in  Fig.  2  shows  that  the  2D  structure  heats  up 
quickly  even  at  very  low  temperature.  Fig.  4  shows  that  the 
phonon  spectrum  of  the  2D  structure  extends  over  a  broad  range 
including  Icoq.  The  immediate  heat  up  occurs  at  any  temperature 
through  the  two-phonon  process. 

III.  CRYSTALLINE  BEAM  IN  THE  TSR 

TSR  is  an  ion  storage  ring  of  circumference  Co  =  55.4  m. 
The  lattice  has  a  super-periodicity  of  2.  We  perform  MD  calcu¬ 
lation  with  the  7.3  MeV  ^Be"^  ion  beam.  The  transverse  tunes 
of  the  machine  are  Vx  =  2.57  and  V3,  =  2.21.  The  characteristic 


distance  is  ^  ^  5.1  x  10"^  m  (p  —  1.15  m). 

At  low  density,  the  ground  state  is  again  a  ID  chain.  The 
transition  from  ID  to  2D  occurs  approximately  at  A^  =  6,  or 
N  =  1.8x10^.  When  the  total  number  ofparticlesiV  exceeds  this 
value,  the  ground  state  becomes  a  zig-zag.  The  structure  makes 
one  rotation  per  lattice  period  around  its  longitudinal  axis,  having 
a  horizontal  orientation  in  the  middle  of  the  straight  sections 
with  particle  separation  of  2.5§,  and  a  vertical  orientation  in  the 
middle  of  the  bending  region  with  particle  separation  8.7§.  The 
rotation  is  produced  by  the  shear  motion  when  the  particle  crosses 
the  bending  magnetic  field  and  is  shown  in  Fig.  5  for  A^  =  5 
{N  —  2.2  X  10^).  The  direction  of  the  rotation  is  determined  by 


Figure.  5.  A  rotating  zig-zag  structure  at  density  A^  =  5  formed 
with  the  TSR  lattice  with  the  displacements  in  x,  y ,  and  z  chang¬ 
ing  with  time  during  one  lattice  period. 

the  orientation  of  the  bending  magnetic  field. 

The  dots  and  squares  in  Fig.  6  show  the  heating  rates  as  func¬ 
tions  of  the  temperature  T  in  reduced  units^  for  a  ID  crystal  of 
density  A^  =  10  (A^  =  1.1  x  10^)  and  the  2D  rotating  zig-zag 
of  A^  =  5.  The  conventional  rest-frame  temperature  can  be 
obtained  by  the  relation  Trest  =  1.64  7  (K).  At  low  tempera¬ 
ture,  the  heating  rate  for  both  structure  is  low.  Fig.  7  shows  the 
phonon  spectrum  of  the  2D  structure.  The  gigantic  peak  at  Txoq 
results  from  the  periodic  ground-state  motion,  while  the  spread 
is  partially  due  to  the  finite  length  of  steps  used  for  spectrum 
analysis.  Although  the  transverse  tunes  are  larger  than  half  the 
lattice  periodicity  (2),  the  phonon  spectrum  luckily  avoids  the 
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Figure.  6.  Heating  rates  as  functions  of  the  temperature  T  for  a 
ID  (A^  =  10)  and  a  2D  (A;.  =  5)  ground-state  structure  in  the 
TSR  lattice. 


Figure.  7.  Power  spectrum  for  the  2D  (A^  =  5)  structure  in  the 
TSR  lattice  at  extremely  low  temperature.  The  machine  tunes 
are  Vx  =  2.57,  =  2.21. 


dangerous  points  (integral  multiple  of  coq)  which  would  lead  to 
immediate  heat-up. 

The  maximum  heating  rate  AT /T  ^  1.2  x  10“^  per  lattice 
period  (e- folding  growth  time  of  0.018  ms)  for  the  2D  state  is 
about  twice  of  the  ID  state  AT /T  ^  6  x  10”^.  The  break  up 
of  the  crystal  occurs  at  the  temperature  that  corresponds  to  the 
maximum  heating  rate,  i.e.  T  ^13  (Trest  =2.1  K), 

IV.  QUANTUM  LIMIT 

The  classical  MD  calculation  fails  only  at  very  low  temper¬ 
ature  when  quantum  effects  become  important.  The  threshold 
temperature  Tsh  is  given  by  the  relation 

^  ^^maxi  (^) 

where  comax  is  the  maximum  phonon  frequency  of  the  crystal. 
For  the  ASTRID  ID  (A^  =  10)  structure,  ^  5  x  10“^  K,  as 
shown  in  Fig.  8. 

V  CONCLUSIONS  AND  DISCUSSION 

Employing  the  previously  developed  formalism^ ,  we  have  per¬ 
formed  MD  calculations  of  the  expected  crystalline  beams  in 
ASTRID  and  TSR.  The  crystalline  structure  and  the  melting 
conditions  depend  on  the  beam  energy,  density,  and  the  machine 
properties.  For  both  ASTRID  and  TSR,  we  find  that  ID  and  2D 


Temperature  (K) 

Figure.  8.  Specific  heat  (in  reduced  units)  for  the  ID  ( A^  =  10) 
structure  in  the  ASTRID  lattice. 


crystals  can  be  formed  when  the  total  rest-frame  temperature  is 
less  than  about  1  K. 

For  ID  and  occasional  2D  crystalline  structure,  the  maximum 
rate  at  which  the  crystalline  state  absorbs  energy  from  the  lat¬ 
tice  occurs  at  the  (break-up)  temperature  when  the  crystal  starts 
to  form  (or  break).  The  maximum  rate  is  found  to  be  linearly 
proportional  to  the  beam  intensity.  With  a  given  cooling  rate, 
crystalline  state  of  sufficiently  low  density  can  in  principle  be 
achieved  if  the  external  system  noise  is  sufficiently  low. 

Because  of  the  relatively  low  machine  lattice  periodicity,  crys¬ 
tals  of  2D  or  higher  dimension  typically  absorbs  energy  from  the 
lattice  and  heat  up  extremely  fast.  In  order  to  obtain  crystalline 
beam  of  complex  structure,  storage  rings  should  be  designed  with 
lattice  periodicity  significantly  higher  than  twice  the  maximum 
transverse  tune. 
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Abstract 

Characteristic  Eq.  of  coupled-bunch  motion  of  beam  governed 
by  a  feedback  (FB)  is  given  to  find  FB's  stabilizing  effect 
against  coherent  instabilities  or,  say,  injection  error  damping 
rates.  Quite  a  general  FB’s  schematics  is  involved:  (i)  it  has 
two  paths,  the  in-phase  and  quadrature  (or  amplitude  and  phase 
in  a  small-signal  approach),  with  unequal  gains;  (ii)  may  employ 
distinct  RF-bands  to  pick-up  beam  data  and  feed  correction  back 
to  the  beam.  To  account  for  cross-talk  between  various  field  and 
beam  current  harmonics  inflicted  by  frequency  down-  and  up- 
mixing,  an  impedance  matrix  (with,  at  most,  three  non-trivial 
elements  per  row)  is  introduced  as  a  natural  concept  to  gain  in¬ 
sight  into  "FB  &  beam’  dynamics.  The  important  class  of  FBs 
to  counteract  heavy  beam  loading  of  accelerating  cavities  is  in¬ 
cluded  into  analysis  as  a  particular  case. 

L  INTRODUCTION 

Let  =  0  -  uot  be  azimuth  in  a  co-rotating  frame,  where 
0  is  azimuth  around  the  ring  in  the  laboratory  frame,  cjq  is  the 
angular  velocity  of  a  reference  particle,  t  is  time.  The  beam  cur¬ 
rent  J(i?,f)  and  longitudinal  electric  field  E{'d,i)  are  decom¬ 
posed  into  ~  with  Q  being  the  frequency 

of  Fourier  transform  w.r.t.  the  co-rotating  frame.  In  the  labora¬ 
tory  frame  Q  is  seen  as  u;  =  kujo  -1-  Q. 

Interacting  with  passive  components  inside  the  vacuum  cham¬ 
ber,  the  beam  drives  E-field  with  amplitude 

Ek{Q)  =  -L-^Zkk{i>})Jk{^),  (^  =  kojo  +  n,  (1) 

where  L  is  the  orbit  length,  Zfcfe(cj),  Re  >  0  is  the  stan¬ 

dard  longitudinal  impedance.  Its  main-diagonal  element  is  cut 
from  the  entire  matrix  E/ffe/(w)  (it  describes  the  lumped  nature 
of  the  beam  environment)  due  to  a  narrow-band  response  appro¬ 
priate  to,  as  a  matter  of  fact,  slowly  perturbed  bunched  beams, 

Jk'{{k  —  k^)iJo  -\-Q)  Jk{^)  \^\  ^0,  (2) 

with  Skk'  being  the  Kronecker’ s  delta-symbol, 

II.  FEEDBACK 

A.  Circuitry  with  PU  /  AD 

To  simplify  the  matters,  let  a  Pick-Up  unit  and  an  Acting  De¬ 
vice  of  the  FB  in  question  be  cavity-like  resonant  objects  which 
excite  longitudinal  E-field 

E(^)(0,  t)  =  L-^G^^\e)  Ua{t);  a  =  PU,  AD,  (3) 

where  Ua  (t)  is  voltage  across  the  gap,  (0)  specifies  the  field 
localization  and  is  normalized  as  |G(^^(0)|t?0  =  27r.  Its 
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decomposition  into  J2k  provides  G^j^\  the  complex 

transit-time  factors  at  u;  =  fca;o  with  <  1  and  arg  be¬ 
ing  proportional  to  the  object’s  coordinate  along  the  ring. 

Quite  a  general  coupled-bunch  FB  circuit  employing  filter 
methods  is  shown  in  the  above  Fig.,  Ref.[l].  Tl^  circuitry  ex¬ 
tracts  beam  data  as  a  band-pass  signal  at  w  ~  ±hu}o,  processes 
it  at  IF  u;  =  0  after  frequency  down-mixing,  and  then  feeds  an 
up-mixed  band-pass  correction  back  to  the  beain_at  to 
Here  /i,  /i'  are  integers,  and,  generally,  h  ^  h'\h^h'  ^  h  where 
h  is  the  main  RF  harmonic  number.  The  FB  has  the  in-phase 
(c)  and  quadrature  (s)  paths  with  unequal  gains.  Treated  in  a 
small-signal  approach  near  the  FB's  set-point,  the  former  one 
controls  an  amplitude,  while  the  latter  —  a  phase,  of  the  ac¬ 
celerating  voltage  seen  by  the  beam.  Either  of  the  paths  may 
be  switched  off  altogether,  say,  =0  for  an  injection  error 
damping  system,  or  in  case  of  a  dedicated  phase  control  loop. 

On  neglecting  the  PU’s  (small)  impact  on  the  beam,  the  net 
voltage  imposed  by  the  FB  can  be  put  down  as 

«AD  ^  (0  =  «AD  {*)  -  «Ad‘'^  (*)  (4) 

where  (&)  and  {ind)  denote  beam-excited  and  FB-induced  volt¬ 
ages,  correspondingly;  ^  linear  functional  of  u 

taken  aif  <t  due  to  casualty.  _ 

Let  Su  be  a  frequency  deviation  with  \Suj\  (ft,E)wo. 
Whenever  +  Suj)  =  0,  the  state  of  the  system 

is  given  by  2-D  column-vectors 

—  —  'T 

^  (u(/mjo  +  u[—huJo  +  ^^))pu  j 
madC^^*^)  =  {u{h'uio  +  Su)-,  u{—h'u)o  + 

The  in-out  gain  through  the  linear  FB  is 

(7) 
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where  x{Sij)  is  a  2  x  2  FB’s  ^susceptibility’  matrix, 

=  0.2b  K u)q Suj^  S[hu}Q Suj^  x  (8) 

X  ; 

Xi2(<^^)  ~  0.25  TA  5( — hujQ  Su)^  x  (9) 

X2i((ya;)  =  Xi2{-S>^*Y-,  X22{Suj)  =  Xu(-^a;*)*. 

Carrier  phases  (j),  (j)'  of  to  beam  and  accelerating  voltage  so  as 
to  comply  with  the  FB's  particular  purpose  and  its  layout  along 
the  ring. 

The  beam-excited  voltages  at  the  PU  and  AD  are 

»?>(-) = -  ( )  E” ■'*("  -  ‘"o)  <“) 

where  W\  T'(cx;)  are  the  gap- voltage  responses  to  the  beam  cur¬ 
rent  of  PU  and  AD,  respectively.  Generally,  the  response  of  AD 
to  external  RF-driveT(a;)  ^  T'(a;). 

Insert  Eqs.lO  into  Eqs.7,4  and  extract  synchronous-to-beam 
A-field  harmonics  from  Eq.3.  Use  Eq.2  to  truncate  Then, 
to  generalize  the  commonly  used  impedance  concept  introduced 
by  Eq.l,  the  FB  can  be  treated  as  imposing  the  A-field  harmon¬ 
ics 

Jfc(n)  +  (11) 

through  coupling  impedances 

(12) 

=  -Xni<^  -  h'u>o)  X  (13) 

X  W'{u  -  h'u>o  +  ku>o) 

=  -Xi2(w  -  h'wo)  X  (14) 

X  W'iu  -  h’wo  -  Aco) 

Here  uj  =  fccjo  +  k  ^  h'  >  0,  \Q\  cjq.  The  negative- 
frequency  domain  of  k  — /i'  <  0  is  arrived  at  with  the  reflec¬ 
tion  property  Z^Ar-fe'(-w*)*  =  Zkki^)^ 

Eq.l2  yields  the  coupling  impedance  of  AD  itself  treated  as  a 
passive  device  in  line  with  Eq.l.  Eqs.13,14  represent  an  active 
response  of  the  FB  and  account  for  cross-talk  between  harmon¬ 
ics  Ek,  Jk*  with  k  ^  k^  caused  by  down-  and  up-mixing  of 
frequencies.  Inopedances  are  no  longer  subject  to  re¬ 
striction  Re  >  0,  which  is  to  introduce  damping  into 

the  beam  motion.  The  balance  of  the 

FB’s  path  gains  results  in  matrix  x  becoming  diagonal,  and  in 
zjff^^\u})  with  \k  —  k'\  =  h'  +  h  vanishing.  In  injection  error 
damping  systems,  the  FB’s  path  gains  and,  hence,  may 

be  scaled  reciprocally  to,  say,  the  average  beam  current  Jo. 

B.  Circuitry  with  PU  =  AD 

Take  h\h  =  h,  W^{u})  =  T^{u>)  with  PU  and  AD  being 
merged  into  a  single  device  AC,  an  Accelerating  Cavity.  This 


particular  case  represents  an  RF  FB  around  the  final  power 
amplifier  which  is  responsible  for  the  reduction  of  periodic 
beam-loading  transients  and  coupled-bunch  instability  damping. 
Ref. [2].  Now,  Eq.4  is  kept  intact  while  the  PU  detects  both,  the 
beam-imposed  and  correction  signals.  Therefore,  Eq.7  have  to 
undergo  an  essential  modification: 

((Jw)  =  x(^a;)  4c  (15) 

due  to  which  the  coupling  impedances  to  enter  Eq.ll  acquire 
the  form  other  than  that  given  by  Eqs.12-14, 


Zkk{uj)  +  zg'’\u>)  =  ei^{uj-hu;o)x 

(16) 

X  rco;) 

45-2fe(‘^)  =  eT2{'^-hi>Jo)x 

(17) 

where  u  =  kuo  -f-  fi,  Ar  >  0,  |fi|  <  wq  and 

e{Soj)  =  (18) 

^  ^  +  -Xi2{S^)  \ 

^  ^  Det^Su))  V  -X2i(M  1  +  xu(M  / 

(19) 

Here  /,  e{Suj)  and  are  2  x  2  matrix  unit,  FB’s  'perme¬ 

ability’  matrix  and  its  inverse,  correspondingly. 

This  FB  may  turn  self-excited,  which  is  avoided  technically 
by  putting  zeros  of  Det  e{Su})  into  the  lower  half-plane  Imrfa;  < 
0  through  a  proper  tailoring  of  . 

It  is  evident  hereof  that  by  substituting  Eqs.  1 6-17  for  Eqs.  1 2- 
14  the  fommlae  to  follow  can  be  extended  to  treat  the  important 
case  of  h=^  h;  PU,  AD  =  AC  as  well. 

III.  CHARACTERISTIC  EQUATION 

A.  General  Case 

The  total  A-field  at  the  orbit  is  a  sum  of  two  terms 

(20) 

The  former  one,  {exi)  is  imposed  from  the  outside,  say,  by 
an  external  RF  drive.  The  latter,  {fh)  is  the  induced  response 
of  the  environment  to  the  coherent  motion  of  the  beam:  its 
perturbed  current  harmonics  Jk{^)  drive  the  FBs,  both  unin¬ 
tentional  (Eq.l)  and  issued  (Eq.ll  with  its  negative-frequency 
counterpart),  to  yield 

Zkk‘{uj)  having,  at  most,  three  non-trivial  elements  per  row: 

^kk'i^)  =  Zkk'{^)Sk'k  +  (22) 

+  ^ki'\^){^k' ^k-{h'^h)k/\k\  ^Ar^fe~-(/l'+A)Ar/|fe|)* 

The  first  member  in  r.h.s.  of  Eq.22  incorporates  effect  of  all  the 
passive  devices  available. 

From  now  on,  one  enters  a  standard  route  of  instability  anal¬ 
ysis,  and  via  the  Vlasov’s  linearized  Eq.  finds 

Mil)  =  L  EiY^\ii).  (23) 
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Here  ykk'{^)  is  the  beam  'admittance’  matrix  which,  say,  for 
the  beam  of  average  current  Jo  in  Af  <  ft  (ft/M  is  an  integer) 
identical  and  equispaced  bunches  is  equal  to 


Vkk'i^) 


Ykki^) 


CJo  {Ykkf{^)/k')  Sk^k',iM,  (24) 

m 

^  2^m:=:-00  Jq  Q  —  mQs{J)  ^ 


Here  {i’yj)  are  the  longitudinal  angle-action  variables  intro¬ 
duced  in  the  phase-plane  (i?,  i?'  =  d'd/dt)  with  the  origin  =  0 
being  put  on  the  reference  particle  of  a  bunch;  Qs{J)  =  dtj;/ dt 
is  the  non-linear  synchrotron  frequency;  Fq  is  unperturbed 
bunch  distribution  normalized  to  unit;  functions  ^mfe(‘?')arethe 

coefficients  of  series  which  expand  a  plane  wave 

into  sum  over  multipoles:  Y!,m  leftmost  fac- 

tor  C  in  Eq.24  is 


C=nl/{hVosin>p,),  (26) 

where  Qq  is  the  small-amplitude  synchrotron  frequency  (circu¬ 
lar),  Vo  is  the  nominal  amplitude  of  accelerating  voltage,  (ps 
is  the  stable  phase  angle  ((p^  >  0  below  transition,  the  syn¬ 
chronous  energy  gain  being  eVo  cos  ^5). 

Insert  Eq.23  into  Eq.21  and  use  Eq.20  to  get 

€kk'{^)  =  Skk'  +  x'kk>{^)>  (28) 

■  '^00 

Xfefe^(^)  =  Zkk^*{kuo  +  Q)  ykf'k'{^)^(29) 

Here  €kk^{^)  are  'susceptibility'  and  'permeability' 

matrices  of  'beam  &  FB'  medium.  Zeros  of  the  characteristic 
Eq. 

Dete(f2)  =  0  (30) 

are  the  eigen-frequencies  of  beam  coherent  oscillations  which 
must  be  located  in  the  lower  half-plane  ImCt  <  —  1/  Te  <  0. 
Here  Te  is  the  sought-for  damping  time  of  beam  coherent  os¬ 
cillations  which,  as  well,  determines  duration  of  beam  injection 
transients  under  the  FB  showing  themselves  up,  mainly,  at  the 
dipole  side-bands  Q  ~  di^^o- 

B.  Narrow-Band  Case 

Label  the  normal  coupled-bunch  modes 
by  n  =  0, 1, . . . ,  Af  —  1,  phase  shift  toween  adjacent  bunches 
being  27rn/Af.  Suppose  ft'/Af  and  ft/Af  be  integers,  due  to 
which  the  FB  would  not  couple  beam  modes  whose  n'  ^  n.  Let 
band-width  of  the  FB  be  Au  ^  Afa^o.  Hence,  there  would  be 
only  four  resonant  harmonics  Jfe(n)  of  beam  current  perturba¬ 
tion  which  belong  to  the  given  mode  n  and  cross-talk  through 
the  FB.  Their  subscripts  are 

ft' 2  =  n  -h  ^1,2  =  'n-{-  7i^2Af  ±k  (31) 

with  l[  2^1,2  the  integers.  The  essential  £'-field  harmonics 
Ek{^)  to  occur  within  Au)  are  the  two  with  ft  =  ft^  2-  this 


2x2  case  Det  ?(Q)  can  be  found,  which  results  in  characteristic 
Eq.  to  follow, 

1  +  Xk[k[{^)  +  +  (32) 

+  [xk[k[  (^)  Xfc' fe'  (^)  “  (^)  i^)]  -  0* 

L.h.s.  of  Eq.32  involves  dispersion  integrals  Ykk'  whose  sub¬ 
scripts  are  ft  =  fti  2,  ^1,2  and  ft'  =  ft^  2-  Given  AcjAdo/u^o  ^ 
TT,  where  Ai?o  is  bunch  half-width,  Ykk'  become  slow  functions 
of  ft,  ft',  which  allow  substitutions  ft^  2  —  ±ft^  ^1,2  —  ±ft  be 
performed  in  subscripts  of  all  the  essential  Ykk*  that  enter  the 
characteristic  Eq.32. 

Usually,  at  Q  ~  mQo  +  «0  a  single  resonant  term  dom¬ 
inates  in  J2m  Eq.25.  Hereof,  one  arrives  at  the  reflection 

properties  of  Vjtfc/  Y^'^\ 

Y.k^k^  -  -  {-irYkk^,  Y^k^^k'  Ykk^.  (33) 

Up  to  these  two  assumptions,  expression  in  square  brackets 
of  Eq.32  vanishes,  while  the  characteristic  Eq.  itself  reduces  to 
much  a  simpler  form 

1  +  CJo  (Cn  m  Yh<k'  (Q)  +  (fi)  (Q))  0,  (34) 

being  put  down  in  terms  of  the  effective,  or  instability  driving, 
impedances  at  side-bands  Q  ~  mfio  of  coupled-bunch  mode  n, 

Cn(^)  “  ^k[k[{ki^0  +  ^)/k[  ...  fti  ^21  (35) 

C(«(!2)  =  + «)/!.',+  (36) 

+  ...  k'l  -i-  k'2,  h'  — )■  —h',  h  — )■  —h. 

Items  with  (—1)”*,  if  any,  are  responsible  for  the  intrinsic  asym¬ 
metry  in  damping  of  within-bunch  multipole  modes  m  with  op¬ 
posite  parity  inherent  in  FBs  with  the  unbalanced  path  gains, 

U{c)  ^ 
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THE  COUPLING  IMPEDANCE  OF  A  TOROIDAL  BEAM  PIPE  WITH 

CIRCULAR  CROSS  SECTION* 

H.  Hahn,  Brookhaven  NationalLaboratory,  Upton,  New  York  1 1973-5000 


Abstract 

An  analytic  expression  for  the  non-resonant  longitudinal  cou¬ 
pling  impedance  in  a  toroidal  beam  pipe  with  circular  cross  sec¬ 
tion  is  derived  using  a  perturbation  treatment  carried  out  in  a 
local  orthogonal  coordinate  system. 


L  INTRODUCTION 

In  this  paper,  the  topic  of  coupling  impedances  and  beam- 
induced  forces  in  a  toroidal  beam  pipe  is  revisited.  In  straight, 
smooth  accelerator  beam  pipe  configurations,  the  space  charge 
forces  on  a  charged  test  particle  due  to  beam-induced  electric 
and  magnetic  fields  are  subject  to  a  near  perfect  cancellation 
in  the  ultra-relativistic  limit.  It  is  well  known  that  in  toroidal 
geometries  the  cancellation  is  imperfect,  resulting  in  residual, 
“energy-independent”  longitudinal  and  transverse  forces  which 
can  impact  the  accelerator  performance.  Whereas  the  present- 
day  designs  of  high-energy  hadron  accelerators/colliders  are 
based  on  beam  pipes  with  circular  cross  section,  essentially  all 
theoretical  studies  assume  rectangular  geometries,  the  notable 
exception  being  the  report  by  Zotter.^  The  expressions  here  pre¬ 
sented  are  intended  to  amend  this  deficiency. 

The  primary  objective  of  this  paper  is  the  derivation  of  an  ex¬ 
pression  for  the  residual  longitudinal  Z/n  of  a  toroidal  beam 
pipe  with  circular  cross  section,  with  b  representing  the  beam 
pipe  radius  and  R  the  curvature  radius  of  the  central  arc  as 
shown  in  Fig.  1.  The  results  are  obtained  via  the  perturbation 
method  developed  by  Jouguet^  for  the  analysis  of  the  electro¬ 
magnetic  wave  propagation  in  curved  waveguides,  which  re¬ 
cently  has  been  successfully  applied  to  the  derivation  of  ex¬ 
pressions  for  the  longitudinal  coupling  impedance  in  toroidal 
beam  pipes  with  rectangular  cross  section.^'^  Using  the  Serret- 
Frenet  firame,  an  appropriate  “local”  orthogonal  coordinate  sys¬ 
tem  (r,  0)  can  be  errected  around  the  central  arc  of  the 

torus.  This  choice  is  superior  to  the  use  of  toroidal  coordinates, 
since  the  local  coordinate  system  reduces  to  the  usual  circular- 
cylinder  coordinates  (p,  s  =  R0  as  required  for  the  pertur¬ 
bation  treatment  of  the  problem.  Since  the  residual  longitudinal 
coupling  impedance  of  an  on-axis  beam  must  be  independent  of 
the  direction  of  curvature,  an  expansion  to  second  order  inl/R 
is  required.  It  is  known  from  previous  studies  that  the  residual 
coupling  impedance  does  not  exhibit  a  longarithmic  divergence, 
if  the  transverse  beam  size  is  reduced  to  zero.  Consequently,  the 
study  can  be  limited  to  filamentary  beams.  Since  wall  losses  are 
themselves  a  small  perturbation,  they  can  be  ignored  in  deriving 
the  perturbation  results  due  to  the  curvature. 


Figure  1.  Local  coordinate  system  (r,  (p,  0)  for  toroidal  beam 
tube  with  circular  cross  section. 


IL  PERTURBATIVE  SOLUTION  OF 
MAXWELL  S  EQUATIONS 

The  “local”  orthogonal  curvilinear  coordinate  system  r,  p,  0 
appropriate  to  the  toroidal  beam  pipe  geometry  is  defined  in 
terms  of  the  Cartesian  coordinates  x^y^z 

X  =  (R  +  r  cos  p)  cos  0 

y  =  +  r  cos  p)  sin  0 

z  =  rsin^p  (1) 


Assuming  time  harmonic  fields  of  the  general  form 
!F{r,  with  a;  =  vi/  and  i/  =  n/R  (in  natural  units 

where  c  =  1,  //o  =  1)  one  can  write  Maxwell’s  equations  in  the 
source  free  regions  as 


dgSe 

rdr 


+ 

drSip 

rdr 


dgCB 

dr 

dSr 

rdip 


dg%e 

rdg> 


+ 


jv'Kr  + 

dr'll  ^ 
rdr 


dg'He 

dr 

dUr 

rd<p 


=  -jujg'Hr 
=  juigU^ 


=  -ju'Kg 


=  juig£r 

-  -juigStp 

- 


(2) 


with  ^  =  1  +  {r/R)  cos  (p. 

Perturbative  solutions  can  be  found  by  expanding  the  fields  in 
inverse  powers  of  the  curvature  radius,  or  explicitely 
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£9  —  j  “f  +  • 


%B  =  3  (  +  -^hg  +  ♦  • 


The  resulting  expressions  for  Maxwell’s  equations  to  first  or¬ 
der  in  R~^  are  given  as  follows 

Idee  ,  ^  N 

~-r - \-ve^^  +a;/ir  =  --^(cos  tpEg)  —Ljrcos(pHr 

r  d(p  ^  dip 

d^9  d 

vtr  +  -  w/i(p  =  -  COS  (p—{rE(i)  +  wr  cos  tpH^ 

d  ,  .  dcr  . 

1 5*9  ,  .  5  .  - 

__^ - 1-  i/h^^  -utr  =  — — (cos9?if^)  -\-ujrcospEr 

r  dp  ^  dp^ 

dhg  d 

i/fij.  +  =  —  cos  p—{rHe)  -  cjrcos^^jE',^ 

Decoupling  Maxwell's  equations  and  reducing  them  to  two 
independent  partial  differential  equations  in  the  azimuthal  com¬ 
ponents  eg  and  hg  can  be  achieved  by  introducing  complex 
transverse  fields  and  differential  operators.® 

After  some  manipulations,  one  finds  the  independent  differ¬ 
ential  equations  for  the  azimuthal  perturbations 

At  eg  —  eg  =  -'At(’*cos^£’^) 

1  d 

+-^  {r^  cos(p{i>Er  +cjH^)} 

{cos  (p{i/E^  -  uHr)} 

AThg  —  K^h»  =  —  At {r  cos  (pH $) 

{cos  p{i/H^  -h  ijjEr)}  (5) 

with  =  2/^  —  =  (1  —  =  {u/j)^  and  the  transverse 

Laplacian  operator 

.  1  d  f  d\  1  52 

^  ”  r  5r  \  dr  /  dp'^ 

The  solution  is  uniquely  determined  by  imposing  boundary 
and  continuity  conditions.  Having  determined  eg  and  hg ,  the 
remaining  transverse  components  can  be  obtained  as  follows 

2  deg  drEg  ,  2 

K  er  =  — - ucosp—^ - f-w  rcosG^ij.,. 

dr  dr 

udhg  d 

- - - cj—  cos  pHg  -h  ui/r COS  pH^n 

r  dp  dp 

2l  5*9  bvHs  2  rr 

K  hr  —  - 2/ COSO? — - j-W  rCOSO?//^ 

dr  dr 

uj  deg  d  ^  ^ 

H - ;r - h  UJ  -r—  COS  pEg  ~  UJJ/r  COS  pE^ 

r  dp  dp 


?  ^  ^^9  ^  T-T  2  T~\ 

= - r - u— COS  pEg +UJ  r  COS  pE^p 

r  dp  dp 

5*9  bvEB 

-\-UJ  “T - h  U)  cos  - UJl/r  COS 

ar  ar 

2  1  ^  ^  rr  1  2  rr 

= - - - I/— COS  pHg -j-uj^r  COS  pH^ 

r  dp  dp 

deg  drEg 

— CJ-t; - CJCOS^— ;r - UJl/r  COS  pEr  (o) 

dr  dr 

The  internal  consistency  of  the  results  can  be  checked  by  test¬ 
ing  for  a  divergence  free  solution  using  div  E  =  0: 

drer  ,de^  (  drEr\ 

-h  +  vreg  =  -rcosp  E^  -f  -7; — 


dr  dp 


and  div  =  0: 


d  cos  pE^ 


-\-i/rhg  =  —r  cos  p  yHr -{■ 
d  cos  pHip 


III.  THE  CURVATURE-INDUCED  RESIDUAL 
COUPLING  IMPEDANCE 

First  order  perturbation  results  in  are  the  required  first 
step  towards  finding  the  curvature-induced  longitudinal  cou¬ 
pling  impedance.  In  order  to  prevent  a  logarithmic  divergence 
of  the  result,  the  beam  must  be  given  a  finite  transverse  size. 
Solving  the  case  of  a  tubular  beam  located  at  the  radius  p  avoids 
the  divergence.  The  tubular  beam  is  assumed  to  travel  in  the  9 
direction  with  velocity  v  and  has  the  current  density 


Perturbative  solutions  to  Maxwell’s  equations  are  found  as  de¬ 
scribed  above  separately  for  inner  (r  <  p)  and  outer  region 
(p  <  r  <  6)  and  by  field  matching  at  r  =  p,  while  impos¬ 
ing  Ampere's  law  on  and  satisfying  the  boundary  condition 
at  r  =  6,  assuming  lossless  walls. 

The  field  components  in  the  limit  of  filamentary  (p  0)  and 
ultra-relativistic  {v  1)  beams  required  in  the  derivation  of 
to  second  order  can  be  written  as 

€t  -  ;  |^ejicos^+ i(e»2 +cm2Cos2j?)  +  ^  ■ -I 

=  77— +  4*¥>icosv?  +  45----  (10) 


■Ei/rln- 

27r  r 


1  1.  b 

2  +  5'“;-Tr 
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The  second  order  field  perturbations  of  an  on-axis  filamentary 
beam  are  excited  by  first-order  perturbations  with  pure  dipole, 
i.e.  lv?“dependence.  The  factor  cos^  ^  |  -f  |  cos  2^  in  the 

forcing  term  implies  that  the  second  order  fields  have  only  ip  in¬ 
dependent  and  quadrupole,  i.e.  2^,  dependent  terms.  Only  the 
^-independent  term  e^2  leads  to  an  on-axis  electric  field  com¬ 
ponent  in  ^-direction  which  is  responsible  for  the  residual  cou¬ 
pling  impedance.  The  differential  equation  for  the  relevant  ip- 
independent  component  thus  reduces  in  the  ultra-relativistic 
limit,  i.e.  /c  =  0,  to 


iA 

r  dr 


2r  dr 


prtBx 

dr 


(12) 

together  with  the  boundary  conditions  on  the  beam  pipe 
wall  {eo2)r-b  =  0  and,  replacing  the  matching  condition, 
{dee2/dr)^^^  =  0. 

The  solution  is  found  to  be 
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/  z/6^ 
27r  4 


(13) 


from  which  follow  the  expression  for  the  residual  longitudinal 
coupling  impedance  seen  by  a  filamentary  beam  in  the  ultra- 
relativistic  case,  7  ^  oo  (Zo  =  c/io,  in  SI  units) 


The  full  second-order  expression  for  the  curvature-induced 
longitudinal  coupling  impedance  and  mathematical  details  of 
its  derivation  can  be  found  in  a  journal  paper,®  where  the 
impedance  in  the  long-wavelength  limit  is  given  as 
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with  0  =  v/c. 
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Abstract 

The  bunch  lengthening  in  the  Beijing  Electron  -  Positron  Col¬ 
lider  (BEPC)  is  investigated  systematically  with  streak  camera 
and  the  method  of  beam  spectrum  analysis.  Many  available  re¬ 
sults  are  obtained  from  the  measurement  and  the  corresponding 
scaling  law  is  summarized  in  the  light  of  the  existing  theoretical 
explanation.  Due  to  its  importance  for  BEPC  upgrades,  the  re¬ 
lated  parameters  and  effects  of  bunch  lengthening  are  studied  in 
details. 

I.  INTRODUCTION 

In  electron  -  positron  storage  rings,  bunch  length  and  its 
lengthening  are  so  important  that  people  should  cope  with  them 
much  carefiilly  as  they  will  influence  on  the  luminosity  and  ma¬ 
chine  performance  directly.  A  high  luminosity  is  the  destina¬ 
tion  of  every  electron  -  positron  collider,  due  to  which,  one  can 
reduce  the  /?  functions  at  the  interaction  point  while  shorten¬ 
ing  the  bunch  length,  especially  for  the  lower  RF  frequency  like 
200  MHz  in  BEPC.  Small  coupling  impedance  is  also  consid¬ 
ered  attentively  in  the  design  of  colliders  in  order  to  avoid  bunch 
lengthening.  In  BEPC,  an  electron  -  positron  collider  running  at 
the  energy  of  1. 3^2.8  GeV,  bunch  length  is  also  significant  to 
the  machine  performance  and  the  luminosity  upgrades,  it  is  of 
course  a  probe  of  bunched  beam  instability.  From  the  data  of 
bunch  length  and  its  lengthening,  we  can  fit  them  as  a  scaling 
law  and  deduce  the  beam  current  threshold,  coupling  impedance 
and  some  further  understanding  of  the  theories. 

11.  THEORETICAL  ASPECTS 

Some  theories  have  been  developed  to  explain  the  phenom¬ 
ena  of  bunch  lengthening  up  to  now.  They  are  the  potential  well 
distortion  model  and  the  instability  model.  At  very  low  currents 
the  bunch  length  equals  the  natural  bunch  length  (tiq,  which  is 
determined  by  RF  voltage,  beam  energy  and  other  machine  pa¬ 
rameters. 

The  incoherent  frequency  shift  and  bunch  length  distortion 
(lengthening  or  shortening)  will  be  caused  by  potential  well  ef¬ 
fect  with  beam  current.  The  incoherent  tune  shift  is  [1] 


where  Z\\  is  the  broad  band  impedance,  A  is  a  scaling  factor  as 
a  function  of  RF  voltage  and  beam  current,  (To{p)  is  the  ampli¬ 
tude  of  the  stationary  spectrum  of  Gaussian  distribution  at  the 
frequency  of  puQ,  The  energy  spread  is  not  affected  by  the  po¬ 
tential  well  distortion  in  electron  machines.  So  ai/aio  =  uJsof 


and  for  a  long  bunch  (cr;  >  b) 

+  4  (2) 

(Tl  (Ti 

where  b  is  the  radius  of  vacuum  pipe  and  S  is  proportional  to 
A.  One  can  see  that  the  distortion  (lengthening  or  shortening) 
of  bunch  length  depends  on  S,  i.e.  the  impedance  and  the  mo¬ 
mentum  compaction  factor. 

Due  to  the  microwave  instability,  bunch  lengthening  happens 
on  energy  spread  increasing  when  beam  current  is  above  the 
threshold.  According  to  Boussard  [2],  the  bunch  lengthens  with 
the  following  relation: 

-  (  FEuJ  't'”) 

where  4  is  the  bunch  current,  ap  the  momentum  compaction 
factor,  R  the  radius  of  collider,  e  the  charge  of  electron,  E  the 

beam  energy,  Us  the  synchrotron  tune,  F  the  distribution  fac- 
z 

tor  and  |-^  |o  the  longitudinal  coupling  impedance  at  lower  fre¬ 
quency.  From  this  formula,  one  can  see  that  the  bunch  length  is 
proportional  to  the  cubic  root  of  a  scaling  parameter  ^ ,  which  is 
defined  as  ^  =  IhOtpjEv^^.  It  can  be  written  as 

(4) 

n 

One  can  calculate  the  particle  longitudinal  distortion  in  phase 
space  with  and  without  potential  well  distortion  and  microwave 
instability  then  compare  it  with  the  measurement.  It  is  expected 
to  better  understand  the  mechanism  of  bunch  lengthening  and  en¬ 
ergy  spread  widening. 

In  reference  [3],  a  scaling  law  for  SPEAR  had  been  concluded. 
It  predicts  the  bunch  length  cr;  depends  on  the  parameter  ^  as 

<r,  oc  {(ZoR^)^  (5) 

Z{u))  =  2irRZou‘^.  (6) 

Here,  Zq  is  the  impedance  parameter  and  (6)  assumes  a  power 
law  behaviour  of  the  coupling  impedance  responsible  for  the  in¬ 
stability. 

In  the  real  case,  the  behaviour  of  bunch  lengthening  over  the 
whole  beam  current  range  is  as  a  synthesis  affected  by  the  poten¬ 
tial  well  distortion  and  the  microwave  instability. 

III.  INSTRUMENTATION  AND  DATA 
ACQUISITION 

Two  ways  of  bunch  length  measurement  have  been  adopted  in 
the  BEPC:  streak  camera  and  beam  spectrum  analysis.  With  the 
streak  camera,  the  longitudinal  particle  distribution  is  gained  by 
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looking  at  the  light  of  synchrotron  radiation  from  a  bending  mag¬ 
net.  The  light  pulse  is  picked  up  by  the  streak  camera  with  a  time 
resolution  of  a  few  picoseconds  at  the  end  of  the  synchrotron  ra¬ 
diation  beam  line.  The  cable  used  in  the  instrument  was  cali¬ 
brated  before  measurements.  The  overall  measurement  error  of 
this  set  of  apparatus  is  less  than  20  %  [4]. 

Another  way  to  measure  the  bunch  length  in  BEPC  is  the  beam 
spectrum  analysis.  In  this  method  [5],  a  technique  of  measur¬ 
ing  bunch  length  by  the  comparison  of  two  Fourier  components 
of  the  beam  has  been  applied  to  an  electron  bunch.  A  monitor 
for  real  time  measurement  of  the  bunch  length  has  been  set  up 
with  a  stripline  electrode  of 277  mm  in  length.  Assuming  a  Gaus¬ 
sian  longitudinal  distribution  of  rms  bunch  length  <ti  ,  the  Fourier 
component  of  the  n-th  harmonic  is  given  by 

V{nujQ)  =  2VQexp[-ri^ul(r{ /2]  (7) 

Here  n  is  an  integer,  cjq  the  revolution  frequency,  V{n(jjQ)  the 
induced  voltage  on  an  ideal  beam  pickup  and  Vo  the  DC  compo¬ 
nent.  The  rms  bunch  length  is  obtained  from  the  ratio  between 
two  Fourier  components  as 


a  I  = 

where  Vi  and  V2  are  Fourier  components  at  ni-th  and  n2-th  har¬ 
monics  of  the  revolution  frequency  and  n2  >ni .  The  measure¬ 
ment  of  bunch  length  by  this  way  has  an  accuracy  of  10  %  rela¬ 
tively  with  a  dynamic  range  of  25dB  -  35dB. 


JL  /  ^  1  ^i(»i^o) 

^oV  {nl  -nl)  V2{n2U^) 


(8) 
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Fig.  1  Longitudinal  Distribution  at  Low  Current 


Fig.  Z  Longitudinal  Distribution  at  High  Current 


IV.  EXPERIMENTAL  RESULTS 

A.  Data  analysis 

More  than  250  effective  experimental  points  were  obtained 
with  various  beam  energies,  RF  voltages  and  beam  currents. 
Fig.  1  and  Fig.  2  display  the  longitudinal  distribution  of  bunches 


measured  with  the  streak  camera  at  low  and  high  intensity  re¬ 
spectively.  Fig.  3  and  Fig.  4  show  some  prototype  data  of  bunch 
length  changing  with  beam  current  under  different  RF  voltages. 
Fig.  5  and  Fig.  6  give  the  variation  of  the  bunch  length  versus 
current  at  different  energy  and  momentum  con^action  factor.  In 
these  figures,  one  can  see  that  RF  voltage  determines  the  bunch 
length  and  its  lengthening  as  the  beam  currents  increase.  In  dif¬ 
ferent  energy  E  and  momentum  compaction  factor  ap,  bunch 
length  varies  in  the  same  way,  i.e.,  E  and  ap  do  not  change  the 
bunch  lengthening  principle.  This  is  because  that  the  longitu¬ 
dinal  tune  dependence  on  the  beam  current  is  very  weak  in  the 
BEPC  operation  region  [6]. 
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The  variation  of  energy  spread  with  beam  current  increase  at 
different  RF  voltages  and  different  energies  are  given  in  Fig.  7, 
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It  seems  that  the  energy  spread  is  almost  independent  on  RF  volt¬ 
age  and  that  the  threshold  of  the  microwave  instability  is  around 


6  mA  at  1.3  GeV  and  15  mA  at  2.015  GeV. 
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Fig.  8  Bunch  Length  vs.  Scaling  Parameter 


According  to  the  simulation  study,  the  bunch  shape  should 
deviate  from  Gaussian  distribution  by  the  potential  well  effect. 
However,  it  can  not  be  distinguished  clearly  in  our  observation. 
The  reason  might  be  this  effect  is  too  weak  in  BEPC  and  it  was 
covered  within  the  measurement  error. 

B,  The  scaling  law 

When  fitting  all  bunch  length  data  to  calculate  the  scaling  pa¬ 
rameter  ^  and  plotting  them  as  ai  versus  ^  in  Fig.  8,  the  frequency 
dependent  factor  can  be  determined  as  a=0.80  for  the  long  bunch. 
The  scaling  law  of  BEPC  is  given  as 

-•(-)  =  0.404  (9) 

which  looks  like  agreeable  with  the  theoretical  prediction  of 
eq.(3).  Some  new  measurement  points  measured  at  higher  RF 
voltage  fit  the  scaling  law  fairly  well.  However,  the  bunch 
lengths  of  the  recent  measurement  are  somewhat  shorter  than 
that  predicted  by  the  scaling  law.  This  might  be  due  to  remov¬ 
ing  two  extra  kickers  from  the  ring  for  reducing  the  impedance 
last  summer. 

To  all  measured  data,  we  calculated  their  rms  error  as  follows: 


S{rms) 


N 


(10) 


Here,  Cc  is  the  value  calculated  from  eq.(lO),  (t,-  the  measured 
value  and  N  the  number  of  measured  points.  Being  compared 
with  the  method  of  beam  spectrum,  whose  rms  error  is  16.1  %, 


the  rms  error  from  the  streak  camera  is  12.5  %,  and  the  total  rms 
error  is  17.5  %.  It  stands  for  the  deviation  between  the  measured 
points  and  fitting  points.  The  errors  include  not  only  systematic 
and  random  errors,  but  also  the  fluctuation  of  bunch  length  due 
to  longitudinal  dipole  and  quadrupole  oscillation. 

The  measurement  result  shows  that  the  bunch  length  is  4.0  cm 
at  2.015  GeV,  35  mA  and  2.0  MV  of  RF  voltage.  Fromeq.(lO), 
we  also  deduce  that  bunch  length  is  about  4.5  cm  at  2.015  GeV, 
50  mA  and  2.4  MV  of  RF  voltage.  The  BEPC  luminosity  up¬ 
grades,  especially  the  success  of  mini-/?  scheme,  are  mainly  con¬ 
strained  by  the  bunch  length. 

C.  Threshold  current  and  impedance 

Using  eq.(lO)  and  equating  ai  to  the  natural  unperturbed 
bunch  length  aio ,  current  threshold  can  be  predicted  as 

Ith  =  (11) 

Furthermore,  from  eq.(lO)  we  can  get  the  value  of  the 
impedance  driving  the  potential  well  distortion  and  the  mi¬ 
crowave  instability  to  |  ^  |o=3.54Q.  It  is  in  good  agreement  with 
the  impedance  measured  with  other  methods. 

V.  CONCLUSION 

Bunch  length  and  its  lengthening  are  very  important,  espe¬ 
cially  for  the  BEPC  luminosity  upgrades.  From  the  bunch  length 
measurement,  we  get  a  scaling  law  of  BEPC  and  then  estimated 
the  coupling  impedance.  Different  beam  energy  and  do  not 
affect  the  bunch  length.  The  mechanism  of  the  bunch  lengthen¬ 
ing  in  BEPC  could  be  clarified  by  comparing  the  measurement 
results  to  the  analytical  calculation  in  the  longitudinal  phase 
space  with  the  improved  measurement  accuracy. 
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Abstract 

Analytical  outcome  of  the  paper  is  a  few  formulae  to  simplify 
practical  threshold  calculations  of  transverse  coupled-bunch 
head-tail  instability  caused  by  narrow-band  impedances  in  a  pro¬ 
ton  synchrotron,  which  provide  a  useful  quantitative  view  on 
how  to  keep  the  instability  under  control  with  chromaticity  and 
cubic-nonlinearity  correctors  of  the  magnetic  field.  The  formu¬ 
lae  include:  (i)  the  envelopes  of  head-tail  mode  formfactors  ex¬ 
pressed  via  a  pair  of  averages  over  a  bunch  longitudinal  distribu¬ 
tion,  and  (ii)  expressions  of  the  effective  betatron  tune  spread  in¬ 
troduced  by  partial  spreads  in  2-D  function  of  trans¬ 

verse  action  variables  in  x,  z-directions,  y  —  The  tolera¬ 
ble  values  of  transverse  coupling  impedances  at  parasitic  higher- 
order  jE^inp-modes  of  the  UNK  accelerating  cavities  are  esti¬ 
mated  as  an  example  of  application. 

T  INTRODUCTION 

Let  a?,  z  be  horizontal  and  vertical  displacements  from  the  or¬ 
bit,  =  0  —  uj^t  be  azimuth  in  a  co-rotating  frame,  where 
0  is  azimuth  around  the  ring  in  the  laboratory  frame,  cjq  is  the 
angular  velocity  of  a  reference  particle,  t  is  time.  For  definite¬ 
ness,  only  a:r-oscillations  are  studied,  the  results  being  applicable 
to  z-direction  by  x  z  and  v.v.  Introduce  a  6-D  phase-space 
of  variables  (y,  i/  =  dyfdt)  with  y  =  x,  z.  Let  the  unper¬ 
turbed  motion  be  integrable,  x,  z-oscillations  being  assumed  un¬ 
coupled  by  the  optics  and  treated  in  a  ‘smooth’  approximation. 
Pass  from  (y,  i/)  to  angle-action  variables  Jy),  y  =  ’d,x,z 
mih  ojy{Jy)  =  being  frequency  of  nonlinear  oscilla¬ 

tions.  Let  the  unperturbed  bunch  be  given  by  its  distribution 
function  X,  Jz)  normalized  to  unit. 

II.  BASIC  SET  OF  EQUATIONS 

JBeam  dipole  moment  Dy{'d,t)  and  deflecting  Lorentz  force 
eSy{'dj  t)  averaged  over  beam  transverse  distribution  are  decom¬ 
posed  into  Dy^,k,eSy;k{^)e^^'^  ~  y  =  x,z  with  Q 
being  the  frequency  of  Fourier  transform  w.r.t.  the  co-rotating 
frame.  In  the  laboratory  frame  Q  is  seen  as  w  =  kuo  -h  Q.  Func¬ 
tions  f{i^y)  of  cyclic  variables  rpy  are  decomposed  into  Fourier 

series  Ylmy  with  niy  being  the  multipole  index  of 

direction  y  =  x,  z. 

According  to  Maxwell’s  Eqs.,  the  beam  interacts  with  the  vac¬ 
uum  chamber  elements  and  drives  horizontal  deflecting  S-field 
with 


^  + my, km  (1) 

^  y-x,z 

where  Ro  is  the  orbit  radius,  /?  is  beam  reduced  velocity, 
is  the  transverse  (dipole)  coupling  impedance.  Its 
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(xy)-matrix  nature  accounts  for  the  vacuum  chamber  cross- 
section  anisotropy,  if  any.  It  may  result  in  coupling  of  coherent 
motions  along  x,  z.  Here  we  study  the  standard,  axisymmetric 
case  y  =  x,z. 

Consider  a  beam  of  average  current  Jo'mM  <h  identical  and 
equispaced  bunches,  h  is  the  main  RF  harmonic  number,  h/M 
is  an  integer.  As  it  follows  from  the  Vlasov’s  linearized  Eq.,  the 
transverse  RTF  is 


Da;;k{^) 


_  i7rfio(/?a:)eJo 


where  Rouo/ua;{0)  is  /?-function  averaged  along  the 

ring,  E  is  the  total  energy  of  the  beam,  S^k'  is  the  Kronecker’s 
delta-symbol.  The  dispersion  integrals  (fi)  are  put  down  in 
terms  of  multipole  decomposition  series 


= 


{iuo/ir)  ^  V  x  (3) 

Z— ^ . rr— CO 

dCf^d^xdu z  ^  ^  Ox  ^ 

UOx 


III 


Here  M  =  Xxh  “  ^x(0)/a;o;  Xr  =  {Ps/^o){doJx{^)/dp) 
is  chromaticity  of  the  ring;  rj  =  a  —  7“^ ,  a  is  orbit  compaction 
factor,  7  is  relativistic  factor;  functions  are  the  coef¬ 
ficients  of  series  which  expand  a  plane  wave  M  into 

sum  over  longitudinal  multipoles: 

Treated  jointly,  Eqs.  1,2  yield  M  eigenvalue  problems 


XmD^,k  =  R^-^  Y,  Y^tkmk'{k'oJo  +  ^)D^.k',  (4) 

l'zz—00 

{kjk')  =  n  -h  —00  </,/'<  -foo.  Each  of  these 

stands  for  one  of  M  normal  coupled-bunch  modes  labeled  by, 
say,  n  =  0, 1, . .  .M  —  1.  has  the  dimension  Ohm/m  of  a 
transverse  impedance, 

R,  =  -{A^E)/{eJo{0x})<O^  (5) 

Generally,  the  characteristic  Eq.  of  coherent  oscillations  is 

1  =  A,(Q),  £={n,...),  (6) 

Xi{Q)  being  an  eigenvalue  of  Eq.4.  On  solving  this  Eq.  w.r.t. 
Q,  one  arrives  at  an  eigenfrequency  of  the  ^-th  coherent  mode, 
the  unstable  ones  having  Imfi  >  0. 
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III.  A  SINGLE-MODE  APPROACH 

To  simplify  the  problem,  we  make  specific  the  within-bunch 
mode  subindices  that  follow  the  coupled-bunch 

mode  index  n  in  ^  =  (n, . . .),  and  state  conditions  under  which 
such  a  mode  can  exhibit  itself  solely. 

1.  Derivation  of  Eq.3  tacitly  implies  =  0  which 

is  due  to  the  ‘smooth’  treatment  of  the  uncoupled  betatron 

z-oscillations.  Herefrom,  BTF  is  diagonal:  = 

,  y  =  x,z  (i.e.,  excitation  by  deflecting  force  eSz 
would  not  drive  etc). 

2.  Put  the  working  point  far  from  2-nd  order  SBRs, 

Jz)  +  =  ZMcjo,  (7) 

where  /  =  0, 1, 2, . . .  <  Wa,);  -oo  <  <  -|-oo. 

Hence,  resonant  fi:equencies  of  the  dipole  modes  =  ±1 
would  not  overlap,  and  either  can  be  treated  separately.  For  def¬ 
initeness,  we  take  the  upper  sideband  =  -hi,  the  lower  one 
providing  no  extra  information  on  beam  stability  unless  a  SBR, 
Eq  .7  is  encountered. 

3.  Take  bunches  with  a  small  nonlinearity, 

<  \Sujj:\  <u>^{0)  (8) 

Then,  at  each  sideband  w  2:^  Ara;o  -h  +  m(^ct;^(0)  near 
instability  threshold  (Imo?  -4  +0)  a  single  resonant  term  whose 
would  dominate  in  the  BTF,  On  dropping  the  rest, 
nonresonant  items,  the  so  called  approximation  of  uncoupled 
head-tail  modes  is  arrived  at. 

4.  Assume  ^7^)  =  F *  Fxz^J^x^  tTz)*  On  ap¬ 

plying  to  Eq,8,  ignore  the  longitudinal  tune  spread, 

a;,>(0).  Then,  characteristic  Eq.6  factorizes  to 

1  =  R-^  Cr(n)  (9) 

with  Yx  (O)  denoting  a  purely  transverse  dispersion  integral 

—  ytojo/Tr)  JJ  dJx^3z  J^x  X 

X  ll{{^-m^i^^{%-ujx{Jx,Jz))^  (10) 

Effective  (instability  driving)  impedance  Cr  (^)  of  mode  I  = 
(n,  mz=0,  mx=l,  r)  is  the  r-th  eigenvalue  of 

»  ^OO 

<^{Q)Dk  =  22„  ■^kk'Zk<{kUQ  +  ^l)Dk>,  (11) 


^ArAr'  =  /  ,k-Ak{J^)Imo  ,k>-Ak{J^)<^J^  i  (12) 

Jo 


with  coupling  resistance  i?^,  resonant  frequency  and  band¬ 
width  Auj^,  the  latter  two  complying  the  restrictions 

cjf  9^: /Ma;o/2,  ^=1,2, Muq.  (14) 

In  this  case  only  one  (Ari  Z  ~Ux/u;o  or  ^2  ^  -ojx/^o)  az¬ 
imuthal  harmonic  of  coupled-bunch  mode  n  would  fall  inside  the 
HOM  bandwidth.  Thus,  Eq.ll  reduces  to 

Cr{^)  =  AkkZk{ku}o-\^^),  r=l,  fe  =  fci,2,  (15) 

the  unstable  harmonic  being  ^2  (the  slow  betatron  wave).  As 
ReZ^^{u})  const  at  a;  ~  dio;^,  the  point  which 

represents  HOM’s  effect  at  Ar2  =  n  -|-  Ml  in  the  threshold  map 
moves  almost  parallel  to  imaginary  axis  of  the  complex  plane 
(y),  the  distance  from  the  axis  being  \Rx\/{Aic^k2R<;)  (H  <Ioes 
vary  insignificantly  due  to  Thus,  the  beam  stability  is 

surely  guaranteed  given 

\Rx\/{Ak,k2R,)  >  Ax  (16) 

where  is  a  maximal  Rey-extension  of  threshold  map. 

Ax  =  uomaxjj  5{u -u)x{Jx,Jz))  x  (17) 

X  {~~9Fxz{Jxy  t7^z)/dj^x)  \TxdJ^xdJ"z- 

Being  a  sufficient  stability  criterion,  inequality  Eq.  16  becomes 
a  necessary  one  in  large  rings  with  Wo  ^  Aw^.  Up  to  HOM  band¬ 
width  Aw^  and  w^;,  one  can  insert  k2  “(w^  -h  ujx) l^o 

into  Ak^k2  to  transform  it  into  the  longitudinal  formfactor, 

a(-^)  =  r  ~  Ak,kz  (18) 

Jo 

where  +  Xa:/7  and  0  <  <  1.  To  account 

for  all  head-tail  modes  available,  introduce  the  envelope 

A,?  =  max(A^"*'’^)  (19) 

TTh  ij 

which  is  a  function  of  the  external  parameters  only:  F^{J^), 
w^/wo,  Xir/^*  On  adopting  the  above  assumptions,  one  finally 
arrives  at  the  stability  criterion 

S  <  m  -  x  GO) 

^  -  A,  A,  "  A,  A,  eJoi/},}  '  ’ 

with  two  bunch  formfactors  At?,  A^  left  to  be  estimated. 

IV.  FORMFACTORS 


(fc, k')  =  n-\-  (/, r)M,  — oo  <ljV  <  -foo. 

5.  Index  r  that  emerges  from  this  eigenvalue  problem  specifies 
the  ‘radial’  (i.e.,  along  direction  in  the  plane  ??'))  pattern 
of  the  head-tail  mode  To  ensure  that  only  a  single  ‘radial’ 
mode  shows  itself  up,  consider  a  narrow  band  HOM  resonance 


Zk{o^)  = 


2wAw^  J 


(13) 


A.  Longitudinal  Formfactor 

According  to  Eq.8,  |^Wt?|  Wt?(0)  and  the  law  of  motion 

along  is  just  ?^(»7t?,  V't?)  —  VJ  cos('^t?  +  i>‘&o)-  Hence, 

\Imok{m'‘  ^  Jl,  (21) 

with  Jm{y)  denoting  Bessel  functions  of  the  m-th  order, 
A?^o  =  Ai^(j7’t?o)  being  longitudinal  half-width  of  the  bunch  (in 
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other  words,  oscillation  amplitude  along  t?  at  a  phase-plane  tra¬ 
jectory  JTI)  =  i7i)o)-  It  implies  the  following  reflection  properties 

A^^\-k,A^o)  =  A’^^\k,A^o)-  (22) 

Globally,  formfactor  A^°^  of  the  rigid-bunch  head-tail  mode 
=  0  dominates,  envelope  Atf,  Eq.l9  thus  coinciding  with 
A^°^  (except  forasmall  region  near  |^*A!?o|  ~  3-5  where  mode 
I  =  1  may  exhibit  itself). 

Replace  J^{y)  in  Eq.l8  by  their  quadratic  small-argument 
and  trigonometric  large-argument  (with  1/2  substituted  for 
cos^(. . .))  asymptotes.  On  integrating,  one  obtains  with  accu¬ 
racy  sufficient  for  practical  purposes, 

f  1  -  1  \k,A^o\^2; 

Atf~Ay^~^  (23) 

Here,  numerical  factors  <  1  and  (^“^)  >  1  with 
6  =  'd/A-do  are,  respectively,  mean-square  and  mean-reciprocal 
reduced  half-widths  of  a  bunch. 


Here  Joro,  are  the  action  variables  at  the  (effective)  edge 
of  the  bunch;  are  the  partial  betatron  tune  spreads, 

both  having  an  arbitrary  sign. 

On  inserting  Eq.26  into  Eq.l7,  one  sees  that  is  kept  intact 
by  a  simultaneous  reversal  of  signs  in  and  •  Therefore, 

taking  into  account  the  exact  Eqs.27-30  and  inflicting  no  loss  to 
generality,  rewrite  as 


(31) 

Sx  (±oo; . . .)  =  /r  (0; . . .)  =  1. 


Dots  in  fx  show  its  dependence  on  details  of  joint  distribution 
Fxz  {JxtJz)-  Fortunately,  the  calculations  show  that  fx  is  rather 
insensitive  to  Sujxx l^^xz  for  realistic  distributions.  With  a  good 
accuracy  Eq.31  can  be  used  with  fx  c::i  I,  which  plainly  puts 
down  transverse  formfactor  as  a  reciprocal  of  an  effective  beta¬ 
tron  tune  spread. 


Eqs.20,  23,  32  are  the  sought-for  tool  for  practical  estimates 
of  head-tail  instability  thresholds. 


B,  Transverse  Formfactor 

Let  us  introduce  normalized  to  unit  1-D  transverse  distribu¬ 
tions  Fx{Jx)  and  Fz{Jz)  where,  say,  Fx{Jx)  is 


roo 

F^{Jr)=  F^,{J^,J,)dJ,. 

7o 


Take  into  account  the  cubic  nonlinearity  of  the  magnetic  field 
which  results  in  betatron  tune  spread 


~  a;,(0)  -b  1^(0) (26) 

coefficients  at  and  being  controlled  with  the  octupole 
correctors. 

Formfactor  is  amenable  to  straightforward  calculations  in 
two  particular  cases.  Indeed,  ioxdujxIdJz  —  0 


l>xx  =  Jxo  max(J:^(-dFx(Jx)/dJx)). 
On  the  other  hand,  for  duJxjdJx  =  0  it  follows  that 


^xz  =  JTzo  max(F;(J^))  =  F;(0).  (30) 


V.  EXAMPLE  OF  APPLICATION 

Consider  the  UNK  1-st  Stage  which  is  to  be  equipped 
with  N  =  8x2  =  16  conventional  copper  cavi¬ 

ties,  their  length  being  L  =  0.5  m;  radius  ro  =  0.577  m; 
surface  resistance  (t~^  =  1.710“®  Ohmm.  The  figure 

shows  coupling  impedances  per  one  cavity  for  dipole  HOMs 
£’inp-  Tolerable  values  of  R^;  are  found  with  Eqs.20,23,32; 
Jo  =  1.4  A;  a  =  4.95-10“^;  Ux/ujo  =  55.7;  Sujxx/^o  = 
^^xzl^{)  =  0.5-10"^;  {I3x)  =  93.5  m.  Curve  A:  injection 
dX  E  =65  GeV  with  hA’d^/'K  =  0.54  and  standard  Xx  — 
-1-3,  Curve  B:  the  same  for  ~  -|-3  at  £"  =  600  GeV, 
hA'd[i/'K  =  0.38.  Curve  C:  large  negative  Xa;  —  ”30  as  required 
by  a  slow  extraction  scheme. 


a)/2n,  GHz 
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Evidently,  at  least  nine  of  the  UNK  cavity  transverse  ROMs 
are  to  be  damped  with  a  dedicated  system. 

More  details  on  the  topic  can  be  found  in  Ref.[l]. 
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Abstract 

For  a  Vlasov  treatment  of  longitudinal  stability  under  an  arbi¬ 
trary  wake  field,  with  the  solution  of  the  Haissinski  equation  as 
the  unperturbed  distribution,  it  is  important  to  have  the  action- 
angle  transformation  for  the  distorted  potential  well  in  a  conve¬ 
nient  form.  We  have  written  a  code  that  gives  the  transformation 
q,  p  J,  (j),  with  q{J,  as  a  Fourier  series  in  the  Fourier 
coefficients  and  the  Hamiltonian  H(J)  being  spline  functions  of 
J  in  (having  continuous  second  derivatives). 

L  The  Canonical  Transformation 

We  suppose  that  the  Hamiltonian  has  the  form 

«  =  Y  +  V(q),  (1) 

where  V  (q)  is  a  potential  well  with  continuous  derivative.  We 
discuss  only  values  of  the  constant  H  such  that  the  motion  con¬ 
sists  entirely  of  oscillations  between  two  turning  points  at  which 
p  =  0,  We  denote  the  turning  points  by  qo  and  qi ,  with  qo  <  q\, 
and  exclude  values  of  H  for  which  either  V\qo)  or  V\q\)  is 
zero.  We  define 

p{q,  H)  =  ±^2[H  -  V{q)l  (2) 

where  p  >  0  as  ^  moves  from  qo  to  q\,  and  p  <  0  as  it  returns 
from  qi  to  qo.  The  action  integral,  which  extends  over  a  full 
period  of  the  motion,  is 


1 

-  /  p(^,  H)dq.  (3) 

^  Jqq 


Thanks  to  our  assumption  that  V'iqi)  ^  0,  there  is  a  well-defined 
inverse  function  H{J), 

Hamilton’s  equations  imply  that  p  =  dqjdt.  If  t  =  0  at 
^  ,  the  time  t  for  displacement  q  is 


where  the  integration  path  is  understood  to  follow  all  oscillations 
that  occur  by  time  t:  qi  — >  qo  — >  qi  — >  •  •  •  — >  q(t). 
Since  H  depends  only  on  7,  Hamilton’s  equations  in  action- 
angle  variables  give  <!>  =  Oq  +  Choosing  d)(^i)  =  0, 

we  have  ^ 

nq,  H)  =  r  fj  (5) 

^  p{q\H) 

We  wish  to  find  the  functions  q{J,  d>),  p(/,  <I>),  and  H{J)  in 
a  form  that  will  be  convenient  for  repeated  and  fast  numerical 
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evaluations,  with  27r -periodicity  in  O  guaranteed.  We  also  want 
these  functions  to  have  continuous  second  derivatives  in  both 
variables.  These  requirements  arise  from  an  intended  application 
in  solutions  of  the  Vlasov  equation  with  Fokker-Plank  term,  as 
discussed  below.  A  convenient  expression  of  the  functions  is 


Y^q„(J)  cos  m<P 

(6) 

m~0 

p(J,i>)  = 

3<1> 

(7) 

with  qmU)  and  H{J)  expanded  in  terms  of  some  basis  func¬ 
tions  BkU)  and  Cjt(7): 


qmiJ)  =  ^qmkBk(J) 

k 

H{J)  =  J2^kCkiJ) 


The  formula  (7)  follows  from  the  derivative  of  (5)  with  respect 
to  <I>,  if  we  recall  that  H  is  only  a  function  of  J  when  written  in 
action-angle  coordinates. 

If  the  series  (6),  (8),  and  (9)  are  truncated  at  a  finite  number 
of  terms,  the  resulting  transformation  J,  O  — >  q,  p  will  not  be 
precisely  canonical  (i.e.,  symplectic).  A  measure  of  symplectic- 
ity  is  the  agreement  of  p  as  given  in  (7)  with 

p{j,  <!>)  =  ±y/2[H{J)  -  V(q(J,  <D))].  (10) 

If  p  is  given  by  (10),  a  calculation  of  the  Poisson  bracket  yields 
- 13^^// 


[q,  p]  = 


pd^dJ 


Thus,  if  p  from  (7)  agrees  with  p  from  (10),  we  have  a  canonical 
transformation,  since  [q,  p]  =  1.  With  a  moderate  number  of 
terms  in  the  series  (6),  (8),  and  (9),  the  transformation  can  be 
made  to  satisfy  the  canonical  condition  with  sufficient  precision 
for  our  purposes. 

IL  The  Primary  Integrations 

We  first  evaluate  the  integrals  (3)  and  (5)  on  a  regular  mesh  in 
H:  {Hi\i  =  1,...,jK'}.  The  turning  points  ^o(^/)  and  ^i(7f,) 
are  easily  found  by  a  Newton  iteration.  Tlie  factor  H'(J (Hi))  is 
defined  at  each  i  by 


;r  =  H'(J(Hi)) 


dq 

piq^HiY 


For  numerical  integration,  it  is  useful  to  change  the  variable  to 

_1  q\  +  qo  —  2q 

M  =  cos  ^ - .  (13; 

qo-q\ 
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The  inverse  of  this  transformation  is 


q  = 


^0  +  ^1  ,  q\  —  qo 


Then  (5)  becomes 
qi  - 


<P(q.  Hi)  = 


qo 


+ 


H\J(Hi)) 


COSM. 


(14) 


ru{q) 

Jo 


sinw'  du' 


V2[if/  -  V(q(u'))] 

(15) 

The  integrand  is  now  free  of  singularities.  For  a  nearly  quadratic 
potential,  O  is  close  to  u.  The  same  change  of  variable  is  used 
to  compute  J (Hi)  by  (3). 

Now  u  =  n  corresponds  to  ^  =  qo.  We  divide  the  inter¬ 
val  [0,  7t]  into  N  intervals,  and  integrate  by  Simpson’s  rule  [1]. 
The  first  and  last  intervals  are  treated  by  an  open  Newton-Cotes 
formula  [1],  to  avoid  taking  the  limit  of  the  integrand  at  the  end¬ 
points.  We  evaluate  the  integrand  (15)  for  upper  limit  u  at  all  of 
the  mesh  points  m/  .  The  value  of  N  is  increased  until  the  integral 
on  [0,  tt]  converges  to  machine  precision. 


III.  Finding  the  Fourier  Coefficients 

After  the  integrations,  the  angles  =  ^(q(uj).  Hi)  are 
known,  with  the  uj  on  a  large  regular  mesh  of  N  +  I  points. 
To  evaluate  the  Fourier  coefficients  q^  for  \m\  <  M,  we  search 
through  the  to  find  those  that  are  closest  to  the  points  one 
would  normally  use  in  a  discrete  Fourier  transform,  namely  the 
points 

k  =  0,...,M.  (16) 

M 

Denoting  those  angles  by  Ojfe,  and  the  corresponding  values  of 
q(uj)  by  q^^\  we  solve  the  following  linear  equations  for  the 
Fourier  coefficients: 

M 

^  w  =  ^  cos  mcDi,  k  =  0 . M  (17) 

m=0 

We  solve  this  system  as  follows:  if  we  assume  that  the  function 
q(<t>)  can  be  expressed  exactly  as 

M 

=  ^qm  cos  m4>,  (18) 

m— 0 

then  we  can  write  ^(Ojt)  in  terms  of  the  values  =  q(nklM) 
as 


IV.  Expressing  the  Transformation  as  a  Function  of 

J 

Let  qj^^  and  denote  the  values  of  qm  and  J  H  ^  Hi, 
as  determined  by  the  procedure  just  described.  To  get  the  re¬ 
quired  functions  of  7,  we  invoke  the  expansions  (8)  and  (9),  and 
determine  the  coefficients  by  solving  the  linear  systems 


q^  = 

k 

(20) 

(21) 

k 


where/  =  1, . . . ,  AT.  A  possible  improvement  is  to  use  the  values 
of  i/'(7^*^)  as  determined  in  (12)  for  an  additional  constraint  on 
the  function  H(J).  One  would  then  use  a  larger  set  of  basis 
functions  Q,  and  augment  (21)  with  the  additional  equations 

//'(7«)  =  ^  i  =  (22) 

k 

This  step  should  make  the  whole  scheme  more  self-consistent, 
and  could  be  quite  worthwhile. 

V.  Example 

We  have  written  a  code  which  finds  the  transformation  de¬ 
scribed  for  an  arbitrary  differentiable  potential  V .  It  computes 
the  transformation  from  7  =  0  (which  is  found  by  finding  the 
minimum  of  the  potential)  up  through  the  7  corresponding  to  a 
given  value  of  H.  The  basis  functions  Bj  and  Cj  are  both  taken 
to  be  B-Splines  [3]  in  \/7,  whose  knots  ti  are  chosen  to  be 


<0  = 

O 

11 

II 

(23) 

^  i+k-l 

U-\-k  — 

2:  v7<»  ,=0... 

y=j+l 

.,n-k-l  (24) 

7 

> 

11 

7 

II 

(25) 

as  described  on  pp.  218-9  of  [3].  The  code  computes  qm  for 
m  <  Af  for  a  given  integer  M,  We  do  not  use  the  data  for 
7/'(7^^^)  as  described  above. 

We  take  as  an  example  the  potential  V(q)  =  1  —  cos^.  We 
know  the  transformation  for  this  potential: 


sin 

2M  [  2 

cot  ^(^k  “  tt)  (19) 

sin^^  sin  M(^k 7tk/M)  ] 

'''  L  ^"sin(Ot  +  nk/M)  sin[(<l>*  -  nklM)/2]  j 

This  linear  system  can  then  be  solved  for  the  Xk,  the  function 
values  at  the  mesh  points.  The  discrete  Fourier  transform  of  the 
xic  then  gives  the  coefficients  qm.  The  advantage  of  this  is  that 
the  system  (19)  is  very  well  conditioned  if  the  are  close  to 
the  mesh  points  (16);  this  is  why  we  chose  the  mesh  points  Ojt 
as  described  above. 

The  system  (17)  can  also  be  solved  as  a  Vandermonde  system. 
There  are  0(n^)  direct  methods  for  solving  such  a  system  which 
should  work  very  well  [2]. 


8 

H  {h 

I\  {} 

/\  {1 

7  =  - 

r  1  -^1- 

- 

71 

2  V  2 

2  / . 

TT 

2 

E. 

2 


1  _  sin  ^/2]  | /2) 

^  A'(///2) 


F(sin-H^/^sin<7/2]|///2) 

K{HfT)  ^ 


/7  <  0 
p  >  0. 


(26) 

(27) 


Here  F  and  K  are  elliptic  integrals  [4]. 

We  will  check  the  accuracy  of  our  transformation  by  comput¬ 
ing  q  and  7/  on  a  uniform  mesh  in  7  of  lOK  points  and  a  uniform 
mesh  in  O  of  lOM  points  (excluding  0  =  0  and  O  =  it).  First, 
we  compute  H(J)  at  each  7  mesh  point,  then  substitute  that 
value  in  Eq.  (26)  and  compare  to  the  original  7.  We  give  the 
maximum  value  of  A7  =  |7(/7(7/))  —  7,1/7/  in  table  I.  Next, 
we  take  7/(7,)  and  ^(7,-,  Oy)  on  the  grid  described  and  compute 
O  using  Eq.  (27)  for  each  of  these  values.  These  results  are 
then  compared  to  the  original  O.  We  record  the  maximum  value 
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Table  I 

Accuracy  of  the  transformation.  Quartic  B-splines  are  used 
throughout.  Maximum  value  of  /f  is  1. 


died  easily  with  the  help  of  our  Fourier  series  (6)  for  q,  since 
d/dp  =  -{dq/dJ){d/d^)  +  {dqld<^){d/dJ).  Oide’s  rough 
treatment  of  the  Fokker-Planck  term  by  a  perturbative  method 
suggests  that  it  is  very  important  in  determining  thresholds  of 
instabilities. 
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of  AO  =  |0(//(/,),  q(Ji,  Oy))  —  Oyl  in  the  second  column 
of  table  I.  Finally,  we  check  the  symplecticity  of  the  resulting 
transformation  by  computing 


^s  = 


dq  dH 

^2[H  -  vm 


(28) 


for  values  where  neither  the  square  root  nor  9^/90  is  zero.  The 
maximum  value  of  this  is  recorded  in  the  third  column  of  table  I. 


VL  Conclusion 

We  have  described  a  method  for  determining  a  transforma¬ 
tion  of  a  one-dimensional  system  described  by  a  Hamiltonian  of 
the  form  (1)  to  action-angle  variables.  A  computer  program  to 
implement  this  method  has  been  written,  and  gives  satisfactory 
results  regarding  convergence. 

We  note  that  this  method  can  be  applied  even  to  a  V  {q)  which 
is  only  given  at  a  finite  number  of  points  qi.  We  simply  define 
V {q)  to  be  a  function  which  passes  through  these  values.  Any 
interpolation  method  may  be  used  to  define  such  a  V(^). 

This  work  was  motivated  by  the  desire  to  give  a  more  thor¬ 
ough  treatment  of  the  Vlasov  equation  for  longitudinal  instabil¬ 
ities,  along  the  lines  followed  by  Oide  and  Yokoya  [5].  These 
authors  linearize  the  Vlasov  equation  about  the  stationary  dis¬ 
tribution  derived  from  the  Haissinski  equation,  and  then  use  the 
action-angle  variables  7,  O  of  the  “distorted  potential  well”  im¬ 
plied  by  that  distribution.  The  perturbed  distribution  function 
^i(7,  O)  is  represented  as  a  Fourier  series  in  O  with  the  co¬ 
efficients  being  step  functions  in  J.  The  step  function  tech¬ 
nique  has  some  deficiencies.  It  gives  at  best  slow  conver¬ 
gence  as  the  steps  are  refined,  and  makes  it  difficult  to  treat 
the  Fokker-Planck  term,  —2S{d/dp){p^\  +  d^\/dp).  We  think 
that  it  would  be  better  to  use  a  spline  basis  for  the  J  de¬ 
pendence  of  4^1.  Then  the  Fokker-Planck  term  can  be  han- 
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Longitudinal  coupled-bunch  instabilities  in  the 
SRRC  L3  GeV  storage  ring  have  been  studied  by 
analyzing  the  signals  picked  up  from  the  stripline 
electrodes  and  rf  power  reflected  from  the  cavities.  The 
current  dependence  of  the  instability  strengths  was 
measured.  As  a  cross  check,  the  bunch  phase  jitters  as 
a  function  of  beam  current  has  also  been  measured  by 
using  sampling  optical  oscilloscope.  Threshold 
currents  of  a  few  milliamperes  have  been  determined 
from  both  measurements.  They  agree  with  each  other 
very  well.  It  is  also  found  that  the  strength  of  the 
instabilities  can  be  reduced  significantly  by  randomly 
distributing  electron  bunches  around  the  ring, 

L  INTRODUCTION 

In  a  storage  ring,  longitudinal  coupled-bunch 
instabilities  of  an  electron  beam  are  driven  by  the 
interaction  of  the  beam  with  its  environment,  especially 
with  the  high  Q  components  in  the  ring.  They  are  the 
main  obstacles  in  achieving  high  beam  intensity  with 
low  emittance.  In  a  synchrotron  radiation  facility,  the 
poor  emittance  due  to  the  instabilities  will  deteriorate 
the  quality  of  light  emission  from  undulators.  In  this 
study,  we  report  the  observations  of  the  instabilities  in 
the  SRRC  1.3  GeV  storage  ring.  A  list  of  relevant 
parameters  in  this  study  is  in  Table  1. 

Table  1.  Parameters  of  the  SRRC  1.3  GeV  storage  ring. 


E 

Beam  Energy 

1.3  GeV 

tb 

Nominal  Beam  Current 

200  mA 

a 

Momentum  Compaction  Factor 

0.00678 

frf 

RF  Frequency 

499.668  MHz 

fo 

Revolution  Frequency 

2.49834  MHz 

h 

Harmonic  Number 

200 

Shunt  Impedance  (two  cavities) 

6Mf2 

Vc 

Cavity  Gap  Voltage 

800  kV 

Ox 

FWHM  Bunch  Length 

58  psec 

fs 

Synchrotron  Freq.@800  kV 

28.73  kHz 

X 

Longitudinal  Damping  Time 

8.708  msec 

Observation  was  done  in  the  frequency  domain  by 
analyzing  beam  signals  picked  up  from  the  stripline 
electrodes.  The  stripline  was  installed  in  one  of  the 
straight  sections  where  the  beam  dispersion  is  low.  The 
instabilities  are  characterized  by  the  synchrotron 
sidebands  near  the  harmonics  of  revolution  frequency 
(unequal  bunch  lines).  Some  modes  were  found 
significantly  stronger  than  the  others.  Current 


dependence  of  these  modes  was  measured.  From  such 
measurement,  threshold  beam  current  and  the  saturated 
amplitude  of  the  instability  can  be  determined. 
Excitation  of  high  order  modes  can  be  monitored  from 
the  cavity  reverse  powers.  For  a  coherent  longitudinal 
beam  motion,  electron  bunches  jitter  about 
synchronous  phase.  By  using  a  sampling  optical 
oscilloscope  triggered  at  revolution  frequency,  bunch 
phase  jitters  can  be  measured  from  the  synchrotron 
light  emitted  by  the  electron  bunches.  The  bunch  phase 
jitters  as  a  function  of  beam  current  was  also  measured. 
There  exists  a  threshold  above  which  the  bunch  phase 
jitters  increase  with  beam  current.  The  threshold 
currents  obtained  from  both  measurements  agree  with 
each  other. 

A  simple  method  has  been  tried  to  reduce  the 
strengths  of  the  longitudinal  coupled-bunch 
instabilities  by  distributing  electron  bunches  randomly 
around  the  ring  such  that  the  bunch  spacings  are  not 
fixed.  In  such  scheme,  the  symmetry  of  bunch  spacing 
does  not  hold  and  thereby  reduce  the  strength  of  the 
beam  coherent  motions  that  are  excited  by  cavities  high 
order  modes.  In  a  preliminary  experiment,  the 
strengths  of  the  instabilities  were  reduced  significantly. 

II.  LINE  SPECTRUM  OF  LONGITUDINAL 
COUPLED-BUNCH  INSTABILITIES 

A.  Identification  of  The  Beam  Modes 

Each  line  in  the  spectrum  represents  a  specific 
mode  of  coherent  beam  motions.  The  signal  spectrum 
consists  of  lines  with  frequencies 

±(lifo+rafJ 

that  represent  longitudinal  coupled-bunch  modes. 
Where  fj.f  is  the  rf  frequency,  fo  the  revolution 
frequency  and  fg  the  synchrotron  oscillation  frequency; 
n=0,l,2,...,«>;  |l  and  m  are  the  coupled-bunch  mode 
and  the  within  bunch  mode  numbers  respectively. 

A  740  MHz  signal  was  observed  from  the  reverse 
power  of  one  cavity.  This  frequency  coincides  with 
the  resonant  frequency  of  TMon  -like  cavity  mode. 
Beam  modes  close  to  this  frequency  were  ~20  dB 
larger  than  the  others.  It  is  believed  that  these  modes 
have  been  excited  by  the  TMon  -like  mode.  At  700  kV 
gap  voltage,  a  typical  spectrum  picked  up  from  the 
stripline  is  shown  in  Fig.l 

In  the  figure,  the  measured  central  peak  frequency 
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Figure  1:  Synchrotron  sidebands  near  the  97th 
harmonics  of  the  revolution  frequency. 

is  exactly  the  97th  harmonics  of  revolution  frequency. 
It  has  sidebands  at  27.5  kHz  separations.  The  first 
synchrotron  sidebands  of  the  central  peak  correspond 
to  the  coupled-bunch  dipole  mode  with  mode  number 
|a=97  (right  hand  side)  and  |i=103  (left  hand  side).  The 
second  harmonics  of  synchrotron  frequency  correspond 
to  the  quadruple  modes.  And  the  third  harmonics  of 
synchrotron  sidebands  correspond  to  the  sextuple 
modes.  Since  the  dipole  modes  are  ~20  dB  larger  than 
the  quadruple  modes,  we  expect  the  bunches  will 
mainly  execute  coherent  rigid  bunch  synchrotron 
oscillations  as  observed  by  streak  camera  in  an 
independent  study  [1]. 

B.  Instability  strengths  and  Threshold  Current 

Current  dependence  of  the  |Li=97  dipole  mode  was 
measured  at  700  kV  gap  voltage.  The  amplitudes  of 
the  mode  with  respect  to  the  strengths  of  the  rf  carrier 
at  the  same  current,  I/Irf ,  are  plotted  in  Figure  2. 


BeamOiTent  (mA) 

Fig.2  Relative  amplitude  of  the  |li=97  longitudinal 
coupled-bunch  mode  versus  beam  current. 

At  beam  current  lower  than  the  4  mA  threshold, 
no  oscillations  are  observed.  Above  4  mA,  the 


instability  built  up  rapidly  and  saturated  beyond  30  mA. 
The  saturated  amplitude  was  25  dB  lower  than  the  rf 
carrier.  It  is  equivalent  to  a  phase  modulation  to  the  rf 
carrier  of  about  6°.  It  is  believed  that  the  instability  was 
stabilized  by  the  Landau  damping.  However,  the 
overall  effect  of  all  longitudinal  coupled-bunch  modes 
is  equivalent  to  -12°  phase  modulation  to  the  rf  carrier. 

C.  Random  Bunch  Distribution 

A  simple  method  has  been  proposed  to  reduce  the 
longitudinal  coupled-bunch  instabilities  by  filling  the 
bunches  into  buckets  and  leaving  the  gap  between 
bunches  arbitrarily.  In  a  first  test,  sixty  out  of  two 
hundred  buckets  were  chosen  by  a  random  number 
generator  and  each  of  these  buckets  was  filled  at  -0.3 
mA  by  single  bunch  injection.  At  18  mA,  the  measured 
amplitude  of  the  |X=97  dipole  mode  was  -15  dB  lower 
than  the  previous  observation  at  the  same  current. 
Unfortunately,  further  studies  are  limited  by  the  slow 
injection  process.  In  further  studies,  multibunch 
injection  will  be  employed  and  individual  bunches  can 
be  knock  out  randomly  by  using  an  impulse  kicker. 
Since  the  randomness  of  the  bunch  distributions 
depends  on  the  harmonic  number  and  the  maximum 
current  depends  on  number  of  bunches  in  the  ring  and 
the  threshold  current  of  single  bunch  instabilities. 

III.  AMPLITUDES  OF  BUNCH  PHASE 
OSCILLATIONS 

Bunch  phase  jitters  can  be  measured  from  a 
synchrotron  light  monitor  which  is  installed  for  the 
measurement  of  beam  size  in  the  middle  of  a  long 
straight  section.  In  such  setup,  a  HAMAMATSU  OOS- 
OlA^IS  sampling  optical  oscilloscope  triggered  at 
revolution  frequency  has  been  used.  Time  structure  the 
of  the  electron  beam  can  also  be  studied. 

A.  Current  Dependence  of  Bunch  Phase  Oscillations 

The  experiment  were  performed  under  following 
conditions.  A  beam  current  of  200  mA  was 
accumulated  with  -20%  gap.  The  bunch  current  was 
kept  below  the  microwave  instabilities  threshold  such 
that  bunch  length  would  not  be  affected.  During  the 
measurements,  beam  current  was  varied  by  inserting 
the  scraper  into  the  chamber  gradually  and  pulled  it  all 
the  way  out  during  data  collections.  The  current 
dependence  of  the  bunch  phase  jitters  are  depicted  in 
Figure  3.  At  high  beam  current  of  about  180  mA,  the 
averaged  FWHM  bunch  phase  jitters  was  about  240 
picosecond.  Amplitude  of  the  jitters  decreases  as  the 
beam  current  decreases  until  the  beam  current  drops  to 
about  6  mA.  As  the  current  went  below  6  mA,  the 
jitters  stayed  constant  at  -80  picoseconds. 
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Figures:  Measured  bunch  phase  jitters  versus  beam 
current. 

B.  Systematic  Error 

Since  the  measured  value  (we  called  it  bunch 
phase  jitters  for  simplicity)  is  the  square  root  sum  of 
“real”  bunch  phase  jitters,  natural  bunch  length  and  the 
systematic  error.  In  order  to  determine  the  threshold 
current  for  the  phase  jitters,  systematic  error  of  the 
setup  should  be  calibrated.  Calibration  can  be  done  by 
measuring  the  bunch  length  as  a  function  of 
synchrotron  frequency  at  low  beam  current. 
Synchrotron  frequency  can  be  controlled  by  changing 
the  cavity  gap  voltage  (Figure  4).  An  offset  of  about  50 
picoseconds  were  found  by  comparing  the  measured 
values  with  the  theoretical  values  at  1  mA. 


Figure  4:  Measured  bunch  length  (dots)  versus 
synchrotron  oscillation  frequency  at  1  mA  beam 
current.  Solid  line  represents  the  fitted  curve  from  the 
measured  data.  Theoretical  curve  (dashed  line)  is 
drawn  to  compare  with  the  measurements. 

It  shows  that  the  system  has  an  error  of  50  picoseconds 
contribute  to  the  measured  values.  Therefore,  by 
subtracting  systematic  error  and  assuming  no  bunch 


phase  jitters,  the  values  at  very  low  current  in  the 
bunch  phase  measurements  are  -60  picoseconds.  They 
are  consistent  with  the  theoretical  bunch  length.  This 
result  justified  the  assumption  of  no  bunch  phase  jitters 
at  beam  currents  lower  than  6  mA.  We  concluded  that 
the  threshold  determined  in  this  measurement  is  6  mA. 
It  agrees  very  well  with  the  previous  frequency  domain 
measurement. 

IV.  SUMMARY  AND  DISCUSSIONS 

In  summary,  observations  on  longitudinal  coupled- 
bunch  instabilities  have  been  performed.  The  current 
dependent  characteristics  of  certain  modes  were 
measured.  The  threshold  currents  of  the  instabilities 
are  rather  low.  The  instabilities  can  be  excited  by 
electron  beam  of  a  few  milliamperes  and  saturated  at 
about  few  tens  of  milliamperes.  The  sole  effect  of  these 
instabilities  is  equivalent  to  -12°  phase  modulation  to 
the  rf  carrier  at  200  mA.  As  observed  in  the  spectrum, 
dipole  modes  dominate  over  quadruple  modes  by  -20 
dB.  Excitations  of  dipole  modes  in  the  SRRC  storage 
ring  have  been  predicted  by  Juinn-Ming  Wang  [2].  The 
bunch  phase  jitters  was  measured  by  sampling  optical 
oscilloscope.  At  200  mA  beam  current,  bunch  phase 
jitters  can  be  as  high  as  240  picoseconds.  Threshold 
current  measured  in  such  experiment  was  6  mA.  It 
agrees  with  the  frequency  domain  measurement. 

A  simple  way  to  reduce  the  amplitudes  of  the 
instabilities  by  random  bunch  distribution  was  tested. 
A  reduction  of  -15  dB  have  been  observed  at  18  mA  in 
compare  with  the  ordinary  bunch  distribution.  The 
effectiveness  and  the  usefulness  of  this  approach  have 
to  be  justified  in  fiirther  studies.  The  feasibilities  of 
implementing  longitudinal  feedback  to  damp  the 
bunch  phase  oscillations[3]  and  firequency  control  of 
high  order  modes  by  changing  cavity  temperature  to 
avoid  the  excitations  of  the  instabilities  [4]  are  under 
study  also. 
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Abstract 

Transverse  oscillations  are  observed  in  the  SRRC  storage  ring 
as  the  empty  filling  gap  or  the  chromaticity  is  not  big  enough. 
The  source  of  transverse  oscillations  are  mostly  coming  from 
ions.  From  experimental  evidence  the  beam  quality  will  be  im¬ 
proved  as  transverse  oscillation  is  suppressed.  The  RF  knockout 
method  is  employed  to  cure  the  transverse  oscillations  by  shak¬ 
ing  at  the  frequency  of  betatron  sideband.  The  details  of  the 
shaking  and  the  improvement  on  beam  quality  are  discussed  as 
RF  knockout  method  is  applied. 

1.  INTRODUCTION 

The  SRRC  storage  ring  is  dedicated  for  synchrotron  radiation 
from  1.3GeV  electrons.  It  is  routinely  operated  at  200mA  for 
the  users.  The  vacuum  pressure  of  this  routine  operation  condi¬ 
tion  is  around  2  ntorr.  Since  the  commissioning  of  storage  ring, 
transverse  oscillation  of  the  electron  beam  has  been  observed. 
The  behavior  of  this  oscillation  is  coherent.  Figure  1  shows 
the  spontaneous  peaks  in  spectrum  analyzer  for  both  transverse 
planes.  It  is  clear  the  first  harmonics  ( dipole  mode)  of  the  verti¬ 
cal  is  much  stronger  than  the  others  and  in  most  cases  only  this 
peak  shows  up.  It  is  also  found  frequency  of  the  first  harmon¬ 
ics  for  both  transverse  planes  coincide  with  or  is  very  close  to 
the  betatron  tune  respectively.  Synchrotron  satellite  peaks  also 
show  up  in  the  spectrum. 
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Figure  1.  Transverse  oscillation  spectrum 

After  a  series  study  the  transverse  oscillation  is  found  to  be 
cured  by  leaving  a  big  enough  empty  gap  or  by  applying  strong 
enough  chromaticity.  The  vacuum  pressure  is  also  found  to  be  a 
critical  parameter  for  this  oscillation.  The  spontaneous  peak  can 
be  generated  by  the  high  vacuum  pressure,  10  ntorr  locally  will 
produce  vertical  peak  and  higher  vacuum  pressure  will  in  addi¬ 
tional  excite  horizontal  peak.  During  the  commissioning  of  1.8 
tesla  wiggler  at  February  this  year,  a  new  chamber  was  installed 
in  the  wiggler  section  and  the  local  pressure  is  increased  up  to 
100  ntorr  with  current  of  20mA.  Drastic  transverse  oscillation 
was  found  in  this  high  vacuum.  It  is  gradually  reduced  as  the 
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vacuum  is  continuously  cleaned  by  synchrotron  radiation.  This 
indicates  the  transverse  oscillation  is  mostly  generated  by  ions 
and  some  of  its  effect  has  been  studied^^l.  At  present  the  beam 
is  stored  with  a  big  enough  empty  gap  and  strong  enough  chro¬ 
maticity  is  also  applied  to  minimize  and  to  damp  the  transverse 
oscillation.  While  stronger  chromaticity  means  larger  nonlinear 
field  on  the  beam,  which  will  reduce  the  dynamic  aperture  and 
lifetime.  If  the  chromaticity  increased  from  zero  to  +3,  the  re¬ 
duction  of  lifetime  is  around  three  hours.  This  fact  motivates  the 
cleaning  study  for  ions  by  RF  knockout  method. 

In  this  paper  we  approach  the  study  from  experimental  point 
of  view.  The  betatron  sideband  frequency  is  chosen  for  the  shak¬ 
ing  frequency.  The  effectiveness  of  the  shaking  is  discussed. 
Improvements  of  the  beam  quality  are  also  shown  in  lifetime, 
beam  size  and  in  the  suppression  of  transverse  oscillation. 

IL  THE  EXPERIMENTAL  SETUP 

As  ions  are  trapped,  the  electron  beam  and  the  ions  inter¬ 
act  with  each  other  and  two  beam  instability  appearsl^^’^1.  The 
transverse  oscillation  is  excited  by  ion  kick  and  the  beam  perfor¬ 
mance  is  then  deteriorated!^^’® As  ion  oscillation  amplitude 
is  shaken  to  larger  and  goes  out  of  trapping,  its  effect  on  the 
beam  will  be  reduced  and  minimized.  This  is  the  sprite  of  ion 
shaking. 

In  this  paper,  details  of  the  ion  cleaning  study  by  RF  knock¬ 
out  method  are  described.  The  shaking  field  is  applied  from  An- 
ritsu  MG  3601 A  signal  generator  to  the  excitation  electrode.  Re¬ 
sponse  signal  from  the  electron  beam  is  obtained  from  stripline 
and  analyzed  by  HP8568B  spectrum  analyzer.  HP  34401  DVM 
converts  the  spectrum  analyzer  signal  to  a  PC  station.  IEEE- 
488  cable  is  used  for  the  connection  between  experimental  de¬ 
vices.  The  shaking  and  the  data  acquiring  process  are  program 
controlled  in  the  PC  station.  Figure  2  shows  the  setup  for  this 
experiment. 


Figure  2.  Experimental  setup  for  the  shaking  and  data  acquisi¬ 
tion  system 
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III.  THE  EXPERIMENTAL  RESULTS 

Theoretically  ions  can  be  driven  to  resonance  by  shaking  its 
oscillation  frequency  directly.  It  is  also  possible  to  shake  ions 
by  shaking  the  betatron  sideband  of  the  electron  beamf®’^^  indi¬ 
rectly.  The  shaking  frequency,  controlled  by  PC  station,  can  be 
swept  in  a  desired  range  with  chosen  step.  Since  vertical  dipole 
mode  is  the  most  harmful  and  obvious  one  of  the  instability,  this 
peak  was  picked  up  in  the  spectrum  analyzer  with  zero  span  to 
observe  the  shaking  effectiveness  as  the  shaking  frequency  is 
swept  through. 

Since  single  charged  hydrogen  molecule  ion  contributes  about 
93%  in  the  residual  gas  and  could  play  an  important  role  in 
ion  effectt^l,  hydrogen  oscillation  frequency  of  around  34MHz 
at  200mA  was  applied  at  the  beginning.  While  no  effective 
improvement  was  found.  The  shaking  effectiveness  is  then 
checked  by  sweeping  from  0.1  to  36MHz  with  step  size  of  500 
or  700Hz.  It  is  found  some  of  the  betatron  sideband  frequency 
can  suppress  the  vertical  dipole  mode.  The  effective  range  for 
the  horizontal  is  from  6  to  20MHz  and  is  not  obvious  for  the 
rest  frequency.  The  behavior  in  vertical  is  much  strange.  En¬ 
hancement  of  the  spontaneous  peak  has  been  observed  with  the 
application  of  vertical  betatron  sideband  frequency  from  0.1  to 
7MHz.  As  the  sweeping  frequency  goes  up,  the  suppression 
ability  shows  up  gradually.  In  the  range  of  7  to  13MHz  the  ver¬ 
tical  sideband  enhances  the  spontaneous  peak  first  and  then  sup¬ 
presses  it.  For  the  frequency  of  13  to  36MHz,  suppression  on 
the  spontaneous  peaks  is  obvious. 

To  check  more  detail  on  shaking  effectiveness,  the  beam  re¬ 
sponse  signal  is  input  into  HP89440 A  spectrum  analyzer  instead 
of  HP8568B  with  a  wide  enough  span  to  take  all  of  the  horizon¬ 
tal  and  vertical  spontaneous  peaks.  Since  the  HP89440A  has 
the  spectrogram  function,  if  can  record  the  time  information  of 
the  spectrum  during  shaking.  There  is  a  clear  suppression  on 
all  of  the  spontaneous  peaks  as  the  effective  betatron  sideband 
applied,  which  indicates  the  effectiveness  of  shaking.  Since  ef¬ 
fective  frequency  is  always  located  at  betatron  sideband  in  the 
horizontal  or  the  vertical  in  some  range,  it  indicates  the  effective 
shaking  is  shaking  beam  process  indirectly. 

The  next  step  is  to  investigate  the  detail  behavior  of  the  spon¬ 
taneous  peak  as  effective  sideband  frequency  is  applied.  The 
frequency  step  of  the  shaking  is  down  to  below  50Hz  in  this 
case,  usually  MHz  frequency  step  is  used.  The  shaking  results 
for  one  of  the  horizonti  betatron  sideband  is  shown  in  figure  3 
in  which  the  vertical  dipole  mode  spectrum  is  suppressed  as  the 
frequency  of  around  11.9MHz  is  applied.  The  effective  band¬ 
width  for  this  frequency  is  around  2KHz. 

Suppression  ability  for  the  vertical  betatron  sideband  are  also 
shown  in  figure  4  as  the  frequency  applied  around  32.69  and 
32.26MHz,  which  are  the  fast  and  slow  wave  of  one  high  har¬ 
monic  of  the  revolution  frequency.  From  what  shown  in  figure 
4,  the  effective  bandwidth  of  around  4KHz  is  wider  than  the  hor¬ 
izontal.  However  there  is  a  small  range  of  l.SKHz  within  which 
the  vertical  dipole  mode  is  not  fully  suppressed.  The  feature 
of  the  vertical  dipole  mode  not  fully  suppressed  is  more  obvi¬ 
ous  for  the  slow  wave.  This  indicates  the  shaking  ability  of  fast 
wave  vertical  betatron  sideband  is  more  effective  than  the  slow 
one,  which  can  be  also  found  in  other  literaturesf^’^°4i] 
effective  shaking  pattern  for  the  fast  and  slow  wave  seems  hav- 


Figure  3,  Suppression  of  vertical  dipole  mode  by  horizontal 
betatron  sideband  frequency. 


ing  mirror  symmetry  w.r.t.  one  high  harmonic  of  the  revolution 
frequency.  Since  the  effective  bandwidth  for  both  transverse  be¬ 
tatron  sideband  is  larger  than  2KHz,  the  previous  searching  of 
effective  frequency  from  0.1  to  36MHz  with  the  step  of  500  or 
700Hz  should  not  lost  any  information. 
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Figure  4.  Suppression  of  vertical  dipole  mode  by  vertical  beta¬ 
tron  sideband  frequency 

As  the  effective  frequency  was  found  out,  the  improvement 
on  the  beam  is  also  investigated.  The  suppression  on  the  trans¬ 
verse  oscillation  indicates  the  minimalization  of  ion  effect  on 
the  beam.  The  improvement  reveals  in  the  increasing  of  beam 
lifetime,  the  reduction  of  beam  size  (emittance)  and  the  stabi¬ 
lization  of  photon  beam  etc.  The  lifetime  of  the  SRRC  storage 
ring  is  dominated  by  Touschek  effect.  As  transverse  oscilla¬ 
tion  happens,  the  beam  size  dilutes,  which  results  to  a  bigger 
lifetime.  The  lifetime  can  be  larger  than  25  hours  at  the  zero 
chromaticity  in  this  deteriorated  performance.  At  present  user 
run,  strong  chromaticity  was  applied  to  damp  transverse  oscil¬ 
lation.  The  beam  size  is  around  one  thirds  of  the  diluted  one, 
which  increases  the  Touschek  scattering  process  within  bunches 
and  reduces  the  lifetime.  As  effective  betatron  sideband  was  ap¬ 
plied  to  suppress  the  transverse  oscillation,  the  reduction  of  the 
beam  size  is  also  found.  While  there  could  have  an  increasing 
of  beam  lifetime  instead  of  reduction.  The  lifetime  increase- 
ment  is  around  2  hours,  which  proves  the  benefit  of  this  method. 
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When  the  shaking  is  applied  as  the  machine  operated  at  strong 
chromaticity,  i.e  the  transverse  oscillation  has  been  damped,  the 
improvement  on  lifetime  is  not  obvious.  Figure  5  shows  the  im¬ 
age  of  the  synchrotron  light  from  one  of  the  photon  beamline, 
which  can  be  traced  back  to  get  the  beam  size  information  at  the 
source  point.  It  is  clear  the  photon  beam  size  is  diluted  as  the 
transverse  oscillation  occurs  and  the  improvement  is  also  found 
if  strong  chromaticity  or  effective  shaking  frequency  applied. 


Figure  5.  Photon  beam  size  with  and  without  suppression  with 
abscissa  the  horizontal  size  and  ordinate  the  vertical  size  in  ar¬ 
bitrary  uint 


Though  the  shaking  method  can  suppress  transverse  instabil¬ 
ity  from  ions  and  increases  the  lifetime  instead  of  decreasing, 
it  also  has  difficulty  during  application,  i.e  the  lock  on  of  res¬ 
onance  frequency.  As  ions  are  shaken  to  larger  amplitude  its 
resonance  frequency  is  decreasingl^^’^®’^^’^^^  which  makes  the 
shaking  frequency  out  of  lock.  In  this  case  the  treinsverse  insta¬ 
bility  comes  in  again. 


IV.  CONCLUSION 

The  transverse  oscillation  caused  by  the  ions  deteriorate  the 
beam  performance  in  many  aspects.  At  least  three  spontaneous 
peaks  were  found  among  which  the  vertical  dipole  mode  is  the 
most  harmful  and  obvious  one  of  this  instability.  The  SRRC 
storage  ring  is  now  operated  with  a  big  enough  empty  gap  and 
with  a  strong  chromaticity  to  damp  the  oscillation.  While  a  re¬ 
duction  of  the  lifetime  is  found  as  strong  chromaticity  is  ap¬ 
plied.  The  RF  knockout  method  is  also  possible  to  clean  the 
trapped  ions  from  electron  beam  and  to  suppress  the  transverse 
oscillation  as  effective  horizontal  or  vertical  betatron  sideband 
frequency  applied.  The  effective  range  was  searched  from  0.1 
to  36MHz  and  it  was  found  has  obvious  effect  from  6  to  20MHz 
for  the  horizontal.  Vertical  effective  range  is  from  13  to  36MHz. 
The  effective  bandwidth  for  the  horizontal  is  around  2KHz  and 
it  is  wider  for  the  vertical.  However  there  is  a  l.SKHz  range  for 
the  vertical,  within  which  the  vertical  dipole  mode  is  not  fully 
suppressed.  It  is  also  found  the  vertical  fast  wave  sideband  is 
more  effective  than  the  slow  one.  The  beam  lifetime  could  be 


increased  for  around  2  hours  and  the  beam  size  (emittance)  is 
reduced  as  the  proper  frequency  applied.  The  pulsation  of  the 
beam  size  is  basically  canceled  and  the  photon  beam  of  the  syn¬ 
chrotron  radiation  is  stabilized.  If  the  shaking  frequency  is  out 
of  lock,  the  instability  could  appear  again.  From  the  experimen¬ 
tal  results  the  RF  knockout  shaJdng  beam  method  basically  can 
cure  the  instability  coming  from  ions.  While  lock  on  of  the  shak¬ 
ing  frequency  with  the  ion  resonance  becomes  a  critical  issue  in 
practical  application. 
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Abstract 

A  Hamamatsu  C5680  streak  camera  was  set  up  to  observe  the 
beam  motion  at  one  of  the  synchrotron  light  ports  at  SRRC.  The 
single  bunch,  two  bunches  and  a  few  bunches  longitudinal  beam 
motion  w^e  observed  by  the  streak  camera.  The  longitudinal 
dipole  mode  motion  was  seen  in  some  cases.  The  oscillation 
amplitude  was  measured  and  compared  with  the  signal  from 
stripline  on  spectrum  analyzer.  The  experimental  obsmration 
was  also  conq)ared  with  theoretical  predictions. 

1.  EXPERIMENTAL  SETUP 

The  experimental  setup  is  shown  in  fig.l.  Synchrotron  light 
from  one  of  the  bending  magnet  is  guided  by  optical  elements 
into  the  streak  camera  through  the  pin  hole  or  slit  at  the  head 
of  streak  camera.  The  main  body  of  the  Hamamatsu  C5680 
streak  camera  is  mainly  coir^osed  of  one  photocathod,  2  pairs 
of  sweeping  electrodes,  one  in  vertical  and  another  one  in  hori¬ 
zontal,  MCP(micro  channel  plate)  streak  tube,  phosphor  screen 
and  a  high  sensitive  camera.  The  synchrotron  light  is  first  con¬ 
verted  into  electron  by  the  photocathod.  The  electron  is  de¬ 
flected  v/h&i  passing  through  the  electrodes  and  then  is  multi¬ 
plied  by  the  MCP  streak  tube.  The  MCP  gain  can  be  controlled 
according  to  the  experimental  needs.  Finally  the  electrons  hit 
on  the  phosphor  screen  after  streak  tube  and  are  converted  into 
light  again.  By  using  the  CCD,  the  image,  usually  called  the 
streak  image,  can  be  displayed  on  a  TV  monitor.  By  measur¬ 
ing  the  time  structure  of  the  synchrotron  light  the  longitudinal 
information  of  the  beam  can  be  derived. 

There  are  optional  plug-ins  for  the  sweeping  voltage  of  the 
vertical  electrode.  At  SRRC  we  use  two  kind  of  plug-ins  for  the 
vertical  electrode  sweeping  voltage.  One  is  M5676  fast  single 
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Figure  1.  The  set  up  of  streak  camera  system 
0-7803-3053-6/96/$5.00  ®1996  ffiEE 


sweep  unit  with  maximum  sweep  r^)etitionrate  10  kHz  and  ver¬ 
tical  range  from  200  ps  to  50  ns.  The  sweeping  voltage  used  for 
this  unit  is  linear.  Another  plug-in  used  is  M5675  synchroscan 
unit  with  125  MHz  sinusoidal  swe^ing  voltage.  Considering 
the  linearity  of  the  swe^ing  voltage  of  M5675  only  a  linuted 
vertical  time  scale  up  to  1.4  ns  is  used.  By  applying  a  M5679 
Dual  Time  Base  Extends:  unit  to  the  horizontal  sweq)  electrode 
the  display  of  the  image  can  be  extended  in  the  horizontal  di¬ 
rection  to  make  a  two  dimensional  time  display  of  streak  image. 
This  makes  the  single  shot  measurement  of  the  beam  possible. 
The  maximum  repetition  rate  of  the  unit  is  10  Hz  and  the  hor¬ 
izontal  sweep  range  is  from  100  ns  to  100  ms.  Because  of  the 
different  time  scale  of  the  two  dimensional  display  the  vertical 
axis  is  called  fast  axis  and  the  horizontal  slow  axis,  respectively. 

Tlie  signal  from  the  master  clock  (500  MHz)  is  used  as  the 
source  of  the  trigger  signal  to  the  streak  camera.  For  syn¬ 
chroscan  operation  mode  the  signal  from  the  master  clock  is  put 
into  a  prescalar  unit  to  divide  the  frequency  down  to  125  MHz. 
At  every  sweep  of  the  sinusoidal  wave  there  will  be  4  bunches. 
But  as  mentioned  above  considering  the  linearity  of  the  sweep¬ 
ing  only  the  bunches  located  at  the  z^proximately  linear  region 
will  be  displayed.  Hence  in  the  synchroscan  operation  mode 
only  the  streak  image  of  two  bunches  displayed  on  the  moni¬ 
tor  and  the  two  bunches  are  not  successive  bunches  but  first  and 
third  or  second  and  fourth  bunches.  A  2  ns  delay  is  used  to  se¬ 
lect  which  pair  of  bunches  to  observe.  For  fast  single  sweep  the 
signal  from  the  master  clock  need  to  be  divided  by  two  hundred 
to  match  the  revolution  frequency  of  2.5  MHz.  The  revolution 
frequency  is  put  into  a  C4547-01  trigger  unit  to  generate  a  trig¬ 
ger  and  a  pretrigger  signal.  These  two  signals  are  then  put  into 
fast  single  sweep  unit  for  streak  trigger  and  gate  mode  trigger. 
The  gate  mode  operation  will  filter  out  unwanted  noise  and  en¬ 
hance  the  measurements.  In  single  bunch  experiment  a  delay 
unit  is  needed  to  delay  the  trigger  signal  to  coincide  with  the 
single  bunch  event. 

The  streak  image  can  be  displayed  on  a  TV  monitor.  A  frame 
grabber  board  is  used  to  acquire  the  image  data  and  an  image 
data  processing  software  is  implemented  on  a  power  Macintosh 
to  analyze  the  data.  Through  the  GPIP  the  power  MAC  can  also 
be  used  to  control  the  operation  of  the  streak  camera  instead  of 
using  a  local  controller. 

11.  THE  EXPERIMENTAL  RESULTS 

A,  Synchroscan  Operation 

Because  of  the  high  repetition  rate  of  the  sweeping  voltage, 
the  synchroscan  operation  mode  can  be  used  to  observe  the 
bunch  motion  in  successive  turn.  By  choosing  the  horizontal 
sweeping  time  longer  than  the  period  of  synchrotron  motion, 
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one  can  observe  the  longitudinal  coupled  bunch  motion  on  the 
streak  camera.  At  SRRC  the  period  of  synchrotron  motion  is  37 
^s  at  RF  gap  voltage  of  700  kV.  Different  bunch  patterns  such  as 
single  bunch,  two  symmetric  bunches,  two  equal  bunches  with 
different  spacing,  three  equal  successive  bunches  and  three  un¬ 
equal  successive  bunches  were  observed.  The  bunch  pattern  was 
shown  on  a  Tektronic  602  digitizing  signal  analyzer  by  puting 
the  signal  of  stripline  electrodes  to  the  analyzer.  The  spectrum 
of  synchrotron  sideband  was  measured  by  spectrum  analyzer 
and  was  compared  with  the  results  on  streak  camera.  The  time 
domain  longitudinal  bunch  motion  was  observed  on  the  streak 
camera.  The  results  are  shown  in  fig.2,  3  and  4.  The  full  scale 
of  the  slow  (horizontal)  axis  is  500  fis  except  in  fig.4  which  is 
50  //s.  The  full  scale  of  the  fast  axis  is  1.4  ns.  In  fig.2  we  see  no 
obvious  longitudinal  beam  oscillation  for  single  bunch  at  cur¬ 
rent  of  12  mA.  For  two  successive  bunch  each  with  current  of 
3  mA,  again  no  obvious  longitudinal  oscillation  was  observed. 
The  same  results  were  obtained  for  two  equal  bunch  with  differ¬ 
ent  spacing,  4  ns,  6  ns,  8  ns,  10  ns,  100  ns  and  200  ns  (symmetric 
bunches).  The  longitudinal  bunch  motion  of  three  equal  succes¬ 
sive  bunches  are  shown  in  fig.3.  Here  a  very  small  fourth  bunch 
is  shown.  The  bunches  performed  longitudinal  periodic  motion 
as  is  shown  in  the  figure.  The  period  of  the  motion  is  around  37 
/iS  which  is  consistent  with  the  frequency  of  the  first  synchrotron 
sideband  as  measured  from  the  spectrum  analyzer.  The  longitu¬ 
dinal  dipole  mode  motion  was  observed  on  the  streak  camera. 
The  oscillation  amplitudes  of  the  bunches  were  first  <  second 
< third  < fourth.  The  total  current  of  the  bunches  was  8mA. 
Fig.4  shows  the  motion  of  three  unequal  successive  bunches. 
It  shows  clear  sign  of  dipole  mode  oscillation  of  the  beam.  One 
can  even  observe  the  periodic  changing  of  bunch  length  in  twice 
the  frequency  of  dipole  mode  motion.  This  is  believed  to  be 
the  quadrupole  mode  motion.  The  observation  on  streak  camera 
was  consistent  with  the  results  showed  on  the  spectrum  analyzer 
where  the  second  synchrotron  sideband  showed.  The  oscillation 
amplitude  went  smaller  when  beam  current  was  smaller.  This 
tendency  showed  both  on  streak  camera  and  spectrum  analyzer. 

B.  Fast  Single  Sweep 

The  fast  single  sweep  unit  can  be  used  to  measure  the  single 
shot  bunch  population  and  bunch  length.  Due  to  the  repetition 
rate  of  this  unit,  it  can’t  be  used  to  observe  the  turn  by  turn  mo¬ 
tion.  Further  works  on  the  investigation  of  the  longitudinal  beam 
instability  by  using  this  unit  are  in  progressing.  Here  we  show 
in  fig.5  the  results  of  single  bunch  length  versus  RF  gap  voltage 
with  current  around  2  mA.  It  is  compared  with  the  natural  bunch 
length  at  the  same  gap  voltage.  The  measured  bunch  length  is 
consistent  with  the  calculation  except  at  gap  voltage  150  kV.  The 
streak  image  get  at  this  mode  is  shown  in  fig.6.  The  vertical  axis 
of  the  figure  is  1  ns,  the  horizontal  is  1  ms  and  the  rate  of  the 
vertical  sweeping  is  10  kHz. 

III.  DISCUSSION 

The  longitudinal  beam  instability  was  also  investigated  at 
SRRC^  by  using  the  spectrum  analyzer.  The  frequency  for  the 
longitudinal  symmetric  coupled  bunch  motion  is^: 

=  nBfrev  ±  Sfrev  ±  (1) 


Where  S=0,1,...,B-1,  B  is  the  number  of  bunches,  (27r/B)S  is  the 
phase  difference  of  adjacent  bunches  and  p  is  the  coupled  bunch 
mode  number.  For  longitudinal  dipole  mode  p  equals  to  1.  From 
the  observation  the  beam  mode  with  frequency  close  to  the  res¬ 
onant  frequency  of  TMqh - ^higher  order  cavity  mode  was 

found.  The  resonant  frequency  of  this  mode  is  around  743  MHz, 
which  close  to  mode  of  n=l,  B=200,  S=97  for  200  bunches,  or 
n=148,  B=2,  S=1  for  two  symmetric  bunches.  The  longitudinal 
beam  instability  of  symmetrical  coupled  bunch  of  SRRC  had 
been  calculated^.  The  contribution  of  the  growth  time  of  the 
TMoii  mode  in  the  worst  case  with  0.2  mA  per  bunch  is  0.4  ms. 
Comparing  with  the  synchrotron  damping  time  8.7  ms,  it  can 
cause  beam  instability.  So  an  attempt  was  made  to  characterize 
on  streak  camera  the  effect  of  TMqh  and  other  high  Q  mode  by 
using  a  single  bunch  and  two  symmetric  bunches  operation.  As 
showing  in  fig.2  there  is  no  obvious  oscillation  for  single  bunch. 
The  same  result  is  shown  for  two  symmetric  bunches.  We  had 
tried  to  change  the  spectrum  of  the  bunch  population  by  chang¬ 
ing  the  spacing  of  the  two  bunches.  But  still  no  obvious  beam 
oscillation  was  seen  at  that  time.  An  interesting  phenomena  is 
shown  in  fig.3.  The  oscillation  amplitudes  of  the  bunches  are 
different  and  increasing  one  by  one.  The  possible  reason  is  that 
the  motion  is  caused  by  a  short  wake  field.  The  leading  bunch 
can’t  see  the  wake  field  due  to  the  latter  bunch  since  the  field 
already  decays  when  leading  bunch  arrives.  The  wake  field  will 
effect  only  several  near  bunches  and  will  add  up.  So  the  latter 
bunch  sees  the  larger  wake  field  thus  operates  bigger  oscillation. 
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Figure  2.  The  streak  image  of  single  bunch.  The  full  vertical 
scale  is  1.4  ns  and  is  500  ps  for  the  horizontal. 
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Figure  3.  The  streak  image  of  four  successive  bunches.  The 
bunch  sequence  from  top  to  bottom  is  third,  first,  fourth  and 
second.  The  vertical  scale  is  1.4  ns  and  is  500  //s  for  the  hori¬ 
zontal. 


Figure  4.  The  streak  image  of  three  successive  unequal  bunches. 
The  bunch  sequence  from  top  to  bottom  is  third,  first  and  second. 
The  vertical  scale  is  1.4  ns  and  is  50  fis  for  the  horizontal. 


Figure  6.  The  streak  image  of  single  bunch  on  fast  single  sweep 
mode.  The  vertical  scale  is  1  ns  and  the  is  1  ms  for  the  horizon¬ 
tal. 
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Abstract 

The  resistive-wall  instability  of  charged  particle  beams  has 
been  experimentally  studied  in  space-charge  dominated  electron 
beams.  The  beam  energy  is  in  the  range  of  3  to  8.5  keV,  the  beam 
current  is  betwera  25  mA  and  62  mA.  In  the  expaiment,  electron 
beams  produced  from  a  thmnionic  cathode  are  passed  through  a 
0.96  m  long  glass  tube  coated  with  a  resistive  material,  and  lo¬ 
calized  space-charge  waves  are  launched  in  the  beams.  The  first 
preliminary  experiment  clearly  shows  the  growth  of  slow  space- 
charge  waves  and  the  decay  of  fast  space-charge  waves.  More 
systematic  measurements  and  analysis  of  the  growth(decay)  rate 
are  in  progress. 


L  INTRODUCTION 

Charged  particle  beams  with  high  brightness  and  low  energy 
spread  have  many  irc^ortant  applications  such  as  high-current 
linear  accelerators,  free  electron  lasers,  heavy-ion  fusion  drivers, 
etc.  Such  high  quality  beams  should  be  accelerated  and  trans¬ 
ported  without  serious  beam  quality  deterioration  due  to  insta¬ 
bilities  and  other  effects.  One  potential  problem  is  the  resistive- 
wall  instability  which  causes  an  increase  of  the  longitudinal 
beam  energy  spread.  The  increase  of  the  longitudinal  energy 
spread,  in  turn,  may  lead  to  transverse  emittance  growth  due  to 
coupling  between  the  longitudinal  and  transverse  forces  acting 
on  the  particles. 

Historically,  the  resistive-wall  instability  was  first  studied  by 
Birdsall  et  Their  main  interest  was  in  the  generation  of 

microwaves.  Later,  Neil  and  Sesslerl^^  studied  the  effect  of  the 
longitudinal  instability  on  the  relativistic  beams  in  circulator  ac¬ 
celerators.  More  recently,  theoretical  and  simulation  works  for 
the  longitudinal  instability  were  done  in  connection  with  heavy- 
ion  fusion  induction  linacs.^^^"^^^  However,  a  direct  experimen¬ 
tal  verification  for  the  growth  and  decay  rates  of  short  perturba¬ 
tions  has  not  been  reported  so  far.  Recently  we  have  started  a 
series  of  experiments  to  investigate  the  resistive-wall  instability 
by  launching  localized  space-charge  waves  in  beams.  The  first 
experiments  show  very  clearly  the  growth  of  slow  space-charge 
waves  and  the  decay  of  fast  space-charge  waves. 

In  the  following  sections  of  this  paper,  these  experiments  on 
the  resistive-wall  instability  are  discussed. 

IL  EXPERIMENTAL  SETUP 

Figure  1  shows  the  experimental  setup  for  the  resistive-wall 
instability  studies.  As  shown  in  the  figure,  the  experimental 
system  consists  of  the  electron  beam  injector,  the  resistive-wall 

*This  work  was  supported  by  the  U.S.  Department  of  Energy 
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Figure.  1.  Experimental  setup. 


channel,  and  the  diagnostic  chamber.  The  electron  beam  injec¬ 
tor  includes  the  variable-perveance  gridded  electron  gun  and  the 
three  matching  lenses.  The  resistive-wall  channel  is  a  glass  tube 
of  which  the  inner  surface  is  coated  with  Sn02.  The  length  of 
the  resistive  part  is  0.96  m,  the  total  resistance  is  5.4  kQ,  and  the 
inner  tube  radius  is  1.9  cm.  The  beams  firom  the  electron  gun 
are  accelerated  by  high  voltage(3-8.5  keV),  and  then  matched 
with  the  aid  of  the  three  solenoid  lenses  into  the  resistive  trans¬ 
port  channel.  The  beams  inside  of  the  resistive  transport  chan¬ 
nel  are  uniformly  focused  by  a  long  solenoid  surrounding  the 
glass  tube.  The  magnetic  field  of  the  solenoid  is  in  the  range  of 
46  to  66  G.  The  beam  current  signals  at  the  entrance  and  exit  of 
the  channel  are  measured  with  two  wall-current  monitors  which 
are  1.48  m  apart  from  each  other.  The  diagnostic  chamber  is 
placed  at  the  end  of  the  channel.  An  one-inch  diameter  phosphor 
screen  in  the  diagnostic  chamber  can  be  alternatively  inserted 
into  the  resistive  transport  channel  for  fluorescent  beam  image 
formation.  The  beam  images  from  the  phosphor  screen  are  cap¬ 
tured  by  the  CCD(Charge  Coupled  Device)  camera  through  a 
window  and  transferred  to  a  computer  for  analysis.  For  studies 
of  the  resistive-wall  effect  on  fast  space-charge  waves,  beams 
with  energies  in  the  range  of  6  to  8.5  keV  and  currents  in  the 
range  of  56  to  60  mA  are  used.  The  generalized  beam  perveance, 
K  =  (///o)(2//?^7^),  is  calculated  to  be  between  1.1  x  10“^ 
and  2.0  x  10”^,  with  Iq  =  1.7  x  10"^ A  and  /?<>,  To  the  usual 
relativistic  velocity  and  energy  factors.  For  instability  studies  of 
slow  space-charge  waves,  beams  with  energies  of  3  to  5  keV  and 
currents  of  25  to  62  mA  are  used.  In  this  case,  the  generalized 
beam  perveance  is  about  2.9  x  10“^. 
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Tiine(ns) 

Figure.  2.  (a)  Typical  cuirait  profiles  with  a  slow  space^charge 
wave  in  the  middle  of  the  beam  pulse,  (b)  Zoom-in  view  of  the 
perturbation  part  of  the  beam  pulses.  The  square-sh^)ed  slow 
wave  with  a  width  of  about  10  ns  is  shown  to  grow.  Ihe  v^tical 
scale  is  2.5  mA/div. 

The  beam  pulses  produced  with  a  rectangular  grid  voltage 
pulse  have  a  typical  width  of  about  110  ns.  In  ord^  to  launch 
localized  space-charge  waves,  small  square-shaped  currmt  per¬ 
turbations  with  a  width  of  about  10  ns  are  gen^ated  in  the  mid¬ 
dle  of  these  beam  pulses.  In  the  beam  frame,  the  current  per¬ 
turbation  can  propagate  in  forward  direction  as  a  fast  wave  or  it 
can  propagate  in  backward  direction  as  a  slow  wave.t^*^l  Gener¬ 
ations  of  fast  and  slow  waves  dq)end  on  electron  gun  conditions 
such  as  anode-cathode  distance,  cathode  teiiq)eratuie,  cathode- 
anode  voltage,  etc.f^^l  In  some  intermediate  conditions,  the  per¬ 
turbation  can  exist  as  a  mixture  of  fast  and  slow  waves.  In 
our  resistive-wall  instability  expeiments,  such  mixed  waves  are 
avoided  to  abtain  separate  measurements  of  the  behavior  of  in¬ 
dividual  fast  and  slow  waves. 

m.  mSlJLTSOFMEASmEMEmS 

A  typical  current  profile  with  a  slow  space-charge  wave  is 
shown  in  Figure  2(a).  The  small  square-sh£^)ed  peturbation  in 
the  middle  of  the  beam  pulse,  indicated  by  the  arrow  in  the  fig¬ 
ure,  moves  in  the  bachward  direction  in  the  beam  frame.  Figure 
2(b)  shows  the  net  perturbation  signal  produced  by  subtracting 
the  beam  pulse  with  the  perturbation  from  the  beam  pulse  with¬ 
out  the  perturbation.  It  is  evident  that  the  anq)litude  of  the  per¬ 
turbation  grows  as  it  propagates  in  the  beam. 

Numerical  calculations  of  the  growth  for  slow  space-charge 
waves  were  done  for  comparison  with  the  experimental  results. 
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Figure.  3.  Numerical  result  of  the  growth  of  a  square-sh£^)ed 
perturbation.  The  p^turbation  is  a  slow  wave  in  the  beam  with 
an  energy  of  4  keV  and  a  current  of  48  mA. 

The  calculation  is  based  on  the  linear  resistive-wall  instability 
theory  in  the  long-wavelength  limit.t^^^  In  our  exprament,  the 
space-charge  impedance  is  not  much  greats  than  the  wall  resis¬ 
tance  of  the  transport  channel.  In  this  case,  the  growth  rate  is 
a  function  of  frequency.  The  square-sh^)ed  p^turbation  in  the 
beam  contains  a  broad  range  of  firequ^cies  so  that  many  fre¬ 
quency  conqponents  of  the  paturbation  should  be  taken  into  ac¬ 
count.  Rgure  3  shows  a  numerical  calculation  result  for  a  per¬ 
turbation  in  the  beam.  In  the  figure,  the  left  signal  is  an  initial 
perturbation  at  the  location  of  the  first  curr^t  monitor,  and  the 
right  signal  is  a  numerically  calculated  ouq)ut  at  the  location  of 
the  second  current  monitor.  As  shown  in  the  figure,  the  ampli¬ 
tude  of  the  p^turbation  increases  and  the  p^turbation  is  a  little 
deformed  due  to  the  dispersion.  In  the  calculation,  the  capacitive 
effect  of  the  transport  channel  is  not  included,  and  a  beam  with 
an  energy  of  4  kV  and  a  current  of  48  mA  is  used. 

The  expoimental  result  for  the  growth  rate  of  the  slow  space- 
charge  waves  is  shown  in  Figure  4.  The  round  data  points  are 
from  the  experiment  and  the  cross  points  are  from  nummeal  cal¬ 
culation.  The  triangular  points  are  the  spatial  growth  rates  from 
the  conventional  long-wavelength  limit  formulal^^^ 


where  is  a  wall-resistance  per  unit  length,  Zo  a  characteristic 
in^edanceof  free  space,  7  the  beam  current,  7©  the  characteristic 
curxCTt,  g  the  geometry  factor.  The  formula  is  valid  if  the  space- 
charge  iirqpedance  dominats  over  the  wall  impedance.  As  shown 
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Figure.  4.  Spatial  growth  rate  of  slow  space-charge  waves.  The 
round  data  points  are  from  the  experiment,  cross  points  are  from 
numerical  calculation,  and  the  triangular  points  are  from  Eq.  (1 ). 

in  the  figure,  the  experimental  amplitude  growth  of  the  perturba¬ 
tion  agrees  with  the  numerical  result. 

In  the  experiment  of  fast  space-charge  waves,  various  beam 
energies  between  6  keV  and  8.5  keV  are  used.  The  experimental 
results  of  the  spatial  decay  rates  are  shown  in  Figure  5(round  data 
points).  The  cross  points  are  from  numerical  calculations  and  the 
triangular  points  are  from  Eq.  (1).  As  shown  in  the  figure,  the 
experimental  data  agrees  with  the  numerical  result.  For  analysis 
of  localized  space-charge  waves  in  a  resistive  transport  channel, 
it  is  necessary  to  take  into  account  of  wide  range  of  frequencies 
in  the  localized  perturbations. 

IV.  SUMMARY 

Localized  slow  space-charge  waves  are  clearly  observed 
to  grow  as  they  propagate  in  a  transport  channel  with  wall- 
resistivity.  The  measured  amplitude  growth  of  the  square-shaped 
perturbations  is  significantly  smaller  than  that  of  the  long  wave¬ 
length  limit  formula  which  applies  to  sinusoidal  perturbations. 
Similarly  the  decay  of  localized  fast  space-charge  waves  are  ob¬ 
served,  and  the  measured  amplitude  decay  is  smaller  than  the  for¬ 
mula  for  sinusoidal  perturbations. 

As  pointed  out  in  the  introduction,  the  instability  will  cause 
beam  quality  deterioration.  For  better  understanding  and  exper¬ 
imental  verification  of  beam  quality  deterioration,  further  exper¬ 
iments  and  analysis  are  needed.  Our  next  experiments  for  time- 
resolved  beam  energy  spread  and  emittance  measurements  will 
provide  more  information  about  the  resistive-wall  instability. 
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Figure.  5.  Spatial  growth  rate  of  fast  space-charge  waves.  The 
round  data  points  are  from  the  experiment,  cross  points  are  from 
numerical  result,  and  the  triangular  points  are  from  Eq.  (1). 
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Abstract 

In  proton  machines,  potential-well  distortion  leads  to  small 
amount  of  bunch  lengthening  with  minimal  head-tail  asymmetry. 
Longitudinal  mode-mixing  instability  occurs  at  higher  azimuthal 
modes.  When  the  driving  resonance  is  of  broad-band,  the  thresh¬ 
old  corresponds  to  Keil-Schnell  criterion  for  microwave  instabil¬ 
ity.  [1]  When  the  driving  resonance  is  narrower  than  the  bunch 
spectrum,  the  threshold  corresponds  to  a  similar  criterion  derived 
before.  [2] 


L  Introduction 

Proton  bunches  are  very  much  different  from  electron 
bunches.  First,  electron  bunches  have  a  length  roughly  equal 
to  the  radius  of  the  beam  pipe,  whereas  proton  bunches  are  usu¬ 
ally  very  much  longer.  Second,  the  momentum  spread  of  the 
electron  bunches  is  determined  by  the  heavy  synchrotron  radia¬ 
tion.  Protons  do  not  radiate  and  behave  quite  differently  in  the 
longitudinal  phase  space,  with  the  bunch  area  conserved  instead. 
These  differences  lead  to  different  results  in  potential-well  dis¬ 
tortion  and  mode  mixing,  which  we  will  discuss  briefly  below. 
The  details  are  given  in  a  separate  paper.  [3] 

IL  Potential- Well  Distortion 

As  an  example,  the  bunches  in  the  Fermilab  Main  Ring  have 
a  typical  full  length  of  ^  60  cm  or  ^  2  ns.  The  spectrum 
has  a  half  width  of  ~  0.5  GHz.  Therefore,  the  static  bunch 
profile  is  hardly  affected  by  the  resistive  part  of  the  broad-band 
impedance  which  is  centered  at  1.5  ^  2  GHz.  As  a  result,  the 
inductive  part  of  the  broad-band  will  only  lead  to  a  symmetric 
broadening  (shortening)  of  the  bunch  above  (below)  transition. 
Numerically  solving  the  Haissinski  equation  [4]  confirms  this 
conjecture.  Strictly  speaking,  the  Haissinski  equation  does  not 
apply  to  proton  bunches  where  the  bunch  area  is  conserved  and 
the  momentum  spread  is  not  a  fixed  Gaussian. 

Since  the  driving  impedance  is  inductive,  the  wake  potential  is 
the  derivative  of  the  5 -function.  For  a  parabolic  bunch,  the  wake 
force  will  be  linear  and  can  be  superimposed  onto  the  linearized 
rf  force  easily.  We  use  for  the  distribution  in  longitudinal  z-8 
phase  space,  [5] 


IttcosoIq)  k  / 


-  KZ 


2 


(2.1) 


where  rf  is  the  phase-slip  parameter,  c  the  velocity  of  light, 
(OsoI27t  the  unperturbed  synchrotron  frequency,  and  N  the  num¬ 
ber  of  particles  in  the  bunch.  The  original  half  length  of  the 
bunch  zo  has  been  lengthened  to  whereas  the  momen¬ 

tum  spread  8  is  shortened  by  so  that  the  bunch  area  remains 
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the  same.  The  Hamiltonian  is  modified  to 


H  = 


+  (2.2) 

2cOgQ  2, 


where 


3e^Nj]c^ 

4na)^Ezl 


(2.3) 


The  incoherent  synchrotron  angular  frequency  is  therefore  cos  = 
a)jo(l  “*  Since  the  distribution  0  (z,  8)  must  be  a  func¬ 

tion  of  the  Hamiltonian,  we  obtain  the  constraint =  1-D/c^/^. 
Take  a  Fermilab  Main  Ring  bunch  with  N  =  25  x  10^®  at 
E  =  150  GeV,  bunch  area  0.15  eV-sec,  and  synchrotron  tune 
Vso  =  0.0030.  The  accelerator  ring  has  a  revolution  frequency 
/o  =  47.7  kHz,  a  phase-slip  parameter  7]  =  0.0028,  and  the 
inductive  impedance  is  believed  to  be  Z/n|ind  ^  10  Ohms. 
Then  D  =  0.204,  indicating  that  the  bunch  has  been  length¬ 
ened  by  =  1.05  and  the  momentum  spread  flattened  by 
5%.  This  implies  that  we  cannot  infer  the  the  momentum  spread 
by  naively  measuring  the  bunch  length  and  the  synchrotron  fre¬ 
quency  through  the  relation  8  =  cOsoTi/r],  because  the  answer 
will  be  10%  too  large,  giving  a  wrong  idea  about  the  amount  of 
Landau  damping.  Instead,  the  momentum  spread  should  be  mea¬ 
sured  from  Schottky  signals  or  inferred  through  dispersion  from 
the  measurement  of  the  transverse  profile  of  the  bunch  using  a 
flying  wire. 


III.  Mode-Mixing 

The  shifts  of  the  synchrotron  side-bands  can  be  derived 
using  Vlasov  equation.  Here,  we  follow  the  Sacherer’s  ap¬ 
proach.  [6]  The  coherent  side-band  synchrotron  angular  frequen¬ 
cies  (o  can  be  obtained  from  the  determinant 

\(a)  -  mcos)8„^,n'  -  =  0  .  (3.1) 

The  longitudinal  impedance  Z (n)  in  the  matrix  elements  M^m'  = 
ecOsAmm'  is  responsible  for  the  coupling  of  the  azimuthal  modes, 
with 

H  T,nUnrZ(n)/n]h„„>(n) 

^mm'  —  ,  -  v-'  /  /  \  » 

where  hmm'{n)  =  X^(n)X;„'(n)  are  the  overlap  of  the  spectral 
function  (n)  of  the  bunch  obtained  by  solving  the  matrix  M^m'  • 
In  the  above,  €  =  ^(£t>5oM)^,  ^  =  Ib(Rs/nr)/(3BlhV  cos  (t>s), 
h  the  average  bunch  current,  Z  the  resonant  impedance  cen¬ 
tered  at  fr  =  fir  fo  and  normalized  to  the  shunt  impedance  Rs, 
V  unperturbed  rf  voltage,  the  synchronized  phase,  the  rf 
harmonic,  Bq  =  r^/o  the  bunching  factor,  and  xi  the  full  bunch 
length  in  sec. 

Potential- well  distortion  has  been  neglected  in  the  formulation, 
because  the  effect  is  small  for  proton  machines.  We  will  use  a 
prescribed  set  of  Xmip)  instead  of  the  eigenvectors.  Although 
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self-consistency  will  be  lost,  we  do  think  that  the  essence  of  the 
results  will  not  be  affected.  We  use  Sacherer’s  sinusoidal  bunch 
profiles.  The  spectral  functions  are 


x«(p)  =  {-7r 


m  +  1 
7jt 


cos  nx/2 
x2-(m  +  l)2  ’ 


(3.3) 


when  m  is  even  and  with  cosine  replaced  by  sine  when  m  is 
odd.  A  dimensionless  fi^uency  parameter  jc  =  2n/oT/.  has  been 
introduced,  so  that,  with  the  exception  of  m  =  0,  the  spectrum 
for  the  mth  mode  peaks  at  jc  m  +  1.  Continuing  with  the 
example  of  the  Familab  Main  Ring  which  has  a  broad  band 
m^)edance  centored  at  x,-  =  7.5  or  fr  ~  1.88  GHz  and  2^1, 
we  find  the  colliding  of  modes  6  and  7  in  Fig.  1,  and  the  bunch 
becomes  unstable  at  €  =  0.94.  This  is  expected,  because  the 
symmetries  of  Eqs.  (3.2)  and  (3.3)  show  that  ReZ  is  responsible 
for  the  coupling  between  two  adjacent  modes.  Note  that  the 
ordinate  of  Kg.  1  is  normalized  with  respect  to  the  unperturbed 
synchrotron  frequency  suid  an  adjustment  for  the  incoherent 

tune  shift  has  been  made. 


Fig.  2.  Instability  thresholds  €tk  and  for  various  widths  of  the  resonance 
impedance  located  at  =  3.5  to  1 1.5. 


Fig.  3.  Enhancem^t  of  (RtfZ/n)nBx  (normalized  to  Rg)  and  its  firequency 
position  X  as  the  quality  factor  Q  of  the  resonance  centered  at  x^  =  7.5 
decreases. 


Rg.  2.  Coiqilmg  of  modes  m  ^6  and  7  in  the  jniesCTce  of  a  resonance  at 
Xr  =  7.5  and  0  =  1. 

We  vary  Q  and  confute  the  threshold  €th  in  each  case.  The 
result  is  plotted  in  Kg.  2  versus  z  =  ^fr^L  =  Xrl4Q,  whae 
Afr  =  fr/2Q  is  the  HWHM  of  the  resonance.  Also  plotted  are 
threshold  curves  at  different  resonant  frequencies  x^.  Note  that 
all  the  curves  approach  aminimum  threshold  of  €th  ^  0.92atz  « 
0.6.  The  latter  has  the  physical  meaning  of  the  resonance  peak 
just  wide  enough  to  cover  only  two  coupling  modes,  A  smaller 
z  implies  that  the  resonance  peak  is  too  narrow  and  interacts 
with  only  parts  of  the  two  mode  spectra,  thus  giving  a  high^ 
instability  threshold.  A  larger  z  means  that  the  resonance  wiU 
cover  more  than  two  mode  spectra.  For  x^  =  7.5  say,  modes  6 
and  7  wiU  then  be  pulled  and  pushed  also  by  the  other  modes, 
so  the  threshold  for  their  collision  is  expected  to  be  higher  also. 
However,  Eq.  (2.2)  reveals  that  the  coupling  comes  in  not  through 
ReZ(n)  but  through  ReZ(n) /n,  whose  peak  value  becomes  larger 
and  the  peak  frequency  smaUer  when  Q  is  smaU,  as  illustrated  in 
Kg.  3.  As  a  result,  the  lower  modes  start  to  coUide  first  (Fig.  4). 
Thus  the  threshold  for  large  z  remains  smaU,  which  is  very  much 
different  from  what  Sacherer  stated  in  his  paper. 


rv.  Microwave  Instability  Driven  by  Broad 
Resonances 

Microwave  instability  can  occur  when  the  resonance  is 
much  wider  than  the  bunch  spectnun.  When  this  h£q)pens,  many 
coherent  modes  are  excited.  Therefore  the  threshold  at  the  z'^  I 
end,  €th  ^  0.75,  is  the  threshold  of  microwave  instability.  This 
threshold  condition  can  be  easUy  rewritten  in  tains  of  the  en- 
ergy  spread  (A£)fwhm  =  §(A£)fi,n  and  peak  bunch  cuirent 
Ip  =  Ttlb/lxtfo  of  the  sinusoidal  profile  as 

4  Ip  \  E  /pwHM 

This  is  the  familiar  Boussard-modified  Keil-Schnell  criterion  [  1] 
of  microwave  instability  driven  by  a  broad  resonance.  The  form 
factor  for  this  type  of  bunch  shape  should  be  sUghtly  bigger 
than  unity,  which  is  very  close  to  =  1.3  obtained  here. 
The  equivalence  of  mode-coupling  and  microwave  instability 
had  been  pointed  out  by  Sacherer  [6]  and  Laclare.  [7] 

When  z  ^  0.6,  ReZ  is  just  wide  enough  to  cover  two  adjacent 
azimuthal  modes  m  andm'  =  m -hi,  and  the  excitation  is  one  with 
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Fig.  4.  Mode  coiq>ling  starts  at  the  lowest  modes  when  the  driving  resonance  is 
much  wider  than  die  bunch  spectrum.  Here  Xr  =  7.5,  Q  =  0.2,  ri.  =  2  ns,  ot 
z  =  37.5. 


Xr  =  |(m  +  3)  nodes  along  the  bunch.  The  coupling  matrix  can 
be  truncated  to  include  only  these  two  modes.  From  Eq.  (3.1), 
the  eigen  modes  aie 

~  =  \  +  ‘'m')  ^  y/ j  ,  (4.2) 

where  Vk=k-{-  eAtk,  k  —  mox  w! ,  The  threshold  of  instability 
^th  is  therefore  given  by 

^mm)  1|  •  (^•3) 

The  matrix  elements  Am'm/,  and  Amm'  bave  been  computed 
numerically  for  any  two  adjacent  m,  m',  with  the  resonance  peak 
centered  at  +  3).  The  result  is  actually  very  close 

to  €th  =  0.92  and  depends  on  m  very  weakly.  It  can  also  be 
estimated  easOy.  Since  A„/„/  A^^,  we  have 

If  we  further  approximate  the  resonance  and  adjacent  spectra  by 
rectangular  curves,  we  get  |Awl  ^  0.5. 


V.  Microwave  Instability  Driven  by  Narrow 
Resonances 


When  the  resonance  is  much  narrower  than  the  width  of  the 
bunch  spectrum,  we  have  z  1.  Then,  the  summation  over 
frequency  in  Eq.  (3.2)  can  be  approximated  by 


;  .  (5.1) 

n  n 


For  this,  we  need  a  new  dimensionless  current  parameter  e'  = 
2Ib(Rs/Q)/(?BQhV  cos  <f>s)^  This  new  threshold  is  now  plot¬ 
ted  versus  z  in  Fig.  2.  For  small  z,  we  obtain  ^  0.75  which 
is  almost  independent  of  x^.  Again,  this  threshold  can  be  com¬ 
puted  numerically  using  the  truncated  2x2  coupling  matrix,  or 
estimated  by  approximating  the  spectral  functions  by  rectangular 
curves.  When  it  is  cast  into  the  form 


^  ^  2^^,  r,{E/e) 

Q  h  \E  ^pwHM  ’ 


(5.2) 


it  is  just  the  criterion  of  microwave  instability  driven  by  an 
impedance  resonance  that  is  narrower  than  the  bunch  spec¬ 
trum.  [2]  The  form  factor  is  0.41,  which  agrees  very  well  with 
^^'tk  ^  ^  ^  more  ^propriate  microwave  in- 

st^ility  threshold  for  electron  machines,  since  electron  bunches 
are  short 


VI.  Going  Below  Transition 

Figure  1  shows  that  the  coherent  frequencies  tend  to  cluster 
together  when  the  current  €  increases.  This  is  because  we  are 
above  transition,  cos^^  <  0.  Looking  into  the  diagonal  ele¬ 
ments  of  Eq.  (3.2),  modes  with  #n  <  Xr  —  1  (>  x^  —  1)  sample 
the  inductive  (c^acitive)  part  of  the  inq)edance  and  are  shifted 
upward  (downward).  Below  transition,  the  shifts  will  be  in  the 
opposite  direction;  i.e.,  diverging  outward  with  increasing  e.  In 
other  words,  the  mode-mixing  threshold  €th  will  be  increased, 
or  the  bunch  becomes  more  stable.  We  tried  to  reverse  the  sign 
of  cos  4>s  m  the  example  of  Fig.  1  and  found  €tk  increases  from 
0.94  to  1.88.  Therefore,  a  bunch  in  a  machine  with  a  negative 
momentum-corrqiaction  factor  [8]  wiU  be  more  stable.  This  idea 
had  been  pointed  out  by  Fang  et  al  [9]  in  shortening  electron 
bunches. 
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ABSTRACT 

It  is  of  interest  to  determine  how  short  a  bunch  can 
be  maintained  in  a  storage  ring.  Some  aspects  of  this  problem 
depend  on  specific  details  of  the  storage  ring  design. 
Instability  thresholds  depend  on  the  strength  of  the 
Wakefields.  In  this  paper  we  determine  the  longitudinal 
Wakefield  due  to  curvature  of  the  electron  orbit,  both  in  free 
space  and  between  parallel  plates  with  infinite  conductivity. 
Our  study  leads  to  the  conclusion  that  as  long  as  the  vertical 
aperture  of  the  vacuum  chamber  is  not  too  small,  the 
Wakefield  due  to  image  charges  does  not  significantly  vary 
along  a  short  bunch.  Therefore,  we  suggest  that  in  the 
determination  of  the  equilibrium  bunch  length  of  very  short 
bunches,  the  effect  of  the  conducting  plates  can  be  neglected. 
The  starting  point  for  bunch  lengthening  calculations  should 
be  the  free  space  wakefield. 

L  INTRODUCTION 

In  his  pioneering  book,  published  in  1912,  Schott  [1] 
calculated  many  of  the  properties  of  the  radiation  due  to  a 
relativistic  point  charge  moving  with  uniform  speed  on  a 
circular  orbit.  In  particular,  Schott  determined  the 
electromagnetic  field  at  all  points  on  the  circular  orbit, 
yielding  what  we  now  refer  to  as  the  wakefield  of  the  point 
charge.  Here,  it  is  our  goal  to  extend  Schott’s  work  in  several 
directions,  considering  a  highly  relativistic  particle  whose 
velocity  is  close  to  the  speed  of  light  c.  In  this  case  the 
longitudinal  wakefield  simplifies  and  is  large  in  front  of  the 
point  charge  and  reduced  by  a  factor  of  l/y^  behind. 

Working  in  the  time  domain,  we  obtain  an  analytic 
expression  for  the  longitudinal  wake  in  front  of  the  charge. 
Next,  we  use  the  method  of  image  charges  to  derive  the 
longitudinal  wake  due  to  a  point  charge  moving  on  a  circular 
orbit  lying  between  two  parallel  plates  of  infinite 
conductivity. 

II.  WAKEFIELD  IN  FREE  SPACE 


For  a  point  particle  following  a  trajectory  (t)  the 
charge  and  current  densities  are  p(x',t)  =  e8(x'“ro(t))  and 

j(F,t)=  evo8(x'~fo(t)),  where  v^  =cpo(t)  =  dfo /dt  is 
the  instantaneous  velocity. 

Choosing  ro(t)  to  be  the  trajectory  of  an  electron 

moving  with  uniform  velocity  on  a  circle  of  radius  p,  Schott 
determined  the  tangential  electric  field  at  the  observation 
point  X  using 


E^(x,t)=--^a>(x,t)- 
p  9<|) 


■A.(x,t). 


Starting  from  Schott’s  result  we  consider  its  simplification  in 
the  limit  as  P  1.  The  tangential  electric  field  on  the 
circular  orbit  is  written  as  the  sum  of  the  singular  Coulomb 
term  and  a  non-singular  term,  due  to  synchrotron 
radiation: 

(4) 

4p^Y^  sin^^  ^ 

Here,  y  is  the  electron  energy  measured  in  units  of  its  rest 
mass  and  ^  =  s  /  p  is  the  angle  between  the  electron  and  the 
observation  point.  Directly  in  front  of  the  electron  4  =  0  and 
directly  behind  4  =  ^  •  Introducing  the  scaled  angle, 
p  =  3y^4  >  the  non-singular  term  is  given  by, 

E  ...._^2Uo  d'P(p)_ 


E.(p)  =  - 


2xcpe  dp. 


0,  p<0 

1 


cosh  ^sinh  '  p  -cosh[sinh”'  p] 


sinh[2sinh  '  p] 


where  Uq  =47te^Y^/3p  is  the  energy  loss  per  turn  for  a 
single  electron.  Since  Y(p)  vanishes  at  p  =  0  and  p  = «»,  the 


The  retarded  Lienard-Wiechert  potentials  and  fields  function  dT'(p)/dp  has  the  additional  property,  J  d'P(p)  =  0  ; 
for  a  point  particle  are  derivable  from  the  time  dependent  o 


Green  function  [2], 

G(x,  t;x',  t')  =  5(t'-t+|x-x'|/c)/|x-x'| . 

In  Lorentz  gauge,  the  scalar  and  vector  potentials  are, 
4)(x',  t)  =  J  d'x'dt'p(x',  t)G(x,  t;x',  t') , 

A(x',  t)  =  J  d’x'dt'j(x',  tXifx,  t;  x',  t ') . 


a  plot  of  'P(p)  &  d'P(p)/dp  is  given  in  Figure  1.  Useful 
(1)  asymptotic  expansions  for  small  and  large  p  >  0  are  [3-5], 

•2a)  3  1  . .  (6) 


3  1 

/>l/3  ,.4/3  I 
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The  wake  function  is  discontinuous  at  the  position  of 
the  point  charge.  The  choice,  d^(0)/d|a.  =  1/2,  represents  an 
average  of  the  electric  field  immediately  in  front  and  behind 
the  charge,  and  results  in  the  power  loss  being  correctly  given 
by  ecE^(O).  The  total  power  radiated  by  an  individual 

electron  is  P  =Iq -Uo  =2ce^7'^/3p^  . 


Figure  1:  Free  space  potential  function  ^  and  wakefield 
function  d^P/dp  . 

The  wake  potential  due  to  synchrotron  radiation  that 
is  generated  by  a  beam  of  electrons  is  then  given  as, 

V(s)=  jE^(s-s’)I(s’)ds'.  (7) 

For  a  Gaussian  electron  beam  the  curvature  wake  potential, 
which  is  plotted  in  Figure  2,  scales  as  [5], 

1  r  s^ ' 

Di/3(-s/ a) ,  (8) 


where  Di/3(x)  is  a  parabolic  cylinder  function. 


-8  -4  0  4  8 


Distance  from  Bunch  Center,  s/a 

Figure  2:  Wake  Potential  for  a  Gaussian  bunch. 

III.  WAKEFIELD  FOR  PARALLEL  PLATES 

Let  us  now  consider  an  electron  moving  with 
uniform  speed  on  a  circular  orbit  in  the  horizontal  midplane, 
between  two  parallel  plates  of  infinite  conductivity  located  at 
z  =  ±h.  Using  the  method  of  image  charges  we  easily  see  that 


the  free  space  Green  function  of  equation  (1)  should  be 
replaced  by  the  parallel  plate  Green  function, 

(  |x-x'-2nhzn 

(-ira  t'-t+J - ^ 


Gpp(x,t;x',t')-^£  lx-x'-2nhz|  ' 

Here  the  observation  point  xand  the  source  point  x'  lie  in 
the  midplane  and  z  is  a  unit  vector  in  the  vertical  direction 
perpendicular  to  the  plates. 

Using  the  Green  function  of  equation  (9)  together 
with  equation  (2-3),  we  proceed  in  a  manner  analogous  to 
that  of  the  free  space  calculation.  Introducing  the  parameter 
A  =  h  /  p  ,  the  tangential  electric  field  on  the  orbit  is  found  to 

be  given  by  ( A  « 1,  A  » 1 ): 


e 

1 

8 

CO 

4p"y" 

where  W(|X)  s  d'F(|i)/dp ,  and  the  scaling  functions  Gi  and 
G2  are  plotted  in  Figure  3. 

In  free  space  the  radiation  travels  along  a  chord  to 
another  point  on  the  circle,  thereby  always  arriving  before  (in 
front)  of  the  exciting  charge.  With  the  plates  in  place  the 
radiation  can  bounce  off  the  plates  once  or  numerous  times 
and  arrive  behind  the  exciting  charge  resulting  in  a  trailing 
wakefield,  which  we  have  described  using  image  charges.  For 
Y^A»1,  the  Gi  term  is  smaller  than  the  G2  term  and  for 
small  ^  they  are  both  small  compared  to  the  free  space 
wakefield,  W(3y^^)  .  The  main  effect  of  G2  is  to  cancel  the 
tail  of  W(3y^^)  at  large  distances  (times),  which  is  the  time 
domain  analog  of  the  suppression  of  low  frequencies  in  the 
impedance  due  to  the  parallel  plates.  The  Gi  term  cancels  the 
long  distance  tail  of  the  Coulomb  term.  When  A~  I ,  the 
Gi  ,  G2  and  W  term  become  comparable  in  magnitude,  and 
the  situation  is  more  complicated. 
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The  expression  for  in  equation  (10)  is  given  in 

the  time  domain.  Results  in  the  frequency  domain  were 
obtained  in  references  [6,7].  We  believe  that  the  time  domain 
results  are  more  directly  applicable  to  the  study  of  the  bunch 
lengthening  instability. 

We  have  also  calculated  the  tangential  electric  field 
at  the  position  of  the  charge  itself  for  A  « 1,  y^A  » 1 ,  we 


have  found  the  radiated  power  loss  P  =  ecE^(O)  to  be  given 

by. 


p_2  ceV 


3  P 


,  3^K,  1  1 

1+ - +  - 


8  10  y^A 


(11) 


where  and  K,  =y  ^  ^  =ln2. 

11=1  ir  S  n 


In  equation  (11)  we  have  averaged  the  singular  fiee 
space  contribution  to  the  electric  field  immediately  in  front 
and  behind  the  point  charge.  The  second  term,  proportional 
to  Ki,  is  in  agreement  with  the  Gi  term  in  equation  (10).  The 
third  term  cannot  be  obtained  from  equation  (10)  because 
62(0)  =  0.  It  was  necessary  to  go  to  higher  order  in  A.  The 
correction  due  to  the  conducting  plates  is  small  in  magnitude 
and  has  the  sign  indicating  that  the  electron  radiates  more 
aiergy  between  the  conducting  plates  than  it  would  in  free 
space.  This  is  the  case  despite  the  fact  that  the  plates  cut  off 
the  lowest  firequencies. 


ReZ„  =Zo7cp|  nJ'„(2np)-^jj,„(2nx)dx 

P  7  0 


2P 

=  -^(13) 


For  l«n«/,  only  the  first  two  terms  in  the 
expression  for  the  impedance  are  significant  which  implies 
the  far  field  radiation  term  is  dominant.  Using  the 
expressions  for  Jn  and  En  when  the  order  and  argument  are 
nearly  equal  one  can  recover  the  well  known  result  of  Fattens 
&  Laslett  [9], 


(14) 


except  the  sign  of  the  reactive  part  is  opposite  to  that  given  by 
them  since  the  wake  is  in  front  of  the  exciting  charge  and  not 
behind. 

For  n  » 'Z,  the  first  four  terms  in  the  expression  for 
the  impedance  are  now  significant  which  implies  that  at  v^y 
high  frequencies,  characteristic  of  very  short  distances,  the 
near  field  also  contributes  to  the  impedance. 
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VI.  REFERENCES 


IV.  LONGITUDINAL  COUPLING  IMPEDANCE 


The  longitudinal  coupling  iiiq>edance  due  to 
synchrotron  radiation  is  related  to  the  Fourier  transform  of 
the  non-singular  function  wake,  Z„  ^2rcp  E^/I^,  where 

E„  =  —  J d6 e"“®E^(0)  and  for  a  single  circulating  charge, 
27C  Q 

I„  =ecp/27cp .  In  finee  space  the  impedance  associated  with 
this  wake  is  computed  to  be  in  MKS  units  [8], 


Z„=ZoirPn 


[jJ.(2np)-iE'.(2np)] 


P 


^J[j,,(2nx)-iE3.(2iix)}ix 


P^Y  0 

i 


Iny 


(12) 


where  die  Weber  function,  E„(z),  is  defined  as 

1  * 

E„(z)  =  — f  sin(nt-zsint)dt . 

^  0 

The  real  part  of  the  impedance  is  proportional  to  the 
synchrotron  radiation  power  emitted  at  a  frequency  nroo  and 
integrated  over  all  vertical  angles  for  a  single  electron. 
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Abstract 

Beam  instability  studies  for  the  SSC  during  the  period  1989- 
1993  are  briefly  reviewed  in  this  paper.  Various  topics  are  cov¬ 
ered:  single  bunch  and  multi-bunch,  single  beam  and  beam- 
beam,  parasitic  heating  and  active  feedback,  etc.  Although  the 
SSC  will  not  be  built,  many  of  the  results  obtained  from  these 
studies  remain  as  useful  references  to  the  accelerator  community. 

L  INTRODUCTION 

Studies  on  beam  instability  problems  for  the  SSC  started  in 
the  early  1980s.  A  set  of  preliminary  results  were  included  in 
Reference  [1].  Since  the  establishment  of  the  SSC  Laboratory  in 
1989,  these  studies  have  been  further  pursued  and  numerous  new 
results  have  been  obtained.  In  this  paper  we  will  briefly  review 
these  results.  For  details  the  readers  are  referred  to  Ref.  [2]  and 
the  references  therein. 

The  SSC  is  a  low  beam  current  machine.  The  beam  inten¬ 
sity  is  primarily  limited  by  the  cryogenic  system  for  absorbing 
the  synchrotron  radiation  power.  Generally  speaking,  therefore, 
collective  effects  —  such  as  single  bunch  instability,  parasitic 
heating  and  beam-beam  interactions  —  do  not  present  a  threat 
to  machine  operations.  However,  the  coupled-bunch  instability 
may  become  a  real  concern,  because  the  number  of  bunches  is 
enormous  (about  17000  per  beam)  and  the  transverse  emittance 
is  veiy  small  (1  n  mm-mrad,  rms,  normalized). 

n.  IMPEDANCE  BUDGET 

A.  Impedance  budget  of  the  baseline  design 

Each  component  in  the  vacuum,  rf,  diagnostic  and  injec¬ 
tion/extraction  systems  have  been  carefully  analyzed.  Computer 
models  for  each  component  have  been  built.  Measurements  for 
some  critical  con^onents  (e.g,,  the  bellows  and  the  liner)  have 
been  carried  out.  Two  groups  of  simulation  codes  have  been  put 
in  use.  One  is  numerical,  e.g.,  MAFIA  and  HFSS.[3]  Another 
is  based  on  a  boundary  perturbation  method  and  called  BPERM, 
which  was  developed  at  the  SSC.[4]  The  results  obtained  from 
different  codes  are  in  agreement. 

The  impedance  budget  is  listed  in  Table  1,  where  Z||/n  is  the 
longitudinal  impedance  and  Z±  the  transverse  one.  There  are 
several  remarks  about  this  budget. 

1.  Every  effort  has  been  made  to  make  the  beam  pipe  as 
smooth  as  possible:  the  bellows  are  shielded;  the  valves 
have  rf  fingers;  the  vacuum  pump  ports  are  screened;  the 
transitions  between  two  pipes  of  different  sizes  are  tapered; 
and  the  ceramic  pipes  in  the  kicker  sections  are  coated  with 
thin  metallic  layers. 

2.  Table  2  lists  the  impedances  of  two  different  designs  for  the 
bellows  rf  shield.  The  reduction  comes  from  a  smaller  gap 

•Operated  by  Universities  Research  Association  Inc.  under  Contract  No.  DE- 
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and  a  smoother  taper.  The  specification  of  the  maximum 
lateral  offset  is  2.8  mm.  Assuming  a  uniform  distribution 
in  misalignment,  the  resulting  increase  in  inqiedance  is  also 
listed  in  Table  2. 

3.  In  Older  to  accommodate  unforseen  sources,  the  calculated 
total  impedance  is  multiplied  by  a  factor  of  two,  which  is 
then  used  in  the  safety  margin  estimate. 

B.  Impedance  in  the  presence  of  a  liner 

A  perforated  liner  inside  the  beam  pipe  would  increase  the 
impedance  in  two  ways: 

1.  The  holes  or  slots  would  introduce  additional  inqiedance. 
Below  the  cutoff,  small  holes/slots  behave  like  a  pure  in¬ 
ductance.  For  a  given  pumping  area,  short  slots  give  less 
impedance  than  circular  holes.  Above  the  cutoff,  resonant 
peaks  in  the  impedance  spectrum  are  obsCTved  when  the 
holes  or  slots  are  periodically  placed.  These  peaks  can  be 
greatly  suppressed  when  the  periodicity  is  destroyed.  It  is 
thus  concluded  that  randomly  distributed  short  slots  would 
be  the  choice  for  the  pattern  of  the  perforation. 

2.  The  installation  of  a  liner  would  also  reduce  the  inner  radius 
(ID)  of  the  pipe.  Consequently,  the  transverse  impedance 
would  increase. 

For  an  area  coverage  of  the  holes  on  the  liner  surface  4%,  the 
impedance  increase  is  listed  in  Table  3. 

C.  Single  bunch  instability  threshold  and  safety  margin 

The  instability  threshold  in^edances  are  listed  in  Table  1 .  The 
ratio  of  the  threshold  to  the  impedance  budget,  called  the  safety 
margin,  is  listed  in  Table  3.  Several  measures  could  be  taken  to 
increase  this  margin,  e,g„  a  larger  liner  ID,  a  bigger  longitudinal 
emittance  and  a  higher  rf  voltage  at  injection. 

m.  COUPLED-BUNCH  INSTABILITY 

In  order  to  suppress  the  coupled-bunch  instability,  four  types 
of  rf  cavities  —  multiple-cell  and  single-cell,  superconducting 
(sc)  and  normal  conducting  (nc)  —  have  been  compared.  The  rf 
committee  has  endorsed  the  single  cell,  sc  cavity  as  the  choice 
for  the  SSC. 

The  higher  order  modes  (HOM)  may  also  be  generated  if  the 
beam  pipes  in  the  dipole  and  quadrupole  sections  have  different 
cross  sections,  which  is  called  the  trapped  mode  effect.  The  result 
could  be  a  continuous  beam  emittance  growth.  Therefore,  it  was 
decided  to  use  a  beam  pipe  of  uniform  cross  section  throughout 
the  entire  cold  region. 

IV.  RESISTIVE  WALL  INSTABILITY 

The  beam  tube  of  the  Collider  is  made  of  stainless  steel,  which 
is  coated  on  its  inner  surface  with  a  thin  copper  layer  in  order 
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Table  1.  Impedance  Budget  (per  ring) 


Component 

Number 

Impedance 

Z||/n  (^2) 

Zj.  (un/m) 

RF  cavity  (HOM) 

8  X  5-cell 

0.036 

0.016 

Transition  (tapered) 

4 

0.004 

Bellows  (shielded) 

6000 

BPM  (15  cm,  55°) 

968 

4.6 

Weldment 

12000 

0.2 

Valve  (shielded) 

128 

lE-4 

Pump  port  (screened) 

650 

2 

Flange  gap 

12000 

TBD 

TBD 

Resistive  wall 

1.7 

Scrapers 

1.8E-4 

Collimators 

2.6E-4 

Injection  Lambertson  (laminated) 

1.5E-3 

1.4 

Abort  Lambertson  (solid  iron) 

- 

- 

Injection  kicker 

Abort  kicker 

0.2 

4.7 

Joint  to  Lambertson 

TBD 

TBD 

Conical  section  near  IP 

- 

- 

Total 

Impedance  budget  =  Total  x  2 

Instability  threshold: 

At  2  Te  V 

4.0 

270 

At  20  Te  V 

16 

1200 

Table  2.  Comparison  of  Bellows  (shielded)  Impedance 


Table  4.  Resistive  Wall  Impedance  Budget 


Case 

Zj|/n  (S2) 

Z_L  (Mf2/m) 

Baseline  design 

0.12 

10 

New  design 

No  misalignment 

0.03 

2.5 

Max  lateral  offset  2.8mm 

0.06 

6.5 

Table  3.  Transverse  Impedance  with/without  Liner 


Case 

>y  {liner) 
Z,_L 

(Mf2/m) 

fy  (others) 

(Mf2/m) 

ry{tOtal) 

(Mi2/m) 

Safety 

Margin 

Baseline 

- 

54 

54 

5 

With  liner 

37 

94 

131 

2 

Component 

Z±  (MQ/m) 

2TeV 

20TeV 

Cold  beam  pipe 

4300 

4300 

Warm  beam  pipe  (stainless  steel) 

1300 

1300 

Graphite  shadows: 

Upstream  to  abort  Lambertson 

7.1 

7.1 

Upstream  to  collimator 

10 

323 

Scrapers  (copper) 

1.4 

46 

Collimators  (stainless  steel) 

7.7 

250 

Abort  Lambertson  (solid  iron): 

Symmetric 

22 

22 

Asymmetric 

4.6 

4.6 

Total 

5700 

6300 

to  have  low  electrical  resistivity.  The  resistive  wall  instability 
growth  time  can  be  approximately  written  as 


Iny  Vj8  l^o)\ 

- ^ - I  ovA 

Ntotcr^  2  ) 


(1) 


where  y  is  the  relativistic  energy  of  the  particles,  the  beta¬ 
tron  tune,  b  the  beam  tube  radius,  /x  the  vacuum  permeability, 
o)  the  angular  frequency,  A^tot  the  total  number  of  particles,  c  the 
velocity  of  light,  rp  the  classical  radius  of  proton,  Og  the  wall  con¬ 
ductivity,  and  A  the  coating  layer  thickness.  The  specification 
is  cTg  A  >  1  X  10^  which  corresponds  to  a  wall  impedance 
of  4300  MQ/m  in  the  cold  region.  Table  4  is  a  list  of  the  wall 


impedance  budget,  which  gives  a  growth  time  of  25  ms,  or  88 
turns,  during  the  about  one  hour  injection  period. 

An  alternative  is  to  use  an  aluminum  beam  tube.  There  are 
several  reasons  for  considering  this  option:  saving  the  coating 
cost,  solving  the  vacuum  problem  without  a  liner,  and  avoiding 
the  adhesion  problem  in  a  bi-layer  tube.  The  quantity  a^A  re¬ 
mains  about  the  same. 


V.  FEEDBACK  SYSTEMS 

The  feedback  systems  serve  four  different  purposes: 
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1.  Correction  of  the  injection  errors  —  The  feedback  must 
have  enough  power  to  kick  the  beam  back  to  the  orbit  before 
any  significant  decoherence  occurs. 

2.  Damping  of  the  resistive  wall  instability  —  Because  this  is 
a  fast  beam  blowup,  a  feedback  system  with  a  large  gain  is 
needed. 

3 .  Damping  of  the  coupled-bunch  instability — The  feedback 
system  needs  a  wide  bandwidth. 

4.  Control  of  emittance  growth  —  This  feedback  system  must 
have  very  low  noise  level.  The  emittance  growth  rate  due 
to  the  feedback  noise  is: 

=  0.64/o^— )  (2) 

in  which  /o  is  the  revolution  frequency,  the  noise  level 
at  the  pickup,  cr^  the  rms  beam  size  and  Av  the  total  tune 
spread.  The  theoretical  limit  of  the  pickup  resolution  due  to 
the  thermal  and  electronic  noises,  Ax,  is  also  calculable.  In 
designing  a  feedback  system,  Ajc  must  be  smaller  than  jcn, 
which  is  determined  by  a  specified  allowable  growth  rate 

1/^noise* 

The  specifications  of  the  power,  bandwidth,  gain  and  noise 
level  of  the  feedback  systems  can  be  found  in  [2]. 


VI.  PARASITIC  HEATING 


The  parasitic  heating  can  be  calculated  by 
P 

Mfo 


(3) 


where  /av  is  the  average  beam  current,  M  the  number  of  bunches, 
and  k  the  loss  factor,  which  is 

c^R 


k  = 


lixb 


£ 


Irip))  R^(co)  dco 


(4) 


in  which  R  is  the  machine  radius,  k(co)  the  bunch  spectrum.  In 
order  not  to  exceed  the  heat  load  budget  (which  is  1  kW  per 
ring  for  the  parasitic  heating),  the  surface  resistance  must  be 
kept  below  a  certain  level.  To  estimate  R^  correctly,  one  should 
consider  the  co-existence  of  three  extreme  conditions: 

•  Low  temperature  (4  K). 

The  low  temperature  resistance  is  described  by  RRR,  the 
residual  resistance  ratio.  But  it  is  meaningful  only  at  low 
frequencies  and  low  magnetic  field. 

•  High  magnetic  field  (6.8  T). 

The  magnetoresistance  can  be  studied  using  a  Kohler  plot. 
At  6.8  Tesla,  the  RRR  value  is  about  an  order  of  magnitude 
lower  than  that  at  zero  field. 

•  High  frequency  (1  GHz  and  above). 

Because  of  the  anomalous  skin  effect,  the  surface  resistance 
ratio  Rs(300  K)/R^(4  K)  at  high  frequencies  is  significantly 
lower  than  the  dc  value. 

The  measurement  of  R^  under  these  conditions  was  started  but 
not  completed. 


VII.  BEAM-BEAM  EFFECTS 

A.  Strong  beam-beam  interactions 

1.  Inelastic  scattering: 

The  particle  loss  rate  is  Vinei ,  which  is  1 0^  s”  ^  per  interaction 


point  (IP).  The  corresponding  luminosity  lifetime  is  180/yVip 
hours. 

2.  Elastic  scattering: 

This  contributes  to  the  emittance  growth: 


d€  A^b/o  2 

dt  471  e  ^ 


(5) 


in  which  A^b  is  the  number  of  particles  per  bunch,  <7^1  the 
elastic  cross  section,  oq  the  rms  values  of  pp  elastic  scat¬ 
tering  angle  in  the  center  of  mass  system.  This  gives  about 
4.6  X  10“^^  m-rad/s  per  IP. 


5,  Electromagnetic  beam-beam  interactions 

1.  Incoherent  effects: 

(a)  Tune  shift  and  tune  spread: 

The  most  significant  beam-beam  effect  is  the  slow  dif¬ 
fusion  caused  by  high  order  betatron  resonances.  The 
budget  of  the  total  tune  spread  (head-on  +  long-range  + 
nonlinear  magnetic  field)  is  0.02.  The  calculated  tune 
spread  is  well  below  this  value. 

(b)  Orbit  distortion: 

This  is  induced  by  long-range  interactions.  The  calcu¬ 
lated  values  are  small  compared  with  the  beam  size  at  the 
IP’s  (less  than  10%  cr^). 

2.  Coherent  effects: 

The  rigid  dipole  modes  (tt-  and  cr-mode)  and  high  order 
multipole  modes  are  studied.  There  are  enough  stability 
regions  in  the  (f,  v^)  space. 

3.  Pacman  effect: 

There  are  seven  injection  gaps  (1.7  /xs  each)  and  one  abort 
gap  (4.1  ps)  in  the  bunch  train.  Bunches  near  the  edge  of 
the  gaps  may  miss  collisions  at  some  IP,  thus  experiencing 
an  irregular  collision  sequence.  This  makes  the  orbit  and 
tune  correction  difficult.  But  simulations  show  that  there  is 
enough  working  area  in  the  tune  space  to  accommodate  this 
Pacman  effect. 

4.  Synchro-betatron  resonance  due  to  crossing  angles: 
Computer  simulations  show  that  this  is  not  a  serious  prob¬ 
lem.  Because  the  three  parameters  that  determine  the 
strength  of  the  resonance  are  all  small:  (a)  the  beam-beam 
parameter  ^  =  0.0009,  (b)  the  synchrotron  tune  = 
0.0012,  and  (c)  the  normalized  crossing  angle  aoslcr^  = 
0.45. 
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1.  INTRODUCnON 

In  this  paper,  we  give  an  overview  of  collective  effects  and 
related  issues  in  the  dancing  rings  for  the  NLC[1].  The  main 
danqiing  ring  will  have  a  maximum  av^^e  curr^t  of  1  A  in 
four  bunch  trains  which  are  separated  by  60-80  ns,  allowing  the 
fast  kickers  to  inject  and  extract  individual  trains.  Each  bunch 
train  consists  of 75-90  bunches,  separated  by  1 .4  ns,  with  a  max¬ 
imum  bunch  population  of  1.5  x  10^“.  Because  of  the  large  av¬ 
erage  current,  coupled  bunch  instabilities  are  a  potential  prob¬ 
lem;  these  can  be  driv^  by  the  ring  impedance  or  by  a  collec¬ 
tive  beam-ion  instability.  In  addition,  because  the  ring  has  a 
very  small  momentum  compaction  and  synchrotron  tune,  poten¬ 
tial  well  distortion  and  the  microwave  instability  could  be  im¬ 
portant.  Finally,  because  of  the  very  small  beam  emittances,  the 
intrabeam  scattering  is  significant. 

In  the  next  sections,  we  will  describe  the  present  state  of  our 
calculations.  We  begin  by  describing  the  vacuum  chamber  de¬ 
sign  and  RF  cavities.  We  then  discuss  the  longitudinal  and  trans¬ 
verse  coupled  bunch  instabilities,  the  potential  well  distortion 
and  the  microwave  instability,  and  finally,  mode-coupling,  ion 
effects,  and  intrabeam  scattering. 

n.  VACUUM  SYSTEM 

The  vacuum  system  is  designed  for  an  average  operating 
pressure  of  1  nTorr;  see  discussion  of  ion  tr^ping.  This  pressure 
must  be  maintained  under  conditions  of  very  intense  synchrotron 
photon  bombardment  which  produces  a  large  gas  load.  For  ex- 
anqile,  2600L/s  of  pumping  per  bend  magnet  is  required  in  the 
arcs  to  maintain  the  desired  pressure. 

The  dynamic  gas  load  and  the  ^rture  of  the  beam  channel 
(25mm)  are  such  that  the  required  pressure  can  only  be  attained 
by  pumping  via  an  ante-chamber.  The  beam  and  ante-chambers 
are  interconnected  by  a  5mm  high  slot;  this  height  is  determined 
firom  consideration  of  both  the  bunch  length  and  the  radiation 
spot  size  including  allowances  for  mis-steering  of  the  beam  and 
misalignments  of  the  vacuum  chamber. 

Discrete  photon  absorbers  are  located  in  the  ante-chamber 
to  intercept  the  synchrotron  photons.  Most  of  the  gas  load  to 
the  system  is  released  from  these  absorbers.  The  most  efficient 
pumping  of  the  system  is  thus  obtained  by  locating  the  purqps  in 
close  proximity  to  the  absorbers.  The  absorbing  surface  will  be 
inclined  at  a  grazing  incidence  angle  to  the  incoming  photons  to 
reduce  the  power  density  to  a  manageable  level.  A  high  strength 
copper  alloy,  such  as  Glidcop,  will  be  required  to  resist  thermal 
stresses. 

Upon  consideration  of  the  pressure  profile  it  was  found  de¬ 
sirable  to  evenly  distribute  the  thermal  load  (and  thus  the  gas 
load)  between  each  absorber.  By  using  an  ante-chamber,  the 
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required  average  operating  pressure  was  obtained  with  only  a 
small  rise  in  pressure  between  pun^is.  The  static  pressure  with¬ 
out  beam  was  calculated  to  be  an  ord^  of  magnitude  below  the 
dynamic  pressure. 

To  minimize  the  ring  inqiedance,  close  attention  is  being 
given  to  eliminating  mechanical  discontinuities  in  the  beam 
channel  design.  The  ante-chamber  and  coupling  slot  are  not  in¬ 
terrupted  through  each  of  the  two  arcs.  The  magnet  poles  are  de¬ 
signed  to  fit  around  the  ante-chamber  in  a  manner  similar  to  that 
used  in  the  Advanced  light  Source  at  Berkeley.  The  expansion 
bellows  between  vacuum  chamber  modules  is  being  modeled  on 
those  proposed  for  the  SLAC  B-factory  UER  [2]. 

III.  RF  CAVITIES 

The  narrow-band  impedance  of  the  storage  ring  is  domi¬ 
nated  by  the  radio-frequency  cavities.  In  order  to  minimize  this 
in^)edance,  we  choose  to  use  a  “monochromatic”  cavity,  which 
uses  waveguides  mounted  on  the  cavity  body  to  suppress  the  cav¬ 
ity  higher  order  modes  (HOM’s).  In  addition,  we  incorporate  a 
tapered  beam  pipe  near  the  cavity,  which  substantially  reduces 
the  transverse  inqiedance.  The  basic  cavity  shape  is  a  re-entrant 
structure  with  nose  cones  and  is  based  on  the  PEP-II  cavity  de¬ 
sign.  The  beam  pipe  has  a  3.1  cm  radius  at  the  cavity  and  is  then 
tapered  down  to  the  main  chamber  radius  of  1.25  cm  over  15  cm 
length.  Absorbing  material  will  be  needed  to  absorb  the  propa¬ 
gating  HOM’s. 

Three  waveguides  are  attached  to  the  cavity  body  for  the 
purpose  of  damping  the  higher  order  modes.  These  waveguides 
are  dimensioned  to  have  a  cut-off  frequency  above  the  frequency 
of  the  accelerating  mode  of  the  cavity,  but  below  the  frequency 
of  the  lowest  HOM.  Thus  the  HOM  power  may  couple  through 
the  apertures  in  the  cavity  wall  to  the  waveguides,  wh^e  it  is  ab¬ 
sorbed  in  a  lossy  material.  The  location  of  the  absorptive  mate¬ 
rial  is  at  a  sufficient  distance  from  the  cavity  ^rture  to  minimize 
dissipation  of  the  fundamental  mode  power  from  an  evanescent 
waveguide  mode.  Experience  with  the  PEP-II  cavities  shows 
that  Q  values  of  the  HOM’s  can  be  danced  to  the  order  of  a  few 
lOO’s  in  most  cases  [3]. 

We  have  scaled  the  dimensions  of  the  PEP-II  cavities  to 
achieve  a  resonant  frequency  of  714  MHz.  The  addition  of  the 
damping  waveguides  can  be  expected  to  reduce  the  fundamen¬ 
tal  shunt  impedance  and  unloaded  Q  value  by  roughly  30%.  We 
then  calculate  a  shunt  impedance  of  Rg  =  3.3  MQ,  Qo  =  24500, 
and  R/Q  =  135  for  the  NLC  damping  ring  RF  cavities. 

The  total  loss  parameter  for  each  cavity  is  computed  to  be 
ki  =  IJ  V/pC  for  a  bunch  length  of  3.3  mm,  of  which  the  fun¬ 
damental  mode  contributes  0.26  V/pC  and  modes  below  cut-off 
contribute  1.1  V/pC.  The  transverse  kick  factor  is  39.4  V/pC/m. 
Tables  1  and  2  list  the  strongest  monopole  and  dipole  mode  fre¬ 
quencies  and  R/Q’s. 
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The  determination  of  the  number  of  cavities  required  in¬ 
volves  a  compromise  between  their  power  handling  capabilities 
and  the  beam  impedance  presented  by  the  cavities.  We  expect 
that  two  cavities  per  ring  will  be  sufficient  to  attain  the  required 
1  MV  RF  voltage  [1]. 

Table  1 .  Strongest  monopole  HOM' s. 


Frequency  (MHz) 

R/Q  (ft) 

1932 

7.3 

2362 

4.9 

3150 

4.8 

4673 

3.2 

Table  2.  Strongest  dipole  HOM's. 


Frequency  (MHz) 

(R/Q)/(kr)**2(ft) 

1194 

17 

1995 

4.2 

2312 

0.9 

2404 

0.8 

2509 

6.7 

IV,  COUPLED  BUNCH  INSTABILITIES  AND 
FEEDBACK 

A.  Longitudinal  m  =  0 

In  the  case  of  longitudinal  beam  oscillations,  the  RF  cavities 
provide  the  only  sources  of  impedance  strong  enough  to  drive 
coupled  bunch  (CB)  instabilities.  As  described  above,  we  are  us¬ 
ing  the  measured  parameters  of  the  HOM’s  of  the  476  MHz  PEP- 
II  RF  cavity  scaled  to  714  MHz  to  estimate  the  growth  rates  in 
the  NLC  damping  ring.  For  calculations  of  the  CB  growth  rates, 
we  have  assumed  that  all  HOM’s  have  been  damped  to  Q’s  of 
200. 

In  this  case,  we  find  that  all  CB  growth  rates  fall  below 
the  radiation  damping  rate  of  400/sec  except  for  a  few  CB 
modes  which  are  driven  by  the  HOM  at  3150  MHz  and  have 
growth  rates  of  450/sec.  Because  the  bandwidth  of  the  HOM’s 
is  large  compared  to  the  revolution  frequency,  we  do  not  expect 
any  change  in  the  growth  rate  from  frequency  variations  of  the 
HOM’s.  All  growth  rates  for  higher  mode  CB  (m  >  0  modes) 
oscillations  fall  well  below  the  radiation  damping  threshold. 

Because  the  fastest  growth  rates  are  only  slightly  above  the 
radiation  damping  threshold,  we  are  not  planning  for  a  longitudi¬ 
nal  CB  feedback  although  the  situation  must  be  reevaluated  once 
an  actual  RF  cavity  is  available.  Also,  although  most  CB  modes 
are  stable,  it  is  possible  that  their  transient  response  following  in¬ 
jection  has  unacceptably  large  amplitudes,  resulting  in  an  emit- 
tance  increase  orbeamloss.  This  is  especially  important  because 
of  the  relatively  short  time  the  beam  is  in  the  damping  ring.  We 
are  currently  evaluating  this  problem. 

B.  Transverse  m  —  0 

In  the  transverse  plane,  the  principal  impedances  for  driv¬ 
ing  CB  oscillations  are  the  dipole  HOM’s  of  the  RF  cavities  and 
the  resistive  wall  impedance.  For  the  expected  aluminum  beam 
pipe  with  a  radius  of  1 .25  cm,  the  real  part  of  the  resistive  wall 


impedance  is  estimated  to  be  Zrw  =  0-47  MQ/m.  As  for  the 
monopole  HOM’s,  we  assume  the  dipole  HOM’s  are  damped  to 
g’s  of  200. 

We  find  the  fastest  growth  rates  of  -^WOO/sec  to  be  driven 
by  the  resistive  wall  impedance.  This  is  about  ten  times  the  ra¬ 
diation  damping  rate  of  216/sec  in  the  vertical  plane.  The  CB 
modes  driven  by  cavity  HOM’s  all  have  growth  rates  less  than 
the  radiation  damping  rate  except  for  a  mode  at  1 1 94  MHz  which 
is  roughly  three  times  higher. 

A  transverse  CB  feedback  system  or  a  large  transverse 
bunch-to-bunch  tune  variation  is  needed  to  stabilize  the  fast  CB 
growth  rates.  Because  the  CB  growth  is  dominated  by  the  resis¬ 
tive  wall  impedance,  it  may  be  possible  to  design  a  lower  band¬ 
width  system  (^50  MHz)  to  deal  only  with  those  CB  modes 
rather  than  a  broadband  system  (357  MHz)  which  would  cover 
all  possible  CB  modes. 

C.  Transverse  m  =  1 

The  method  described  in  [4]  and  [5]  was  used  to  compute 
m  =  1  (head-tail)  coupled  bunch  growth  rates.  The  m  =  1 
modes  are  especially  important  since  they  are  very  hard  to  damp 
with  a  feedback  system.  If  the  cavity  Q’s  are  less  than  300,  the 
m  =  1  growth  rates  are  negligible.  If  instead  we  assume  cavity 
Q’s  of  3000,  there  is  one  cavity  mode  (2509  MHz)  which  drives 
an  m  =  1  mode  above  the  radiation  damping  rate  at  a  beam  cur¬ 
rent  of  roughly  1.3  A.  This  is  probably  not  a  significant  limita¬ 
tion. 

V.  IMPEDANCE  AND  MICROWAVE 
INSTABILITY 

Usually  the  microwave  instability  is  considered  to  be  a  be¬ 
nign  instability,  leading  an  increased  bunch  length  and  energy 
spread.  But,  there  is  some  concern  that  the  instability  can  ex¬ 
hibit  a  bursting  behavior  [6].  This  can  be  a  severe  limitation  in  a 
damping  ring  since  the  extracted  beam  energy  and  phase  fluctu¬ 
ates  pulse-to-pulse. 

To  calculate  the  potential  well  distortion  and  the  threshold 
for  the  microwave  instability,  we  need  to  know  the  details  of  the 
vacuum  chamber  geometry.  As  was  the  case  for  the  SLC  damp¬ 
ing  rings,  small  changes  in  vacuum  chamber  cross-section  can 
dominate  in  their  contribution  to  the  ring  impedance  over  larger 
objects  such  as  the  rf  cavities[7].  In  the  SLC  rings,  we  were 
able  to  model  the  important  elements  and  construct  an  accurate 
wake  function;  using  this  wake  function  the  calculated  bunch 
shape  and  basic  properties  of  the  microwave  instability  generally 
agreed  well  with  measurements  I8][9]. 

At  this  time,  we  are  assembling  detailed  designs  of  the 
BPMs,  bellows,  masks,  eta,  so  that  we  can  perform  a  similar  cal¬ 
culation  for  the  NLC  rings.  Although  this  task  is  not  yet  com¬ 
plete,  as  a  zeroth  order  approximation,  we  have  assumed  that  the 
impedance  is  dominated  by  RF  cavities.  Using  the  wakefield  of 
these  cavities,  and  solving  the  Haissinski  equation[10]  we  find 
that  the  potential  well  distortion  is  small,  hardly  perturbing  the 
distribution  from  the  nominal,  gaussian  shape.  Next,  using  the 
perturbation  approach  of  [11]  to  solve  the  linearized,  time  inde¬ 
pendent  Vlasov  equation,  which  includes  the  potential  well  dis¬ 
tortion  as  a  zeroth  order  effect,  we  find  a  microwave  threshold 
at  roughly  3.5  times  the  nominal  current.  While  these  results  are 


2987 


encouraging,  they  are  obviously  incomplete  and  >ve  need  to  cal¬ 
culate  the  full  Wakefield  to  perform  more  realistic  estimates. 

VL  OTHER  ISSUES 

A.  Mode-coupling 

We  use  the  method  described  in  [4]  and  [5]  to  compute 
the  single  bunch  mode-coupling  threshold.  For  the  transverse 
impedance,  we  use  the  model  described  in  in  [12]  which  consists 
of  the  transverse  HOM’s,  the  resistive  wall,  and  a  high  frequency 
tail  due  to  the  cavities.  The  effect  is  most  severe  in  the  vertical 
plane  where  we  find  a  threshold  at  roughly  28  mA;  this  is  about 
an  order  of  magnitude  above  the  actual  single  bunch  current. 

B.  Ion  Effects 

Because  of  the  high  beam  current  and  the  small  beam  emit- 
tances,  ion  effects  can  be  significant.  Although  the  60  ns  gap  sep¬ 
arating  the  bunch  trains  clears  the  ions  between  trains  and  pre¬ 
vents  ‘ion  trapping’,  ions  generated  within  the  passage  of  a  sin¬ 
gle  bunch  train  will  affect  the  dynamics.  There  are  two  primary 
issues:  tune  shifts  due  to  the  focusing  from  the  ions  and  a  fast 
beam-ion  collective  instability  that  can  arise  in  both  the  electron 
and  positron  rings  and  grows  as  exp{y/ijrc)  [13]. 

At  a  vacuum  pressure  of  10“*^  Torr,  the  ions  will  produce 
a  variation  in  betatron  tune  of  Ai/y  ^  0.002  across  the  elec¬ 
tron  bunch  train;  although  this  is  small,  it  can  have  an  apprecia¬ 
ble  effect  and  may  even  stabilize  some  of  the  transverse  coupled 
bunch  instabilities.  At  this  same  vacuum  pressure,  the  predicted 
characteristic  times  for  the  collective  instability  are  500  ns  in 
the  electron  ring  and  1 20  //s  in  the  positron  ring;  the  characteris¬ 
tic  times  are  inversely  proportional  to  the  vacuum  pressure  and 
decrease  by  an  order  of  magnitude  at  a  pressure  of  10“®  Torr. 
Methods  of  alleviating  this  instability  are  discussed  in  Ref.  [13], 

C.  Intrabeam  Scattering  and  Touschek  Lifetime 

Because  of  the  small  emittances,  intrabeam  scattering  and 
Touschek  effects  are  significant.  With  a  single  bunch  popula¬ 
tion  of  1.54  X  10^°,  intrabeam  scattering  increases  the  equilib¬ 
rium  horizontal  emittance  of  the  beam  core  by  about  25  %  and  the 
equilibrium  vertical  emittance  by  about  5%;  the  scattering  has  a 
much  smaller  effect  on  the  vertical  emittance,  which  is  mainly 
determined  by  the  vertical  dispersion  because 

where  lix,y  is  the  Courant-Snyder  dispersion  invariant 

[14].  In  addition,  the  scattering  populates  large  amplitude  tails 
in  the  particle  distribution  that  need  to  be  collimated  before  the 
IP  [15]. 

Similarly,  the  Touschek  lifetime  is  only  100  seconds.  Al¬ 
though  this  is  very  short,  it  is  long  compared  to  the  store  time 
of  22  ms.  If  stored  beam  is  desired  for  commissioning  or  diag¬ 
nostic  purposes,  the  Touschek  lifetime  can  be  lengthened  by  in¬ 
troducing  vertical  dispersion  in  the  wigglers  and  increasing  the 
equilibrium  vertical  emittance. 

D.  Beam-Gas  Scattering 

With  vacuum  <  10~®  Torr,  beam-gas  scattering  has  no  sig¬ 
nificant  effect  on  the  emittances.  It  only  contributes  to  large  am¬ 
plitude  tails  in  the  particle  distribution  [16],  [17].  These  tails 
must  be  collimated  before  the  IP  to  prevent  backgrounds  in  the 
detector. 


VIL  SUMMARY  AND  FUTURE  WORK 

Baseline  designs  for  the  vacuum  chamber  and  RF  cavities 
are  given  for  the  NLC  damping  ring,  from  which  instability  es¬ 
timates  were  made.  We  find  that  coupled  bunch  instabilities  can 
be  handled  by  reasonable  feedback  systems.  Preliminary  esti¬ 
mates  indicate  that  the  beam  is  below  the  microwave  instabil¬ 
ity  threshold,  but  more  detailed  calculations  need  to  add  in  nu¬ 
merous  small  contributions.  Simulations  indicate  that  ion  effects 
could  put  stringent  requirements  on  the  vacuum;  here  experi¬ 
mental  verification  is  desirable. 
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Abstract 

We  discuss  tolerances  and  correction  schemes  needed  to  con¬ 
trol  single-  and  multi-bunch  emittance  in  the  NLC  main  linacs. 
Specifications  and  design  of  emittance  diagnostic  stations  will 
be  presented.  Trajectory  correction  schemes  appropriate  to  si¬ 
multaneously  controlling  the  emittance  of  a  multibunch  train  and 
the  emittance  of  individual  bunches  within  the  train  will  be  dis¬ 
cussed.  We  discuss  control  of  bunch-to-bunch  energy  spread 
using  a  ramped  RF  pulse  generated  by  phase-modulating  the 
SLED-II  input.  Tolerances  on  ions,  wake  fields,  quadrupole 
alignment,  and  accelerating  structure  alignment  will  be  given. 

L  INTRODUCTION 

The  X-band  linacs  in  the  NLC  will  accelerate  low  emittance 
electron  and  positron  bunch  trains  from  10  GeV  to  250  GeV  in 
the  initial  phase  of  running,  and  from  10  GeV  to  500  GeV  af¬ 
ter  upgrades  to  the  rf  system.  For  initial  (upgraded)  operation, 
trains  of  90  (75)  bunches  with  0.65  x  10^^  (1.1  x  10^°)  parti¬ 
cles  per  bunch,  and  a  1.4  ns  spacing  between  bunches,  will  be 
accelerated  at  a  repetition  rate  of  180  (120)  Hz.  The  X-band  ac¬ 
celerator  structures  that  will  provide  the  high  acceleration  gradi¬ 
ent  (50  MeV/m  unloaded  during  initial  operation  and  85  MeV/m 
after  upgrades),  will  also  heavily  load  the  beam  (25%  by  the 
last  bunch)  and  produce  strong  long-range  and  short-range  trans¬ 
verse  Wakefields  when  the  beams  are  off-axis.  The  preservation 
of  the  emittance  of  the  beams  (nominally  76^^  =  3  x  10“^  and 
76y  =  3  X  10”®)  and  the  energy  spread  (~0.1%)  will  require 
tight  alignment  and  rf  control  tolerances.  Meeting  these  toler¬ 
ances  will  require  that  various  beam-based  corrections  schemes 
be  employed  during  operation.  In  the  following  sections,  we  dis¬ 
cuss  some  of  the  tolerances  and  correction  schemes  after  giving 
a  brief  description  of  the  linac  layout. 

IL  LINAC  LAYOUT 

The  main  linac  will  be  basically  an  array  of  X-band  accel¬ 
erator  structures  interleaved  with  a  FODO  quadrupole  lattice 
and  interspersed  with  beam  diagnostic  devices.  In  order  to 
provide  maximum  flexibility  for  using  beam-based  methods  to 
control  beam  emittance  growth,  the  accelerator  structures  and 
quadrupole  magnets  (quads)  will  contain  beam  position  monitors 
(BPMs)  and  will  be  supported  on  remotely  controlled  mechani¬ 
cal  movers. 

The  current  design  for  the  NLC  main  linac  accelerating  struc¬ 
ture  incorporates  both  detuning  and  damping,  where  the  damp¬ 
ing  is  accomplished  by  coupling  all  cells  in  the  structure  to  four 
parallel  manifolds[2][3].  The  Q’s  of  the  modes  in  the  lowest 
dipole  passband  are  lowered  to  about  1000,  which  is  sufficient 
to  control  multibunch  beam  break-up.  The  manifolds  will  also 
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serve  as  BPMs  that  provide  measures  of  the  beam  position  rel¬ 
ative  to  the  structure  axes.  The  1.8  m  long  accelerator  struc¬ 
tures  will  be  supported  in  pairs  on  a  common  strongback,  and 
the  strongback  itself  will  be  supported  by  movers  that  have  inde¬ 
pendent  horizontal  and  vertical  positioning  control  at  two  points 
along  the  strongback.  The  structure  movers  will  attach  to  a  com¬ 
mon  girder,  which  itself  will  attach  to  the  beam  line  support 
pedestal  via  manually  adjustable  supports.  These  girder  supports 
will  be  used  to  set  the  initial  position  and  orientation  of  the  struc¬ 
ture  pairs. 

At  the  beginning  of  the  linacs,  a  quadrupole  magnet  will  be 
located  after  each  structure  pair.  The  separation  of  the  quads 
will  increase  in  two-structure  increments  along  the  linacs,  from 
one  pair  of  structures  to  five  pairs  at  the  end  of  the  linacs.  The 
magnet  lengths  will  likewise  increase,  from  about  0.1  m  to  1  m. 
Each  quad  will  contain  a  stripline  BPM  in  its  bore,  and  each 
quad/BPM  unit  will  be  mounted  on  a  magnet  mover,  which  in 
turn  will  be  mounted  on  a  manually  adjustable  support.  Together 
this  system  will  have  the  same  adjustment  capability  as  the  struc¬ 
tures. 

III.  ALIGNMENT  AND  TRAJECTORY 
CORRECTION 

Misalignments  of  the  quadrupole  magnet  centers  about  the 
nominal  linac  axis  will  produce  dispersion  and  hence  beam  emit¬ 
tance  growth  because  of  the  non-zero  energy  spread.  Methods 
that  are  generally  used  to  align  the  quads  have  accuracies  that 
depend  on  the  distance  scale  of  the  alignment,  so  it  is  useful  to 
characterize  the  alignment  tolerance  in  terms  of  the  wavelength 
of  the  misalignments.  In  computing  these  tolerances,  we  as¬ 
sume  that  the  quad  offsets  are  sinusoidal  with  wavelength  A,  and 
that  bunches  are  steered  to  zero  in  the  BPMs,  which  themselves 
are  centered  in  the  quads.  Figure  1  shows  the  tolerance  on  the 
misalignment  amplitude  for  a  3%  vertical  emittance  growth  as  a 
function  of  A.  The  rapid  rise  in  the  tolerance  above  160  m  occurs 
since  A  becomes  larger  than  the  longest  betatron  wavelength  in 
the  linac,  so  the  dispersion  averages  out. 

The  initial  placement  of  the  quads  and  structures  will  be  done 
with  conventional  surveying  techniques.  Most  likely,  triangu¬ 
lation  and  leveling  methods  will  be  used  in  combination  with 
Global  Positioning  System  (GPS)  data  from  satellites.  The  long- 
range  alignment  accuracy  will  be  within  the  dispersion  related 
tolerances  shown  in  Figure  1 .  However,  at  wavelengths  less  than 
a  few  hundred  meters,  the  accuracy  will  level  off  to  values  that 
approach  100  microns  on  a  20  m  scale.  At  these  wavelengths, 
beam-based  methods  will  be  used  to  control  the  quad  alignment 
(these  methods  tend  to  be  sensitive  to  systematic  errors  at  longer 
wavelengths  and  hence  it  is  better  to  rely  on  placement  accu¬ 
racy  to  achieve  these  tolerances).  The  quad  alignment  correc¬ 
tions  computed  by  these  methods  are  generally  highly  correlated, 
so  one  does  not  usually  refer  to  the  absolute  level  of  quad  align- 
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ment,  but  instead  to  the  residual  dispersion  remaining  after  align¬ 
ment,  which  is  a  function  of  the  BPM  resolution  and  the  align¬ 
ment  accuracy  of  the  BPMs  relative  to  the  quad  centers. 

The  quickest  and  simplest  beam-based  quad  alignment  algo¬ 
rithm  is  one  that  uses  only  the  beam  trajectory  data  taken  with 
the  nominal  linac  lattice.  Having  readings  from  N  BPMs  in  N 
quads  allows  one  to  determine  N-1  quad  offsets,  with  the  align¬ 
ment  end-points  being  the  beam  position  in  the  first  quad  and  the 
BPM  zero  of  the  last  quad:  the  outgoing  beam  angle  is  uncon¬ 
strained.  One  would  align  N-1  quads  at  a  time,  one  group  after 
the  next,  using  the  magnet  movers  to  control  the  quad  positions 
to  the  micron  level.  Values  of  N  that  would  be  practical  range 
from  50  to  100,  or  1/14  to  1/7  of  the  total  number  of  quads  in 
each  linac. 

Although  this  method  would  only  require  that  the  quad  BPMs 
have  resolutions  of  a  few  microns,  it  also  requires  that  their  me¬ 
chanical  plus  electronic  offsets  relative  to  the  quad  magnetic  cen¬ 
ters  be  known  to  this  same  level.  These  offsets  can  be  computed 
in  a  beam-based  manner  as  well,  but  this  requires  changing  the 
linac  quad  settings  and  would  slow  down  the  quad  alignment 
process  and  disrupt  colliding  beam  operation.  To  minimize  the 
impact  of  such  measurements,  the  BPM  system  will  be  designed 
to  either  insure  that  any  drifts  in  the  offsets  after  measurement 
will  be  accurately  monitored,  or  that  the  changes  will  not  be  sig¬ 
nificant  on  at  least  a  24  hour  time  scale  so  that  at  most  one  mea¬ 
surement  a  day  would  be  needed.  Achieving  stable  BPM  off¬ 
sets  will  be  especially  important  if  the  quad  alignment  algorithm 
needs  to  be  implemented  as  a  feedback  loop  in  order  to  keep  up 
with  the  effect  of  ground  motion  changes  on  short  (hourly)  time 
scales. 

Another  potentially  large  contributor  to  beam  emittance 
growth  in  the  NLC  linacs  is  the  transverse  wakefield  that  is  gen¬ 
erated  as  the  bunches  travel  off-axis  through  the  structures.  The 
wakefield  degrades  both  the  beam  emittance  (i.e.,  it  generates 
bunch-to-bunch  orbit  variations)  and  the  bunch  emittances  (i.e., 
it  generates  differential  kicks  along  the  longitudinal  bunch  pro¬ 
files).  Although  the  structure  detuning  and  damping  will  signif¬ 
icantly  suppress  the  strength  of  the  long-range  wakefield,  and 
BNS  damping  will  effectively  cancel  the  effect  of  the  short-range 
wakefield  on  betatron  motion,  the  alignment  tolerances  for  the 
structures  are  still  tight. 

In  computing  theses  tolerances,  we  suppose  that  the  quads  and 
BPMs  are  perfectly  aligned,  and  that  the  net  wakefield  kick  to  the 
beam  is  removed  locally  by  steering  the  beam  centroid  to  zero  in 
the  BPMs.  As  in  the  dispersion  case,  we  consider  misalignments 
on  different  length  scales,  although  in  this  case  we  assume  piece- 
wise  misalignments  as  opposed  to  sinusoidal,  where  the  piece 
lengths  vary  from  sub-structure  sizes  to  multi-structure  groups 
[4].  Using  conventional  optical  alignment  techniques,  it  would 
be  extremely  difficult  to  achieve  the  required  tolerances  (of  or¬ 
der  10  microns)  at  scales  greater  than  a  few  structure  lengths.  In¬ 
stead,  the  structure  mover  system  will  be  used  to  align  the  two 
structures  as  a  whole  relative  to  the  beam  trajectory  based  on  the 
dipole  mode  signals  from  the  structure  damping  manifolds.  Sig¬ 
nals  from  two  modes  near  the  ends  of  the  structure  will  be  se¬ 
lected  with  filters  and  measured  so  that  both  the  position  and  ori¬ 
entation  of  the  structure  relative  to  the  beam  can  be  determined. 
The  average  of  the  measurements  from  the  two  structures  will  be 
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Figure  1.  Misalignment  tolerance  for  a  3%  vertical  emittance 
growth  as  a  function  of  misalignment  scale  A. 

used  to  remotely  adjust  the  mover  positions  at  the  micron  level  to 
better  center  the  pair  about  the  beam  trajectory.  This  procedure 
will  be  iterated  with  the  quad  alignment  algorithm  if  significant 
orbit  changes  occur. 

The  difference  in  the  measurements  from  each  structure  pair 
will  be  used  to  monitor  the  relative  structure  alignment  on  the 
strongback.  This  alignment  and  the  internal  alignment  of  each 
of  the  two  structures  will  be  established  prior  to  installation  by 
optical  means.  There  will  be  six  supports  on  each  structure  that 
can  be  adjusted  to  meet  the  required  tolerances;  the  tolerances 
on  shorter  length  scales  will  be  achieved  by  precision  assembly 
of  the  cells  prior  to  brazing.  Adjustments  to  the  six  supports  on 
each  structure  will  still  be  possible  in-situ,  although  not  easily 
given  the  precision  required. 

IV.  ION  EFFECTS 

In  the  NLC  linacs,  ions  are  created  by  collisional  ionization  of 
the  residual  gas.  Light  ions,  such  as  hydrogen,  are  overfocused 
and  lost  between  bunches,  while,  in  the  first  part  of  the  linac, 
heavier  ions  are  trapped  within  a  bunch  train.  Trapped  ions  af¬ 
fect  the  beam  dynamics  in  three  different  ways.  First,  the  addi¬ 
tional  focusing  of  the  trailing  bunches  due  to  the  ions  will  lead  to 
an  increased  filamentation  which  is  insignificant  only  for  a  vac¬ 
uum  pressure  below  10”®  Torr  [5].  Second,  the  ions  cause  anon- 
linear  octupole-like  coupling  of  horizontal  and  vertical  betatron 
motion,  whose  effect  is  greatly  reduced  when  the  horizontal  and 
vertical  phase  advances  are  separated  by  about  5%  [5].  Third, 
the  coupled  motion  of  beam  and  ions  may  result  in  a  fast  trans¬ 
verse  multi-bunch  instability  of  the  electron  bunch  train  in  the 
linacs.  If  the  pressure  is  10“®  torr,  the  expected  instability  rise 
time  at  the  start  of  the  main  linac  is  about  160  ns  [6],  assuming 
90  bunches  of  6.6  •  10^  particles  each  and  carbon  monoxide  ions 
(CO).  The  beam-ion  instability  disappears  when  the  ions  are  no 
longer  trapped  within  the  train.  The  distance  at  which  this  hap¬ 
pens  depends  on  the  beam  current  and  on  the  ion  mass.  As  an 
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example,  for  a  bunch  train  of  90  bunches  and  6.6  •  10^  particles 
per  bunch,  CO  ions  are  trapped  up  to  a  beam  energy  of  about  38 
GeV,  which  corresponds  to  a  distance  of  about  800  m  in  the  main 
linac.  For  an  average  CO  pressure  of  2  •  10~®  torr  and  an  ini¬ 
tial  bunch- to-bunch  offset  of  0.0  Icr^  the  expected  total  dilution 
of  the  vertical  emittance  due  to  the  beam-ion  instability  is  then 
about  4%,  At  5  •  10“®  torr  the  dilution  would  exceed  100%.  For 
higher  beam  intensities  fewer  ions  are  trapped  over  a  shorter  dis¬ 
tance,  and  the  pressure  tolerance  is  looser. 

V.  MULTIBUNCH  ENERGY  CONTROL 

The  method  of  multibunch  energy  compensation  is  to  linearly 
ramp  the  input  RF  pulse  during  one  filling  time  just  prior  to  in¬ 
jection  of  the  beam  [7].  Without  such  compensation,  there  would 
be  a  drop  of  energy  of  about  25%  from  the  head  of  a  train  to  the 
tail,  due  to  beam  loading  of  the  accelerating  mode.  The  band¬ 
width  of  the  present  NLC  final  focus  design  is  ±0.7%  [8].  Thus, 
the  multibunch  energy  spread  and  the  variation  in  the  average  en¬ 
ergy  of  the  beam  must  both  be  controlled  to  a  few  tenths  of  a  per¬ 
cent.  The  simple  linear  ramp  gives  quite  good  compensation,  but 
the  RF  pulse  could  be  further  corrected  to  improve  the  compen¬ 
sation  (and  maintain  it  via  feedback  as  conditions  vary). 

Parameters  used  in  the  simulations  are  as  follows:  RF  fre¬ 
quency,  frf  =  11.424  GHz,  section  length  =  1.8  m,  attenuation 
r  =  0.505,  fundamental  mode  Q  =  7107,  fundamental  mode  loss 
factor  Ki  =  203.75  V/pC,  filling  time,  T/  =  100  ns,  bunch  spac¬ 
ing  =  16Ar/  w  42  cm,  bunch  charge  =1  x  10^°.  We  model  the 
linac  as  made  up  of  CG  sections,  with  27r/3  phase  advance  per 
cell. 

The  bunches  must  be  placed  ahead  of  the  RF  crest  (by  about 
13®  for  the  parameters  used  here),  to  compensate  the  intrabunch 
energy  spread.  When  the  energy  spread  is  optimized,  there  is  a 
residual  rms  fractional  energy  spread  (including  both  intrabunch 
and  bunch-to-bunch  spread)  of  about  0.2%. 

We  examined  the  sensitivity  of  the  rms  energy  spread  and  the 
mean  energy  of  the  multibunch  beam  to  bunch  length,  bunch 
charge  variations,  and  ripple  of  the  incoming  RF  pulse.  The  opti¬ 
mum  energy  compensation  is  not  very  sensitive  to  bunch  length. 
A  20%  change  in  bunch  length  away  from  the  nominal  value  of 
100  /im  produces  an  additional  rms  energy  spread  of  about  0.1%. 

The  compensation  is  quite  sensitive  to  systematic  changes  in 
bunch  charge,  i.e.,  changes  that  are  similar  for  all  bunches  in  the 
train.  Changing  all  the  bunch  charges  by  2%  from  their  optimum 
value  increases  the  rms  fractional  energy  spread  from  0.2%  to 
0.3%.  Changing  all  the  bunch  charges  by  0.3%  from  their  opti¬ 
mum  value  produces  a  shift  of  about  0.1  %  in  the  centroid  energy 
of  the  beam. 

The  sensitivity  to  RF  phase  and  amplitude  ripple  was  studied 
as  a  function  of  time  scale  and  amplitude  of  the  ripple.  The  tight¬ 
est  tolerances  occur  for  ripple  that  has  large  variations  on  a  time 
scale  comparable  to  the  100  nsec  filling  time,  i.e.  if  the  ripple  is 
taken  to  be  sinusoidal,  the  tightest  tolerances  occur  for  sinusoids 
with  periods  of  200  to  400  nsec.  For  shorter  time  scales,  the  rip¬ 
ple  partly  averages  out  over  a  filling  time,  loosening  the  toler¬ 
ances.  For  longer  time  scales,  the  rms  energy  spread  tolerances 
loosen  somewhat,  while  the  centroid  energy  tolerances  remain 
about  the  same.  The  tolerances  also  depends  on  whether  the  rip¬ 
ple  is  similar  in  all  accelerating  sections  —  if  it  is  random  from 


section  to  section,  the  tolerances  are  of  course  looser.  The  most 
pessimistic  estimate,  assuming  a  tolerance  of  0.1%  increment  to 
the  rms  energy  spread,  is  ±0.5®  for  the  phase  ripple  and  ±0.3% 
for  the  field-amplitude  ripple.  The  most  pessimistic  estimate,  as¬ 
suming  a  tolerance  of  0.1%  energy  centroid  shift,  is  ±0.3®  for 
the  phase  ripple  and  ±0.3%  for  the  field-amplitude  ripple. 
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Abstract 

The  Advanced  Photon  Source  (APS)  at  Argonne  National 
Laboratory  will  be  a  7-GeV  machine.  It  is  anticipated  that  for 
beam  operations  beyond  the  baseline  design  of  100  mA  stored 
beam  current,  a  transverse  and  longitudinal  damping  system 
is  needed  to  damp  instabilities.  A  key  part  of  this  digital 
damping  system  is  digital  signal  processing.  This  digital 
system  will  be  used  to  process  samples  taken  from  the  beam 
and  determine  appropriate  correction  values  to  be  applied  to 
the  beam.  The  processing  will  take  the  form  of  a  transversal 
digital  filter  with  adaptable  filter  weights.  Sampling  will  be 
done  at  176  MHz  with  a  possible  correction  bandwidth  of  88 
MHz.  This  paper  concentrates  on  the  digital  processing 
involved  in  this  system,  and  especially  on  the  adaptive 
algorithms  used  for  determining  the  digital  filter  weights. 

L  INTRODUCTION 

If  there  are  no  interactions  between  circulating  bunches  of 
a  synchrotron,  the  motion  of  each  bunch  can  be  described  by 
three  harmonic  oscillators  corresponding  to  the  three  tune 
frequencies.  In  real  synchrotrons,  coupling  will  be  present, 
and  proper  description  is  in  terms  of  the  normal  modes.  If 
there  are  N  bunches,  there  will  be  N  modes  and  N  tunes.  It 
turns  out  however,  that  in  many  practical  cases  the  tune  shift 
fi*om  the  non-coupled  frequency  is  either  nearly  the  same  for 
all  modes,  or  very  small.  Thus,  all  coupled  modes  can  be 
taken  as  having  the  same  frequency.  All  coupled  bunches  can 
thus  be  described,  as  in  the  uncoupled  case,  as  three  harmonic 
oscillators  characterized  by  the  same  three  tune-shifted 
frequencies. 

This  is  the  case  in  the  APS  storage  ring  [1].  In  one 
simulation  of  the  resistive  wall  instability,  54  evenly  spaced 
bunches  were  assumed  circulating  in  the  ring  to  achieve  the 
maximum  design  current  of  300  mA.  The  fractional  vertical 
tune,  Vy=0.3,  was  reduced  by  an  average  of  6%  for  the  54 
modes.  The  tune  spread  however,  was  only  0.7%.  Under  the 
same  circumstances,  a  growth  rate  of  400/s  in  the 
longitudinal  motion  due  to  a  single  cavity  higher-order  mode 
(HOM)  will  result  in  a  maximum  of  2%  tune  shift  in  an 
affected  coupled  bunch  mode.  In  the  APS  ring,  HOM-induced 
longitudinal  growth  rates  are  expected  to  usually  be  below 
200/s  resulting  in  a  maximum  tune  spread  of  2%. 

Since  all  bunches  can  be  treated  as  having  the  same  three 
tune  frequencies,  a  bunch-by-bunch  damping  system  can  be 
implemented  with  one  filter  for  each  of  the  two  transverse 
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tunes  and  a  third  for  the  longitudinal  tune.  For  APS  the  same 
digital  transversal  filter  design  can  be  used  for  all  three  tunes. 
This  paper  deals  with  the  design  of  filter  coefficients. 

It  is  natural  to  use  a  single  pickup  for  this  type  of  system. 
One  stripline  can  readily  be  used  to  measure  the  two 
transverse  displacements  and  longitudinal  phase  of  each 
bunch  on  each  turn.  Two  turns  of  information  can  be  used  to 
calculate  the  kick  which  needs  to  be  applied  to  the  bunch  in 
order  to  cancel  its  transverse  velocity.  Let 

yi=Asin(|)  (1) 

be  the  displacement  of  a  bunch  on  one  turn.  On  the  next  turn 
the  displacement  will  be 

y  2  =  A  sin(27CV  +  (|)),  (2) 

where  v  is  the  fractional  tune.  The  transverse  velocity  of  this 
bunch  at  the  kicker  will  be 

y3  =  Bcos(27UV  +  (|)  +  k),  (3) 

where  K  and  B  are  determined  from  the  betatron  amplitude 
and  phase  considerations.  It  is  straightforward  to  show  that 

(A/B)y3  =aiy,+a2y2,  (4) 

where 

aj  =  [sin(27rv  +  k)  -  cot(27Cv)  cos(27UV + k)]  (5) 

a  2  =  cos(27tv + k)  /  sin(27rv).  (6) 

Thus,  a  two-term  transversal  filter  is  adequate  for  dealing 
with  the  transverse  motion. 

There  are  a  number  of  reasons  why  more  than  two  terms 
are  desirable.  One  is  that  the  detrimental  effects  of  noise  and 
digitizing  granularity  can  be  reduced.  A  second  is  that  offset 
errors  can  be  reduced.  A  third  is  that  greater  flexibility  in  the 
coefficient  set  is  achieved,  thus  allowing  a  greater  amount  of 
adaptability  due  to  the  larger  number  of  coefficients. 

IL  TRANSVERSAL  FILTER 

A.  Theory 

A  general  way  to  arrive  at  a  useful  set  of  coefficients  is 
suggested  by  the  following.  Suppose  there  is  a  continuous 
signal 

s(t)  =  So  cos(cot  +  (])).  (7) 

At  t=0  this  will  have  the  value 

s(0)  =  Sq  cos((])).  (8) 

In  order  to  phase  shift  the  value  of  the  signal  at  t=0  by  0,  one 
can  take  a  second  signal 
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r(0  =  Y‘^os((ot  +  e),  (9) 

where  o>=27i/T  (T  is  the  period  of  the  cosine  wave).  Now 
compute  the  integral 
0 

I  =  J s(t)  r(t)dt  =  So  cos(<|»  -  0)  (10) 

-T 

and  the  desired  phase  shift  is  accomplished.  By  changing  r(t), 
the  amplitude  of  I  can  also  be  controlled. 

If  the  signal  is  sampled,  one  can  achieve  the  phase 
shifting  by  a  sum  of  products.  This  is  accomplished  by  using 
a  transversal  filter.  Thus,  if  a  signal  were  taken  for  N 


revolutions, 

x[n]  =  D  cos(27Cvn  +  (}))  n  =  -(N  - 1), . 

...0  (11) 

and  we  use  weights 

2 

bj  cos(27rvj+e), 

(12) 

then 

a 

II 

(13) 

n=-(N-l) 


should  give  us  the  desired  phase-shifted  signal.  To  calculate 
the  proper  kick,  one  simply  chooses  the  appropriate  0  and 
adjusts  the  amplitude  to  take  the  beta  function  into  account. 
Thus,  suppose  the  transverse  velocity  at  the  kicker  is 

v=  Vosin(27CVn  +  (|)  +  K)  =  Vo  cos^2jtvn+<l)  +  K-yj.  (14) 
The  phase  shift  is 


perfect  DC  offset  cancellation  (Ej  in  Eq.  (16)).  The  problem  is 
that  Di  in  Eq.  (16)  is  not  know  and  must  be  derived  from 
multiple  measurements  of  Xi[n].  At  least  two  measurements 
would  be  required  and  probably  more  would  be  used  in 
practice.  Unfortunately,  it  will  take  too  long  to  solve  for  D; 
and  synthesize  Xi[n].  This  leaves  some  sort  of  real-time 
filtration  of  Xi[n]  to  produce  x’i[n]. 

The  transversal  filter  will  take  the  form  of 


N-l 


j=0 


(18) 


where  N  is  the  number  of  filter  weights.  The  filter  operates  on 
data  from  past  turns  as  well  as  the  present  turn  (assuming 
N>1).  Each  bunch  in  the  ring  will  have  to  be  dealt  with 
separately,  but  will  use  the  same  filter. 

The  goal  now  is  to  design  the  filter  weights  (the  bj's  in  Eq. 
(18))  in  order  to  model  Eq.  (17).  The  filter  must  effectively 
implement  the  gain,  the  phase  shift  (this  also  includes 
transforming  the  cosine  to  a  sine),  and  the  DC  offset 
rejection.  From  the  derivation  in  the  previous  section,  a  sine 
wave  in  the  filter  coefficients  will  be  used.  From  Eqs.  (12) 
and  (15),  take  the  weights  to  be 

bj  =|-cos(^27tjv-Hf-Kj.  (19) 


Using  Eqs.  (16)  and  (19),  Eq.  (18)  becomes 


cos^2jt(n-j)v-t-<|)j 


+E. 


)■ 


The  term  Vq/D  is  determined  from  the  beta  functions  at  the 
pickup  and  kicker. 

B.  Application  of  Filter  Design 

The  main  goal  of  the  digital  signal  processing,  or  DSP,  is 
to  develop  a  transversal  filter  to  process  the  incoming  data 
[2].  The  filter  should  be  adaptive  in  order  to  deal  with 
changes  in  the  beam.  Specifically,  tune  shifts  could  warrant 
an  update  to  the  filter.  The  main  goal  of  the  filter  is  to 
provide  the  proper  phase  and  amplitude  shift  to  the  incoming 
signal  that  will  produce  the  desired  output  for  the  kicker.  Any 
DC  offset  must  also  be  minimized.  The  input  signal  is  of  the 
form 

Xj[n]  =  DjCos(27Cnv+(j)j)-i-Ej,  (16) 

where  i  is  the  bunch  number,  n  is  the  turn  number,  v  is  the 
fractional  tune,  <|>  is  the  reference  phase,  and  D  and  E  are 
constants.  It  is  desired  for  the  filter  to  produce  some  output 
x'i[n]  such  that 

x'j  [n]  =  DjF  sin(27tnv  +  <l)j -i-k).  (17) 

F  is  known  a  priori  and  so  is  K.  The  value  of  k  is  related  to 
the  change  in  the  betatron  phase  from  the  pickup  to  the 
kicker.  It  is  possible  to  synthesize  x^n]  independently  from 
Xi[n]  if  <|)i  is  known  accurately  enough.  This  would  allow  for 


(20) 

If  Eq.  (20)  is  simulated  using  a  digital  computer,  it  is  seen 
that  the  chosen  filter  effectively  accomplishes  the  desired 
goal.  Note  that  the  sum  of  J)  over  all  j  produces  the 
attenuation  factor  for  Ej.  In  other  words  if  all  the  filter 
weights  summed  to  0.2,  the  DC  offset  would  be  reduced  to 
20%  of  its  previous  value. 

III.  SIMULATIONS  AND  RESULTS 

Figure  1  shows  the  calculated  and  simulated  data  using 
four  weights  with  Di=F=1.0,  (j>=0.0,  k=0.7,  and  v=0.3.  The 
graphs  show  the  actual  calculated  beam  position  at  the  kicker 
(calculated)  versus  the  filtered  prediction  at  the  kicker 
(simulated).  This  result  is  typical  in  that  small  but  significant 
errors  result  by  using  weights  defined  by  Eq.  (19).  These 
errors  can  be  eliminated  by  introducing  an  additional 
multiplicative  constant,  B,  for  each  coefficient  and  requiring 
that  the  calculated  and  simulated  results  be  equal.  In 
particular,  letting  n=0,  Di=F=1.0,  Ei=0.0,  and  (l)s=<j),  one  gets, 
using  Eqs.  (14),  (17),  and  (20), 

C0S^(|) + K  -  j  =  ^  ^  B j  cos^-2jtj V + y  j  cos(-2jgv  +  <|)) . 

(21) 

Expanding  this  and  requiring  that  this  be  true  for  any  k  and 
any  (|),  one  gets  three  equations: 
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XBiCos^(27Cvi)  =  y, 

(22) 

^  Bj  sin^  (2jwi)  =  ^ , 

(23) 

y  Bj  sin(47tvi)  =  0 . 

(24) 

Thus  for  N=2,  Eqs.  (5)  and  (6)  are  used  for  calculating  the 
weights.  For  N=3,  Eqs.  (22),  (23)  and  (24)  are  used.  For  N>3, 
the  above  expressions,  combined  with  additional  conditions 
would  be  used.  In  particular,  for  1^4  one  can  impose  the 
additional  condition  that 

^ Bj  cos^-27CVi  +  ^ 

This  assures  complete  DC  offset  cancellation.  Figure  2 
compares  the  calculated  and  simulated  results  for  N=4  after 
solving  for  the  Bi’s  from  Eqs.  (22),  (23),  (24),  and  (25).  As 
expected,  there  is  complete  overlap. 

As  discussed  earlier,  the  largest  expected  tune  spread  will 
be  about  2%  of  the  fractional  tune.  Figure  3  was  generated  by 
using  the  same  weights  as  in  Figure  2  (v=0.3),  but  letting 
v=0.3x98%  for  generating  the  measured  positions  of  the 
bunch  (for  the  simulated  data).  The  ratio  of  the  sum  of  the 
magnitude  of  the  difference  at  each  turn,  over  the  sum  of 
magnitudes  is  6%. 


Calculated  versus  Simulated  Data  (4  filter  weights) 
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Figure  1.  Calculated  versus  Simulated  Data  (4  filter  weights) 
IV.  CONCLUSIONS 

Multi-tap  programmable  transversal  filters  are  useful  for 
calculating  the  required  kick  in  damping  systems.  The  larger 
the  number  of  taps  (or  filter  weights),  the  greater  the 
flexibility.  In  particular,  four  or  more  taps  can  be  used  to 
assure  the  elimination  of  the  detrimental  effects  associated 
with  DC  offsets.  Effects  of  noise  and  digitizing  granularity 
can  be  reduced.  Large  tune  shifts  can  be  accommodated.  A 


single  filter  design  can  accommodate  both  transverse  and 
longitudinal  damping. 

Calculated  versus  Simulated  Data  (4  filter  weights) 
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Figure  2.  Corrected  Calculated  versus  Simulated  Data  (v=0.3) 


Calculated  versus  Simulated  Data  (4  filter  weights) 
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Figure  3.  Corrected  Calculated  versus  Simulated  Data 
(v=0.3x98%) 
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Abstract 

An  analytical  formula  for  the  longitudinal  coupling  impedance 
of  a  hole  is  developed  using  a  variational  method.  We  show 
that  the  coupling  impedance  can  be  expressed  as  a  sum  of  func¬ 
tional  series,  whose  argument  is  the  dimensionless  quantity  kd 
alone,  where  k  is  the  free-space  wave  number  and  d  is  the  ra¬ 
dius  of  the  hole.  When  expanded  in  powers  of  kd,  we  recover 
the  long  wavelength  result  as  a  limiting  case.  The  numerical 
evaluation  reveals  that  the  impedance  can  be  well  modeled  by 
an  RLC-resonator  circuit.  We  also  show  the  qualitatively  good 
agreement  between  the  theory  and  the  MAFIA-T3  simulation 
for  the  geometry  of  a  hole  in  a  coupled  waveguide  with  rectan¬ 
gular  cross  section. 


Assuming  a  small  hole,  namely  kd  =  27rd/A  1,  Bethe 
obtained  the  solution  for  the  magnetic  current  in  the  hole  as  [2] 

nxE  = - y-^==  ep  X  Ep+j^Vd^  -  Hp,  (2) 

TTy/d^-p^  ^  TT  _ ^ ^ 

where  Eo  and  Ho  are  the  field  evaluated  at  the  center  of  the 
hole  in  the  absence  of  the  hole,  and  Jm.E  and  Jm.ff  denote  the 
magnetic  current  induced  in  the  hole  due  to  the  incident  electric 
and  magnetic  fields,  respectively. 

The  magnetic  field  from  the  unit  source  current  can  be  ob¬ 
tained  using  the  image  principle.  In  the  plane  of  the  hole,  it 
becomes 


I.  PROBLEM  STATEMENT 


^0  ^  .-3kz 

Tt 


H,  =  0, 


(3) 


The  geometry  of  our  problem  is  shown  in  Fig.  1  where  a 
charge  is  moving  in  the  z-direction  with  velocity  close  to  the 
speed  of  light.  The  distance  between  the  plane  screen  and  the 
beam  path  is  b,  and  the  origin  of  the  coordinate  is  at  the  center  of 
the  hole  with  radius  d.  The  local  cylindrical  coordinate  system 
(/>,  0,  y)  is  also  shown.  We  calculate  the  longitudinal  coupling 
impedance  for  this  geometry. 


where  the  coordinate  system  defined  in  Fig.  1  is  used. 

Assuming  a  small  hole  in  which  the  field  strength  is  uniform 
but  the  phase  is  varying,  we  may  rewrite  the  source  field  as 

Hi  =  Ho  -  iAr;^Ho  +  where  Ho  = 

Then,  the  longitudinal  coupling  impedance  becomes 


Figure  1 .  Infinite  Flat  Screen  with  a  Hole. 
11.  LOW  FREQUENCY  SOLUTION 


Uol'^Znik)  =  /  =  (5) 

Jhole  ^ 

\IofZE{k)  =  /  = 

Jhole  ^ 

\Io\^Z{k)  =  ZH{k)  +  ZE{k)=j^^°f^k,  (7) 

which  results  in  Z{k)  —  {2Zod^/37rH^)k. 

If  we  apply  the  above  formula  to  a  cylindrical  beam  pipe 
of  radius  b  with  a  hole  of  radius  d,  the  longitudinal  coupling 
impedance  becomes,  with  Ho  =  in  Eq.  (7), 


(8) 


Denoting  El  andHi  as  the  fields  without  the  hole  and  E2  and  ^viiich  is  exactly  the  same  as  the  well-known  results  [1]. 
H2  as  the  fields  with  the  hole,  we  can  express  the  longitudinal 

coupling  impedance  as  [1]  HI.  VARIATIONAL  SOLUTION 


\Io\'^Z{k)=  /  (nxE2)-Hld5,  (1) 

Jhole 

where  n  x  E2  =  Jm  is  the  magnetic  current  induced  in  the  hole, 
which  is  not  known  until  we  solve  the  problem. 


A.  Variational  Formalism 

We  begin  by  defining  an  “impedance  functional”  which  is  sta¬ 
tionary  with  respect  to  the  unknown  quantity  (magnetic  current 
density  in  the  hole). 

We  define  the  impedance  functional  Z  as 


♦Work  supported  by  U.S.  Department  of  Energy,  Office  of  Basic  Energy  Sci¬ 
ences  under  contract  No.  W-3 1-1 09 -ENG-3 8. 
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z 


y  J  •  (E2  -  T£.i)dV. 


(9) 


2995 


In  the  above  definition,  as  we  subtracted  the  contribution  from 
the  source  field,  the  entire  contribution  is  from  the  scattered  field 
which  satisfies  the  homogeneous  Maxwell’s  equations.  We  note 
that  if  the  electric  field  is  real,  the  longitudinal  impedance  is 
the  complex  conjugate  of  the  impedance  functional,  Z{k)  = 

z*(k)K 

If  the  integrating  surface  is  chosen  to  coincide  with  the  plane 
of  the  screen  where  Ei  satisfies  the  boundary  condition  n  x 
El  =  0,  Z  reduces  to 

2  =  y*  Hi  •  (n  X  lS,2)dS.  (10) 

By  using  Rumsey's  reaction  concept  [3],  [4],  we  can  derive 
the  variational  expression  for  Z  as  [5] 

1  [/5<.H‘-(nxE“)dS']' 

!sa  fsM  ^  *  Go(r|r')  •  [n  x  E^{T')]dSdS' ' 

W  (11) 

where  H*  is  the  incident  magnetic  field  on  the  screen  (previously 
^noted  as  Hi),  E°  is  the  assumed  electric  field  in  the  hole,  and 
Go(r|r')  is  the  ffee-space  dyadic  Green’s  function. 

The  above  formula  is  a  homogeneous  equation  in  the  sense 
that  the  result  does  not  depend  on  the  amplitude  of  the  assumed 
electric  field  E“.  If  a  proper  dyadic  Green's  function  is  used, 
this  is  a  general  expression  for  the  impedance  functional  of  an 
aperture  in  a  conducting  plane  as  long  as  the  plane  is  the  sym¬ 
metry  plane  separating  two  regions,  namely,  an  infinite  plane  or 
coupled  waveguide  structure.  Details  of  the  calculation  depend 
on  the  shape  of  the  aperture  and  the  assumed  tangential  electric 
field  in  the  aperture. 

B,  Results 

In  order  to  evaluate  the  variational  expression  represented  by 
Eq.  (1 1),  we  assume  a  trial  function  for  E“  based  on  the  Bethe’s 
solution  in  Eq.  (2): 

yt— oo  2  n=:oo  2 

nxE“  =  e,  53 

n=l  n=l 

(12) 

This  field  satisfies  Meixner’s  “edge-field”  condition  [6]. 

The  coefficients  a„  and  are  unknown  quantity  and  depen¬ 
dent  on  the  frequency.  We  used  the  method  developed  by  Levine 
and  Schwinger  [7]  to  determine  these  coefficients,  and  the  de¬ 
tailed  results  can  be  found  in  [5]. 

Once  the  a„  and  coefficients  are  determined,  we  can  use 
them  to  calculate  the  longitudinal  coupling  impedance.  It  turns 
out  that  the  coupling  impedance  is  numerically  equal  to  the 
impedance  functional.  We  also  found  that  the  magnetic  current 
from  the  electric  and  magnetic  field  does  not  couple  in  contribu¬ 
tion  to  the  coupling  impedance.  Thus  we  write  the  impedance 
as 

=  +  (13) 

where  M  or  N  denotes  the  order  of  approximation  or  the  number 
of  terms  used  for  trial  fields. 

^  We  found  that  the  coupling  impedance  docs  not  have  the  stationary  property 
in  general. 


It  may  be  interesting  to  compare  Z^^\k)  and  expanded 
in  powers  of  kd.  We  find  that 


- 


7’(1) 


SZod^H^ 


277t 


-3- 


.2Zod^H^ 


In  the  low  frequency  range,  it  is  found  that  ~ 

j{2Zod^HQ/Z)k,  which  is  the  same  as  the  low  frequency  result 
found  in  the  previous  section. 

Since  Hq  ^  the  above  result  shows  that  the  impedance 
scales  as  (d/6) 


Re  Z„ 


Re  Zg 


Zh 

Im  Zg 


Figure  2.  Comparison  of  Impedances  due  the  Incident  Magnetic 
Field,  Zhj  and  Electric  Field, 


Numerical  results  of  Z^"^  and  Z^^  are  presented  in  Fig.  2.  It 
shows  that  the  impedance  of  magnetic  type  Zh  is  mainly  induc¬ 
tive  {Im  Zh  >  0),  and  the  electric  type  Ze  exhibits  capacitive 
behavior  {Im  Ze  <  0). 

The  results,  using  the  three  terms  =  z]^^  +  Z^^\  are 
shown  in  Fig.  3,  from  which  we  find  that  the  maximum  value 
of  Re  Z{k)  is  Re  Z{k)max  =  0.216Zo.  For  all  other  d/b,  it 
becomes  Re  Z{k,dlb)mar  -  0.216Zo(d/6)^ 


Real 

Imaginary 


Figure  3.  Variational  Results  Using  Three-Term  Electric  Field. 
(The  ratio  d/b=1.0  is  used.) 
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IV.  BROADBAND  RESONATOR  MODEL 

Since  the  impedance  shown  in  Fig.  3  is  similar  to  the 
impedance  of  a  parallel  RLC-resonator  circuit,  it  would  be  use¬ 
ful  if  we  described  the  impedance  in  terms  of  circuit  parameters. 
The  impedance  of  an  RLC-resonator  circuit  is 


Z{u)  = 


R 


(14) 


where  R  is  the  shunt  impedance,  Q  is  the  quality  factor,  and  tJr 
is  the  resonant  frequency. 

The  resonant  frequency  and  the  quality  factor  can  be  read 
from  Fig.  3.  For  the  Q  value,  we  used  the  definition  Q  = 
u}r/2A(j,  where  \Z{u)  \  at  the  frequency  u  =  Ur-j-  Aw  is  0.707 
of  its  maximum  value.  The  shunt  impedance  can  be  determined 
in  two  ways.  We  can  either  use  the  impedance  in  the  low  fre¬ 
quency  limit,  Z{k)  =  j{2ZocPHQ/Z)k,  or  the  impedance  at 
resonance,  Z{k)  =  0.216Zo(d/6)^.  Denoting  these  two  models 
as  BBR-1  and  BBR-2,  respectively,  the  circuit  parameters  are 
shown  in  Table  I. 


Table  I 

Circuit  Parameter  Based  on  BBR  Model 


Model 

Ur 

Q 

R 

BBR-l 

1.35(c/d) 

1.8 

0.164  Zoidlb)'^ 

BBR-2 

1.35(c/d) 

1.8 

0.216  Zo{d/by 

We  compared  the  impedances  from  the  two  models  with 
the  variational  result,  which  is  shown  in  Fig.  4.  Note  that 
{Z{k)fZo)fkd  is  plotted,  which  is  the  useful  quantity  in  the  in¬ 
stability  calculation. 


Figure  4.  Comparison  of  Impedances  from  Variational  Solution 
and  Broadband  Resonator  Model. 


V.  APPLICATION  TO  ACCELERATOR 
CHAMBER 

We  also  applied  the  above  results  to  the  accelerator  chamber. 
As  a  model  geometry  we  considered  the  rectangular  waveguides 
coupled  by  the  hole  in  the  common  wall.  In  the  analysis,  we 
used  the  image  charges  in  order  to  remove  the  waveguide  wall. 
By  doing  so  we  could  investigate  the  contributions  from  the  real 
charge  and  the  image  charges  to  the  impedance  separately.  We 
found  that  the  image-charge  contribution  is  small,  as  long  as  d/b 
is  small  [5], 


We  compared  the  variational  results  with  a  MAFIA-T3  [8] 
simulation.  The  geometry  used  in  the  MAFIA-T3  simulation 
has  a  2  cm-by-1  cm  rectangular  waveguide  with  a  hole  of  vary¬ 
ing  radius  on  the  1-mm-thick  common  wall. 

The  results  for  the  hole  with  a  radius  of  1  mm  correspond¬ 
ing  to  d^=0.2  are  shown  in  Fig.  5.  The  agreement  between  the 
two  results  is  qualitatively  good.  From  the  range  of  frequency 
we  can  conclude  that  the  appropriate  length  scale  is  the  size  of 
the  hole  and  not  the  size  of  the  waveguide.  Thus  the  scaling 
we  found  in  the  previous  section  also  applies  to  the  waveguide 
geometry. 


Figure  5.  Coupling  Impedance  of  the  Hole  with  a  Radius  of 
1  mm  in  the  Coupled  Waveguide. 
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Abstract 


Then,  Eq.  (2)  may  be  rewritten  as 


The  Advanced  Photon  Source  (APS)  storage  ring  is  a  7-GeV 
light  source  with  40  straight  sections.  Intense  x-ray  beams  will 
be  delivered  by  34  insertion  devices  installed  in  diese  straight 
sections.  The  vacuum  chamber  for  the  insertion  devices  has  an 
elliptical  cross  section  with  the  gap  equal  to  8  mm.  With  this 
narrow  gap,  we  estimate  that  the  transverse  impedance  of  the 
ring  at  the  revolution  frequency  could  be  as  high  as  36  from 
the  resistive  wall.  By  increasing  the  (unnormalized)  chromaticity 
to  7,  we  cure  the  head-tail  modes  of  order  up  to  m=l  for  all  60 
coupled  bunch  mode  patterns  around  the  ring.  Tracking  results 
show  that  the  increased  sextupole  strength  resulting  from  a  higher 
chromaticity  does  not  significantly  reduce  the  dynamic  aperture. 
Since  increased  chromaticity  alone  cannot  cure  all  the  head-tail 
modes,  the  APS  storage  ring  will  have  a  feedback  system  to  damp 
the  rigid-bunch  modes. 

Introduction  Resistive  wall  impedance  can  cause  the  coupled 
bunch  instability  due  to  the  peak  near  the  origin  (long  range  wake- 
field  or  multi-turn  effects)  as  well  as  the  higher-order  head-tail 
modes  via  the  broad-band  tail  (short  range  wakefield  or  single- 
turn  effects).  Since  the  growth  rate  from  the  resistive  wall  in¬ 
stability  is  in  general  slow,  the  strategy  is  to  damp  the  fastest 
growing  mode  of  the  coupled  bunch  oscillation  by  adjusting  the 
chromaticity  slightly  above  zero,  causing  the  unstable  head-tail 
modes  to  become  stabilized  by  the  radiation  damping  and/or 
Landau  damping. 

However,  we  found  that  this  is  not  the  case  for  the  APS  storage 
ring. 

Resistive  Wall  Impedance  R.  Gluckstem,  J.  Zeitzs  and  B.  Zot- 
ter  [1]  have  derived  expressions  for  the  longitudinal  and  trans¬ 
verse  resistive  wall  coupling  impedance  for  a  beam  pipe  of  arbi¬ 
trary  cross  section  in  the  ultra-relativistic  limit.  Explicit  results 
for  the  transverse  impedance  for  the  beam  pipe  of  elliptic  cross 
section  with  the  major  axis  a  and  the  minor  axis  b  may  be  written 


^Lio))  =  {sign{co)  j)Zx,((OQ) 


(3) 


where  Z_i_(cuo)  is  the  impedance  evaluated  at  the  revolution  fre¬ 
quency.  The  APS  storage  ring  consists  of  34  straight  sections  for 

insertion  devices  (IDs)  with  half  gap,  b,  equal  to  4  mm  and  length 
equal  to  6.5  m  per  each  straight  section  and  the  remaining  sec¬ 
tions  with  b  equal  to  2  cm.  Then  the  resistive  wall  impedance, 
from  the  34  ID  vacuum  chambers  and  the  remaining 
sections  are  34.5  MQ/m  and  1  MQfm,  respectively.  We  esti¬ 
mate  that  the  total  impedance  for  the  APS  storage  ring  due  to 
the  resistive  wall  is  36  Mf2/m.  In  the  estimation  we  used  the 
resistivity  of  Al  at  room  temperature  is  3  •  10“^  Qm,  and  the  skin 
depth  at  revolution  frequency  of  0.2715  MHz  is  168  /xm. 

Rigid  Bunch  Case  Consider  a  single  rigid  bunch  is  circulating 
in  the  ring.  The  “rigid”  bunch  means  no  internal  motion  inside 
the  bunch,  and  the  bunch  can  be  approximated  as  a  macro  particle 
with  charge  Q.  The  equation  of  motion  including  the  wakefield 
effects  may  be  written  as 


(fiy 

li^ 


+  coly  = 


eQ 

ymo 


oo 


E 


y{t-kTo) 


WAkTp) 
InR  ’ 


(4) 


where  co^  is  the  free  betatron  oscillation  frequency,  Tp  is  the 
revolution  period,  Q  is  the  total  charge  of  a  bunch,  and  mp  is  the 
rest  mass  of  a  particle.  The  contributions  from  all  previous  turns 
are  included  as  a  sum  in  the  equation. 

Equation  (4)  may  be  solved  by  assuming  that  y  varies  har¬ 
monically  as  The  resulting  coherent  frequency  shift  may 
be  written  as 


+00 

Acoc  =  =  jCr  ^  Zxipcop  -1- co^),  (5) 

^=—00 


=  ^JL,circular{b,  (o)Fx^y(^),  (1) 

where  Zx^circuiar  (b,  co)  is  the  transverse  impedance  for  the  cylin¬ 
drical  beam  pipe  of  radius  b  and  Fx^yiq)  is  the  form  factor  ex¬ 
pressed  in  terms  of  “nome”  q  =  (a  ~  b)/{a  -j-  b).  The  subscripts 
X  and  y  denotes  the  horizontal  and  vertical  impedance,  respec¬ 
tively.  Denoting  Zy  as  Z±  and  using  the  fact  that  the  vertical 
form  factor,  Fy  (q)  is  bounded  by  0.8  and  1 .0  for  the  entire  range 
of  we  may  approximate  Eq.  (1)  as 

“  ^L,drcular{by  ^)-  (2) 

*Work  supported  by  U.S.  Department  of  Energy,  Office  of  Basic  Energy  Sci¬ 
ences  under  Contract  No.  W-31-109-ENG-38. 
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where 

C  = 

c  is  the  velocity  of  light,  Ip  is  the  average  current  of  a  single 
bunch,  E  is  the  total  energy  of  a  particle,  and  is  the  vertical 
betatron  tune. 

Substituting  the  resistive  wall  impedance  into  Eq.  (5), 
r-i  s  -ImAco,  =  -CrZx(^)>^  V  + 

p  y/\pO)0  +  (O^\ 

(6) 

Separating  the  tune  into  the  integral  and  fractional  parts  denoted 
as  -h  and  absorbing  the  integral  part  into  the  sum¬ 

mation  indices,  we  find  that 

=  “C7Z_L(a;o)G(27r,  A^),  (7) 
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where 


where  G(27r,  A^)  is  the  familiar  Courant-Sessler  bunch  func¬ 
tion  [2].  For  M  evenly  spaced  bunches,  we  replace  Iq  by  MIq 
and  the  mode  frequency  changes  io  cop  =  (M/?  +  n)coo  -f  co^ 
including  the  coupled  bunch  mode  number  n  ranging  from  0  to 
M  “  1.  The  resulting  expression  for  the  growth  rate  is 

r-‘  =  -CrZx(a)o)VMG(27r,  (8) 

M 

The  growth  rate  is  positive  when  lies  between  an  integer  and 

next  lower  half-integer,  and  negative  in  the  other  half-interval. 
We  can  easily  show  that,  if  M  is  even,  half  the  coupled  bunch 
modes  are  stable  and  the  other  half  are  unstable. 

When  we  applied  the  above  formula  to  the  APS  storage  ring, 
we  assumed  /q  =  5  mA,  =  14.3,  and  E  =  1  GeV  and  used 
Zj_(cuo)  =  36  MQ.  We  found  that 


r"*  =  -42M^/MG(2n,  mod(’^-^^)). 

M 

Assuming  sixty  bunches  circulating  in  the  ring,  the  growth  rate 
for  the  fastest  growing  mode  of  n=45  becomes 


T-‘  ~  3072s-*  >  =  106s-', 


where  is  the  (synchrotron)  radiation  damping  rate.  Hence  we 
conclude  that  some  of  the  coupled  bunch  modes  grow  indefinitely 
resulting  in  possible  beam  loss.  However,  by  assuming  rigid 
bunch  we  ignored  an  important  stabilizing  mechanism  due  to  the 
internal  motion  of  particles  inside  the  bunch.  This  is  the  subject 
of  the  next  section  with  application  to  the  APS  storage  ring. 

Non-Rigid  Bunch  Case 

The  general  expression  for  the  coherent  frequency  shift  [3] 
without  considering  mode  coupling  may  be  written  as 


= 


^  „  . - - - 

I  -\-m  Hfn(cOp  —  co^) 


where 


(9) 


n 

m 

(O^ 

B 

H^co) 


{Mp  -1-  n)coo  +  mcOs, 

(coupled)  bunch  mode  number, 

head-tail  mode  number, 

chromaticity  frequency  (i^coo/r]), 

chromaticity  (Av^/(Ap/p)), 

bunching  factor  (bunch  length/circumference), 

self-power  density  (|A(ru)|^). 


For  a  beam  with  Gaussian  distribution,  we  take  Hermitian 
line-density  mode  with  the  Fourier  transforms 

=  C„r”'{coa^Texp{-o?o\l2\  (10) 


where  is  the  rms  bunch  length  in  time.  The  factor  may 
be  determined  such  that  the  denominator  in  Eq.  (9)  becomes 
unity,  i.e.  Bj^Hm  (^p  The  summation  was  evaluated  by 

Zotter  [4]  who  found  that 


cl  = 


In 


rr(m  +  i)’ 


(11) 


_  _  j  4  for  protons 

r  —  —  I  ^  3.76  for  electrons, 

and  tl  is  the  baseline  bunch  length.  Then  the  normalized  power 
spectrum  has  a  peak  atco  =  ^/mlar  +  co^  with  values  of  0.943, 
0.694,  0.681,  and  0.676  for  m  =  0,  1,  2,  and  3,  respectively. 
We  note  that  these  are  equivalent  to  the  maximum  values  of 
Sacherer’s  form  factor  [3]  for  the  electron  beam. 

Denoting  copo  as  the  lowest  mode  frequency  and  co^  =  cOpo  ± 
Mcoo,  we  may  rewrite  Eq.  (9)  as 


•  I  pw-  I  p+OO 

(-•)+—/  (•••) 
1  COq  y_oo _ COq  J^+ 

"^single-turn  effect*' 

+  MZ}_{cOpQ)Hm{(OpQ  ~  (O^)) 

“multi— turn  effect" 


If  the  chromaticity  is  zero,  the  growth  rate  from  the  rigid  bunch 
approximation  and  the  growth  rate  from  the  multi-tum  effect 
should  be  close  to  each  other.  It  turns  out  r  =3072  sec“^  and 
3021  sec”^  respectively,  showing  that  the  single  spectrum  line 
located  nearest  the  origin  has  the  dominant  effect.  The  numerical 
results  were  obtained  by  using  the  program  BBI  [5]. 

The  stabilization  of  the  lowest  mode  (m=0)  can  be  achieved 
by  adjusting  the  chromaticity  to  the  value  greater  than  zero.  The 
single-turn  effect  provides  a  large  damping  effect.  It  is  shown 
in  Fig.  1,  where  the  chromaticity  is  equal  to  1.  The  maximum 
growth  rate  is  still  greater  than  the  radiation  damping  rate. 


Chromaticity  =  1  .0,  m»=0 


Figure.  1.  Single-  and  Multi-Tum  Effects  on  m  =  0  Mode  at 

=  1.0. 

Thus,  we  further  increase  the  chromaticity  up  to  7  in  order  to 
stabilize  both  the  m=0  and  m=l  head-tail  modes.  The  results  are 
shown  in  Fig.  2. 

However,  at  chromaticity  equal  to  7  we  found  that  the  higher 
head-tail  modes  become  unstable.  Figure  3  shows  the  unstable 
modes,  m  =  3  and  m  =  4,  together  with  the  damped  modes, 
m  =  0  and  m  =  1. 

Even  though  the  excitation  of  such  high  head-tail  modes  was 
never  observed  in  the  electron  storage  ring,  it  is  prudent  to  cure 
the  instability  using  the  feedback-damper  system.  The  feedback 
system  has  to  damp  the  m  =  0  growing  mode  with  the  chro¬ 
maticity  adjusted  at  zero,  where  all  higher  modes,  m  >  1,  are 
naturally  damped. 
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Figure.  2.  Growth  Rate  vs.  Chromaticity  for  m  =  0  (a)  and 
m  =  1  (b)  Head-Tail  Modes. 


strengths,  shown  in  Fig.  4,  is  not  much  even  without  readjusting 
the  strength  of  the  harmonic-correction  sextupoles. 


DynciiTitc  Aperture 


Chromoliclty=0.0 


ChromQticity=3.0 


Ch  romaticity  =  7.0 


Figure.  4.  Dynamic  Aperture  at  Various  Chromaticities. 
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Figure.  3.  Growth  Rate  for  Various  Head-Tail  Modes  at  =  7.0. 


During  early  operation  of  the  APS  storage  ring  when  there  are 
only  16  narrow  ID  chambers  instead  of  34,  we  may  not  need  the 
feedback-damper  system  because  we  found  that  we  can  stabilize 
all  head-tail  modes  up  to  a  beam  current  of  100  mA  by  shifting 
to  ~  0.32. 

Dynamic  Aperture  With  the  provision  of  operating  the  ring 
in  high  chromaticity,  we  need  to  make  sure  that  the  ring  has 
large  dynamic  aperture.  The  chromaticity-correcting  sextupoles 
in  the  APS  storage  ring  can  adjust  the  chromaticity  anywhere 
in  the  triangular  region  bounded  by  the  three  vertices,  namely 
$y)  =  (0, 0),  (20,  0)  and  (0,  16),  including  the  diagonal 
line  up  to  =  10.  The  original  design  value  of  chro¬ 

maticity  for  the  APS  storage  ring  is  equal  to  zero.  The  nominal 
strengths  of  the  horizontally  focusing  sextupole  (SF)  and  defo- 
cusing  sextupole  (SD)  are 

g=4.6m-2  (SD),4.2m-2(SF). 

In  order  to  obtain  a  chromaticity  equal  to  7  in  both  horizontal 
and  vertical  planes,  we  need  to  increase  the  strengths  by  14%  in 
the  SF  and  10%  in  SD. 

Dynamic  aperture  reduction  due  to  increased  sextupole 
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Abstract 

The  proposed  1-MW  spallation  neutron  source  upgrade 
calls  for  a  2-GeV  rapidly-cycling  synchrotron  (RCS)  with  an 
intensity  of  1.04x10^^  protons  per  pulse  [1].  Due  to  the  high 
intensity,  the  potential  exists  for  collective  instabilities. 
Emphasis  is  placed  on  controlling  these  by  (a)  minimizing  the 
machine  impedance  by  using  a  contour-following  rf  shield  and 
(b)  maximizing  the  momentum  spread  to  make  use  of  Landau 
damping.  The  coupling  impedance  is  estimated  and  is 
dominated  by  space  charge  effects.  It  is  found  that  the 
longitudinal  microwave  stability  limit  can  be  exceeded  unless 
the  momentum  spread  is  sufficient.  A  longitudinal  tracking 
code  was  developed  to  simulate  injection  and  acceleration, 
including  the  effects  of  space  charge  and  other  sources  of 
impedance  [2].  With  the  aid  of  the  simulation,  and  under  the 
assumptions  of  the  instability  theory,  we  arrive  at  an  rf 
voltage  profile  and  beam  injection  parameters  which  avoid 
both  the  instability  and  beam  loss  through  the  entire  cycle. 
The  limitations  of  the  analysis  are  explored. 

I.  INTRODUCTION 

Of  the  several  known  longitudinal  instabilities,  only  the 
single-bunch  instabilities  need  to  be  considered  since  the  RCS 
operates  with  a  harmonic  number  /z=l.  The  microwave 
instability  is  potentially  the  most  dangerous,  and  it  is  analyzed 
in  detail.  This  instability  should  not  occur  in  a  machine 
operating  below  transition  energy,  such  as  the  RCS,  if  the 
coupling  ino5)edance  is  purely  capacitive  (space  charge). 
However,  it  could  occur  in  the  RCS  when  there  are  resistive 
components.  The  instability  growth  rate  then  depends  on  the 
momentum  distribution  of  the  beam,  particularly  the  shape  of 
the  distribution  tails.  A  detailed  analysis  of  this  instability 
requires  not  only  knowledge  of  the  coupling  impedance  seen 
by  the  beam,  but  also  the  peak  current  and  energy  spread  of  the 
beam.  At  this  stage,  this  beam  information  was  obtained 
through  Monte  Carlo  simulations  [2]. 

A  conservative  approach  is  adopted  to  prevent  the  onset  of 
instability: 

•  The  contributions  to  the  coupling  impedance  from  the 
various  RCS  components  are  estimated. 

•  The  Keil-Schnell  criterion,  modified  for  bunched  beams,  is 
used  to  obtain  the  Ap/p  required  to  raise  the  threshold 
current,  although  it  overestimates  the  severity  of  the 
instability  below  transition  energy. 

•  Using  the  peak  current  and  energy  spread  of  the  circulating 
beam  obtained  from  the  longitudinal  tracking  studies,  a 
detailed  analysis  of  the  stability  diagram  is  made. 

II.  COUPLING  IMPEDANCE  ESTIMATION 

The  longitudinal  coupling  impedance,  Zj,,  is  estimated 
using  the  standard  approximations  [3-5].  The  impedance  for  the 
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RCS  is  dominated  by  space  charge  effects.  The  beam  position 
monitors  (BPMs),  rf  cavities,  and  the  rf  shield  also  contribute 
to  the  impedance.  The  contribution  of  the  extraction  kickers  is 
negligible.  The  impedance  due  to  other  components,  such  as 
vacuum  ports  and  bellows,  is  expected  to  be  negligible  because 
these  are  isolated  from  the  beam  by  the  rf  shield. 

The  results  for  the  longitudinal  coupling  impedance  are 
summarized  in  Table  1.  The  impedance  is  normalized  by  the 
mode  numbers,  n  =  6)/(Uo,  where  0)q  is  the  revolution 
frequency  (1.1  to  1.5  MHz).  The  coupling  impedance  of 
interest  corresponds  to  the  mode  numbers  n  <  500,  using  the 
cutoff  frequency  co^  =  c/b ,  where  b  is  the  rf  shield  radius  and  c 
is  the  velocity  of  light.  The  results  in  the  table  correspond  to 
injection  energy  (400  MeV),  unless  otherwise  noted.  The  space 
charge  impedance  is  purely  capacitive,  while  the  others  are 
inductive,  and  include  a  resistive  term. 


Table  1:  RCS  Longitudinal  Impedance  Estimation  (at  (O^) 


Re(^i/n) 

.  (£2) 

hn{Z,/n) 

(ft) 

Space  charge  (injection) 

-220 

Space  charge  (extraction) 

- 

-50 

Rf  shield 

0.01 

0.01 

Rf  cavities 

14** 

t 

BPMs  tt 

0.1 

0.06 

9|C  3|C 

decreasing  to  zero  at  (o  «  co^  and  O)  »  CD^ 
^  inductive  for  g)<  ,  capacitive  for  coxo^ 

valid  up  to  125  MHz 


The  irr^)edance  due  to  the  rf  cavity  higter-order  modes 
(HOMs)  was  found  using  URMEL-T  [1].  The  calculations 
correspond  to  a  fundamental  frequency  of  1.3  MHz,  which  is 
about  midway  through  the  acceleration  cycle  and  for  which  the 
ratio  is  found  to  be  105.  The  frequencies  and 

for  the  first  few  HOMs  are  listed  in  Table  2.  The  value  of  14 
Q  for  the  rf  cavities  listed  in  Table  1  is  the  rf-equivalent 
broadband  impedance  (Q  =  1)  and  corresponds  to  10  cavities. 


Table  2:  Ratio  of  Shunt  Impedance  and  Q 
of  First  Few  HOMs  for  an  RF  Cavity 


^res/^^ 

KJQ 

(MHz) 

_  (ft) 

5.6 

5.5 

10.5 

0.8 

24  g  *** 

0.2 

***  Extrapolation  of  ferrite  properties  beyond 
normal  operating  range  of  0.5  to  10  MHz. 


To  minimize  the  impedance  due  to  space  charge,  the 
vacuum  chamber  is  constructed  with  a  special  rf  shield,  shown 
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in  Figure  1.  The  shield  consists  of  Be-Cu  wires  which  follow 
the  beam  envelope  at  an  aperture  equal  to  the  beam-stay-clear 
(BSC),  given  by  A  =  ^j2|3£/n  +|7]j)  Ap/p\  +  COD,  where  15  is 

the  lattice  function,  €=515%  mm-mr  is  the  beam  emittance, 
TJO  is  the  dispersion  function,  and  COD  is  the  closed  orbit 
distortion  (<  1  mm).  The  space  charge  impedance  is  calculated 
using  the  standard  assumption  of  a  uniform,  round,  unbunched 
beam  of  radius  a  in  a  vacuum  chamber  of  radius  b.  The 
geometrical  factor  is  given  by  gQ=\-\-l\n[bla)  [3,4]. 

Compared  to  a  fixed-radius  rf  shield,  this  contour-following 
scheme  reduces  the  longitudinal  space  charge  impedance  by 
30%  at  injection  and  20%  at  extraction. 


Figure  1:  Ceramic  vacuum  chamber  cross  section 
in  the  focusing  quadrupole  magnet. 

A  number  of  corrections  to  the  geometrical  fector  have 
been  proposed  to  account  for  the  wires  and  the  more  realistic 
elliptical  beam  cross-section.  The  electrostatic  fields  due  to  a 
uniform  beam  propagating  inside  a  round  rf-screening  wire 
cage  have  been  dmved  by  T.  Wang  [6].  A  second  correction, 
derived  by  H.  Okamoto,  takes  into  account  the  varying 
elliptical  shape  of  beam  in  a  smooth,  metallized  vacuum 
chamber  without  wires  and  with  a  fixed  radius  [7].  These 
corrections  result  in  a  difference  of  less  than  2%  in  the 
longitudinal  impedance,  and  can  be  neglected  [8]. 

III.  STABILITY  CRITERION 

A  simplified  criterion  for  the  longitudinal  stability 
threshold,  commonly  referred  to  as  the  Keil-Schnell  (K-S) 
criterion,  is  independent  of  the  details  of  the  particle  phase 
space  distribution  and  is  given  by  [3,4] 

^  1^1^  (  APfWHM 

«  ”  hk  \  P  )' 

where  local  values  of  the  current  and  momentum  are  used  for 
bunched  beams.  Here  F  ~  1  is  a  form  factor,  is  the  peak 

current,  and  7j  is  the  slip  factor. 

The  K-S  criterion  imposes  a  lower  bound  on  the  ratio 

(Ap)Vv  .  For  a  given  bunch  area,  increasing  the  momentum 
spread  is  more  effective  in  achieving  stability  than  is  lowering 


the  peak  current.  Therefore,  the  stability  requirement  drives  the 
peak  rf  voltage.  The  optimal  injected  beam  parameters  and  if 
voltage  profile  through  the  cycle  are  obtained  through  the 
simulation  studies  [2].  The  injected  beam  is  chopped,  with  an 
energy  spread  of  +2.5  MeV  and  a  length  of  75%  of  the 
circumference.  The  time-varying  peak  current,  obtained  from 
the  simulation,  and  the  rf  voltage  are  shown  in  Figure  2a. 

The  momentum  spread  corresponding  to  the  threshold  for 
the  microwave  instability  is  computed  by  substituting  the 
impedance  listed  in  Table  1  and  the  peak  current  from  Figure 
2a  into  Eq.  (1).  The  time- variation  in  the  threshold  momentum 
spread  is  plotted  in  Figure  2b  together  with  the  momentum 
spread  obtained  from  the  simulation.  The  beam  remains  in  the 
stable  region  through  the  cycle.  The  requirement  that  beam 
losses  be  less  than  0.1%  is  also  met. 
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Figure  2:  (a)  Variation  of  the  rf  voltage  and  peak  current  and 
(b)  threshold  A/?//?  compared  to  that  obtained  from  tracking. 
The  small  variations  are  due  to  the  Monte  Carlo  statistics. 

IV.  STABILITY  DIAGRAM 

Below  transition,  it  is  possible  to  operate  the  machine 
outside  the  K-S  boundary  and  preserve  stability.  The  stable 
region  is  dependent  on  both  the  resistive  component  of  the 
impedance  and  the  shape  of  the  distribution  tails.  The  details 
are  discussed  below. 

The  response  of  a  beam  to  a  periodic  perturbation, 
exp{^j{Qt-n(pyj,  is  given  by  the  Vlasov  equation,  where  <p 

is  the  azimuthal  phase  coordinate  and  £2  is  the  driving 
frequency  of  the  perturbation.  The  solution  to  the  small- 
amplitude  Vlasov  equation  leads  to  a  dispersion  relation, 
which,  for  a  coasting  beam,  is  given  by  [9] 
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Id  is  the  nomalized  dispersion  integral,  given  by 


'  .tdfjdx. 
Id  =j\^^-^—dx, 

J  Y  —  r. 


X-X^ 


where  jc  =  (nft)-nft)Q)/(n5),  =(Q”ntUo)/(«5'),  the  full 

spread  at  half  maximum  of  the  revolution  frequency 
distribution  is  given  by  25  =  “7]ft)o(Ap/p)»  f{x)  is  the 

normalized  beam  density  distribution  in  frequency  space.  The 
imaginary  part  of  the  driving  frequency  leads  to  growth  of  the 
perturbation.  A  finite  spread  in  the  revolution  frequency  or, 
equivalently,  in  momentum,  gives  rise  to  Landau  damping. 
The  stability  boundary  is  obtained  using  Eq.  (2)  evaluated  with 
ImQ  =  0. 

The  stability  diagram  for  the  RCS  at  2  GeV  is  plotted  in 
Figure  3  a  in  the  impedance  plane  for  the  quartic  momentum 
spread  shown  in  Figure  3b.  Also  shown  in  Figure  3a  is  the 
stability  region  which  satisfies  the  K-S  criterion.  The  positive 
vertical  axis  denotes  capacitive  impedance,  and  the  longitudinal 
coupling  impedance  listed  in  Table  1  is  plotted  near  the 
vertical  axis  as  a  large  dot.  The  particle  momentum 
distribution  in  Figure  3b  is  obtained  from  the  simulation. 

The  stability  boundary  depends  specifically  on  the 
momentum  distribution  and  can  give  a  higher  limit  than  the 
K-S  criterion.  However,  the  upper  portion  of  the  stability 
boundary,  which  corresponds  to  the  tails  of  the  distribution,  is 
highly  sensitive  to  the  beam  distribution.  This  can  be  seen  in 
Figure  4a,  which  shows  the  stability  boundary  using  a 
different,  smoothed  distribution,  shown  in  Figure  4b.  Sections 
of  the  stability  diagram  are  marked  according  to  the 
corresponding  section  of  the  momentum  distribution. 
Experience  shows  that  in  measured  data,  the  tails  in  the  line 
density  can  be  rather  unpredictable. 

The  RCS  is  dominated  by  the  capacitive  space  charge 
impedance,  which  then  determines  the  resistive  R^Z||/n) 

limit  for  stability.  The  stable  boundary  satisfying  the  K-S 
criterion  in  Figure  3a  suggests  that  the  beam  is  stable  at  2 
GeV  to  a  threshold  Re(Z||/n)  of  70  Q.  This  can  readily  be 

achieved  in  the  RCS.  A  similar  analysis  at  400  MeV  gives  a 
resistive  limit  of  550  Q.  The  stability  criterion  is  most  critical 
near  extraction  because  the  peak  current  increases  by  a  factor  of 
five,  while  the  momentum  spread  decreases  by  30%. 

V.  DISCUSSION 


The  microwave  instability  is  avoided  in  the  RCS  by 
ensuring  that  the  coupling  impedance  is  within  the  stable 
region  defined  by  the  K-S  criterion.  This  conclusion  is  valid 
within  the  assumptions  of  the  theory  and  the  inpedance 
estimate.  Rigid,  longitudinal  displacements  of  the  bunch  and 
possible  emittance  growth  could  occur  in  the  latter  part  of  the 
cycle,  such  as  due  to  a  fixed-frequency  rf  cavity  HOM  not 
analyzed  by  URMEL-T.  The  rf  bucket  produced  by  the  rf 
voltage  in  Figure  2a  grows  significantly  after  the  midpoint  in 
the  cycle,  and  would  be  sufficient  to  contain  the  bunch.  Also, 
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Figure  3:  Longitudinal  stability  boundary  (a) 
for  a  quartic  momentum  distribution  (b). 
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Figure  4:  Dependence  of  the  longitudinal  stability  boundary 
(a)  on  momentum  distribution,  using  the  distribution  in  (b). 


active  control  is  provided  by  the  phase  feedback  system  of  the 
RCS  rf  system. 

The  authors  would  like  to  thank  K.  Thompson  for 
providing  Figure  1. 
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TRANSVERSE  INSTABILITY  ANALYSIS  FOR  THE  IPNS  UPGRADE 
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Abstract 

The  proposed  1-MW  spallation  neutron  source  upgrade 
calls  for  a  2-GeV  rapidly-cycling  synchrotron  (RCS)  with  an 
intensity  of  1.04x10^^  protons  per  pulse  [1].  The  potential 
exists  for  the  excitation  of  collective,  intensity-dependent 
transverse  instabilities.  These  can  normally  be  controlled  by 
introducing  a  betatron  tune  shift  or  spread,  where  care  is 
exercised  to  avoid  single-particle  resonance  effects.  Adjusting 
the  chromaticity  using  sextupoles  to  vary  the  head-to-tail 
phase  shift  is  compared  to  introducing  Landau  damping  by 
octupoles.  An  option  for  a  feedback  system  is  also  examined. 
The  momentum  spread  used  for  the  transverse  analysis  was 
obtained  from  the  requirements  for  longitudinal  stability  [2]. 

1.  INTRODUCTION 

The  head-tail  effect  has  been  observed  at  other  low  energy, 
rapidly-cycling  synchrotrons:  the  500-MeV  IPNS  [3],  KEK 
Booster  [4],  and  ISIS  [5].  Therefore,  it  is  analyzed  in  some 
detail  for  the  IPNS  Upgrade,  An  estimation  of  the  coupling 
impedance,  which  characterizes  the  interaction  between  the 
beam  and  its  surroundings,  is  given  first.  The  head-tail 
instability,  driven  by  the  resistive  wall  and  kicker  impedance, 
is  discussed  next  using  Sacherer's  bunched  beam  formalism 
[6].  Further  discussion  of  damping  transverse  instabilities 
considers  the  coasting  beam  stability  criterion.  The 
requirements  for  stability  are  dominated  by  the  impedance  due 
to  space  charge  effects.  It  is  found  that  passive  means,  which 
include  minimizing  the  coupling  impedance  and  introducing  a 
tune  shift  or  spread,  are  sufficient  to  ensure  stability.  Finally, 
the  requirements  for  an  active  feedback  kicker  are  given  as  an 
option. 

IL  COUPLING  IMPEDANCE  ESTIMATION 


Table  1:  RCS  Transverse  Impedance  Estimation  (at  1  MHz) 


Re(Zj 

(kQ/m) 

Im(Zj 

(kQ/m) 

Space  charge  (injection) 

- 

-2800 

Space  charge  (extraction) 

- 

- 1500 

Rf  shield 

20 

20 

Extraction  kickers 

30 

50 

BPMs 

0.003 

110 

To  minimize  the  impedance  due  to  space  charge,  the 
vacuum  chamber  is  constructed  with  a  special  rf  shield,  similar 
in  principle  to  that  used  at  ISIS  [1,2].  The  shield  consists  of  a 
Be-Cu  wire  cage  which  follows  the  beam  envelope.  The  space 
charge  impedance  is  calculated  using  the  standard  assumption 
of  a  uniform,  round,  unbunched  beam  of  radius  a  in  a  vacuum 
chamber  of  radius  b.  The  geometrical  factor  is  given  by 

-ifb^  .  Compared  to  a  fixed-radius  rf  shield,  this 
contour-following  scheme  reduces  the  transverse  space  charge 
impedance  by  35%  at  injection  and  10%  at  extraction. 

A  number  of  corrections  to  the  geometrical  factor  have 
been  proposed  to  account  for  the  wires  and  the  more  realistic 
elliptical  beam  cross  section.  The  electrostatic  fields  due  to  a 
uniform  beam  propagating  inside  a  round  rf-screening  wire 
cage  have  been  derived  by  T.  Wang  [8].  A  second  correction, 
derived  by  H.  Okamoto,  takes  into  account  the  varying 
elliptical  shape  of  beam  in  a  smooth,  metallized  vacuum 
chamber  without  wires  and  with  a  fixed  radius  [9].  Wang’s 
method  results  in  a  +15%  correction  in  the  transverse 
impedance  and  Okamoto's  method  results  in  a  -20% 
correction  [10].  Until  a  rigorous  derivation  is  performed  for  a 
contour-following  wire  rf  shield,  the  above  corrections  are 
treated  as  an  uncertainty. 


The  transverse  coupling  impedance  is  estimated  by  using 
the  standard  approximations  [7].  The  impedance  is  dominated 
by  space  charge  effects.  The  rf  shield,  extraction  kickers,  and 
the  beam  position  monitors  (BPMs)  also  contribute  to  the 
impedance.  The  kickers  are  traveling-wave  structures  with  a 
characteristic  impedance  of  3.28  Q.  The  impedance  due  to 
other  components,  such  as  vacuum  ports  and  bellows,  is 
expected  to  be  negligible  because  these  are  isolated  from  the 
beam  by  the  rf  shield.  The  contribution  to  the  transverse 
impedance  due  to  the  rf  cavity  higher-order  modes  was  found 
by  URMEL-T  calculations  to  be  negligible.  The  coupling 
impedance  of  interest  for  instability  analysis  corresponds  to 
the  frequencies  m  =  (/?  +  v)mo ,  or  about  1  MHz  for  the  RCS, 
where  /?  is  a  negative  integer  near  v,  the  horizontal  or 
vertical  tune.  The  results  are  summarized  in  Table  1  and 
correspond  to  injection  energy  (400  MeV),  unless  otherwise 
noted.  The  space  charge  impedance  is  purely  capacitive,  while 
the  others  are  inductive  and  include  a  resistive  term. 


*  Work  supported  by  U.S,  Department  of  Energy,  Office  of 
Basic  Energy  Sciences  under  Contract  No.  W-31-109-ENG-38. 


m.  HEAD-TAIL  INSTABILITY 


In  the  absence  of  a  tune  spread,  the  growth  rate  for  the 
head-tail  instability,  assuming  a  time  dependence  of 
exp(yQ^r),  is  given  by  the  imaginary  part  of  [6] 


a 


m 


j  cIZ^[(Op) 

(1  +  m)  AKv{Ele)  ^ 


where  F'  = 

tn 


1  h„(c0p-(O^) 


is  a  form  factor  and  m  is  a  mode  number  denoting  the  number 
of  nodes  along  the  bunch.  This  expression  assumes  that  the 
instability  is  dominated  by  the  contribution  from  the 
impedance  at  a  single  frequency,  cOp  =(p+  v)fi)o-  The  total 

growth  involves  a  convolution  of  this  impedance  with  the 
envelope  (form  factor)  of  the  bunch  spectra,  ,  which  are 
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shifted  by  the  chromatic  frequency,  co^  =[^lr})v(OQ.  The 

chromaticity  is  ^  =  (Av/v)/(A^//7)  and  B  is  the  ratio  of 
bunch  length  to  ring  circumference. 

For  the  RCS  at  400  MeV,  the  form  factor  for  m  =  0  has 
a  halfrwidth  of  about  2  MHz,  and  the  form  factor  for  m  =  1 
peaks  around  1  MHz.  The  chromaticity  is  normally  corrected 
to  zero  in  order  to  avoid  a  large  betatron  tune  spread  in  the 
large-momentum  particles.  When  the  chromaticity  is  zero,  the 
bunch  spectra  are  centered  at  zero  frequency,  where  the  rf  shield 
and  kicker  impedances  are  important. 

In  the  vertical  plane,  the  largest  instability  growth  due  to 
the  rf  shield  and  kicker  impedances  occur  when  p  =  -6  and  -7, 
respectively.  Figure  1  shows  the  impedances  and  the 
frequency,  co^ ,  for  the  two  values  of  p  .  The  BPM  impedance 

does  not  contribute  significantly  to  the  growth.  The  growth 
rates  of  the  first  few  head-tail  modes  are  given  in  Table  2  for 
the  corrected  and  natural  chromaticities  at  the  end  of  injection. 
The  impedance  and  the  frequency  giving  the  largest  growth  are 
also  listed.  Similar  results  are  found  for  the  horizontal  plane. 


Figure  1:  Real  part  of  the  transverse  impedance 
due  to  the  rf  shield  and  kickers. 

Table  2:  Head-tail  instability  growth  rate  vs.  chromaticity. 


inode  Re(ZjL)  frequency  source  of  growth  rate  (s)"l 

number,  imped-  ^  =  0  |  =  -1.2 

I”  (kQ/m)  (MHz)  ance 


0 

8 

0.3 

rf  shield 

350 

0 

0 

14 

0.3 

kickers 

620 

0 

1 

28 

1.4 

kickers 

730 

0 

2 

28 

1.4 

kickers 

590 

0 

The  lowest  modes  are  stabilized  at  the  natural  chromaticity, 
<^  =  “1.2.  Using  the  maximum  value  of  Ap/p  of  1.2% 
obtained  from  the  longitudinal  tracking  [2],  the  corresponding 
betatron  tune  spread  is  0.1.  With  tune  values  of  Vx=6.821  and 
Vy=5.731  and  an  incoherent  Laslett  space  charge  tune  shift  of 


about  0.15,  one  must  consider  the  half-integer  resonance. 
Therefore,  the  chromaticity  is  adjusted  to  be  between  0  and 
-1.2  to  shift  the  bunch  spectrum  to  higher-order  head-tail 
modes,  which  have  lower  growth  rates,  while  at  the  same  time 
ensuring  that  the  tune  spread  remains  inside  a  resonance-free 
working  region.  The  stability  of  modes  m  <  2  is  assured  with 
^  <-0.35.  This  gives  a  betatron  tune  spread  of  0.024.  The 
inverse  growth  rate  of  the  first  unstable  mode,  m  =  3,  is  then 
about  14  ms.  This  gives  less  than  two  e-folding  times  during 
the  total  acceleration  cycling  time  of  25  ms. 

IV.  STABILITY  CRITERION 


Discussed  next  is  the  transverse  stabilization  of  the  beam, 
achieved  by  using  a  betatron  tune  spread  or  shift.  An 
amplitude-dependent  tune  spread  is  introduced  by  octupoles  and 
second-order  effects  in  the  sextupoles,  leading  to  Landau 
damping.  A  momentum-dependent  tune  shift  results  from  a 
finite  chromaticity,  leading  to  stability  as  discussed  above. 
The  stability  criterion  derived  for  coasting  beams  is  extended 
heuristically  to  bunched  beams,  and  is  given  by 


(^^)thresh 


47i:v(OQ{E/e) 


Since  the  impedance  is  dominated  by  space  charge  effects,  this 
expression  is  equivalent  to  the  coherent  Laslett  tune  shift  (due 
to  image  charges  only.)  For  the  RCS,  the  expected  growth 
rates  (Table  2)  are  of  the  order  of  the  synchrotron  frequency, 
CO/,  therefore,  we  use  the  peak  current,  7^^,  to  be  conservative. 
The  results  for  the  threshold  tune  spread  are  presented  in  Table 
3  for  the  vertical  plane  at  400  MeV  and  2  GeV.  The  impedance 
is  taken  from  Table  1. 


Table  3:  Threshold  tune  spread  according  to  the 
coasting  beam  stability  criterion 


time  in  cycle 
(ms) 

ImZj^ 

(MQ/m) 

0 

2.7 

0.06 

25 

1.4 

0.03 

The  threshold  tune  spread  can  be  met  using  the  chromatic 
contribution  and/or  the  octupolar  contribution.  Our  strategy 
requires  that  each  term  satisfy  the  stability  criterion 
independently,  if  possible. 

First,  we  consider  a  solution  using  the  chromatic  term 
only,  where  Av^  =  \{p-v)j]  +  v^\{6plp).  Using  the  condi- 
tion  Av^  >  AVthresh  Ihe  natural  chromaticity,  with  p  =  6 
(vertical  plane),  the  required  momentum  spread  becomes: 

ro.8%  400  MeV 

"7  "jo.  6%  2  GeV* 

This  is  to  be  compared  to  a  Ap/p  of  about  1%  obtained  from 
the  longitudinal  tracking  study.  Conversely,  using  the  Ap/p 
from  the  tracking,  the  required  chromaticity  becomes: 
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J-0.97  400  MeV 
'*“1-0.66  2GeV* 

Next,  we  consider  a  solution  using  octupoles  only  with 
the  chromaticity  corrected  to  zero.  The  requir^  octupole  tune 

spread  is  Av^t  >  ,  where  Av<^,  =  I'i2n)k^^,  and 

V^p)  is  the  octupole  strength.  Using  a  beta- 
function,  of  12  m  and  beam  size,  Uy,  of  0.07  m  at  400 

MeV  and  0.04  m  at  2  GeV,  the  integrated  octupole  strength 
per  super-period  (=  4)  required  for  stability  is  given  by 


detected  beam  deviation,  assumed  to  be  0.5  mm.  The  electric 
field,  for  the  kicker  can  be  written  as: 

*  /S,  (  • 

where  is  the  beam  energy  and  I  is  the  length  of  the  kicker. 
This  gives  230  V/m  for  a  0.5  m  kicker  length  at  400  MeV, 
and  950  V/m  at  2  GeV,  using  the  average  value  =  6  m.  It 
is  customary  in  practice  to  allow  a  factor  of  5  to  10  increase  in 
the  electric  field. 


J24m-^  400  MeV 
‘"‘“|44m-^  2GeV' 

This  assumes  that  the  octupoles  are  located  at  each  defocusing 
quadrupole  (QD).  The  approximate  limiting  value  of  the 
octupole  strength  at  injection  is  shown  in  a  plot  of  the 
dynamic  aperture  in  Figure  2.  The  dynamic  aperture  with  full- 
strength  sextupoles  and  no  octupoles  is  also  shown. 


Dynamic  Aperture  at  QF 


k=28 
per  super- 
period, 
distrib  in 
QD 


Figure  2:  Dynamic  aperture  at  a  focusing  quadrupole  (QF). 


V.  BEAM  FEEDBACK  SYSTEM 

Active  beam  feedback  is  an  option  to  suppress  or  damp 
the  head-tail  instability.  A  typical  feedback  system  consists  of 
a  beam  position  detector,  processing  electronics  and  a  delay 
unit,  a  power  amplifier,  and  a  deflection  kicker.  Other 
considerations  for  the  system  include  noise  sensitivity  and 
maintaining  synchronicity  with  the  rapidly-varying  revolution 
frequency.  Only  the  kicker  strength  is  analyzed.  The 
parameters  of  the  feedback  system  have  not  been  optimized, 
nor  have  space  limitations  been  studied. 

Assuming  an  instability  rise  time  of  1  msec  and  a 
revolution  period  of  1  |is,  the  instability  amplitude  growth  is 

Ax/xq  =  Tfev/Tgrowth  where  Xq  is  the  minimum 


VL  SUMMARY 

An  analysis  of  transverse  instabilities  in  the  RCS  for  the 
IPNS  Upgrade  is  performed,  including  an  estimation  of  the 
coupling  impedance.  The  results  show  that  stability  is 
achievable  through  a  choice  of  the  chromaticity  between  the 
natural  value  and  zero  or  through  the  addition  of  octupoles. 
Beam  feedback  is  also  an  option.  It  has  long  been  observed  in 
other  low-energy  accelerators  that  the  current  required  in  the 
correction  octupoles  is  found  to  be  less  than  that  predicted  by 
the  theory  [4,11].  In  other  studies,  the  head-to-tail  phase  shift 
and  form  factors  observed  are  not  consistent  with  the 
theory  [5].  Further  refinement  of  the  theory  for  bunched 
beams  is  required. 

The  authors  would  like  to  thank  E.  Crosbie  for  the 
dynamic  aperture  calculation  and  figure. 
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Abstract 

I  have  installed  a  system  to  measure  the  longitudinal  emittance 
over  the  entire  accceleration  cycle  in  the  Fermilab  Booster  Ac¬ 
celerator.  Measured  inputs  to  the  system  are  the  total  beam  cur¬ 
rent,  the  RF  voltage  per  turn  seen  by  the  beam,  and  a  diode- 
detected  resistive  wall  signal.  These  signals  are  digitized  by  an 
oscilloscope  and  transferred  to  the  Fermilab  control  system  com¬ 
puters.  The  bucket  area  is  calculated  using  the  measured  RF  volt¬ 
age  per  turn  and  the  design  synchronous  phase  and  ramp  rate. 
The  bunch  length  is  taken  as  the  ratio  of  the  total  charge  to  the 
peak-detected  current  and,  together  with  the  bucket  area,  can  be 
used  to  calculate  the  longitudinal  emittance.  This  system  can 
measure  the  emittance  or  bunch  length  over  the  entire  booster 
cycle  at  a  1  KHz  sampling  rate  or  over  shorter  periods  (for  ex¬ 
ample,  around  extraction)  at  up  to  a  10  MHz  rate.  We  discuss 
operational  uses  of  this  system. 

INTRODUCTION 

Longitudinal  beam  dynamics  play  an  important  role  in  the 
Booster  Synchrotron  at  Fermi  National  Accelerator  Laboratory 
(FNAL).  We  desire  the  smallest  longitudinal  emittance  (ei)  pos¬ 
sible.  However,  many  processes  occur  naturally  in  the  Booster 
acceleration  cycle  which  can  increase  the  €i .  The  400  MeV  beam 
injected  into  the  Booster  from  the  Linac  is  debunched  and  must 
be  captured  in  RF  buckets.  The  Booster  is  a  15  Hz.  resonanat  ac¬ 
celerator,  so  capture  occurs  while  the  RF  and  magnetic  fields  are 
ramping,  making  adiabatic  capture  difficult  and  possibly  leading 
to  phase  space  dilution.  Transition  occurs  at  5.4  GeV,  in  the  mid¬ 
dle  of  the  Booster  ramp,  and  passage  through  transition  can  ex¬ 
cite  synchrotron  oscillation.  Finally,  at  high  energies  and  inten¬ 
sities  longitudinal  coupled  bunch  motion  is  excited.  If  the  cou¬ 
pled  bunch  motion  leads  to  instabilities  that  filament  within  the 
Booster  cycle,  €i  will  increase.  Even  if  they  do  not  filament  and 
lead  to  a  measureable  emittance  growth  in  the  Booster,  they  can 
still  lead  to  decreased  efficiency  in  the  Main  Ring  as  the  individ¬ 
ual  bunches  are  injected  with  different  phase  errors.  In  order  to 
evaluate  the  effects  of  these  processes,  it  is  neccessary  to  mea¬ 
sure  and  understand  the  longitudinal  emittance  throughout  the 
entire  acceleration  cycle. 

The  moving  bucket  area  in  a  synchrotron  is  given  by 


“  (i) 

*  Operated  by  the  Universities  Research  Association  under  contract  with  the  U. 
S.  Department  of  Energy 


where  R  is  the  radius  of  the  synchrotron,  h  the  harmonic  number, 
c  the  speed  of  light  in  vacuum,  E  the  particle  energy,  V  the  RF 
voltage/tum,  r]  the  frequency  slip  factor,  and  a  is  the  function  of 
the  synchronous  porase  angle  T  that  relates  the  stationary  bucket 
area  to  the  moving  bucket  area.  The  bunch  area  (ei)  is  the  phase 
space  area  actually  occupied  by  the  beam  and  can  be  calculated 
from  the  bucket  area  if  the  bunch  stngth  is  known  [1]. 

In  the  rest  of  this  paper  I  will  describe  a  system  which  mea¬ 
sures  the  Booster  longitudinal  emittance  over  the  entire  cycle. 

SYSTEM  DESCRIPTION 

The  system  I  have  designed  requires  knowledge  of  the  bunch 
length  and  RF  voltage  throughout  the  cycle.  The  bunch  length  is 
calculated  as 

total  circulating  charge 
peak  current  ’ 

so  three  quantities  must  be  measured:  the  total  circulating 
charge,  the  peak  current,  and  the  RF  voltage.  The  peak  cur¬ 
rent  is  derived  from  a  diode-detected  5  GHz  bandwidth  resistive 
wall  signal,  the  total  charge  from  a  DCCT,  and  the  RF  voltage  is 
the  phase-summed  detected  voltage  from  all  gaps.  These  three 
quantities  are  digitized  using  an  HP  54501 A  Digitizing  Oscillo¬ 
scope  which  is  interfaced  to  the  FNAL  Accelerator  Control  Sys¬ 
tem  (ACNET)  [2].  The  system  is  shown  in  Fig.  1. 


Figure  1.  Schematic  diagram  of  measurement  system. 

The  HP  5450 1 A  scope  is  a  4-channel  oscilloscope  with  2  8-bit 
ADCs  capable  of  digitizing  at  up  to  10  MHz.  On  any  given  trig¬ 
ger,  2  of  the  inputs  are  digitized,  and  the  other  2  are  digitized  on 
the  next  trigger.  In  principle  it  is  important  to  measure  all  quan¬ 
tities  simultaneously,  but  the  RF  voltage  never  changes  with  in¬ 
tensity  as  long  as  the  anode  voltage  program  is  unchanged.  The 
total  charge  and  the  peak  current  are  measured  on  one  cycle  and 
the  RF  voltage  on  the  next. 

After  digitization  the  data  are  read  by  an  application  running 
on  an  ACNET  Vax  where  all  further  calculations  are  done,  r 
as  calculated  above  is  in  arbitrary  units,  and  is  converted  to  ns. 
by  applying  a  calibration  factor  determined  once  by  measuring 
the  bunch  profiles  directly  with  a  500  MHz  digitizing  scope  and 
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and  I  have  taken  the  bunch  length  to  be  the  time  during  which 
the  profile  is  above  the  baseline  value.  This  leads  to  an  error 
of  about  1  ns,  or  10%,  in  the  bunch  length.  The  function  relat¬ 
ing  (bunch  length/bucket  length)  to  (bunch  area/bucket  area)  has 
nearly  unity  slope  over  the  region  in  which  the  Booster  operates, 
so  the  1 0%  error  in  the  bunch  length  calibration  leads  to  a  similar 
error  in  e/. 
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Figure  2.  Data  used  in  the  ci  calculation. 

comparing  with  r  measured  simultaneously.  Calculation  of  the 
bucket  area  requires  knowledge  of  the  Booster  energy  gain/tum 
and  the  synchronous  phase.  These  are  determined  assuming  that 
the  Booster  excitation  is  a  15  Hz  sine  wave.  An  example  of  the 
calculation  for  a  complete  cycle  is  shown  in  Fig.  2.  The  plots 
are,  from  bottom  up,  the  total  charge,  the  RF  voltage  per  turn,  the 
bunch  length,  and  the  bucket  and  bunch  areas  (the  bucket  area  is 
always  larger).  Noue  that  the  simple  formula  used  to  calculate 
the  bucket  area  is  singular  at  transition.  More  accurate  approxi¬ 
mations  to  the  bucket  area  near  transition  exist  [3]  but  have  not 
been  used  in  this  work.  The  application  allows  zoom  views  and 
FFT  calculations  on  any  portion  of  the  data. 

0-10  , - - - - - - - - - ^ - - - - - - - . - - - - - - - 1 
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Figure  4.  Bunch  length  oscillations  at  transition.  Note  the  sup¬ 
pressed  0. 

MEASUREMENTS 

In  this  section  I  will  show  examples  of  some  of  the  phenom¬ 
ena  which  can  be  studied  with  this  system.  The  phenomena  of 
interest  vary  with  time  in  the  cycle.  In  studying  extracted  beam 
one  examines  ei  whereas  oscillations  at  transition  and  the  bunch 
rotation  at  the  end  of  the  cycle  are  best  studied  through  the  bunch 
length. 

Extracted  Emittance 

Figure  3  is  a  plot  of  the  longitudinal  emittance  at  extraction  as 
a  function  of  the  extracted  intensity.  There  seems  to  be  a  small 
decrease  in  q  for  intermediate  intensities.  This  decrease  in  €i  is 
also  observed  in  measurements  made  in  a  dispersive  section  of 
the  extraction  line  [4],  a  measurement  with  completely  different 
systematic  and  statistical  errors.  It  is  possible  that  at  low  inten¬ 
sities  noise  in  the  RF  feedback  loops  leads  to  emittance  growth, 
producing  the  anomalously  large  emittances. 

Prior  to  1994,  q  had  increased  rapidly  with  intensity,  limiting 
the  intensity  to  about  2.5x10^^ .  Diis  growth  was  attributed  to 
longitudinal  coupled  bunch  instabilities  which  decohered  during 
the  Booster  cycle.  In  early  1994  several  narrow  band  dampers 
[5]  operating  on  the  unstable  modes  were  installed,  and  the  lower 
€i  is  due  to  their  successful  operation. 


Figure  3.  Intensity  vs.  Long.  Emittance. 


Oscillations  at  Transition 


Cl  determined  in  this  way  is  subject  to  few  systematic  errors. 
Errors  due  to  the  8-bit  resolution  of  the  ADCs  are  negligible,  and 
the  RF  waveform  does  not  change  from  pulse  to  pulse  with  in¬ 
tensity.  The  Booster  ramp  is  well  approximated  by  a  15  Hz  sine 
wave,  and  the  only  real  source  of  error  is  the  calibration  of  the 
diode-detected  bunch  length  with  the  bunch  length  measured  on 
a  digitizing  oscilloscope.  The  bunch  profiles  are  non-gaussian, 


In  Figure  4  I  have  zoomed  in  on  the  bunch  length  measure¬ 
ment  from  near  transition  to  the  end  of  the  cycle.  The  frequency 
of  the  oscillations  which  appear  after  transition  is  roughly  4  KHz, 
or  twice  the  synchrotron  frequency  of  2  KHz.  Thus  they  are 
quadrupole  synchrotron  oscillations  induced  by  the  mismatching 
of  the  bunch  and  bucket  before  and  after  transition.  The  Booster 
has  a  7t-jump  system  which  could  be  used  to  eliminate  this  os- 
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This  process  is  illustrated  in  Fig.  )5,  the  RF  waveform  for  the 
bunch  rotation,  and  Fig.  5b,  the  bunch  length  during  the  rotation. 
Immediately  before  the  rotation  one  observes  a  bunch  length  of 
roughly  11  nsec,  with  a  small  quadrupole  synchrotron  oscilla¬ 
tion.  During  the  last  1/4  synchrotron,  while  the  RF  voltage  has 
been  reduced,  one  can  see  the  bunch  “tumble”,  resulting  in  a 
larger  bunch  length  and  smaller  Ap/p,  After  making  this  bunch 
rotation  operational,  the  Main  Ring  intensity  and  pulse-to-pulse 
stability  increased  noticeably. 

CONCLUSIONS 

We  have  developed  a  system  capable  of  making  detailed 
bunch  length  and  longitudinal  emittance  measurements  in  the 
Fermilab  Booster.  This  system  allows  us  to  make  detailed  stud¬ 
ies  of  longitudinal  beam  dynamics. 
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Figure  5.  RF  voltage  (upper)  and  bunch  length  (lower)  for  the 
bunch  rotation  at  extraction.  Note  the  suppressed  0. 

cillation,  but  since  the  oscillation  does  not  to  lead  to  emittance 
growth,  it  is  not  used. 

Bunch  Rotation  at  Extraction 

Extracted  beam  from  the  Booster  is  injected  into  the  Main 
Ring.  The  momentum  aperture  of  the  Main  Ring  has  long  been 
known  as  a  limitation,  and  as  a  result  the  Booster  attempts  to  pro¬ 
vide  as  low  a  Ap/p  as  possible.  Ap/a  is  normally  determined  by 
the  RF  voltage,  and  throughout  the  last  half  of  the  Booster  cycle 
the  voltage  is  kept  as  low  as  possible  to  avoid  beam  loss.  In  addi¬ 
tion,  at  the  very  end  of  the  cycle  a  bunch  rotation  is  performed  to 
provide  an  even  lower  Ap/p.  The  rotation  consists  of  a  step  drop 
in  the  RF  voltage  1/4  of  a  synchrotron  period  (125  psec)  before 
extraction.  During  this  interval  the  bunch  rotates  in  longitudinal 
phase  space,  exchanging  energy  spread  (Ap/p)  for  time  (bunch 
length). 
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Abstract 

With  the  increase  in  intensity  of  the  Fermilab  Booster  accelera¬ 
tor  to  over  3x10^^  p’s/pulse,  active  dampers  have  been  required 
to  control  several  transverse  and  longitudinal  instabilities.  The 
damper  systems  currently  in  use  are:  one  narrow-band  horizon¬ 
tal  damper  for  the  (+-Qh)  mode,  a  wideband  horizontal  damper 
for  all  modes,  and  four  channels  of  narrow-band  longitudinal 
dampers  for  coupled  bunch  modes  1, 48, 49,  and  50.  We  discuss 
the  observations  that  indicated  that  damper  systems  were  neces¬ 
sary,  the  designs  and  operations  of  the  systems,  and  their  effects 
on  beam  quality  in  the  Booster. 

INTRODUCTION 

The  Fermilab  Booster  Accelerator  is  the  lowest  energy  synch¬ 
rotron  in  the  Fermilab  complex.  The  injected  beam  consists  of 
(400  MeV  protons  provided  by  the  Linac,  and  the  8  GeV  ex¬ 
tracted  beam  is  injected  into  the  Main  Ring.  The  desired  quality 
of  the  extracted  beam  is  determined  by  the  apertures  of  the  Main 
Ring.  In  order  to  extract  3x10^^  p’s/pulse  from  the  Main  Ring, 
the  Booster  transverse  emittances  must  be  less  than  17  tt  mm-mr 
and  Ap/p  must  be  less  thaV  l.SxlO""^. 

At  Booster  intensities  of  3x10^^  p’s/pulse  (much  below  the 
4x10^^  p’s/pulse  needed  to  extract  3x10^^  p’s/pulse  from  the 
Main  Ring)  we  observed  coherent  instabilities  in  the  Booster 
which  severely  degraded  the  quality  of  the  beam  injected  into 
the  Main  Ring.  The  horizontal  emittance  often  exceeded  35  tt 
mm-mr,  and  the  longitudinal  coupled  bunch  oscillations  led  to 
beam  loss  due  to  the  restricted  momentum  aperture  of  the  Main 
Ring.  We  undertook  an  effort  to  identify  the  unstable  modes 
and  provide  active  damping  to  counteract  them.  [  1  ]  Partly  as  a  re¬ 
sult  of  this  program,  the  Booster  has  run  with  intensities  of  over 
4.0x10^^  p’s/pulse  with  emittances  acceptable  to  the  Main  Ring. 

We  have  installed  three  different  types  of  damper  systems:  a 
narrow  band  horizontal  danq)er  acting  upon  the  (+-Qh)  mode, 
a  wideband  horizontal  damper,  and  longitudinal  narrow  band 
dampers  acting  on  non  specific  coupled  bunch  modes.  We  will 
describe  the  measurements  indicating  the  existence  of  the  unsta¬ 
ble  modes  and  the  designs  of  the  damper  systems. 

UNSTABLE  MODES  AND  DAMPERS 

Horizontal  Modes 

The  first  horizontal  mode  identified  was  a  mode  which  ap¬ 
peared  during  the  last  half  of  the  Booster  accelerating  cycle  at 
a  frequency  of  approximately  180  KHz,  corresponding  to  the 
lowest  horizontal  sideband.  The  horizontal  tune  is  normally  6.7, 

*  Operated  by  the  Universities  Research  Association  under  contract  with  the  U. 
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the  revolution  frequency  during  the  second  half  of  the  cycle  626 
KHz,  so  the  unstable  mode  is  (J-Qh)-  We  believe  that  this  is  a 
resistive  wall  mode  which  is  strongly  driven  at  low  frequencies. 
This  instability  is  very  strong  and  dominates  the  horizontal  spec¬ 
trum. 
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Figure  1.  Schematic  diagram  of  the  horizontal  narrow  band 
damper  system. 
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Figure  2.  Signal  on  a  horizontal  BPM  before  (a)  and  after  (b) 
installation  of  the  horizontal  narrowband  amper. 

Fig.  1  is  a  diagram  of  the  damper  system  used  to  reduce  this 
oscillation.  The  beam  oscillations  are  detected  using  the  differ¬ 
ence  signals  on  two  BPMs  104®  apart  in  betatron  phase.  Af¬ 
ter  mixing  to  baseband  with  the  Booster  VCO  and  filtering,  the 
proper  phase  is  established  using  the  two  time-dependent  ramps 
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which  multiply  the  processed  BPM  signals.  The  signals  are  then 
summed,  put  through  a  bandpass  filter  centered  at  120  KHz  to 
reject  the  synchrotron  frequency  on  the  low  frequency  side  and 
the  (Qft-6)  line  at  approximately  450  KHz  on  the  high  frequency 
side,  mixed  back  up  to  53  MHz,  and  then  put  into  a  power  am¬ 
plifier  and  sent  to  the  kickers.  The  overall  system  gain  is  roughly 
112  db. 

Figs.  2a  and  2b  are  plots  of  the  signal  on  a  single  BPM  before 
(a)  and  after  (b)  installation  of  the  damper  system. 

Once  installed,  this  damper  esiminated  any  significant  mode 
(+'Q/i)  oscillation  (Fig.  lb).  However,  the  emittance  was  still 
larger  than  acceptable  for  the  Main  Ring.  Examination  of  the  fre¬ 
quency  spectrum  of  a  BPM  showed  that  although  the  mode  (+- 
Qh)  frequency  was  completely  absent,  oscillations  developed  at 
the  other  mode  frequencies,  indicating  the  need  for  a  wideband 
damper.  The  system  we  installed  (Fig.  3)  uses  the  difference  sig¬ 
nal  for  a  BPM.  After  being  mixed  down  to  baseband,  filtered, 
and  delayed,  the  output  signal  is  summed  with  the  signal  from 
the  narrow  band  damper  and  applied  to  the  same  kicker.  The 
phase  response  of  this  damper  is  flat  over  the  frequency  range 
0-26  MHz  and  the  gain  ranges  from  20  db  at  low  frequencies  to 
about  7  db  at  26  MHz.  It  has  not  been  necessary  to  install  equal¬ 
izers.  With  the  installation  of  this  damper  system,  horizontal  in¬ 
stabilities  do  not  appear  at  intensities  of  4.0x10^^. 
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Figure  3 .  Schematic  diagram  of  the  horizonal  wide  band  damper 
system. 


Longitudinal  Modes 

Longitudinal  coupled  bunch  modes  have  long  been  known  to 
exist  in  the  Booster.  Several  attempts  to  control  them  have  been 
made,  the  most  recent  being  the  installation  of  passive  dampers 
flaps  in  the  RF  cavities  to  remove  the  energy  of  the  driving 
modes.  [2]  This  modification  eliminated  instabilities  up  to  an  in¬ 
tensity  of  about  2.5x10^^  p’s/pulse,  but  above  this  intensity  the 
coupled  bunch  modes  1, 48,  49,  and  50  appeared.  Narrowband 
active  damper  systems,  each  acting  on  a  different  revolution  har¬ 
monic,  were  designed  to  damp  these  modes.  Fig.  4  is  a  dia¬ 
gram  of  the  basic  damper.  It  is  designed  around  a  single  side¬ 
band  mixer  whose  inputs  are  the  the  time  derivative  of  the  phase 
and  a  direct  digital  synthesizer  operating  at  a  different  revolution 
harmonic  for  each  damper  channel.  The  processed  signal  is  then 
input  into  the  RF  system  and  applied  to  the  beam  through  the  RF 
cavities.  The  gains  of  the  systems  vary  by  mode,  but  are  at  least 
80  db.  These  systems  have  been  effective  in  reducing  the  cou¬ 
pled  bunch  oscillations  to  a  tolerable  level.  Fig.  5  is  a  plot  of  the 
error  signal  at  the  phase  detector  for  the  4  systems  installed  with 
and  without  the  damper  system  turned  on.  With  these  dampers 
operating  longitudinal  stability  is  ensured  at  intensities  of  4x10^^ 
p’s/pulse  the  extracted  Ap/p  has  been  as  low  as  0.001. 


Figure  4.  Schematic  diagram  of  the  longitudinal  narrow  band 
damper  system, 

CONCLUSIONS 

Elimination  of  transverse  and  longitudinal  instabilities  has  al¬ 
lowed  the  Booster  to  produce  extracted  intensities  of  4x10^^ 
p’s/pulse  with  low  emittances.  We  look  forward  to  increasing  the 
intensities  and  dealing  with  the  next  set  of  instabilities. 
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THE  FERMILAB  MAIN  RING 
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Longitudinal  synchrotron  oscillations  of  proton 
bunches  in  the  Fermilab  Main  Ring  have  been  observed 
during  various  portions  of  the  acceleration  cycle.  These 
oscillations  have  an  effect  upon  the  ability  to  coalesce  1 1 
proton  bunches  into  one  bucket  for  subsequent  transfer  into 
the  Tevatron.  The  oscillations  appear  to  be  caused  by  a 
longitudinal  coupled  bunch  instability.  We  report 
measurements  made  to  characterize  the  instability  as  well 
as  design  of  a  narrow-band  feedback  system. 

L  INTRODUCTION 

The  Main  Ring  coalesces  one  high  intensity  bunch 
from  11  bunches  [1].  Once  the  8.9  GeV  injected  beam  is 
accelerated  to  150  GeV,  the  53  MHz  RF  cavities  are 
counterphased  to  a  low  voltage  and  coalescing  cavities  at 
2.5  MHz  are  turned  on.  After  bunch  rotation  occurs,  the  53 
MHz  cavities  are  rephased  to  recapture  the  single  coalesced 
bunch.  This  procedure  is  sensitive  to  the  longitudinal 
emittance  of  the  beam  and  thus  maintaining  a  small  and 
constant  longitudinal  emittance  is  desirable. 

Uncoalesced  proton  beam  in  the  Main  Ring  has  been 
observed  to  undergo  a  sudden  growth  in  bunch  length 
during  the  flattop  portion  of  the  2B  cycle  (acceleration  to 
150  GeV  for  transfer  to  the  Tevatron).  The  bunch  size  is 
determined  by  measuring  the  ratio  of  the  53  MHz 
(fundamental)  and  159  MHz  (third  harmonic)  components 
of  the  beam  signal  generated  from  a  strip-line  detector. 
Throughout  the  course  of  Collider  Run  IB,  beam  intensity 
has  increased  resulting  in  an  earlier  onset  of  this  bunch 
length  growth.  The  onset  of  bunch  length  growth  is  also 
dependent  upon  the  number  of  bunches,  with  an  earlier 
growth  corresponding  to  a  larger  number  of  bunches. 

It  is  thought  that  this  phenomena  is  due  to  a  coupled 
bunch  instability.  As  a  bunch  passes  through  the  RF  cavity 
it  sees  not  only  the  accelerating  voltage  applied  to  the 
cavity  but  fields  excited  by  the  previous  bunches.  A  bunch 
is  coupled  to  all  of  the  previous  bunches  by  these 
Wakefields.  Many  higher  order  modes  have  been  measured 
in  the  Main  Ring  RF  cavities  [2],  The  4  HOMs  with  the 
largest  shunt  impedance  are  at  67,  84,  127,  and  227  MHz. 

IL  CHARACTERIZATION  OF  MODES 

To  characterize  the  oscillations  of  the  beam,  a  2  GHz 
Tektronix  digitizer  and  LabView  software  with  a 
Macintosh  computer  are  used  to  capture  and  store  the  beam 
profile  from  a  Resistive  Wall  Current  Monitor.  From  this 


data  (Figure  1)  it  can  be  seen  that  individual  bunches  are 
undergoing  dipole  synchrotron  oscillations.  By  following 
the  oscillations  of  one  particular  bunch  (Figure  2)  a  growth 
in  the  oscillation  amplitude  can  be  seen. 


Figure  1.  Mountain  Range  plot  of  proton  bunches  14 
through  20  showing  synchrotron  oscillations. 


Figure  2.  Growth  in  amplitude  of  synchrotron 
oscillation  for  an  individual  bunch,  1  nsec  deviation  is  19 
degrees  of  RF  phase. 
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At  a  given  instant  in  time,  the  centroid  of  each  bunch 
with  respect  to  the  RF  bucket  center  will  vary  from  bunch 
to  bunch.  Figure  3  shows  data  from  an  84  bunch  beam  at  a 
single  moment.  In  a  full  ring  with  coupled  bunch  mode  1 
present,  this  plot  of  deviation  versus  bunch  number  would 
have  1  full  oscillation.  A  Fourier  transform  of  this  data  and 
other  snapshots  in  time,  yields  the  power  spectrum  of  the 
coupled  bunch  modes  and  is  shown  in  Figure  4  [3].  The 
four  major  HOM  of  the  RF  cavities  would  be  expected  to 
produce  modes  291, 465, 436,  and  306.  However  Figure  4 
shows  that  the  dominant  mode  is  174.  Although  pulse  to 
pulse  variation  is  very  common,  under  a  wide  variety  of 
conditions  (beam  intensity,  number  of  bunches,  and  applied 
RF  cavity  voltage)  mode  174  is  most  prevalent.  The 
exponential  growth  of  this  mode  has  been  found  to  have  a 
rise  time  on  the  order  of  200  to  400  ms. 


Figure  3.  Bunch  centroid  deviation  from  center  of  RF 
bucket  versus  bunch  number  at  a  single  point  in  time. 


III.  DAMPER  CIRCUITRY 

The  signature  of  a  coupled  bunch  mode  N  in  frequency 
space  is  the  presence  of  a  sideband  at  the  synchrotron 
frequency  above  or  below  the  Nth  revolution  line  above  or 
below  a  multiple  of  the  rf  frequency  [4].  In  order  to  detect 
this  signal  and  create  a  narrowband  damping  system  for 
these  coupled  bunch  modes,  a  two-path  circuit  has  been 
constructed.  A  schematic  of  this  circuit  is  shown  in  Figure 
5.  A  programmable  direct  digital  synthesizer  (DDS) 
provides  two  outputs  (sine  and  cosine)  that  are  used  to 
select  the  mode  to  be  damped. 


After  mixing  the  beam  signal  with  the  DDS,  the  output 
mode  signal  should  be  at  the  synchrotron  frequency  and 
have  an  amplitude  proportional  to  the  mode  intensity.  An 
example  of  this  signal  is  shown  in  Figures  6  and  7.  Figure 
6  shows  that  the  mode  initially  is  excited  at  transition  and 
Figure  7  shows  further  growth  later  in  the  cycle  after 
acceleration  has  been  completed. 

IV.  DAMPER  SYSTEM 

A  first  attempt  to  damp  these  oscillations  considered 
the  use  of  the  existing  power  amplifiers  and  accelerating 
RF  cavities  to  kick  the  beam.  However  the  high  Q  of  the 
cavities  (1000-4500)  and  the  bandwidth  of  the  power 
amplifiers  (50  to  90  MHz)  do  not  provide  sufficient  gain 
for  the  damper  system.  Construction  of  dedicated  kicker 
cavities  will  be  necessary  for  the  next  phase  of  the  project. 


Figure  4.  Power  spectrum  of  coupled  bunch  modes 
with  darkness  indicating  intensity. 
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Figure  5.  Schematic  diagram  of  two-path  damper  circuitry. 


Figure  6.  Intensity  of  Mode  174  signal  during  Figure  7.  Growth  of  mode  174.  Signal  begins  after 
acceleration  cycle.  Signal  increases  dramatically  at  transition  and  goes  through  exponential  growth  at  the  end 
transition  time  (0.779  sec).  of  the  acceleration  portion  of  the  cycle  (2.4  sec). 
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INFERENCE  OF  WAKE  FIELD  STRUCTURE  BY  DRIVING 

LONGITUDINAL  COUPLED  BUNCH  MODES  IN  MAIN  RING*i 

S.  Assadi,  K.  Junck,  P.  Colestock,  J.  Marriner 
Fermi  National  Accelerator  Laboratory,  Batavia,  IL  60510,  USA. 


Here,  we  present  a  qualitative  study  of  coupled  bunch  effects 
for  a  partially  filled  Main  Ring.  Individual  bunches  interact 
with  their  environment  via  wake  fields  generated  by  the 
fundamental  and  higher  parasitic  structural  modes.  Bunches  at 
the  front  of  the  train  influence  the  motion  of  the  following 
bunches.  We  employ  a  two-point  correlation  method  [  1  ]to 
measure  the  phase  oscillation  between  the  reference  bunch 
(bunch  one  )  and  a  given  bunch  within  the  train,  as  a  function 
of  the  bunch  separations.  The  result  of  this  analysis  is  a 
measure  of  the  short  range  wakefield  generated  by  the  bunches. 

I.  ANALYSIS 

Wake  fields  generated  by  a  longitudinal  kick  to  a  train  of 
proton  bunches  can  be  measured  by  the  method  of  two-point 
correlation  technique.  Data  are  collected  by  observing  signals 
from  a  resistive  wall  current  monitor  with  a  Tektronix  2  GHz 
digitizer.  The  digitizer  is  triggered  every  32  turns  to  capture 
-'lO  s5mchrotron  periods  worth  of  longitudinal  profiles  of  the 
bunches  (Fig.  1). 


Fig.  1)  Waterfall  plot  of  the  first  6  bunches. 


*  1  Operated  by  University  Research  Association  Inc.,  under 
contract  with  the  U.S.  Department  of  Energy. 
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Fig.  2)  The  deviation  of  bunch  centroid  from  bucket  center  for 
bunches  1,4,6.  For  the  RF  frequency  of  53  MHZ,  1  ns  is 
equal  to  19  degrees  of  phase. 
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Readout  and  the  storage  of  the  data  is  done  by  Macintosh 
computer  using  Labview  software.  The  beam  is  given  an 
initial  kick  by  a  programmable  digital  phase  shifter  which 
shifts  the  phase  of  all  18  RF  cavities  by  20  degrees  for  200  |X 
sec  (10  turns).  The  centroid  position  of  each  bunch  can  be 
found  and  longitudinal  dipole  oscillations  at  the  synchrotron 
frequency  are  evident  (Fig.  2). 

The  resulting  time  series  is  then  broken  up  into  1000 
realizations.  Each  realization  contains  the  turn  by  turn  data  for 
each  bunch  (Fig.  3)  which  are  then  individually  Fourier 
transformed.  A  cross  power  estimate  Cj(0  for  each  realization 
j  is  formed  using  the  formula  Cj(/)  =  (|)j  j  <|)*j  2  where  (t)j  j  is 
the  Fourier  transform  of  the  signal  from  realization  j,  bunch  1 
and  frequency  f  and  similarly  for  bunch  “n”  where  n  >1.  The 
cross  power  spectrum  Cj(/)  is  in  general  a  complex  quantity 
and  can  be  written  alternatively  as  Cj(/)  =  ICj(/)lexp[0j(/)] 
where  0j(/)  is  known  as  the  cross  phase.  An  estimate  of  the 
wavenumber  kj(/)  is  formed  from  each  realization  using 
Kj(/)=0j(/)/Ax.  Here  Ax  is  the  longitudinal  separation  of  the 
bunches  in  centimeters.  The  spectral  power  S(kJ)  is  then 
formed  by  summing  the  power  \C^(J)\  according  to  its 
wavenumber  k  and  frequency/,  S(kJ)  =  Ij(5K,Kj  8/^5)  ICj(/)l 
where  5k ,1  is  the  Kronecker  delta  function  and  the  sum  runs 
over  all  realizations  j.  Normalizing  S(kJ)  by  the  total  power 
S^Qi  = 'LkJ  S(kJ)  produces  the  spectral  density  function 
s(kJ)Ak  Af  which  can  be  thought  of  as  the  probability  of 
finding  a  fluctuation  in  the  wavenumber  and  frequency  band 
k  +  Ak]  and  \f  +  A/].  Finally,  the  average  value  of  the 
wavenumber  k0j  is  produced  using  the  spectral  density  s(k/): 
ke  =  XkS(k) 
k 

where  the  sum  runs  over  all  wavenumbers  k  and 

s(k)  =  2S(k,f) 

f 
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Fig.  3)  A  digitized  batch  of  12  bunches  is  shown. 


II.  RESULTS 

Figure  4  shows  an  individual  bunch  oscillating  within  the  RF 
bucket.  The  two-point  correlation  is  done  by  determining  the 
phase  difference  between  the  reference  bunch  (bunch  one)  and 
another  bunch.  For  example,  Figure  5  shows  bunch  one 
profile  (top)  and  bunch  3  profile  (bottom). 


4M  4§4  4f§  seg  910 

«  pte  in  1/2  rmc  itapa 

Fig.  4)  Bunch  oscillation  within  the  bucket  for  many  turns  is 
shown. 


f7  -  bunch  1 


Fig.  5)  Train  of  bunch  one  (top)  is  digitally  formed  from  the 
turn  by  turn  profiles.  Same  is  performed  for  bunch  three 
(bottom). 


The  wavenumber  spectrum  between  bunch  one  and  bunch  two 
is  shown  in  Figure  6.  Only  one  peak,  the  dipole  mode  is 
observed.  In  figure  7,  the  wavenumber  spectrum  between 
bunch  2  and  bunch  4  shows  wavenumbers  associated  with 
dipole  and  quadrupole  mode.  A  small  peak  associated  with 
sextupole  moment  is  also  present  but  it  is  within  the  noise 
level  of  the  measurement. 
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Figures  8  and  9  show  the  spectrum  for  other  bunch 
combinations.  Figure  9  shows  a  lack  of  the  quadrupole  mode 
which  may  have  been  eliminated  by  the  superposition  of  the 
Wakefields  generated  by  the  leading  bunches. 


Wavenumber  Spectrum 


Wavenumber  (1/cm) 

Fig.7)  Shown  peak  associated  with  dipole  mode  is  measured 
from  the  two-point  correlation  between  the  two  adjacent  bunch 
1  and  2. 


Wavennmher  Snertnim 


«:j  0;?  01  0  0'*  0? 

Wavenumber  (i/cm) 


Fig. 8)  Measured  two  peaks  associated  with  dipole  and 
quadrupole  oscillations  between  bunch  1  and  3  is  shown. 

III.  CONCLUSION 

From  the  difference  in  phase  oscillation  between  bunches,  the 
two-point  correlation  technique  can  estimate  the  wavenumber 
associated  with  low  order  short  range  wakefields. 


Wavenumber  (1/cm) 


Fig.8)  Three  modes  measured  between  bunch  one  and  bunch 
five.  m=2.  Note,  quadrupole  mode  is  missing 


Wavenumber  Spectrum 


Wavenumber  (1/cm) 

Fig. 9)  Three  modes  between  bunches  one  and  six  are 
measured. 
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SIMULATION  OF 

TRANSVERSE  COUPLED  BUNCH  INSTABILITIES  * 

S.  Khan,  BESSY  II,  Rudower  Chaussee  5,  Geb.15.1,  12489  Berlin,  Germany 


Abstract 

Numerical  simulations  of  transverse  coupled  bunch  instabilities 
caused  by  the  resistive  wall  of  the  vacuum  chamber  are  pre¬ 
sented.  These  simulations  confirm  the  results  obtained  analyti¬ 
cally  and  extend  them  to  cases  which  are  not  easily  accessible  by 
analytical  methods. 

1.  INTRODUCTION 

Transverse  coupled  bunch  oscillations  in  a  storage  ring  are 
driven  by  wake  fields  due  to  the  interaction  with  cavity-like 
structures  or  with  the  resistive  wall  of  the  vacuum  vessel.  Con¬ 
centrating  on  the  latter  case,  the  dipole  wake  function  for  a  cylin¬ 
drical  vacuum  chamber  of  length  L,  radius  h  and  conductivity  a 
(in  cgs  units)  is  given  by  (see  e.g.  [1]) 


where  c  is  the  velocity  of  light  and  is  the  distance  behind  the 
charge  causing  the  wake. 

Due  to  its  strong  dependence  on  the  chamber  size,  the  resis¬ 
tive  wall  effect  is  in  particular  of  interest  for  modem  synchrotron 
light  sources  with  small  wiggler/undulatorgaps.  In  this  case,  the 
radius  b  in  equation  1  is  replaced  by  an  effective  half-height  of 
the  flat  vacuum  chamber. 

In  a  system  of  M  bunches,  each  containing  N  particles,  a 
bunch  i  oscillates  according  to  the  equation  of  motion 

M  oo 

Xi{t)  +  ujfxi{t)  =  ~  Y, Z) 

^  ®  i=ln=0 

•  {-ciij  -  ncfo),  (2) 

where  ro  is  the  classical  electron  radius,  7  the  Lorentz  fac¬ 
tor,  to  the  revolution  time  and  c  Uj  the  distance  at  which  bunch  j 
follows  i.  The  term  including  the  wake  functions  summed  over 
all  bunches  and  over  all  previous  revolutions  causes  the  oscil¬ 
lation  to  grow  or  decrease,  depending  on  the  phase  relationship 
between  the  bunches. 

In  the  following  discussion,  the  BESSY  II  electron  storage 
ring  serves  as  an  example.  BESSY  II  is  a  1700  MeV  synchrotron 
light  source  currently  under  construction  at  Berlin  [2].  The  stor¬ 
age  ring  will  be  240  m  in  circumference  (to  =  0.8  fis)  and  can 
be  filled  with  max.  400  bunches.  In  this  case,  the  coupled  bunch 
system  has  400  oscillation  modes,  some  of  which  may  be  excited 
and  some  damped.  If  the  growth  of  any  mode  exceeds  the  rate 
of  radiation  damping  or  Landau  damping,  the  beam  will  be  un¬ 
stable. 

•Funded by  the  Bundesministeriumfur  Bildung,  Wissenschaft,  Forschung  und 
Technologic  and  by  the  Land  Berlin. 
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Figure.  1 .  Growth  rate  of  transverse  coupled  bunch  instabilities 
as  function  of  the  vertical  betatron  tune  i/  (left)  and  of  chromatic- 
ity^  =  Ah' /{Apfp)  (right). 


11.  ANALYTIC AL  EVALUATION 

Fourier  transformation  of  equation  2  into  the  frequency  do¬ 
main  yields  an  analytical  expression  for  the  growth  rate  of 
the  most  unstable  multibunch  mode,  provided  the  bunches  are 
equally  spaced  and  their  motion  is  a  harmonic  oscillation  (cu, 
constant).  Application  of  this  well-known  theory  [3]  leads  to  the 
following  general  results: 

A.  Single  Bunch  Mode 

A  single  bunch  has  only  one  oscillation  mode  which  is  driven 
by  its  own  wake  from  previous  revolutions.  This  mode  is 
damped  if  the  fractional  part  of  the  tune  S  is  below  0.5;  for  S  > 
0.5  the  beam  is  unstable. 

Considering  the  finite  size  of  the  bunch  has  several  conse¬ 
quences:  As  an  extended  object,  the  bunch  has  internal  modes 
L  Furthermore,  a  finite  bunch  length  implies  a  finite  spectrum. 
Its  central  frequency  is  a  function  of  the  chromaticity  A  small 
positive  chromaticity  is  sufficient  to  stablize  the  /  =  0  mode 
(head-tail  effect),  whereas  the  weaker  /  >  0  modes  require  larger 
values  of  ^  to  be  damped. 

B.  Multiple  Bunches 

For  any  tune,  half  of  the  multibunch  modes  are  damped  and 
half  are  unstable.  The  growth  rate  of  the  most  unstable  mode  fol¬ 
lows  roughly  1  / \/S.  This  is  shown  in  the  left  part  of  figure  1  for 
the  BESSY  II  storage  ring,  assuming  an  aluminium  chamber  in 
the  insertion  device  region  and  a  half-height  of  6  =  0.01  m. 

A  large  positive  chromaticity  reduces  the  growth  rate  and  can 
even  stabilize  all  multibunch  modes  for  /  =  0,  while  the  /  =  1 
mode  is  still  unstable,  as  shown  in  the  right  part  of  figure  1 . 
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III.  TIME  DOMAIN  SIMULATION  (HARMONIC 
OSCILLATION) 

A  numerical  simulation  of  the  growing  instability  allows  to 
study  its  time  evolution,  starting  from  different  initial  configura¬ 
tions  and  under  the  influence  of  different  damping  mechanisms. 
Furthermore,  a  simulation  is  required  in  cases  where  the  growth 
rate  cannot  be  determined  analytically. 

The  simulation  presented  in  this  section  maintaines  the  as¬ 
sumption  of  a  simple  harmonic  motion.  It  is  meant  to  study 
the  case  of  a  fractional  bunch  filling  and  the  effect  of  two 
damping  mechanisms:  (i)  Radiation  damping,  where  a  factor 
exp(— fo/r/i)  is  applied  to  the  oscillation  amplitudes  after  each 
turn,  thus  neglecting  the  stochastic  nature  of  the  radiation  pro¬ 
cess.  (ii)  A  non-linear  tune  shift  with  the  amplitude  Ai/  ^ 

Equation  2  is  iterated  for  all  bunches  in  time  steps  of  2  ns  (~60 
steps  per  oscillation  period).  If  all  bunches  perform  a  harmonic 
oscillation  with  the  nearly  unperturbed  betatron  frequency,  the 
force  experienced  by  a  particular  bunch  i  (given  by  the  sum  in 
eq.  2)  just  oscillates  with  the  same  frequency.  In  the  course  of 
the  simulation,  its  amplitude  and  phase  have  to  be  recalculated 
from  time  to  time,  which  requires  little  computational  effort. 

A.  Time  Evolution 

Starting  from  a  random  configuration,  the  400  bunches  con¬ 
sidered  in  figure  2  behave  very  differently.  Some  grow  in  ampli¬ 
tude,  while  others  nearly  stop  oscillating.  It  takes  about  0.2  ms 
for  the  bunches  to  "find”  the  most  unstable  mode  fi  at  which  they 
oscillate  with  the  same  exponentially  growing  amplitude  and  a 
fixed  relative  phase  of  27r/j« /M  between  adjacent  bunches.  Once 
this  state  is  reached,  the  growth  rate  in  the  simulation  is  consis¬ 
tent  with  the  analytical  result.  If  the  bunches  are  initiated  with 
the  proper  phase  relationship,  the  exponential  growth  starts  with¬ 
out  delay. 

B.  Damping 

The  figures  2b-2d  show  the  influence  of  damping  on  the  sys¬ 
tem  described  above.  In  figure  2b,  the  growth  of  the  instability 
is  slowed  down  by  radiation  damping. 

In  figure  2c,  a  tune  shift  with  amplitude  has  been  introduced. 
All  amplitudes  grow  up  to  a  certain  value,  at  which  they  start  to 
diverge  and  their  phase  relationship  becomes  distorted.  The  av¬ 
eraged  amplitude,  however,  remains  constant. 

A  combination  of  both  damping  effects  leads  to  a  highly  irreg¬ 
ular  motion,  as  shown  in  figure  2d. 

C.  Fractional  Bunch  Filling 

If  the  storage  ring  is  fractionally  filled  with  bunches  in  order  to 
leave  an  ion  clearing  gap,  the  coupled  bunch  oscillations  are  not 
easily  described  analytically.  It  has  been  shown  that  -  for  a  given 
total  current  -  the  complete  filling  represents  the  worst  case  [4]. 

In  a  time  domain  simulation  with  320  bunches  in  400  rf  buck¬ 
ets  (figure  3),  the  bunches  oscillate  with  different  amplitudes  and 
the  spectrum  shows  a  fine  structure  which  is  not  present  in  the 
case  of  a  complete  filling.  However,  the  growth  rate  of  the  insta¬ 
bility,  the  phase  relationship  between  the  bunches  and  the  gross 
features  of  the  spectrum  are  the  same  for  both  cases. 
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Figure.  2.  Smallest,  largest  and  average  amplitude  in  a  system 
of  400  evenly  spaced  bunches  with  a)  no  damping,  b)  radiation 
damping,  c)  tune  shift  with  amplitude,  d)  both  damping  effects. 

IV.  TIME-DOMAIN  SIMULATION  (BETATRON 
OSCILLATION) 

In  a  realistic  betatron  oscillation,  the  frequency  a;*  in  equation 
2  depends  on  the  position  in  the  lattice.  Therefore,  the  phase  re¬ 
lationship  between  bunches  changes  all  the  time,  which  should 
reduce  the  effective  driving  force. 

In  order  to  simulate  this  effect,  all  bunches  are  tracked  through 
the  magnetic  lattice  using  linear  transfer  matrices  for  each  time 
step  (2  ns,  corresponding  to  0.6  m).  To  prevent  the  effect  in 
question  from  being  obscured  by  non-linear  lattice  effects,  sex- 
tupole  kicks  were  not  applied.  The  consequences  of  the  tune  shift 
caused  by  sextupole  fields  were  studied  in  [5]. 

With  the  wake  function  of  equation  1  inserted  into  equation  2, 
the  driving  force  for  bunch  i  is  essentially  given  by 

AT  CO  ^ 

H  / .  , .  ,  -  tij  -  nto)-  (3) 

Keeping  track  of  all  bunch  positions  over  many  turns  and  eval¬ 
uating  the  twofold  sum  for  all  bunches  at  each  time  step  would 
clearly  require  too  much  computer  memory  and  time.  However, 
a  simplification  can  be  made  by  expessing  the  transverse  posi¬ 
tion  of  bunch  j  at  the  previous  passage  as 

Xj{t  —  tij  —  nto)  =  Xj{t  —  tij)  {  cos{nSj)  H-  asin{nSj)] 

+  x'j{i  -  tij)  /3sin{nSj),  (4) 

where  a  and  j3  are  the  Twiss  parameters  at  the  location  of 
bunch  j,  and  Sj  is  the  phase  advance  over  one  revolution  back¬ 
ward  in  time.  Then,  equation  3  can  be  rewritten  as 
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o)  400  bunches 


E 


b)  320  bunches 


Figure.  3.  Amplitudes  (upper  part)  and  the  Fourier  transformed 
signal  seen  at  a  fixed  location  of  the  storage  ring  (lower  part) 
for  a)  400  evenly  spaced  bunches,  and  b)  320  bunches  in  400  rf 
buckets  with  the  same  total  current. 
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This  allows  to  perform  the  sum  over  n  beforehand  and  store 
the  result  for  all  required  values  of  Uj  and  Sj  in  a  look-up  table. 
This  is  justified  if  Sj  is  constant  over  a  reasonable  time  scale  - 
an  assumption  also  made  in  the  analytical  theory. 


A.  First  Results 

In  the  simulation  shown  in  figure  4,  a  system  of  400  evenly 
spaced  bunches  was  initiated  with  a  phase  relationship  corre¬ 
sponding  to  the  most  unstable  mode.  The  amplitudes  first  di¬ 
verge  and  grow  more  slowly  than  they  do  in  the  harmonic  oscil¬ 
lator  model.  The  relative  phases  also  diverge  and  fill  a  certain 
range  (figure  4b),  while  the  growth  rate  increases  and  settles  at  a 
value  well  below  the  theoretical  rate  (figure  4c), 

In  conclusion,  an  improved  description  of  coupled  bunch  os¬ 
cillations  has  been  obtained  and  further  refinements  of  the  model 
are  within  reach,  in  particular  the  inclusion  of  damping  mech¬ 
anisms:  (i)  radiation  damping,  (ii)  sextupole  kicks  to  produce 
the  tune  shift  that  was  included  rather  arbitrarily  in  the  harmonic 
oscillator  model,  and  (iii)  the  head-tail  effect  by  splitting  the 
bunches  into  macro-particles. 
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Figure,  4.  Transverse  resistive  wall  instability  with  400 
bunches,  assuming  a  harmonic  motion  (dashed  lines)  and  a  more 
realistic  betatron  oscillation  (solid  lines):  a)  smallest,  largest  and 
average  amplitude,  b)  smallest  and  larges  phase  difference  be¬ 
tween  adjacent  bunches,  and  c)  growth  rate  versus  time. 
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Abstract 

In  an  attempt  to  generate  a  lossless  crossing  of  an  accelerator’s 
transition  energy,  one  procedure  is  to  alter  the  transition  energy 
of  the  accelerator  quickly  as  the  beam  passes  through  this  energy 
region  by  changing  the  optics  of  the  lattice  -  a  so-called  “transi¬ 
tion  jump,”  or  “7t-jump”  scheme.  Such  a  system  was  first  imple¬ 
mented  at  CERN[1]  and  later  adopted  at  other  accelerator  labo¬ 
ratories.  A  scheme  for  the  AGS  was  developed  in  1986.  The  sys¬ 
tem  has  become  operational  during  the  1994  high  intensity  pro¬ 
ton  run.  It  consists  of  three  quadrupole  doublets,  each  magnet 
having  an  individual  power  supply  and  crowbar  circuit.  After  a 
brief  theoretical  description  of  the  jump  system  for  the  AGS,  we 
describe  the  engineering  aspects  of  the  hardware  and  our  expe¬ 
rience  with  the  system  during  its  commissioning. 


I.  FIRST  PRINCIPLES 


Changing  the  transition  energy  in  the  AGS  amounts  to  chang¬ 
ing  the  average  value  of  the  dispersion  function,  ,  in  the  bend¬ 
ing  magnets  of  the  accelerator.  The  value  of  7t  for  a  synchrotron 
with  sector  bending  magnets  is  given  by 


1  _  /DA 

It  ~  ^p/p  ~\p/’ 


(1) 


where  the  average  is  taken  over  the  circumference  of  the  accel¬ 
erator.  The  value  of  p  is  path  length  dependent,  and  has  infinite 
value  in  straight  sections.  Hence,  it  is  the  value  of  the  dispersion 
function  in  the  bending  magnets  which  one  is  after  in  this  exer¬ 
cise  of  altering  7t. 


A.  Lattice  Perturbations 

By  introducing  quadrupoles  in  the  normal  AGS  lattice,  one 
can  perturb  the  dispersion  function  and  hence,  hopefully,  alter 
7t  in  a  constructive  way.  The  choice  of  quadrupole  locations  for 
this  purpose  in  the  AGS  resulted  from  a  study  in  1986[2],[3]. 
The  AGS  system  alters  the  dispersion  function  as  shown  in 
Fig.  1. 

By  varying  the  strength  of  the  six  quadrupoles,  one  can  tune 
the  accelerator  to  various  values  of  7t .  Perturbations  to  the  lattice 
functions  of  the  AGS  will  have  approximate  values  given  by  [4]: 

Ai>  «=  (2) 


AI3 

Poq 

max 

2 

where  g  =  AB^£/{Bp),  p  =  z//3  is  the  tune  across  one-third 
of  the  ring  (the  new  superperiod),  and  Do  and  /?o  are  the  unper¬ 
turbed  lattice  functions  at  the  quadrupole  locations.  As  an  exam¬ 
ple,  taking  ^oq  =  l  (approximate  value  of  the  AGS  jt  quads  run¬ 
ning  at  1500  A  near  the  AGS  transition  energy),  we  get  AD  « 

*Work  performed  under  the  auspices  of  the  U.S.  Department  of  Energy. 


Figure.  1.  Measured  AGS  dispersion  function  during  the  jt- 
jump.  The  solid  curve  is  the  dispersion  function  predicted  using 


SYNCH. 


7.5  m,  and  A/?//?  «  0.5.  Detailed  calculations  of  the  jump  sys¬ 
tem  using  the  code  SYNCH[5]  are  in  agreement  with  these  pre¬ 
dictions. 

B.  Estimationof  Tune  Shift 

According  to  the  well-known  tune  shift  formula,  Ai/  = 
/?g/47r,  there  should  be  no  tune  shift  from  six  regularly  spaced, 
alternating  gradient  quadrupoles  in  the  AGS.  However,  the 
strength  of  these  quadrupoles  can  be  large  enough  that  second 
order  effects  come  into  play,  and  results  in 

(4) 

As  an  example,  for  the  AGS  with  a  tune  of  8.75,  and  for  q  = 
l/20m,  we  get  Az/^  =  —0.03,  and  Ai/y  =  —0.007.  Notice  that 
both  tune  shifts  are  of  the  same  sign,  since  they  depend  upon  the 
square  of  the  quadrupole  strength. 

C.  Estimation  of  Shift  in  Transition  Energy 

To  obtain  an  estimate  of  how  much  one  can  change  jt  with  the 
AGS  system,  we  can  use  Eq.  1  to  see  that 

Ajt  «  ^  A{D)  (5) 

for  small  variations  in  the  lattice  parameters.  For  the  AGS  sys¬ 
tem,  consider  the  change  in  the  dispersion  function,  AD,  across 
one  new  superperiod  (one  third  of  the  ring).  By  computing  the 
change  in  the  dispersion  function  at  a  “positive”  quad,  and  prop¬ 
agating  this  change  through  two  standard  superperiods  of  the 
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AGS,  summing  up  the  changes  AD  in  the  bending  magnets  be¬ 
tween  two  consecutive  “positive”  quads,  say,  and  taking  their  av¬ 
erage,  one  can  employ  Eq.  5  above  to  estimate  A7t.  Doing  so, 
we  obtain: 

"  w  (Sl) 

where  Ai  = 


(7) 

Here,  /?,  /?o,  c^o,  and  are  unperturbed  values  of  the  lattice 
functions  (/?o,  cco  and  Do  are  at  a  7t-quad),  A^  is  the  phase  ad¬ 
vance  from  the  nearest  upstream  7t-quad,  fi  =  i// 3,  and  the  av¬ 
erage  taken  in  the  above  expression  is  over  the  bending  magnets 
in  one  sixth  of  the  AGS  circumference. 

For  the  AGS,  with  i/  =  8.75, 

(^)bends/6«  0.025  (8) 

and  taking  i/  =  8.75,  7*0  =  8.5,  p  =  85.38  m,  and  Do  =  2.1  m, 
we  get 

Ajt  «  1.7  (/?og)^.  (9) 

Quick  estimates  of  system  parameters  for  a  nominal  AGS  hor¬ 
izontal  tune  of  8.75  can  be  made  using  the  following  summary: 


=  1-7  (/7o?)' 

(10) 

b 

=  I)o(l  +  3.27a^) 

(11) 

/? 

=  ;So(l  +  0.47a^) 

(12) 

Avx  =  — 0.02A7t 

,  Ai/y  =  — 0.005A7t 

(13) 

IL  ENGINEERING  ASPECTS  OF  THE  JUMP 
SYSTEM 

The  design  of  the  transition  jump  system  called  for 
3  quadrupole  doublets,  with  one  magnet  in  every  other  superpe¬ 
riod  at  a  horizontal  I3max  location.  This  geometry  was  achieved 
by  redesigning  the  tune  correcting  quadrupoles  in  a  more  com¬ 
pact  way  such  that  two  quadrupole  magnets  could  be  installed  in 
the  #17  straight  sections  of  each  superperiod  in  the  AGS.  Total 
tune  shifting  quad  strength  has  not  been  sacrificed  by  acquiring 
higher  rated  power  supplies. 

The  power  supply  for  each  magnet  is  comprised  of  a  remotely 
programmed  charging  supply  connected  to  the  magnet  through 
a  triggerable  switch  (see  Fig.  2).  The  power  supply  is  ramped  to 
the  desired  current,  at  which  time  the  switch  is  opened  and  the 
current  is  crowbarred  through  a  power  resistor.  The  time  con¬ 
stant  of  this  current  has  been  a  central  design  issue  and  a  value 
of  600  //sec  has  been  achieved. 

To  handle  the  switching  requirement  of  3  kA  a  solid  state  Gate 
Turn-off  Thyristor  (GTO)  was  selected.  GTO’s  possess  the  cur¬ 
rent  and  voltage  handling  capabilities  needed  and  can  be  rapidly 
triggered  on  and  off.  The  Marconi  DG758BX45  was  selected 
for  at  the  time  of  the  design  it  had  the  highest  on-state  current 
of  any  GTO  on  the  market.  Two  GTO’s  in  parallel  are  used  in 
the  switch  (GTOl  and  GT02).  These  GTO’s  were  purchased  in 
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Figure.  2.  Schematic  diagram  of  the  main  components  of  the 
transition  jump  system. 


matched  pairs  to  optimize  current  sharing.  Delay  and  storage 
times  as  well  as  on-state  voltage  were  the  matching  parameters. 

Integral  to  the  switch  design  was  the  snubber  design.  For 
reliable  GTO  turn-off,  the  rate  of  rise  of  the  off-state  voltage 
(dV/dt=500  V///sec)  can  not  be  exceeded.  The  capacitor  selected 
for  the  circuit  was  a  Maxwell  mini  double  ended  37600.  Four 
of  these  2  //F,  5  kV  capacitors  are  connected  in  parallel  using 
copper  bus  (C1,C2).  Each  capacitor  has  an  inductance  of  less 
than  20  nH  and  a  shot  life  of  greater  than  10®.  This  inductance 
is  important  because  the  rapidly  falling  GTO  anode  current  at 
turn-off  is  transfered  to  the  snubber  circuit  until  the  capacitor  is 
fully  charged.  The  overall  circuit  inductance  dictates  the  magni¬ 
tude  of  the  voltage  spike  across  the  GTO  at  this  time.  This  spike 
must  be  minimized  to  protect  the  GTO  from  excessive  turn-off 
power  dissipation.  The  component  interconnections  also  con¬ 
tribute  to  the  circuit  inductance.  Care  was  taken  to  mount  all 
snubber  components  as  close  as  possible  to  each  other.  Large 
buswork  and  component  heatsinks  were  used  as  connections  to 
eliminate  wire  connections.  Buswork  inductance  is  estimated  to 
be  100  nH,  well  below  the  manufacturer’s  recommended  value 
of  200  nH.  Also  adding  to  the  GTO  turn-off  voltage  spike  is  the 
forward  recovery  voltage  of  the  snubber  diode  (D1,D3).  This 
transient  voltage  is  developed  after  forward  voltage  is  applied  to 
the  diode  and  before  it  fully  conducts.  The  International  Rec¬ 
tifier  R52KF45  was  selected  for  its  low  forward  recovery  volt¬ 
age  of  approximately  100  V.  This  fast  recovery  diode  is  rated  for 
990  A,  4500  V  and  has  a  recovery  time  of  5  //sec.  Using  this 
design,  GTO  turn-off  voltage  spikes  of  less  than  300  V  were  ob¬ 
tained  when  switching  3  kA. 

The  crowbar  resistor  proved  to  be  another  design  challenge. 
Two  1.5  Q,  2  kW  resistors  were  needed.  High  voltage,  high  en¬ 
ergy  dissipation  ceramic  disc  resistors  of  0.125  Q  each  were  se¬ 
lected.  When  purchased  they  were  mounted  as  stacks  of  12  on 
an  insulating  non-reinforced  polyimide  rod.  During  testing  re¬ 
sistors  failed  due  to  arcing.  This  was  caused  by  the  fact  that  the 
torque  keeping  the  discs  in  place  could  not  be  maintained  due 
to  the  inherent  creeping  properties  of  the  polyimide  material.  A 
brass  rod  was  used  as  replacement  and  G-10  was  used  to  insu¬ 
late  the  rod  from  the  discs.  Belville  washers  were  used  to  keep 
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Figure.  3.  The  beam  size  measured  by  the  IPM,  during  the  ramp 
and  discharge  time  of  the  transition  quadrupoles. 

the  torque  constant  on  the  discs  by  compensating  for  any  ther¬ 
mal  cycling  during  operation.  As  an  added  measure,  fans  were 
installed  to  cool  the  length  of  the  resistors. 

The  power  supplies  are  located  in  the  service  buildings  closest 
to  each  magnet.  A  quadruplex  535  MCM  cable  run  with  an  av¬ 
erage  length  of  200  ft  connects  the  supplies  to  the  magnets.  The 
cable  resistance  (5  mfi)  and  inductance  (20  //H)  only  marginally 
contribute  to  the  time  constant  of  the  current  decay. 

III.  COMMISSIONING  OF  THE  JUMP  SYSTEM 

The  power  supplies  became  available  in  early  1994  and  the 
commisioning  of  the  system  began  in  March  during  the  startup 
period  of  the  FY94  high  energy  physics  run.  After  verifying 
polarities  and  timing  of  the  individual  quad  systems,  it  was 
found  that  beam  loss  occured  while  the  entire  system  was  pulsed 
at  currents  well  below  the  design  value.  The  BPM  system 
showed  orbit  excursions  well  over  10  mm  during  the  ramp  of 
the  quadrupoles,  which  were  found  to  be  caused  by  rather  large 
excursions  of  the  orbit  with  respect  to  the  quadrupole  magnets. 
To  reduce  this  effect  the  AGS  main  dipole  magnets  have  been 
realigned.  To  minimize  this  steering  effect  even  further,  the 
quadrupole  magnets  themselves  have  been  moved  to  center  the 
orbit  as  well  as  possible  in  the  magnets. 

As  illustrated  in  Fig.  1  there  are  large  excursions  of  the  disper¬ 
sion  function  during  the  time  when  the  transition  energy  is  mod¬ 
ified.  At  the  Ionization  Profile  Monitor  (IPM)  location,  the  dis¬ 
persion  changes  from  the  nominal  2  m  to  about  -5  m,  when  the 
magnets  are  ramped  to  1500  A,  corresponding  to  a  change  in  the 
transition  energy  of  1.5  units.  In  Fig.  3  the  measured  beam  size 
is  plotted  during  the 

ramping  of  the  currents  in  the  quadrupoles.  At  first  the  beam 
size  decreases  with  the  dispersion,  but  increases  significantly 
later  when  the  absolute  value  of  the  dispersion  becomes  larger 
than  for  the  nominal  machine.  For  a  given  momentum  spread, 
this  effect  limits  the  maximum  size  of  the  transition  jump,  be¬ 
cause  it  leads  to  beam  scraping. 

By  the  same  token,  for  a  given  jump  size  the  maximum  accept¬ 
able  momentum  spread  is  set  by  the  beam  losses  at  transition.  To 
reduce  this  increase,  part  of  the  longitudinal  beam  dilution  pro¬ 
cess  using  the  Very  High  Frequency  (VHF)  cavity,  which  is  re¬ 


quired  for  stability  later  in  the  acceleration  cycle,  is  exercized  af¬ 
ter  transition.  In  addition,  the  voltage  of  the  main  RF  system  is 
decreased  during  the  time  before  the  jump. 

IV.  STATUS  AND  OUTLOOK 

The  intensity  in  the  AGS  has  reached  the  design  goal  of  6  x 
10^^  and  the  transition  jump  system  has  been  one  of  several  sys¬ 
tems  which  have  been  essential  in  achieving  this.  Because  the 
beam  size  increases  with  intensity  the  beam  blowup  due  to  the 
jump  also  increases,  causing  beam  losses  in  the  vicinity  of  tran¬ 
sition.  During  the  present  FY95  high  energy  physics  proton  run 
transition  losses  of  2  to  3%  at  intensities  above  5  x  10^^  are  typ¬ 
ical. 

Under  typical  operating  conditions 

the  quadrupoles  are  ramped  to  approximately  1500  A,  which  is 
far  below  the  capacity  of  the  jump  system.  The  system  has  been 
used  at  full  capacity  during  acceleration  of  gold  ions  when  the 
field  at  which  transition  occurs  is  much  higher. 

Experimental  studies  and  modeling  of  non-linear  chromatic 
effects  associated  with  the  present  jump  system  are  described  in 
a  separate  paper.  [6] 

With  the  outlook  of  even  higher  intensities  in  the  future  and 
the  demand  for  the  lowest  possible  beam  losses,  the  conse¬ 
quences  of  the  large  excursions  of  the  dispersion  function  with 
the  present  system  are  imminent.  For  that  reason  an  investiga¬ 
tion  towards  the  possibility  of  implementing  a  linear  jump  sys¬ 
tem  [7]  for  the  AGS  has  started. 
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energy  particles  (head)  taking  a  longer  path  than  lower 


I.  Abstract 

The  electron  and  positron  bunch  distributions  in  the 
Stanford  Linear  Collider  (SLC)  linac  have  been  measured 
using  a  Hamamatsu,  model  N3373-02,  500-femtosecond 
streak  camera[l].  The  distributions  were  measured  at  the 
end  of  the  SLC  linac  versus  the  bunch  compressor  RF 
voltage.  The  energy  spread  at  the  end  of  the  linac  was  also 
measured  using  a  wire  scanner.  The  effects  of  the  bunch 
compressor  on  the  shape  of  the  bunch  distribution  are  also 
presented. 

11.  Bunch  Compression  in  the  SLC  Linac 

In  a  linear  collider  the  transverse  emittance  needs  to  be 
small  for  high  luminosity.  Damping  rings  are  used  to  damp 
the  emittance.  The  bunch  extracted  from  the  damping  ring 
is  too  long  for  acceleration  in  an  S-band  linear  accelerator. 
To  reduce  the  bunch  length  after  extraction,  the  bunch  is 
compressed. 

The  bunch  distribution  in  the  SLC  linac  is  determined 
from  the  distribution  in  the  damping  rings,  and  the  bunch 
compressor.  The  bunch  compression  system  at  the  SLC 
consists  of  two  parts:  1)  a  non-isochronous  transport  line 
from  the  damping  ring  to  the  linac  (referred  to  as  the 
transport  line),  and  2)  an  S-band  RF  accelerating  section  at 
the  beginning  of  the  transport  line  (referred  to  as  the 
compressor).  The  electron  and  positron  damping  rings 
have  separate  transport  lines  and  compressors. 

Bunch  compression  is  determined  by  the  relationship 

Z/=2<+%  — 

where  is  determined  by  the  optics  in  the  transport  line, 
Zi  is  the  location  of  a  particle  in  the  bunch  before 
compression,  ^  is  the  energy  offset  of  a  particle  after  the 
compressor,  and  Zf  is  the  location  of  a  particle  in  the 
bunch  after  compression. 

When  the  bunch  is  extracted  from  the  damping  ring  it 
passes  through  the  compressor  RF  accelerating  section 
where  the  mean  of  the  bunch  distribution  is  centered  on  the 
zero  crossing  of  the  compressor  RF  wave.  The  compressor 
voltage  gives  the  distribution  a  correlated  head-tail  energy 
spread  (tail  of  distribution  is  lower  in  energy  than  head). 
After  the  compressor  the  bunch  travels  through  the  non- 
isochronous  transport  line  where  the  longitudinal  phase 
space  rotates.  Phase  space  rotation  occurs  from  the  high 

*  Work  supported  by  Department  of  Energy 
Contract  DE-AC03-76SF00515. 


energy  particles  (tail)  through  the  dispersive  transport  line. 
The  compressor  voltage  amplitude  can  be  varied  so  that  the 
bunch  is  under-compressed,  fully-compressed,  or  over¬ 
compressed. 

III.  Bunch  Length  Measurement 

The  streak  camera  uses  synchrotron  light  produced  in 
the  splitter  magnet  at  the  end  of  the  linac  to  determine  the 
longitudinal  bunch  distribution.  The  projections  of  the 
longitudinal  distribution  are  saved  and  analyzed  off-line. 

The  mean  and  a  of  the  projections  are  estimated  by 
fitting  the  entire  profile  to  an  asymmetric  Gaussian 
function 

where  /o=pedestal,  and  /j=peak  of  the  asymmetric 
Gaussian.  The  term  sgn{z -  z)A  is  the  asymmetry  factor 
which  parameterizes  the  shape  of  the  asymmetric  Gaussian. 
Since  the  shape  deviates  considerably  from  an  asymmetric 
Gaussian,  a  better  estimate  of  the  bunch  length  is  provided 
by  the  root  mean  square  width 

where  N  is  the  number  of  CCD  pixels  within  ±3  O’  of  the 
mean  z,  z/  is  the  location  of  the  pixel,  and  /(z,  )  is  the 
projection  height. 


Compressor  Voltage  V^p  (MV) 

Figure  1.  The  bunch  length  as  a  function  of  the  compressor 
voltage  for  the  electron  and  positron  bunch  at  the  end  of  the 
linac. 
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The  streak  camera  measurement  consists  of  taking  30 
longitudinal  profiles  at  compressor  voltage  settings  2  MV 
apart.  Plotted  in  figure  1  is  the  mean  RMS  bunch  length 
and  the  root  mean  error  for  currents  of  1=3.4x10^^  and 
3.3x10^®  particles  per  bunch  for  the  electrons  and 
positrons  respectively.  The  accelerating  RF  voltage  in  the 
damping  rings  during  this  measurement  was  820  and  880 
kV  for  the  electron  and  positron  rings  respectively. 

A  compressor  voltage  setting  of  30  MV  gives  a  bunch 
distribution  that  is  under-compressed,  36  MV  is  a  fully- 
compressed,  and  42  MV  gives  an  over-compressed 
distribution.  The  longitudinal  distribution  of  the  positrons 
and  electrons  (see  figures  2  and  3)  is  a  sum  of  30  plots 
where  the  means  of  the  distribution  are  shifted  to  a 
common  origin. 

Electron  Bunch  Distribution  in  the  Linac 


Figure  2.  The  electron  bunch  distributions  at  the  end  of  the 
linac  for  compressor  voltage  settings  of  30,  36,  and  42  MV. 


Positron  Distribution  in  the  Linac 


Figure  3.  The  positron  bunch  distributions  at  the  end  of  the 
linac  for  compressor  voltage  settings  of  30,  36,  and  42  MV. 


The  systematic  errors  using  the  streak  camera  are 
discussed  in  reference  2.  The  dispersion  in  the  glass  optics 
limits  the  resolution  of  the  streak  camera  as  seen  in  figure 


4.  The  effect  of  the  dispersion  can  be  minimized  by  using 
a  narrow  band  (lOnm  FWHM)  interference  filter. 
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Figure  4.  The  electron  bunch  length  at  the  end  of  the  linac 
as  a  function  of  interference  filter  acceptance. 


IV,  Energy  Spread 


A.  Ring  to  linac  transport  line 

The  energy  spread  in  the  transport  line  determines  the 
degree  of  compression.  It  is  determined  by  the 
compressor’s  voltage.  A  linearized  expression  for  the 
energy  spread  is 


where  cr^  is  the  damping  ring  bunch  length,  A  =  105  mm  is 
the  S-band  wavelength,  is  the  RF  voltage  amplitude, 
and  E  is  the  beam  energy  (1.19GeV).  During  the  1994  run 
the  compressor  voltage  amplitude  was  43  MV  and  the 
bunch  length  out  of  the  linac  is  7.0mm.  This  results  in  an 
energy  spread  of  1.5%  in  the  compressor  transport  line. 
The  energy  aperture  in  the  transport  line  at  the  high 
dispersion  regions  is  ±2. 5%  which  results  in  current  losses 
for  the  high  and  low  energy  tails. 
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Figure  5.  Electron  and  positron  compressor  transport  line 
transmission  as  a  function  of  compressor  RF  voltage. 
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Transmission  through  the  positron  and  electron 
transport  lines  was  measured  versus  compressor  voltage 
with  a  toroid  at  the  entrance  and  exit  of  the  transport  line. 
The  ratio  of  the  toroid  readings  (figure  5)  determines  the 
current  loss.  An  over-compressed  bunch  results  in  a 
current  loss  of  about  10%  over  an  under-compressed 
bunch. 

B.  EndofLinac 

The  energy  spread  at  the  end  of  the  linac  is  determined 
from  the  RF  amplitude  in  the  linac,  the  phase  of  the  bunch 
on  the  RF  accelerating  wave,  and  the  energy  loss  due  to 
longitudinal  wake  fields.  The  bunch  has  a  longitudinal 
distribution  in  z  and  the  energy  of  a  particle  at  location  z 
is  given  by[3] 

E{z)  =  Ei„j (z)  +  ^  cos(—  +  (Pi)-  Ey^ake (z)  • 
i 

Where  N  is  the  number  of  accelerating  sections,  (z)  is 
the  energy  of  the  particle  entering  the  linac,  Ei  is  the 
maximum  RF  amplitude  from  an  accelerating  section,  (pi  is 
the  phase  with  respect  to  the  crest  of  the  RF  wave,  A  is  the 
S-band  wavelength,  and  E^^j^(z)  is  the  energy  loss  or 
gain  due  to  the  longitudinal  wake  fields. 

The  energy  spread  at  the  end  of  the  linac  is  minimized 
if 

dE(z)^Q 

dz 

Minimizing  the  energy  spread  is  done  by  shaping  the  initial 
distribution  with  the  bunch  compressor  and  by  adjusting 
the  beam  phase  The  distribution  that  gives  the 

minimum  energy  spread  can  be  shown  to  be  an  over¬ 
compressed  distribution  [4,5]. 
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Figure  6.  The  minimized  electron  energy  spread  at  the  end 
of  the  linac  as  a  function  of  compressor  voltage. 


The  energy  spread  measurement  at  the  end  of  the  linac 
was  made  by  a  wire  scanner  at  a  location  where  the 
dispersion  is  large.  The  wire  scanner  measures  the 
transverse  bunch  size,  and  the  energy  spread  is  determined 
from  the  Twiss  parameters.  At  each  compressor  voltage 


the  energy  spread  was  minimized  by  adjusting  the  phase  of 
the  bunch  (pi .  Once  the  energy  spread  was  minimized,  it 
was  measured  using  the  wire  scanner.  The  energy  spread 
(see  figure  6)  is  approximately  0.09%  when  minimized 
with  an  over-compressed  bunch  distribution  (42  MV). 


V.  Conclusion 

The  measurements  of  the  bunch  distributions  and  the 
current  losses  in  the  compressor  transport  line  for  positrons 
and  electrons  are  in  excellent  agreement  with  each  other. 
The  advantage  of  a  greatly  reduced  energy  spread  from 
over-compression  far  outweighs  the  10%  current  loss  in  the 
transport  line.  The  reduced  energy  spread  allows  for  a 
lower  tolerance  on  chromatic  issues  in  the  SLC  arcs  as  well 
as  the  interaction  region.  The  current  losses  in  the 
transport  line  suggest  that  further  investigation  into 
increasing  the  aperture  should  be  done  for  future  high 
current  running. 
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At  high  beam  currents  the  alignment  of  the 
accelerating  structure  in  a  linear  collider  relative  to  the 
lattice  quadrupoles  and  position  monitors  dominates  all 
other  alignment  issues.  These  structure  misalignments  drive 
Wakefield  emittance  growth.  Consequently,  great  efforts 
have  been  spent  at  SLAC  to  align  the  accelerating 
structure^  of  the  Stanford  Linear  Collider  (SLC).  As  an 
accelerator  test,  remote  controlled  mechanical  movers 
have  been  installed  on  several  RF  structures  to  study 
Wakefield  effects.  Experimental  tests  of  induced  beam 
Wakefields  and  the  resulting  oscillations  downstream 
generated  by  these  remotely  displaced  structures  have  been 
performed.  The  observed  wakefield  and  have  been 
compared  with  a  computer  model.  The  results  from 
displacements  at  the  beam's  betatron  frequency  are 
particularly  exciting  as  that  frequency  strongly  excites 
emittance  growth.  In  general,  a  control  mechanism  can  be 
made  to  move  the  structure  at  that  spatial  frequency,  thus 
providing  sine  and  cosine  adjustments  for  cancellation  of 
alignment  errors  in  the  accelerator  of  a  future  collider^.  A 
similar  method  to  control  emittance  growth  by  changing  the 
beam  trajectory  has  already  been  tested  and  is  in  daily 
use^. 


L  STRUCTURE  DISPLACEMENTS 


A  displaced  accelerating  structure  produces  beam 
Wakefields  which  ultimately  increase  the  emittance  of  the 
beam  and  reduce  the  luminosity  of  a  linear  collider.  A 
schematic  of  this  effect  is  seen  in  Figure  1.  The  equation  of 
motion  for  particles'^  in  the  beam  which  are  deflected  by 
Wakefields  within  the  beam  and  by  displaced  accelerating 
structures  is  given  by 


ds^ 


x(z,s)  +  k^x(z,s)  = 


f  *’p(z'  )W(z'  -Z)[x(z\s)  +  X(^)] 
r(z,s){ 

where  x  is  the  transverse  displacement  of  the  particles  in 
the  bunch,  s  the  distance  along  the  accelerator,  z  the 
longitudinal  displacement  along  the  bunch,  k  the  lattice 
focusing,  Y  is  the  particle  energy,  r^  the  classical  radius  of 

the  electron,  p  the  longitudinal  particle  density  in  the 
bunch,  W  the  transverse  wake  potential,  and  X  the 
structure  displacement.  If  the  accelerating  structure  also 
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has  RF  fields  inside  then  there  will  be  deflections  due  to 
those  fields  as  well.-^  In  the  considerations  and 
measurements  here  we  will  keep  the  RF  fields  turned  off. 

The  SLAC  accelerating  structure  is  made  with  12  m 
long  girders  which  are  supported  at  the  ends.  We  have 
placed  motorized  jacks  in  the  center  which  are  eccentric 
CAMs  with  a  stoke  of  +/-  1  mm.  These  are  remotely 
controllable.  The  geometry  of  the  girders  is  shown  in  Figure 
2  and  a  close-up  of  the  remote  mover  CAM  is  shown  in 
Figure  3.  These  movers  have  located  in  a  100  m  section  of 
the  linac  at  about  500  m  from  the  beginning  where  the 
beam  energy  is  about  6  GeV.  Eight  adjacent  girders  have 
been  equipped  with  these  movers  in  both  the  horizontal  and 
vertical  planes. 


IL  OBSERVATIONS 

The  SLC  beam  has  been  made  to  pass  through 
displaced  accelerator  structures  and  the  ensuing 
oscillations  observed.  The  measured  displacements  are 
emphasized  by  subtracting  a  nominal  trajectory  from  the 
displaced  trajectory.  The  observed  oscillations  are  on  the 
order  of  a  few  hundred  microns  for  a  single  offset  of  about  1 
mm  over  about  the  center  half  of  the  girder.  The  resolution 
is  about  20  microns  for  individual  BPM  readings.  The  SLC 
beam  has  about  3  x  10^^  electrons  in  a  single  bunch  with  a 
length  of  about  1  mm.  The  energy  spread  is  about  1.5%  at 
this  location  due  to  the  need  for  BNS  damping.  The 
longitudinal  head  of  the  bunch  has  a  higher  energy  than  the 
tail  by  about  3%. 

Moving  a  single  girder  from  its  nominal  location 
produces  a  deflection  as  seen  in  Figure  4.  The  effect  of  the 
displacement  can  be  seen  along  the  linac  as  oscillations 
persist  to  the  end.  The  deflections  depend  on  the  sign  of  the 
displacement,  i.e.  the  placement  of  the  CAM,  as  seen  in 
Figures  5  and  6.  Vertical  and  horizontal  displacements 
show  similar  results  in  their  respective  planes. 

A  simulation  of  the  effect  of  these  accelerator 
displacements  has  been  made  and  the  results  of  the 
displacement  of  the  girder  of  Figure  5  are  shown  in  Figure 
7.  The  measured  displacements  agree  with  the  simulation 
to  about  20%.  A  detailed  knowledge  of  the  energy  spread 
along  the  accelerator  is  needed  to  produce  an  exact 
comparison  over  a  long  distance. 

If  multiple  movers  are  used  to  produce  a  deflected 
beam,  significantly  different  effects  can  be  seen.  First,  if 
two  adjacent  movers  are  displaced  together  the  observed 
deflection  is  roughly  twice  as  large,  as  expected.  However, 
if  the  displacements  are  spread  over  a  full  betatron  wave 
length,  the  beam  displacements  can  have  internal  mixing 
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of  the  transverse  offsets  along  the  bunch  so  that  the  average 
displacement  of  the  entire  bunch  can  show  trajectory  beats 
downstream  as  seen  in  Figure  8.  This  means  that  the 
different  longitudinal  slices  at  the  end  of  the  displaced 
sections  of  the  linac  are  on  different  sides  of  the  nominal 
center  line  of  the  original  beam  or  have  significantly 
different  angular  trajectories.  A  more  detailed  analysis  of 
these  multiple  mover  trajectories  is  under  way. 

III.  CONCLUSIONS 

Displacements  of  an  electron  beam  have  been  observed 
from  displaced  accelerating  structures.  The  deflections 
agree  quantitatively  with  the  predictions.  Significantly 
more  complicated  trajectories  can  result  from  a  coherently 
produced  deflections  using  several  (eight)  movers  spread 
over  a  betatron  wavelength.  Finally,  the  effects  of  RF 
deflections  will  be  added  in  the  on-going  analysis  as  they 
are  expected  to  further  complicate  the  observed 
trajectories. 
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Figure  1:  Schematic  view  of  a  displaced  accelerating 
structure  inducing  wakefield  effects  in  a  bunch. 


Figure  2:  Schematic  view  of  the  SLAC  accelerator 
girder  with  vertical  and  horizontal  movers.  The  movers 
produce  a  "bow"  in  the  girder,  i.e.  the  ends  are  fixed 
and  the  center  is  displaced.  One  klystron  feeds  one  of 
these  girders. 


Figure  3:  Close-up  photograph  of  the  remotely  control 
motorized  CAM  to  move  the  accelerating  structure 
center  by  +/-  1  mm.  Both  vertical  and  horizontal 
movers  have  been  placed  on  8  adjacent  RF  girders 
covering  100m  of  the  SLAC  linac. 
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Figure  4:  Measured  displacement  of  a  beam  from  a 
moved  accelerator  structure. 


Figure  5:  Examples  of  the  beam  trajectory  produced 
by  up  and  down  single  displacements  of  a  12  m  long 
accelerator  in  Sector  5  of  the  SLAC  linac.  The  upper 
plot  results  from  an  downward  girder  movement  and  the 
lower  plot  from  an  upward  girder  movement. 
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Figure  6:  Displacement  of  an  SLC  bunch  downstream 
(about  90  degrees  in  betatron  phase)  on  a  single 
position  monitor  from  a  displaced  mover  in  Sector  5  as 
a  function  of  the  rotation  angle  of  the  CAM  mover.  The 
mover  peak  amplitude  is  1  mm. 


[1]  J.  Seeman,  et  al,  ’’Alignment  Issues  of  the  SLC 
Linac  Accelerating  Structure,"  1991  IEEE  USPAC,  San 
Francisco,  91CH3038-7,  p.  2949. 

[2]  J.  Seeman,  "New  Compensation  of  Transverse 
Wakefield  Effects  in  a  Linac  by  Displacing  Accelerator 
Structures,"  1990  Linear  Accel.  Conf.,  Albuquerque,  LA- 
12004-C,  p.  390. 

[3]  J.  Seeman,  et  al,  "The  Introduction  of  Trajectory 
Oscillations  to  Reduce  Emittance  Growth  in  the  SLC 
Linac,"  XV  International  Conference  on  High  Energy 
Accelerators,  Hamburg,  Germany,  July  20-24,  1992,  p.  879. 

[4]  K.  Bane,  "Wakefield  Effects  in  a  Linear  Collider," 
SLAC-PUB-4169,  Dec.  1986. 

[5]  J.  Seeman,  et  al,  "RF  Beam  Deflections 
Measurements  and  Corrections  in  the  SLC  Linac,"  USPAC, 
Vancouver,  B.C.,  May  1985,  p.  2629. 


Figure  7:  Simulated  displacement  of  an  SLAC  beam 
using  the  accelerator  displacement  of  Figure  3  using  a 
25  particle  (longitudinal  )  model  .  The  scales  between 
the  two  plots  are  not  the  same. 


Figure  8:  Examples  of  two  trajectories  produced  by 
combined  accelerator  displacements.  The  upper  plot 
corresponds  to  eight  movers  displaced  in  a  sine  wave 
pattern  at  the  betatron  frequency  (-100m).  The  lower 
plot  shows  an  example  with  eight  movers  displaced 
with  the  first  six  at  +1  mm  and  the  last  two  at  -1  mm. 
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I.  INTRODUCTION 

Collimators  with  adjustable  jaws  are  used  in  the  SLC  linac, 
arcs,  and  final  focus  to  eliminate  the  tails  of  the  beams  that  pro¬ 
duce  backgrounds  in  the  SLD  detectors.  However,  if  the  beams 
are  not  centered  within  the  jaws  of  the  collimators,  transverse 
Wakefields  are  generated  which  act  to  increase  the  beam  emit- 
tances.  The  sensitivity  to  the  beam  offset  is  largest  in  the  vertical 
collimators  in  the  linac  where  the  small  beam  sizes  (<  100  fim) 
require  that  the  gap  between  the  jaws  be  reduced  to  about  a  mil¬ 
limeter  for  effective  background  reduction. 

To  study  the  wakefield  effect  of  the  collimators,  measure¬ 
ments  of  the  induced  mean  angular  kick  were  made  as  function  of 
the  beam  offset  in  one  of  the  SLC  collimators.  We  are  interested 
in  both  the  linear  (dipole)  behavior  near  the  axis  of  the  collima¬ 
tor  and  the  non-linear  behavior  near  the  jaws  of  the  collimator. 
In  this  paper  we  present  the  results  together  with  a  comparison 
to  theoretical  predictions.  Besides  helping  us  to  quantify  the  ef¬ 
fect  of  the  collimators  in  the  SLC  these  results  are  also  useful  in 
understanding  their  effect  in  future  linear  colliders,  in  which  col¬ 
limators  will  also  be  important  components.  (For  a  related  paper, 
see  Ref.  [1].) 


IL  THEORY 

Consider  a  vertical  (y)  collimator  that  has  a  pair  of  rectangular, 
metallic  jaws  separated  by  a  distance  2a  and  that  is  set  in  a  cylin¬ 
drical  tube  of  radius  6,  with  b'^  a.  Let  the  distance  between  the 
leading  and  trailing  edges  L  be  large  compared  to  a,  but  not  large 
compared  to  the  local  beta  function  py.  Now  consider  an  ultra- 
relativistic  electron  beam  moving  parallel  and  close  to  the  axis 
of  the  beam  tube  (in  the  direction)  at  vertical  offset  yo-  Let  the 
beam  have  alongitudinal  charge  distribution  that  is  gaussian,  and 
a  transverse  dimension  that  is  small  compared  to  a  (for  a  sketch 
of  the  layout,  see  Fig.  1).  As  the  beam  passes  the  collimator  it 
will,  due  to  the  wakefields,  experience  a  kick  in  y  with  an  ampli¬ 
tude  that  varies  along  the  bunch  (i.e.  that  depends  on  longitudi¬ 
nal  position  within  the  bunch,  s),  and  which  therefore  results  in 
a  growth  in  projected  emittance. 

The  wakefield  of  the  collimator  is  due  to  the  discontinuities  at 
the  leading  and  trailing  edge  of  the  jaws,  and  to  the  resistance  of 
the  metallic  material.  At  present  there  is  no  good  way  of  finding 
the  wakefield  due  to  both  of  these  effects  taken  together.  How¬ 
ever,  when  the  jaws  are  far  apart  the  kick  is  due  mostly  to  the  jaw 
discontinuity  and  is  approximately  the  same  as  that  of  a  perfectly 
conducting  collimator,  and  when  they  are  close  together  it  is  due 
mostly  to  the  wall  resistance  and  can  be  approximated  by  the 
usual  resistive  wall  wake.  Let  us  call  these  two  types  of  wake- 
fields,  respectively,  the  geometric  wake  and  the  resistive  wall 
wake  of  the  collimator.  In  the  intermediate  regime  one  might, 
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Figure  1 .  A  sketch  of  the  beam  and  collimator. 


as  an  approximation,  add  the  two  contributions  together.  (Such 
an  approach  has  been  applied  to  studying  the  effect  of  the  NLC 
collimators;  see  Ref.  [2].) 

Let  us  consider  first  the  effect  of  the  geometric  wake.  For  a 
gaussian  beam,  with  rms  length  (Tz  versim  >  a  (which  is  satis¬ 
fied  in  our  experiment  described  below),  passing  near  the  axis  of 
a  rectangular,  deep  {b  versim  >  5a),  perfectly  conducting  col¬ 
limator  the  kick  A2/(s)  can  be  approximated  by [3] 


At/ (s)  «  (I) 


f  reN 


<^zj 


yo/a  <  1 ,  (1) 


with  Te  the  electron  radius  (=  2.8  x  10“^^  m),  N  the  bunch 
population,  and  7  the  beam  energy  parameter.  In  Eq.  1  we  have 
multiplied  the  result  for  a  round  collimator  by  tt^/S.  (Note  that 
in  a  gently  tapered  collimator,  such  as  will  likely  be  used  in  fu¬ 
ture  linear  colliders  a  somewhat  modified  formula  is  appropri¬ 
ate.  [4])  Note  that  the  average  value  of  the  gaussian  factor,  when 
weighted  by  the  gaussian  charge  distribution,  is  0.71. 

In  the  resistive  wall  wake  regime  we  use  the  kick  near  the  axis 
between  two  resistive  plates  of  length  L  and  conductivity  a  (ig¬ 
noring  the  end  conditions): [5] 
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(In  a  round  collimator  the  result  is  8/ smaller.)  It  is  due 
to  the  extra  factor  of  1/a^  in  Eq.  2  that  for  large  a  the  geomet¬ 
ric  wake  component  dominates,  while  for  small  a  the  resistive 
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wall  wake  component  dominates.  Note  that  the  average  value  of 
f{s/(Tz),  when  weighted  by  the  gaussian  charge  distribution,  is 
0.78. 

When  the  beam  passes  not  near  the  axis  of  the  collimator,  but 
rather  near  one  of  its  jaws,  the  above  formulas  do  not  hold.  In 
the  case  of  the  geometric  wakefield  the  general  solution  is  not 
known,  though  simulations  suggest  that  the  kick  will  diverge 
l/(a  -  yo)  as  yo  approaches  a. [6]  In  the  resistive  wall  case  the 
solution  is  to  replace  the  factor  yo/ain  Eq.  2  by  the  factor[7] 

i  f  +  7ri/o/a\ 

TT  \  1  n-cosTTt/o/a  /  ’ 

which  diverges  as  1/ (a— yo)^  as  yo  approaches  a.  The  asymp¬ 
totic  formula  is: 

(i 

— )  (5) 

We  expect  that,  even  for  large  a,  as  the  beam  moves  close  to 
one  jaw  the  resistive  wall  wake  will  eventually  dominate. 

III.  MEASUREMENTS 

A  collimator  two-thirds  of  the  way  down  the  SLC  linac,  in 
Sector  18,  was  used  for  the  measurements.  It  is  a  y  collimator  of 
the  type  indicated  in  Fig.  1,  with  length  L  =  7.9  cm,  positioned 
in  a  beam  tube  of  radius  6  =  3.5  cm.  Unlike  in  the  figure  the  jaw 
surfaces  are  not  perfectly  flat;  they  are  rounded  slightly,  with  a 
maximum  excursion  in  the  center  of  40  /zm.  The  collimator  body 
is  made  of  titanium,  and  on  the  jaw  surfaces  a  25  fim  layer  of 
gold  has  been  deposited.  The  collimator  jaws  can  be  moved  in¬ 
dependently  in  the  vertical  direction. 

For  the  measurements  the  beam  was  first  steered  as  well  as 
possible  over  the  first  20  sectors  of  the  SLC  linac  with  the  col¬ 
limator  jaws  open,  using  wakefield  bumps  to  try  to  tune  out  any 
transverse  beam  tails  that  had  been  generated  in  earlier  parts  of 
the  linac.  Unfortunately,  on  the  day  of  the  measurement  we  were 
only  partially  successful  in  this;  after  tune-up  tails  could  still  be 
seen  on  downstream  video  screens.  After  tune-up  the  collima¬ 
tor  jaws  were  set  to  a  fixed  separation  and  then  scanned  across 
the  beam  position.  At  each  position,  on  each  pulse,  8  upstream 
and  8  downstream  beam  position  monitors  (BPM’s)  were  read, 
and  the  average  wakefield  kick  of  the  collimator  (Ai/)  was  ob¬ 
tained  by  fitting  to  a  betatron  oscillation.  In  this  manner  we  could 
separate  out  incoming  pulse-to-pulse  jitter  and  obtain  an  accu¬ 
racy  of  about  1/3  //rad.  At  each  measurement  the  beam  inten¬ 
sity  was  measured  using  downstream  BPM’s,  and  any  data  points 
with  more  than  10%  beam  loss  were  discarded.  The  beam  posi¬ 
tion  half  way  between  the  10%  loss  points  was  taken  to  be  the 
the  center  of  the  collimator,  and  the  results  were  shifted  to  give 
(At/)  =  0  at  this  position. 

For  our  measurements  the  bunch  population  is  nominally  N  = 
3.5  X  10^°,  the  rms  bunch  length  Cz  =  1.3  mm  (though  the 
bunch  distribution  is  not  gaussian;  probably  more  like  a  flattened 
and  truncated  gaussian),  the  energy  £*  =  33  GeV;  the  beam  is 
roughly  round,  with  the  x  and  y  rms  bunch  sizes  =  cr^  = 
80  //m,  and  the  rms  y  divergence  (Xyf  =  1.35  //r.  The  conductiv¬ 
ity  at  room  temperature  of  gold  is4.4xl0^^s”  \  that  of  titanium 
0.21  X  10^^  s-L 


IV.  RESULTS 

Our  first  measurement  was  to  check  on  the  linear  dependence 
of  the  kick  on  bunch  population,  to  see  that  we  really  have  a 
wakefield  effect.  We  plot  in  Fig.  2  the  measured  kick  of  the 
beam,  but  scaled  inversely  as  W,  as  function  of  offset  between 
collimator  jaws,  for  W  =  1  x  10^°  and  iV  =  3.5  x  10^°.  Here, 
a  =  1  mm.  Repeated  measurements  confirm  the  result  shown 
here.  We  notice  two  things  from  Fig.  2:  First,  the  curves  are  not 
perfectly  anti-symmetric,  contrary  to  what  we  expect  from  the 
symmetry  of  the  problem.  This  can  be  due  to  the  beam  having  a 
y—z  tilt  or  tail  due  to  Wakefields  in  the  upstream  portion  of  the 
linac  and/or  due  to  y  dispersion  in  the  linac.  Or  it  can  be  due  to 
some  asymmetry  in  the  collimator  geometry.  Secondly,  the  two 
curves  in  Fig.  2  agree  quite  well,  confirming  that  we  are  measur¬ 
ing  a  wakefield  effect.  The  differences  that  we  see  can  be  due  to: 
(i)  a  lower  current  beam  will  be  shorter  in  the  damping  ring  and 
therefore  of  a  slightly  different  length  in  the  linac,  and  (ii)  any 
y—z  tilt  or  tails  the  beam  has  obtained  in  the  upstream  part  of  the 
linac  can  be  very  different  for  beams  with  such  different  bunch 
populations. 
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Figure  2.  Kick  of  the  beam,  but  scaled  inversely  as  N,  yo/a, 

for  N/IO^^  =  1  and  3.5;  a  =  1  mm. 

Next  the  dependence  of  the  wakefield  kick  on  the  collimator 
half-aperture  a  was  measured.  In  Fig.  3  we  plot  the  kick  as  func¬ 
tion  of  vertical  offset  for  half  apertures  a  =  0.5  mm,  1.0  mm, 
and  1.5  mm  keeping  the  bunch  population  at  iV  =  3.5x10^°.  In 
this  data  we  again  note  the  lack  of  symmetry  mentioned  above. 
Note  that  when  plotting  the  kick  as  function  of  yo  /a  if  we  are  in 
the  geometric  wakefield  regime  then  the  curves  will  fall  on  the 
same  straight  line  near  the  origin  (see  Eq.  1).  And,  in  fact,  the 
two  curves  for  the  larger  jaw  openings  do  roughly  coalesce  to 
one  straight  line  over  a  region,  though  not  a  symmetric  one,  near 
the  origin.  Substituting  for  the  parameters  in  Eq.  1  we  find  that 
the  slope  of  this  line  should  be  1.2  (the  straight  line  in  Fig.  3), 
which  agrees  fairly  well  with  the  data  points. 

The  curve  in  Fig.  3  that  represents  the  measurements  using  the 
smallest  jaw  opening  (a  =  0.5  mm)  has  a  slope  near  the  ori¬ 
gin  that  is  more  than  twice  that  of  the  other  two  curves.  Sub¬ 
stituting  into  the  resistive  wall  wake  equation,  Eq.  2,  taking  for 
conductivity  that  of  gold,  we  obtain,  for  this  aperture,  a  contri- 
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bution  to  the  slope  of  0.15,  which  is  not  significant  when  com¬ 
pared  to  the  geometric  wake  contribution.  However,  if  in  fact 
the  gold  layer  were  damaged,  for  example  by  the  beam  hitting 
it,  and  if  the  real  conductivity  were  more  like  that  of  the  underly¬ 
ing  titanium,  then  the  resistive  wall  contribution  to  the  slope  be¬ 
comes  0.7,  which  is  comparable  to  the  geometric  wakefield  con¬ 
tribution.  Although  the  real  slope  of  this  curve  near  the  origin  is 
somewhat  larger  than  the  sum  of  these  two  contributions,  the  re¬ 
sults  do  suggest  that  when  reaching  the  smallest  aperture  we  are 
in  a  domain  where  the  resistive  wall  wakefield  is  becoming  sig¬ 
nificant,  even  at  small  offsets. 


Figure  3.  Kick  of  the  beam  vs.  yo  ja  for  a  =  0.5  mm,  1.0  mm, 
and  1.5  mm;  iV  =  3.5  x  10^°. 

We  plot  in  Fig.  4  the  same  data  of  Fig.  3,  but  now  as  a  func¬ 
tion  of  distance  from  the  lower  collimator  jaw.  Asymptotically 
we  expect  all  data  points  to  fall  on  the  same  curve,  one  that  varies 
as  1  /(a  ““  2/0 )  ^ •  We  see  that  all  data  points  roughly  do  follow  this 
power  law,  the  two  larger  aperture  data  sets  on  one  curve  and  the 
smallest  aperture  data  set  roughly  on  a  curve  a  factor  of  two  less 
in  amplitude,  possibly  due  to  a  partial  cancellation  of  the  force 
by  the  other  collimator  jaw.  On  the  same  plot  we  show  the  re¬ 
sistive  wall  asymptotic  contribution,  Eq.  5,  using  the  conductiv¬ 
ity  of  titanium,  5.5  times  this  curve,  and  11  times  it.  Even  if  we 
were  to  suppose  that  the  geometric  wake  contribution  (which  we 
don’t  precisely  know)  were  as  large  as  the  resistive  wall  wake 
contribution  the  calculated  results  would  still  be  much  lower  in 
amplitude  than  the  measured  data.  Due  to  the  asymmetry  of  the 
data  there  seems  to  be  less  information  about  the  asymptotic  be¬ 
havior  near  the  upper  jaw.  The  kick  again  seems  to  be  consistent 
with  a  -2  power  of  distance,  but  this  time  with  an  amplitude  of 
3.5  times  the  resistive  wall  asymptote  for  titanium.  We  need  to 
redo  this  measurement  with  good  beam  quality  to  resolve  this. 

V.  CONCLUSIONS 

We  have  performed  preliminary  measurements  of  the  average 
wakefield  kick  of  SLC  collimators  as  function  of  beam  offset 
within  the  jaws.  We  have  demonstrated  that  the  kick  depends 
linearly  on  current,  as  it  should  for  a  wakefield  effect.  For  larger 
jaw  apertures  we  have  demonstrated  that  near  the  center  of  the 
jaws  there  is  a  linear  regime  of  kick  dependence  on  offset,  the 


Figure  4.  The  same  data  as  in  Fig.  3,  but  plotted  as  distance 
from  the  lower  collimator  jaw.  Also  plotted  are  the  resistive  wall 
asymptotic  formula  for  titanium,  the  formula  times  5.5,  and  it 
times  11. 


slope  of  which  agrees  with  the  analytical  result  for  the  geomet¬ 
ric  wakefield  of  collimators.  For  a  smaller  jaw  aperture  the  slope 
in  the  linear  regime  is  larger  than  can  be  accounted  for  by  the 
geometric  wakefield,  which  suggests  that,  for  this  case,  the  re¬ 
sistive  wall  wake  has  become  important.  However,  this  is  con¬ 
sistent  with  calculations  only  if  the  25  fim  gold  layer  on  the  sur¬ 
face  of  the  collimator  jaws  has  been  damaged.  We  also  find  that 
the  kick  when  the  beam  is  near  the  metallic  surface  is  consistent 
with  an  inverse  square  dependence  on  distance;  the  amplitude, 
however,  is  much  larger  than  we  can  account  for  with  our  the¬ 
ory.  Finally,  we  should  also  point  out  that  all  our  results  have 
some  unexpected  asymmetry,  which  may  be  due  to  poor  beam 
quality  during  the  measurement  or  some  asymmetry  in  the  colli¬ 
mator  geometry. 

In  the  near  future  we  will  investigate  the  surface  of  the  colli¬ 
mator,  to  see  if  it  is  indeed  damaged.  These  measurements  were 
preliminary  and  should  be  repeated. 
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BEAM  TRAJECTORY  JITTER  IN  THE  SLC  LINAC* 

Chris  Adolphsen  and  Tim  Slaton 

Stanford  Linear  Accelerator  Center,  Stanford  University,  Stanford,  CA  94309  USA 


We  present  model-independent  measurements  of  the 
vertical  trajectory  jitter  of  the  positron  beam  in  the  Stanford 
Linear  Collider  (SLC)  linac  and  discuss  the  results  of 
studies  aimed  at  isolating  its  source. 

1.  INTRODUCTION 

In  March  1993,  the  SLC  began  flat  beam  operation 
which  reduced  the  vertical  emittance  at  the  beginning  of 
the  linac  by  an  order  of  magnitude  to  about  3x10'^  m-rad. 
Although  this  improved  the  average  luminosity,  it  made  the 
luminosity  more  sensitive  to  vertical  beam  jitter,  that  is,  to 
the  variations  of  the  vertical  orbits  that  are  faster  than  the 
few  second  response  time  of  the  feedback  loops  that  are 
used  to  stabilize  the  orbits.  The  rms  of  the  vertical  jitter, 
which  had  been  observed  to  grow  in  size  along  the  linac, 
now  became  a  significant  fraction  of  the  vertical  beam  size. 
In  this  paper,  we  present  some  of  the  jitter  measurements 
and  discuss  the  results  of  studies  aimed  at  isolating  its 
source.  In  particular,  we  examine  the  positron  jitter  since 
the  analysis  of  the  electron  jitter  is  complicated  by 
its  dependence  on  the  positron  motion  via  long-range 
Wakefields.  However,  the  electron  results  do  not  differ 
greatly. 

11.  MEASUREMENTS 

To  characterize  the  jitter,  we  wanted  an  empirical 
method  since  the  linac  beam  transport  is  difficult  to 
accurately  model  due  to  uncertainties  in  the  linac  energy 
profile  and  the  strong  transverse  wakefield  effects.  Our 
solution  was  to  measure  the  beam  transport  properties  by 
inducing  betatron  oscillations  near  the  injection  point  to  the 
linac  and  recording  the  beam  trajectory  changes  along  the 
linac.  Using  these  data,  we  characterized  trajectory  changes 
that  were  measured  in  different  regions  of  the  linac  in  terms 
of  an  equivalent  injection  jitter,  and  thus  mapped  how  the 
jitter  varied  along  the  linac  in  common  units.  To  make  the 
measurements  more  relevant  to  SLC  operation,  we 
normalized  the  results  to  the  beam  size  measured  at 
injection.  However,  when  interpreting  the  results,  we  also 
had  to  keep  in  mind  the  non-jitter  emittance  growth  that 
occurred  in  the  linac  and  in  the  subsequent  transport  of  the 
beams  to  the  collision  point. 
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In  the  study  of  the  positron  vertical  jitter,  betatron 
oscillations  were  measured  in  five  regions  along  the  linac. 
The  regions  each  span  about  two  betatron  oscillation 
wavelengths  and  are  separated  by  about  four  wavelengths. 
Each  region  contained  a  series  of  24  beam  position 
monitors  (BPMs)  with  an  average  resolution  of  about 
10  pm  at  the  nominal  beam  intensity  of  3.4x10^^  positrons 
per  bunch.  Prior  to  the  measurements,  data  were  taken  to 
obtain  the  R33  and  R34  TRANSPORT  matrix  elements 
from  an  upstream  reference  point  to  the  BPMs  in  each  of 
the  regions  (the  x-y  coupling  is  negligible  in  the  linac  and 
so  the  other  matrix  elements  were  ignored).  The  reference 
point  was  chosen  as  the  location  of  first  beam  size  monitor 
(BSM)  in  the  linac  which  is  part  of  a  set  that  is  used  to 
monitor  beam  emittance. 

The  R33  and  R34  matrix  elements  for  the  positron 
beam  were  measured  using  two  vertical  steering  dipole 
magnets  (Y CORs)  in  the  injection  line  to  the  linac  that  are 
90  degrees  apart  in  betatron  phase  advance.  The  setting  of 
each  YCOR  was  varied  in  11  steps  while  the  linac  BPMs 
were  recorded  with  a  five  pulse  average.  The  induced 
oscillations  at  the  extreme  YCOR  settings  were  made  much 
larger  than  the  nominal  beam  jitter  and  BPM  resolution  so 
an  accurate  measurement  could  be  made.  The  slopes  of  the 
BPM  -vs-  YCOR  data  were  then  fit  for  each  BPM  and  the 
results  used  to  compute  the  TRANSPORT  elements. 
Because  the  YCORs  are  upstream  of  the  BSM,  this 
transformation  can  be  done  independently  of  the  YCOR 
settings  with  only  a  knowledge  of  the  distance  of  the  BSM 
to  its  two  neighboring  BPMs.  The  resulting  values  for  R33 
and  R34  agree  well  with  the  linac  optics  model  near  the 
beginning  of  the  linac  but  lag  in  phase  and  increase  in 
amplitude  further  along  the  linac. 

After  measuring  the  coefficients,  several  sets  of  jitter 
data  were  taken  during  120  Hz  operation  in  which  the  BPM 
readings  in  the  five  regions  were  simultaneously  recorded 
on  200  consecutive  pulses.  In  each  region,  the  mean  orbit 
was  subtracted  from  the  BPM  data  and  results  were  fit 
using  the  measured  R33  and  R34  matrix  elements  to  obtain 
the  orbit  parameters  y  and  y’  at  the  BSM.  The  orbit 
parameters  were  then  normalized  using  typical  values  of 
the  measured  vertical  beam  size,  ay  =  132  pm,  and  TWISS 
parameters,  py  =  13.5  m  and  ay  =  -5.8,  at  the  BSM  (the 
TWISS  parameter  calculation  uses  beam  size  data  from  the 
other  BSMs  in  the  set  as  well).  Specifically,  Y  =  y/Oy  and 
Y’  =  (ay  y  +  Py  y' )  /  ay  were  computed  for  each  region 
of  the  linac  from  the  data  from  each  pulse.  For  jitter  with  a 


0-7803-3053-6/96/$5.00  ®1996  IEEE 


3034 


phase  space  distribution  equal  to  that  of  the  beam,  Y  and  Y 
would  each  have  an  rms  of  unity  and  be  uncorrelated. 

Figure  1  shows  examples  of  the  distributions  from  a 
set  of  data  that  were  taken  with  the  linac  feedback  loops 
disabled.  Here  Y’  -vs-  Y  is  plotted  for  the  first  and  last 
region  of  the  linac,  which  are  denoted  by  the  linac  sector  at 
the  center  of  the  region  (note  that  the  main  linac  is  divided 
into  29  sectors:  LI02  to  LI30).  The  measurement  errors  on 
the  data  points,  which  are  not  shown  in  the  plots,  are  much 
smaller  than  the  rms  variation  of  the  data.  A  comparison  of 
the  two  plots  clearly  shows  that  only  a  small  portion  of  the 
trajectory  variation  at  the  end  of  the  linac  can  be  attributed 
to  injection  jitter.  The  results  for  data  taken  with  the  linac 
feedback  loops  enabled  are  similar. 


Y 

Figure  1:  Phase  space  of  vertical  positron  jitter  measured 
in  linac  sectors  LI02  and  LI29. 


To  quantify  the  jitter,  we  computed  an  rms  of  the  rms 
variation  of  Y  and  Y', 

Ts^^{y^)  +  (y’2)/V2, 

which  is  related  to  the  time-averaged  beam  emittance 
growth  in  the  presence  of  jitter,  Ae  /£  =  Ts^ .  The  values  of 
Ts  for  the  feedback-disabled  data  are  plotted  in  Figure  2  for 
the  five  linac  regions.  One  sees  that  much  of  the  positron 
vertical  jitter  growth  occurred  near  the  end  of  the  linac.  The 
LI29  value  of  60%  would  have  contributed  36%  to  the 
time-averaged  beam  emittance  in  LI29  if  no  other 
emittance  growth  had  occurred  in  the  linac.  However,  the 
vertical  emittance  typically  doubled  in  the  linac, 
independent  of  the  jitter,  so  the  addition  of  the  jitter  had 
increased  the  time-averaged  emittance  by  18%  in  LI29.  At 
the  interaction  point  (IP),  the  jitter  was  about  the  same  as  in 
LI29  but  the  vertical  emittance  was  typically  a  factor  of 
three  larger,  so  the  jitter  related  emittance  growth  was  only 
6%.  The  size  of  the  vertical  electron  IP  jitter  was  similar  to, 
and  essentially  uncorrelated  with  the  positron  jitter,  so  the 
collision  luminosity  was  reduced  by  about  4%  due  to 
vertical  jitter  (the  horizontal  jitter  reduced  it  by  an 
additional  3%  in  quadrature)  [1]. 


Figure  2:  Ts  values  measured  in  five  regions  of  the  linac. 

To  study  the  temporal  dependence  of  the  jitter,  Fourier 
transforms  of  the  jitter  data  from  the  five  regions  were 
computed.  The  time  dependence  of  the  projections  of  the 
jitter  along  the  major  and  minor  axes  of  the  phase  space 
ellipses  were  analyzed  in  addition  to  Y  and  Y'.  As  an 
example.  Figure  3  shows  the  power  spectrum  (PS)  and 
integral  of  the  power  spectrum  (IS)  for  the  LI02  and  LI29 
jitter  projected  along  the  major  axes  of  their  phase  space 
ellipses.  Note  that  for  this  analysis  the  jitter  data  was 
normalized  to  have  an  rms  of  unity,  so  the  integrated 
spectrum,  which  sums  the  power  spectrum  above  the 
frequency  plotted,  is  unity  at  0  Hz.  The  relative  rms  jitter 
due  the  Fourier  components  above  a  given  frequency  is 
therefore  the  square  root  of  the  IS  value  at  that  frequency. 
In  general,  the  measured  spectra  are  essentially  white  noise 
with  a  few  prominent  frequency  components  in  some  cases. 
However,  these  components  seldom  contribute  more  than 
10%  to  the  total  rms. 
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Figure  3:  Normalized  power  spectrum  (PS)  and  integral  of 
the  power  spectrum  (IS)  for  the  LI02  and  LI29  jitter 
projected  along  the  major  axes  of  their  phase  space 
ellipses. 

III.  DISCUSSION 

Although  the  source  of  the  jitter  growth  in  the  linac  is 
not  yet  understood,  the  results  from  various  studies  have 
narrowed  down  the  possibilities.  For  example,  the  size  of 
the  jitter  was  found  to  be  independent  of  the  amplitude  of 
the  orbits  in  the  linac,  so  energy  jitter  coupled  with  linac 
dispersion  is  not  the  source,  nor  is  fluctuations  in 
quadrupole  magnet  (quad)  currents.  The  possible 
contributions  from  quad  vibrations  led  to  measurements  of 
the  quad  vertical  motion  [2].  Although  the  vibrations  were 
found  to  be  larger  than  expected,  about  300  nm  rms  for 
some  quads,  simulations  showed  that  even  if  all  quads 
vibrated  randomly  by  this  amount,  the  resulting  beam  jitter 


could  only  account  for  a  small  fraction  of  the  measured 
growth.  Also,  the  frequency  spectrum  of  the  quad  motion  is 
highly  peaked  in  the  8  to  14  Hz  range  which  would  not 
explain  the  relatively  flat  spectra  of  the  beam  jitter. 

Computing  the  correlations  of  the  jitter  in  each  region 
of  the  linac  with  the  jitter  in  other  regions  and  with  the 
jitter  of  other  beam  properties  provided  further  clues.  No 
strong  correlation  was  found  between  the  orbit  jitter  and 
the  positron  intensity,  energy,  or  bunch  length  jitter.  The 
correlations  measured  among  the  orbit  data  suggest  that  the 
growth  is  incoherent  along  the  linac.  Thus,  the  growth  is 
not  likely  to  be  the  result  of  large  resonant  amplification  of 
betatron  motion  due  to  transverse  wakefields.  In  fact, 
measurements  of  this  amplification  for  oscillations  induced 
at  various  points  along  the  linac  showed  that  it  did  not 
differ  greatly  from  that  expected,  which  is  a  factor  of  2  to  3 
at  most. 

One  possible  source  that  has  not  been  ruled  out  is  the 
transverse  rf  fields  in  the  S-band  accelerator  structures  that 
result  from  dark  currents.  An  rms  kick  of  about  1  keV  per 
structure  (12  m  long)  is  needed  to  explain  the  observed 
level  of  jitter  growth  in  the  linac.  Such  a  kick  would  be 
2x10^  times  smaller  than  the  accelerating  field  and  would 
likely  have  a  white  noise  spectrum.  Another  jitter  source 
may  be  damping  ring  instabilities  that  produce  y-z 
correlations  in  the  beam  phase  space  that  vary  pulse-to- 
pulse.  These  correlations  could  vary  in  a  manner  that  would 
not  produce  injection  jitter  but  would  nonetheless  cause 
orbit  changes  in  the  linac  due  to  the  effect  of  the  wakefields 
there.  Further  measurements  will  be  made  to  assess  the 
magnitude  of  these  effects. 

IV.  SUMMARY 

Using  a  model-independent  method,  we  have  mea¬ 
sured  the  positron  vertical  trajectory  jitter  in  the  SLC  linac. 
We  observe  that  the  jitter  grows  three-fold  by  the  end  of 
the  linac,  increasing  the  time-averaged  vertical  beam 
emittance  there  by  about  18%.  The  trajectory  jitter  is 
essentially  random  pulse-to-pulse  and  is  not  strongly 
correlated  with  the  positron  intensity,  energy,  or  bunch 
length  jitter.  Studies  are  continuing  in  an  effort  to 
determine  the  source  of  the  jitter  growth. 
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Abstract 

Suddenly  induced  coherent  centroid  oscillations  about  the  closed 
orbit  will  decohere  due  to  nonlinearities  in  the  magnetic  optics — 
at  the  expense  of  a  stored  beam’s  emittance.  Collective  effects 
mediated  by  the  vacuum  chamber  wakefield  and  dependent  on 
the  beam  current,  can  however  damp  the  coherent  oscillations — 
ameliorating  the  emittance  growth.  Closed  form  expressions  for 
both  the  beam  centroid  and  the  beam  size  are  obtained  in  the  ab¬ 
sence  of  collective  effects.  Simultaneous  tum-by-tum  measure¬ 
ments  of  beam  centroid  and  size  in  the  SLC  damping  ring  are 
presented,  and  the  importance  and  intricacy  of  collective  effects 
is  discussed. 


The  beam  centroid  motion  after  the  kick  is  given  by 

^oo  /*27r 

[(®)  +  *(P>]  =  /  a) 

Jo  Jo 

where  we  have  defined  a  time  variable  in  units  set  by  the  nonlin¬ 
earity, 

0  z=  ATTfiM  (6) 

and  a  form  factor  differing  from  1  when  $  /  0 


L  NONLINEAR  DETUNING  AND 
CHROMATICITY 

In  the  absence  of  collective  effects,  decoherence  is  dominated 
by  nonlinear  detuning  and  chromaticity.  The  evolution  of  the 
beam  centroid  has  been  described  in  [1-4].  We  here  extend  these 
results  to  the  rms  beam  size.  Consider  a  beam  with  a  gaussian 
distribution  in  the  (a?,  x^)  phase  space.  At  turn  M  =  0,  the 
beam  is  kicked  by  an  angle  We  normalize  the  coordinates 
by  the  unperturbed  rms  beam  size  cr^,  as  ^  =  x/a-j;  and  p  = 
{aj;X  -h  /a,,,  where  and  are  the  Courant-Snyder  pa¬ 
rameters.  We  normalize  the  kick  by  defining  Z  =  ff-Aa?'.  The 
amplitude  a  =  and  (;6  is  the  betatron  phase.  The  beam 

distribution  after  the  kick  is 

The  nonlinearity  is  assumed  to  result  from  an  amplitude- 
dependent  betatron  tune  and  a  relative  energy  offset  of  a  par¬ 
ticle  which  modifies  the  betatron  tune  through  the  chromaticity 


Au  =  —pa^  +  (2) 

with  detuning  p\  p/al  is  determined  by  the  lattice. 

For  single  particle  motion  the  amplitude  a  is  an  invariant.  The 
time  dependence  of  the  energy  offset  is 


/•27r  poo 

Fi  =  /  d(i>o  /  dSop{So) 
Jo  Jo 


0  sin(7ri/,rAf )  cos(7ri/sM+^o) 


Assuming  a  gaussian  distribution  for  So  with  rms  as. 


Fi  =  exp 


(7) 


(8) 


Equation  (5)  gives  the  decoherence  behavior  of  the  beam 
centroid.  [1-4] 

We  next  compute  the  rms  beam  size  after  the  kick. 


■l+^' 

(xp) 

= 

0 

1  +  ^- 

.  F2Zy2 

+  (1  +  4^2)3/2 


1+46^) 


X 


—  cos(47rMi/o  -  -  3  tan  ^(2^)) 

sin(47rMi/o  - 

cos(47rM2/o  —  ~  3tan“^(2^))  _ 


(9) 


where  F2  =  F^  for  the  gaussian  So  distribution;  therefore  the 
rms  size  is  more  strongly  modulated  by  the  chromaticity  than  the 
centroid. 

The  instantaneous  beam  size  is  given  by  (Tic  = 

This  gives 


S{M)  =  Socos{27ri'sM  +  <;6o),  (3) 

while  the  betatron  phase  advances  [1]  as 

2£ 

A(l>  =  27rM(z/o  -  +  —So  sm{7n/sM)  cos{7n/sM  -h  <^o)- 

(4) 
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Figure  1.  Beam  evolution;  the  first  1000  turns  after  a  kick:  (a) 

{x),  (b)  (c)  Cequiv  (d)  I^dipole  ^0  and  i^quadupole  ~ 

Parameters  used  are  Z  =  1,  ^  =  0,  z/,  =  0.01,  as  =  0.001, 
I/O  =  0.18,  and  //  =  1  x  10”^. 

The  amplitude  of  the  beam  centroid  is,  from  Eq.  (5), 


Figure  2.  ^  =  3,  otherwise  as  in  Fig.  1. 

t'quadrupole  =  2l^o  -  Y^jl^ 


As  =  >/ (x)^  +  (p)2  =  -^^exp 


For  small  6  this  amplitude  decoheres  approximately  as  a  gaus- 
sian  in  time.  For  large  9,  it  decoheres  roughly  ^  p.  When  the 
kick  is  weak  and  the  chromaticity  is  small,  the  beam  filaments 
on  a  time  scale  of  turns. 

Note  from  Eq.  (9)  that  (x^)  +  {p^}  =  2  +  |s  an  invariant 
after  the  kick.  If  one  defines  a  ‘matched  equivalent’  beam  emit- 
tance  [5]  as  Cequiv  =  |(cr|  +  (t?),  then 


In  general,  the  quadrupole  tune  is  close,  but  not  equal,  to  twice 
the  dipole  tune.  For  M  =  0,  we  have  z/dipoie  =  -  (4  +  Z^)p 
^d  ^'quadrupole  =  2z/o  2(6  4"  When  M  oo,  we  have 

^dipole  —  and  Z/quadrupole  “  Sz/q* 

Figures  1-2  show  the  time  behavior  of  various  quantities  after 
a  kick  using  the  analytic  expressions.  The  beam  size  modulation 
at  the  synchrotron  frequency  is  a  result  of  “recoherence”  [2,3]. 
Despite  the  prominent  /?-beat  evident  in  Figs.  1(b)  and  2(b),  the 
difference  between  the  instantaneous  and  the  matched  equivalent 
emittances  is  small. 


eequiv(M)  =  ^{{x^)-{xf+{p^)-{py)  =  1+^“^  (12) 
One  may  also  define  an  instantaneous  emittance  as 

=  yj  -  {{^p)  -  {x)(^)y  (13) 

When  M  —  0,  we  have  fequiv  =  f  =  1.  When  M  — >•  oo,  we 
have  Cequiv  =  e  =  1  +  ^. 

One  can  define  an  ‘instantaneous’  dipole  tune  as  (phase 
advance  per  turn  of  the  centroid  oscillation  when  ^  =  0): 

i^dipoie  =  4  +  (14) 

Note  that  if  one  measures  the  dipole  tune  by  kicking  the  beam 
and  analyzing  its  subsequent  centroid  motion,  the  measured 
dipole  tune  will  be  a  function  of  time. 

The  ‘instantaneous’  quadrupole  tune  can  likewise  be  defined 
^  ^  (phase  advance  per  turn  of  the  beam  size  oscillation 
when  ^  =  0), 


II.  COLLECTIVE  EFFECTS  AND  EXPERIMENT 

Both  the  horizontal  centroid  and  beam  size  were  measured  by 
digitizing  the  synchrotron  light  image  [6]  of  the  positron  beam  in 
the  SLC  damping  ring.  A  fast-gated  camera  detected  the  radia¬ 
tion  emitted  on  a  single  pass  of  the  particle  bunch,  although  each 
image  corresponds  to  a  different  machine  pulse  because  of  the 
limited  bandwidth  of  the  data  acquisition  system.  Observations 
were  made  in  the  neighborhood  of  a  time  in  the  SLC  damping 
cycle  during  which  the  beam  is  accidentially  kicked  by  spurious 
transients  in  the  injection/extraction  fast  kicker  pulses.  Data  for 
various  beam  currents  and  chromaticities  are  shown  in  Fig.  3. 

The  data  were  analyzed  by  the  method  of  [5]  to  find  Cequiv, 
which  is  plotted  in  Fig.  4  in  the  ratio  X  -  (^equiv  - 
which  we  expect  to  asymptote  to  1  for  M  oo  in  the  case  of 
pure  decoherence  (c/.  Eq.  12).  But  when  the  chromaticity  is  pos¬ 
itive,  as  in  the  data,  there  will  be  collective  “head-tail”  damping 
of  the  centroid  motion.  As  the  coherent  motion  damps,  rather 
than  decoheres,  there  is  less  motion  to  filament  and  the  emittance 
growth  may  be  significantly  inhibited,  as  seen  decisively  in  the 
data.  The  extent  to  which  X  <  1  as  M  — >  oo  indicates  that  the 
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Figure  3.  Measured  horizontal  centroid  and  rms  size  as  func¬ 
tions  of  turn  number  in  the  SLC  positron  damping  ring.  The 
beam  was  kicked  transversely  at  turns  25  and  135. 


time  scale  for  collective  damping  is  relatively  ‘fast’  conq)ared  to 
that  for  decoherence.  The  decoherence  in  turn  has  a  quenching 
influence  on  the  collective  damping  in  that  the  detuning  phase 
competes  with  the  accumulating  head-tail  phase  causing  the  in¬ 
stantaneous  damping  rate  to  decrease.  (For  ^  <  0  this  raises  the 
instability  threshold  [7] .)  Thu  s  naively  we  do  not  expect  filamen- 
tation  once-occuring,  to  be  reversed;  however  the  data  in  Fig.  4 
appear  to  show  an  emittance  drop  at  higher  current.  It  may  be 
notable  that  the  “strong”  head-tail  strength  T  =  [8] 

takes  on  values  of  0.27, 0.18, 0.09,  and  0.18  in  our  four  cases — 
below  the  instability  threshold  T  =  2.  More  work,  both  in  the¬ 
ory  and  experiment,  is  needed  to  completely  understand  the  col¬ 
lective  aspects  of  these  phenomena. 

If  head- tail  damping  dominates  the  centroid  damping,  the  SLC 
damping  ring  Wakefield  I^x  <  0)  (reasonable 

for  short  bunches)  follows  from  the  data  since  the  damping  rate 

[8] 


1  ^  4  NrolS^^aso’zWo 

Md  ~  j/,7 


(16) 


A  rough  fit  yields  Wo  =  6  x  lO'^m"®,  giving  damping  times 
of  670, 1000, 2000,  and  3000  turns  for  the  four  cases  of  Fig.  3. 
(We  use  as  =  0.73  x  10“^,  a^  =  6nnm,  u,  —  0.01275,  the  /?- 
function  at  the  impedance  source  /?*  =  3m,  and  7  =  2350.)  The 
expected  /?-tron  tune  shift  with  current 


_  _rol3x<Tz^  ^  g  ^  ^q-14 

dN  Sy/2wj 

then  is  -0.0007  at  AT  =  2  x  10^",  e.g.. 

We  thank  Franz-Josef  Decker  and  Marc  Ross  for  useful  dis¬ 
cussions  and  support  throughout  the  course  of  this  work,  and 
the  Operations  section  of  the  SLAC  Accelerator  Department  for 
their  assistance  during  the  data-taking. 
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Figure  4.  Matched  equivalent  emittance  growth  determined 
from  the  data  in  Fig.  3,  relative  to  the  maximum  expected  in  the 
absence  of  collective  damping. 
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1.  INTRODUCTION 

In  attempts  to  minimize  the  impedance  of  an  accelerator  by 
smoothing  out  its  vacuum  chamber,  improvements  are  typically 
first  made  by  reducing  the  inductive  part  of  the  impedance.  As 
the  inductance  is  reduced,  however,  the  impedance  becomes  in¬ 
creasingly  relatively  resistive,  and  as  a  consequence,  the  nature 
of  potential  well  distortion  changes  qualitatively.  An  inductive 
impedance  lengthens  the  bunch  (above  transition)  while  main¬ 
taining  more  or  less  a  head-tail  symmetry  of  the  bunch  longi¬ 
tudinal  distribution.  A  resistive  impedance  does  not  change  the 
bunch  length  as  much,  but  tends  to  cause  a  large  head-tail  asym¬ 
metry. 

The  details  of  how  potential  well  is  distorted,  particularly  the 
head-tail  asymmetry,  affects  the  mechanism  of  the  longitudi¬ 
nal  microwave  instability.  Without  a  head-tail  asymmetry,  the 
microwave  instability  mechanism  relies  on  the  coupling  among 
the  ’’azimuthal”  modes.  The  coupling  is  strong  but  the  mode 
frequencies  have  to  shift  by  large  amounts  (comparable  to  the 
synchrotron  frequency  before  the  instability  threshold  is 
reached.  With  a  head-tail  asymmetry,  the  instability  can  be  trig¬ 
gered  by  coupling  of  the  ’’radial”  modes.  The  coupling  is  weak, 
but  the  mode  frequency  shifts  involved  are  small  «  cjJ,  One 
then  may  have  the  following  situation:  as  one  tries  to  minimize 
the  impedance,  the  impedance  becomes  resistive;  the  longitudi¬ 
nal  bunch  shape  acquires  a  large  head-tail  asymmetry;  the  na¬ 
ture  of  microwave  instability  changes  from  a  strong  one  (that  in¬ 
volves  azimuthal  mode  coupling)  to  a  weak  one  (that  involves 
head-tail  asymmetry  and  radial  mode  coupling),  but  the  thresh¬ 
old  of  the  instability  is  not  raised  or  is  even  lowered.  [1,2]  The 
gain  of  reducing  the  impedance  is  reflected  only  in  the  fact  that 
the  instability  growth  rate  above  threshold  is  slower. 

The  instability  effect  due  to  potential-well  distortion  and  ra¬ 
dial  mode  coupling  has  been  analyzed  before.  [3-7]  Our  analy¬ 
sis  is  based  on  a  technique[7,8]  developed  for  the  treatment  of 
the  longitudinal  head-tail  instability  effect.  To  treat  the  coupling 
among  radial  modes,  we  introduce  a  ’’double  water-bag”  model 
for  the  simplicity  of  analysis. 

The  analysis  is  applied  to  the  SLC  Damping  Ring.  The  wake 
function,  as  shown  in  Fig.  1 ,  is  the  present  model  used  [9]  tak¬ 
ing  into  account  the  recent  changes  made  on  the  vacuum  cham¬ 
ber.  [10]  The  calculated  bunch  shape  distortion  (particularly  the 
head-tail  asymmetry),  as  well  as  the  calculated  instability  thresh¬ 
old,  seem  to  agree  with  the  observations.[10,ll] 

We  explored  two  ways  which  might  in  principle  alleviate  this 
instability  mechanism,  (i)  add  a  higher  harmonic  cavity:  A 
higher  harmonic  rf  voltage  with  appropriate  phase  and  amplitude 
may  compensate  for  the  head-tail  asymmetry  and  thus  raise  the 
instability  threshold,  (ii)  operate  the  accelerator  with  a  negative 
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Figure  1 .  Wake  function  (in  volts/pC)  versus  1 |  (in  meters)  used 
in  the  analysis  for  the  SLC  Damping  Ring. 

momentum  compaction  factor  77:[12]  With  7/  >  0,  the  distorted 
beam  distribution  leans  toward  the  head  of  the  bunch;  the  bunch 
tail  sees  large  wake  fields.  Operating  with  rj  <0  could  conceiv¬ 
ably  help  because  the  beam  distribution  now  leans  toward  the  tail 
of  the  bunch.  Both  ways  (i)  and  (ii)  were  explored  in  this  paper. 
We  found  that  a  higher  harmonic  cavity  of  a  modest  voltage  can 
indeed  eliminate  this  instability,  while  the  advantage  of  operat¬ 
ing  with  7/  <  0  is  less  obvious. 

II.  SUMMARY  OF  ANALYSIS 

Details  of  the  analysis  has  been  given  in  [2].  A  brief  summary 
is  given  below.  We  need  to  first  compute  the  potential  well  dis¬ 
tortion  effects.  Let  be  the  potential- well  distorted  beam 

distribution  in  the  longitudinal  phase  space  {z^  S).  The  corre¬ 
sponding  wake  potential  is 

/CO  -00 

dz'W^{z-z’)  /  dSi;o{z',5)  (1) 

-oo  7—00 

We  have  assumed  that  the  wake  function  Wl^{z)  is  short,  i.e. 
we  consider  single-bunch,  single-pass  instabilities.  Later  when 
we  add  a  higher  harmonic  rf  voltage  to  counteract  the  potential- 
well  distortion,  we  will  add  it  to  Vq.  The  Hamiltonian  for  the 
potential-well  distorted  beam  is 

where  is  the  unperturbed  synchrotron  frequency,  To  is  the  rev¬ 
olution  period,  E  is  the  beam  energy,  and  c  is  the  speed  of  light. 

We  now  apply  the  technique  developed  in  [7,8]  and  change 
variables  from  {z^5)  to  ($, H)  by  a  canonical  transformation, 
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where  H  is  given  by  Eq.(2),  and  ^  is  the  canonical  variable  con¬ 
jugate  to  H: 

*  =  =  ,3, 

oH  Jo  On 


is  a  result  of  the  second  effect  alone.  In  other  words,  distortion 
of  phase  space  from  elliptical  contours  is  a  necessary  condition 
for  instability.  This  observation  suggests  that  one  way  to  allevi¬ 
ate  this  instability  is  to  introduce  an  external  higher  harmonic  rf 
to  reduce  the  net  phase  space  distortion. 


where  z{S,  H)  is  obtained  by  inverting  Eq.(2).  The  motion  of  a 
particle  is  periodic  in  $  with  period 

mh)  =  f 

Note  this  period  depends  on  the  value  of  H  of  the  particle  under 
consideration. 

In  the  double  water  bag  model,  has  the  form 
MH)  ==  2Af[{l  -  r)0(Fi  -  )  +  Te{H2  -  H)]  (5) 


where  0(a?)  is  the  step  function,  T  is  a  parameter  between  0  and 
1  that  specifies  the  relative  amount  of  particles  in  each  of  the  wa- 
terbags,  and 


_ iV/2 _ 

(1  -  r)  dHMH)  +  r  dHMff) 


(6) 


with  N  the  number  of  particles  in  the  beam  bunch.  We  choose 
r  =  0.45,  and  Hi  and  H2  to  correspond  to  one-  and  two-sigma 
particles,  such  that  the  weak-beam  limit  of  xpo  approximates  a 
gaussian  distribution. 

Consider  the  ^-th  azimuthal  mode  (i  =  1, 2, 3  means  dipole, 
quadrupole,  sextupole  modes)  in  the  longitudinal  phase  space. 
There  are  two  radial  modes  allowed  in  the  double  water  bag 
model,  one  at  iJ  =  Hi,  another  at  i/  =  ^2-  The  two  radial 
mode  frequencies  are  determined  by  the  solutions  of 


det 


2Trlc 

M21 


+  M11 


Mi2 

^2[4£-  +  M22 


=  0 


(7) 


where  we  have  defined  the  matrix  elements 


4roT]Af 


Mii  =  — 


?i)  Jo 


/  2 

Hi)  sin 
'0 

2ire - 

MHi) 

I 


d^' Hi) cos 


‘1-kI- 


(8) 


It  can  be  shown  that  all  elements  Mij  are  real.  The  beam  is  stable 
if  both  solutions  for  are  real.  The  instability  growth  rate  is 
given  by  the  imaginary  part  of  . 

In  writing  down  Eq,(7),  we  have  assumed  that  azimuthal  mode 
coupling  (coupling  among  different  ^’s)  can  be  ignored.  This  as¬ 
sumption  is  valid  if  the  mode  frequencies  do  not  shift  much  away 
from  the  unperturbed  value  iug  (i.e.  the  mode  frequency  shifts 
<  w,). 

The  potential-well  distortion  can  be  considered  to  have  two 
effects  on  the  particle  motion.  First,  it  causes  a  ’’detuning”  ef¬ 
fect,  i.e.,  ^0  now  depends  on  H,  Second,  it  causes  a  distortion  of 
the  phase  space  topology,  i.e.,  the  constant-if  contours  in  phase 
space  are  no  longer  ellipses.  It  can  be  shown  that  the  instability 


III.  APPLICATION  TO  SLC  DAMPING  RING 

We  have  applied  the  analysis  to  the  SLC  Damping  Rings. 
The  following  assumptions  are  made:  (a)  synchrotron  radiation 
damping  can  be  ignored;  (b)  the  linearized  Vlasov  equation  ap¬ 
plies  below  the  instability  threshold;  (c)  this  is  a  single-bunch, 
single-turn  instability;  (d)  the  wake  field  is  as  shown  in  Fig.l; 
(e)  coupling  among  the  azimuthal  modes  can  be  ignored;  (f)  we 
include  two  and  only  two  radial  modes  with  a  double  water-bag 
beam. 

Unless  specified  otherwise,  the  parameters  we  used  for  the 
Damping  Ring  are  7/  =  0.0145,  Vrf  ==  l.OMV,  i/j  =  0.01275, 
cTo  =  35.268  m,  £•  =  1.19  GeV.  The  unperturbed  gaussian 
beam  is  assumed  to  have  as  0.73  x  10“^.  We  mostly  have 
studied  the  case  of  the  quadrupole  azimuthal  mode  with  £  =  2, 
The  £  =  1  case  is  determined  by  the  Robinson  damping  mecha¬ 
nism  and  is  not  the  subject  of  our  study. 

Figure  2  shows  one  set  of  results  of  our  calculations.  Figure 

2(c)  shows  the  complex  mode  frequency  shifts  Y  =  (^^  —  £) 
as  functions  of  the  beam  intensity  N.  The  solid  curves  show 
the  real  part  of  Y.  The  two  radial  modes  have  separate  frequen¬ 
cies  for  small  beam  intensities.  At  a  threshold  value  of  Vth  = 
1.4  X  10^°,  the  two  mode  frequencies  merge,  and  the  beam  be¬ 
comes  unstable.  The  instability  growth  rate  lojg  is  given  by 
the  dotted  curve  above  threshold.  The  portion  of  the  solid  curve 
below  threhold  in  Fig.2(b)  shows  the  relative  bunch  lengthening 
factor  az/azo  versus  N,  where  a^^  is  the  unperturbed rms  bunch 
length.  The  dotted  curve  above  threshold  is  an  under-estimate 
because  the  calculated  az  took  into  account  of  potential-well  dis¬ 
tortion  but  ignored  bunch  lengthening  due  to  microwave  insta¬ 
bility.  (The  solid  curve  above  threshold  will  be  explained  later.) 
Figure  2(a)  shows  the  shift  of  synchronous  phase  z,  versus  N. 
The  dotted  portion  of  the  curve  gives  an  over-estimate  of  ^5 . 

The  longitudinal  radiation  damping  rate  of  the  Damping  Ring 
gives  =  0.00095.  The  effect  of  radiation  damping  on 

Vth  is  presumably  small. 

The  instability  threshold  was  studied  as  a  function  of  the  rf 
Voltage  Vrf ‘  It  was  found  that  Vth  =  1.7  x  10^°  when  Vrf  =  0.8 
MV  and  2.1  x  10^°  when  Vrf  =  0.6  MV. 

We  have  also  calculated  the  case  for  the  sextupole  azimuthal 
mode^  =  3  and  Vrf  =  1.0  MV  The  instability  threshold  is  found 
to  be  Vth  =  1.6  x  10^°,  slightly  higher  than  the  threshold  for 
^  =  2.  The  beam  is  first  unstable  in  its  quadrupole  motion,  but 
the  sextupole  mode  threshold  is  not  far  away.  The  behavior  is 
similar  when  Vrf  is  lowered  to  0.6  MV.  At  0.6  MV,  the  ^  =  3 
threshold  is  found  to  be  Nth  =  2.6  x  10^°. 

Our  analysis  describes  the  beam  behavior  at  or  below  the  in¬ 
stability  threshold.  By  an  ad  hoc  consideration,  however,  we 
may  try  to  extend  its  application  to  cases  above  threshold  by  con¬ 
jecturing  that,  above  threshold,  the  bunch  would  lengthen  just 
enough  to  stablize  the  beam.  The  beam  is  therefore  constantly 
staying  at  the  edge  of  instability.  The  extension  of  the  solid  curve 
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Figure  2.  (a)  Shift  of  synchronous  phase  z,  in  mm  as  a  func¬ 
tion  of  beam  intensity  N.  (b)  Bunch  lengthening  factor  (due  to 
potential-well  distortion)  versus  N.  (c)  ITie  complex  mode  fre¬ 
quency  shifts  versus  N. 

in  Fig.2(b)  beyond  threshold  represents  the  conjectured  bunch 
lengthening  due  to  microwave  instability.  Note  that  the  region 
between  the  dotted  and  the  solid  curves  is  relatively  small,  in¬ 
dicating  that  this  instability  is  weak  and  a  small  increase  of  the 
bunch  length  beyond  the  potential-well  distortion  stabilizes  the 
beam.  One  also  expects  that  the  same  small  relative  increase 
would  occur  in  the  energy  spread  above  threshold.  Furthermore, 
if  there  is  a  mechanism  which  causes  the  beam  to  execute  a  saw¬ 
tooth  oscillation,  as  observed  in  the  Damping  Ring,[10,ll]  the 
amplitude  of  the  sawtooth  oscillation  is  likely  to  correspond  to 
the  region  between  the  dotted  and  solid  curves  of  Fig.2(b). 

To  further  study  the  instability  mechanism,  and  to  explore  pos¬ 
sible  cures,  we  considered  the  following  two  possibilities:  (i) 
add  a  high  harmonic  rf  voltage  to  counteract  the  potential-well 
distortion,  and  (ii)  operate  the  accelerator  below  transition  with 
ri  <  0.[12] 

We  found  that  a  higher  harmonic  rf  is  quite  effective  in  rais¬ 
ing  the  instability  threshold.  For  example,  by  introducing  a  12 
GHz  rf  system  (considered  e.g.  for  the  NLC  at  SLAC),  which  is 
phased  4  mm  ahead  of  the  main  rf,  a  voltage  of  6.5  kV  pushes 
the  threshold  intensity  to  3  x  10^°. 


0  12  3  4 

N  (1010) 


Figure  3.  Mode  frequencies  when  t]  =  -0.0145. 

Operating  the  accelerator  with  »7  <  0  turned  out  less  con¬ 
clusive.  Figure  3(a)  shows  the  mode  frequencies  with  ij  = 
—0.0145.  The  instability  threshold  is  raised  from  1.4  x  10^°  to 
2.0  X 10^“.  Figure  3(b)  shows  what  happens  to  the  f  =  3  modes. 
Operating  with  t)  <  0  seems  to  improve  the  instability  threshold 
somewhat  in  the  present  study.  However,  whether  this  is  a  gen¬ 
eral  trend  needs  more  investigation. 

We  thank  B.  Zotter,  S.X.  Fang,  K.  Bane,  R.  Siemann,  M. 
Minty,  W.  Spence  for  many  helpful  discussions. 
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1.  INTRODUCTION 


analysis  of  [1]  to  be 


To  clean  a  beam  of  its  excessive  tail  particles,  one  often  uses  a 
collimator.  If  the  beam  intensity  is  high  enough  or  if  the  beam  is 
brought  too  close  to  the  collimator,  however,  the  wake  fields  gen¬ 
erated  by  the  beam-collimator  interaction  can  cause  additional 
beam  tails  to  grow,  thus  defeating,  or  even  worsening  the  beam- 
tail  cleaning  process. 

The  wake  field  generated  by  a  sheet  beam  moving  past  a  con¬ 
ducting  wedge  has  been  obtained  in  closed  form  by  Henke  us¬ 
ing  the  method  of  conformal  mapping.  [1]  This  result  is  applied 
in  the  present  work  to  obtain  the  wake  force  and  the  transverse 
kick  received  by  a  test  charge  moving  with  the  beam.  For  the 
beam  to  be  approximated  as  sheet  beams,  it  is  assumed  to  be  flat 
and  the  collimator  is  assumed  to  have  an  infinite  extent  in  the  flat 
dimention.  We  will  derive  an  exact  expression  for  the  transverse 
wake  force  delivered  to  particles  in  the  beam  bunch.  Implication 
of  emittance  growth  as  a  beam  passes  closely  by  a  collimator  is 
discussed. 

We  consider  two  idealized  wedge  geometries.  Section  2  is 
when  the  wedge  has  the  geometry  as  a  disrupted  beam  pipe.  Sec¬ 
tion  3  is  when  it  is  like  a  semi-infinite  screen.  Unfortunately  we 
have  not  solutions  for  more  realistic  collimator  geometries  such 
as  when  it  is  tapered  to  minimize  the  wake  field  effects.  Our  re¬ 
sults  however  should  still  serve  as  pessimistic  limiting  cases. 

An  interesting  opportunity  is  offered  by  our  exact  calculation 
of  the  wake  fields:  it  can  be  used  to  confront  the  diffraction 
model[2,3,4]  used  to  estimate  the  high  frequency  impedance  of  a 
cavity  structure.  It  is  shown  that  the  field  pattern,  as  well  as  the 
impedance,  agree  with  those  obtained  by  the  diffraction  model 
in  appropriate  limits. 

We  would  like  to  thank  K.  Bane,  R.  Wamock,  and  P.  )^filson 
for  their  help. 


IL  DISRUPTED  PIPE 

Consider  a  metal  wedge  and  a  rod  beam  as  shown  in  Fig.  1(a). 
Both  the  wedge  and  the  beam  are  considerd  to  be  infinitely  long 
in  the  ^r-direction.  The  beam  has  a  line  charge  density  Aq  and  is 
assumed  to  move  with  the  speed  of  light  in  the  aj-direction.  Fol¬ 
lowing  [1],  we  define 


A  = 


TT 


27^  —  6 


and  R  = 


ct  —  V 


(1) 


The  parameters  have  the  ranges  0<<^<27r  —  1>R>0, 

TT  >  ^  >  0,  and  1  >  A  >  |.  We  have  shown  the  coordinates  in 
Fig.l(a). 

In  the  region  r  <  ct  (inside  the  ’’light  cylinder”),  the  elec¬ 
tromagnetic  field  components  are  found  by  an  extension  of  the 


Er  =  — 8AAo  sin  ttA  sin  A(?^  ^  , 

rQ 


Eff,  =  8AAo  sin  ttA 


^[2 cos  ttA  “  -h  R)  cos  X<f>] 
QyJcH^  — 


Bz  ^  Ay  Ej;  =  -Er  cos E^ sin  (f) 
ct 

Ey  =  -Er  sin  (j>-  E^  cos  (p  (2) 

where  Q  =  {^  —  R^  sin^  ttA  -f  [{^  -h  R)  cos  ttA  —  2  cos  \<l>]^. 
The  fields  are  independent  of  the  y-separation  between  the  rod 
beam  and  the  wedge. 

Consider  a  test  charge  e  which  follows  behind  the  rod  beam 
at  a  distance  D  (D  >  0)  and  has  a  vertical  distance  Y  from  the 
edge  of  the  wedge  (Y  >  0),  as  shown  in  Fig.  1(b).  Let  the  test 
charge  move  with  the  beam  at  the  speed  of  light.  The  Lorentz 
force  seen  by  the  test  charge  has  the  components 


Fj;  =  eEj:,  Fy  =  eEy  -  eBz ,  and  Fz  =  0  (3) 


We  want  to  calculate  the  integrated  longitudinal  and  transverse 
impulses  received  by  the  test  charge  as  it  passes  by  the  wedge. 

When  cf  -)■  oo,  the  test  charge  sees  E^  1/ VS.  It  follows 
that  the  longitudinal  impulse  received  by  the  test  charge  is  infi¬ 
nite.  This  means  the  beam  loses  an  infinite  amount  of  energy  to 
generate  the  wake  field.  The  infinity  does  not  go  away  with  a  fi¬ 
nite  wedge  angle  6,  or  with  a  finite  bunch  length  in  x\  it  comes 
from  the  infinite  bunch  width  in  ;2r. 

The  total  transverse  impulse,  on  the  other  hand,  converges  and 
gives  the  surprisingly  simple  result 


poo 

cApy{Y,D)  =  /  Fyd{ct)  =  27reAo 

J{Y^+D^)/2D 


(4) 


The  transverse  impulse  is  independent  of  Y  or  D.  It  is  even  in¬ 
dependent  of  the  wedge  angle  0. 

If  the  beam  has  a  surface  charge  density  E(2?) ,  its  wake  effects 
can  be  obtained  from  the  rod  beam  result  by  superposition.  Con¬ 
sider  a  beam  particle  at  location  x  relative  to  the  beam  center. 
It  receives  a  transverse  impulse  from  all  particles  in  front  of  it. 
Thus 


cApy{x)  ^  27re 


dx'E{x') 


(5) 


The  previous  results  become  simpler  for  the  case  of  infinitely 
thin  wedge  when  ^  =  0  (or  A  =  |): 


Bz 


4Ao  cos  I 

ry/2{f^{f  +  cos4>) 


0-7803-3053-6/96/$5.00  ®1996  IEEE 


3043 


,  4Ao  sin  1 

p  _  4Ao  cos  -  1  +  cos 4) 

r^2{f-l){f+cos4) 

Er  —  Bz,  E(^  =  — 
r  ^ 

4Ao  _,_<!>  f-i 

2f  +  cos(;i 

^  _  4eAo  sin  | 

1 

0 

0 

CO 

(6) 


The  sign  of  the  Lorentz  force  is  such  that  the  test  charge  always 
sees  a  retarding  force  <  0).  Also  the  transverse  deflecting 
force  deflects  it  toward  the  plate  (Fy  >0). 


III.  SEMI-INFINITE  SCREEN 

The  arrangement  of  the  wedge  and  a  rod  beam  is  now  shown 
inFig.2.  We  have  ^  “  and  ^  <  A  <  |.  For  a  rod  beam,  inside 

the  light  cylinder,  the  field  components  are  found  by  an  extention 
of  [1]  to  be 


^TT  1 

Er  ^  -AXoXsm  —  -[2fm) 

Z  r 

+f{X<f>  -  Xtt)  +  f{X<j>  +  Att)] 

-\-g{X<i>  -  Att)  +  g{X<i>  +  A;r)] 

V 

Bz  =  sin  (j>--  cos  ^ 

Ey  =  Er  cos  (f>  —  Efp  sin  (j>  (7) 


through  X  —  ct.  By  linearly  combining  the  Maxwell  equations 
into  equations  in  terms  of  eB^,  Ty,  and  Tz.  we  find 


y 


-Ty  =-Ty^0 

X  ^  y  ^ 


(10) 


This  means  Ty  can  not  depend  on  x  or  y,  i.e.  it  has  to  be  constant. 
Also,  Tx  does  not  depend  on  y,  although  it  can  depend  on  x.  This 
conclusion  is  valid  independent  of  the  boundary  conditions,  as 
long  as  the  boundary  is  independent  of  the  z-coordinate. 

It  can  also  be  shown  firom  a  general  wake  consideration  [5] 
that  the  wake  function  does  not  depend  on  Y.  Observing  that 
the  wake  integral  scales  with  the  ratio  of  y  and  £>,  it  can  be  con¬ 
cluded  that  the  wake  integral  must  also  not  depend  on  D,  The 
specific  value  of  the  wake  integral  then  follows  easily  by  setting 
y  =  0  and  (^  =  TT. 


V.  THE  DIFFRACTION  MODEL 

A  diffraction  model  has  been  proposed  and  used  to  estimate 
the  high  frequency  impedance  of  a  cavity  structure  in  the  beam 
pipe.[2,3,4]  Consider  a  cylindrical  beam  pipe  of  radius  b  and 
a  cavity  structure  of  total  gap  length  g,  and  a  beam  current  ^ 
gife(aT-ct)  jjj-g  jjjodel  suggests:  (a)  The  wake  field  created  as  the 
beam  passes  the  entrance  edge  of  the  cavity  populates  mainly  the 
region  in  the  forward  direction  into  the  open  cavity  space.  By  the 
time  the  wake  field  reaches  the  exit  edge  of  the  cavity,  the  radial 
spread  of  the  region  is 


Ai/~ 


(11) 


where 


(b)  The  longitudinal  impedance  at  high  frequencies  is  given  by 


f(u)  = _ {^-R)sinu _ 

(i-i?)2sin2^  +  [(i  +  /e)cos^-2cosu]2 
,  .  (4  +  i?)  COS  «  —  2  cos  ^ 

(^-i«)2sin^^  +  [(i  +  /i)cos^-2cos«]2 

The  transverse  impulse  as  seen  by  a  test  charge  shown  in 
Fig.2(b)  is  found  to  be 

roo 

cApy{Y,  D)  =  I  Fyd(ct)  =  ;reAo  (9) 

J{Y^+D^)/2D 


4'W  =  ^[l  +  sgn(fc)(]y||[  (12) 

where  Zq  =  ^  =  377  Q. 

Our  results  offer  an  opportunity  to  check  the  diffraction  model 
with  exact  Maxwell  solutions.  (Our  result  is  not  a  rigorous  proof 
of  the  diffraction  model  because  we  do  not  have  a  cylindrical 
geometry.)  Consider  a  surface  charge  beam  with  E(x,  = 
which  moves  with  the  speed  of  light  c.  The  wake 
fields  can  be  obtained  from  the  rod-beam  results  by  superposi¬ 
tion.  Take  the  disrupted  beam  case  with  ^  =  0  for  example.  We 
have 


Again  this  is  independent  of  Y,  D,  and  6.  Note  Eq.(9)  is  exactly 
half  of  Eq.(4).  It  also  follows  that  for  a  beam  with  surface  charge 
density  E(x),  a  particle  at  position  x  receives  a  transverse  kick 
which  is  half  od  Eq.(5). 

IV.  GENERAL  WAKE  CONSIDERATIONS 

The  fact  that  the  integrated  transverse  wake  force  is  indepen¬ 
dent  of  the  transverse  and  the  longitudinal  locations  of  the  test 
charge  has  its  origin  in  the  Maxwell  equations.  By  our  assump¬ 
tions  ,  we  know  that  (a)  the  beam  current  density  j  and  the  charge 
density  pare  related  by  j  =:  cpf,  (b)  the  only  non-vanishing  field 
and  force  components  are  Bz,  Ex,  Ey,  Fx  and  Fy,  (c)  all  quan¬ 
tities  do  not  depend  on  z,  mdjd)^the  integrated  field  and  force 
components  £^B,F  =  f  {E^  F)d{ct)  depend  on  x  and  t  only 


Ey  ^ 


\/^ 


/ 


/  - 1 - 

Jo  >711(7 +  1  +  C0S(;6) 


du 


-{- 1  +COS  <j)) 


Significant  contributions  to  the  integrals  (13)  come  from  the  re¬ 
gion  w  <  j^.  This  in  turn  means  that  the  components  Bz  and 
Ey  are  strong  when  <j)  is  close  to  tt  with 


\7r-(i>\< 


(14) 


Equation  (14)  in  turn  gives  the  diffraction  pattern  (11). 
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The  component  Ej;,  however,  is  somewhat  different.  It  does 
not  have  the  diffraction  pattern  (11).  In  fact, 


Ex 


4  sin  f 


4  sin  I 


^iku 

du—;=r 

yju 


[l  +  sgn(^)i] 


(15) 


The  magnitude  of  however  is  smaller  than  those  of  Bz  and 
Ey  by  a  factor  of  \k\r  ^  1. 

One  can  estimate  the  high  frequency  impedance  as  follows. 
Consider  a  test  charge  which  passes  position  a?  =  — Dattimef  — 
0  with  a  vertical  separation  Y  from  the  wedge.  Assume  the  test 
charge  move  in  the  a?-direction  at  the  speed  of  light.  The  energy 
loss  of  the  test  charge  as  it  traverses  the  cavity  can  be  estimated 
as  (assume  (/  >  D, ^  >  y,  »  1) 


»g  r - 

— 4. /^[H-sgn(fc)i]eDoe“*^^  (16) 

Jo  V  1^1 

Although  (16)  is  for  a  geometry  with  infinite  ;2r-dimension,  the 
impedance  of  a  cylindrical  cavity  can  be  estimated  by 


Ag/e 

27rfecEoe“*^^ 


(17) 


which  is  identical  to  (12).  One  can  show  that  (12)  applies  also 
to  arbitrary  0.  The  diffraction  model  is  therefore  re-established. 
Further  exploring  of  more  details  of  the  diffraction  model  should 
be  possible  using  the  exact  solutions  given  in  the  previous  sec¬ 
tions. 


VI.  EMITTANCE  GROWTH 


We  now  estimate  the  emittance  growth  when  a  flat  beam  is  be¬ 
ing  collimated  by  a  metal  collimator.  Let  the  horizontal  distribu¬ 
tion  of  the  beam  be  uniform  with  a  total  width  Lz .  We  assume 
the  vertical  beam  dimension  is  Lz,  and  it  is  the  vertical  di¬ 
mension  which  is  being  collimated.  The  vertical  separation  be¬ 
tween  the  flat  beam  and  the  edge  of  the  collimator  is  assumed  to 
be  We  ignore  the  resistive  wall  effect  here.  [6,7] 

Consider  the  case  of  a  semi-infinite  screen  wedge.  Let  the  sur¬ 
face  charge  density  of  the  beam  be  written  as  E(ir)  =  ^p{x), 
where  N  is  the  total  number  of  particles  in  the  beam  bunch,  and 
dxp{x)  =  1.  The  kick  angle  received  by  a  particle  in  the 
beam  located  at  longitudinal  position  x  is,  according  to  Eq.(9), 

Aj/'(a;)  =  f  dx'p{x')  (18) 

Jx 

where  ro  is  the  classical  radius  of  the  particle,  7  is  the  Lorentz 
energy  factor. 

The  maximum  kick  is  received  by  particles  in  the  trailing  tail 
X  =  —00.  Independent  of  the  details  of  the  longitudinal  distri¬ 
bution  p{x),  this  kick  is  given  by 


^  =  Ay'(— 00) 


TrA'ro 

Lz7 


(19) 


The  growth  in  the  effective  emittance  of  the  beam  is  also  inde¬ 
pendent  of  the  details  of  p{x): 


/CO 

dxp[x)/3Ay^^  {x) 

-00 


(20) 


(a)  (b) 


Figure  1 .  A  rod  beam  passing  a  disrupted  pipe  wedge. 


Figure  2.  A  rod  beam  passing  a  semi-infinite  screen  wedge. 

where  /?  is  the  /^-function  at  the  collimator. 

As  a  numerical  example,  take  an  electron  beam  bunch  with 
N  =  5  X  10^°,  Lz  =  I  mm,  and  7  =  10^.  We  assume  that  the 
vertical  beam  height  and  the  vertical  distance  of  the  beam  from 
the  collimator  are  1  mm.  If  we  further  assume  the  collima¬ 
tor  has  a  semi-infinite  screen  geometry,  then  the  wake  field  kick 
delivered  to  a  trailing  particle  in  the  bunch  is  4  ^rad.  If  /?  =  10 
m,  the  effective  emittance  growth  is  found  to  be  0.6  x  10“^°  m- 
rad,  which  corresponds  to  a  growth  of  normalized  emittance  of 
0.6  X  10"”^  m-rad.  As  mentioned  in  Section  1,  this  can  be  detri¬ 
mental  for  a  high  quality,  low-emittance  beam. 
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During  the  1994  SLC  run  the  nominal  operating 
intensity  in  the  damping  rings  was  raised  from  3.5x10^^  to 
greater  than  4x10^^  particles  per  bunch  (ppb).  Stricter 
regulation  of  rf  system  parameters  was  required  to  maintain 
stability  of  the  rf  system  and  particle  beam.  Improvements 
were  made  in  the  feedback  loops  which  control  the  cavity 
amplitude  and  loading  angles.  Compensation  for  beam 
loading  was  also  required  to  prevent  klystron  saturation 
during  repetition  rate  changes.  To  minimize  the  effects  of 
transient  loading  on  the  rf  system,  the  gain  of  the  direct  rf 
feedback  loop  and  the  loading  angles  were  optimized. 

1.  INTRODUCTION 

Modifications  to  the  SLC  damping  ring  rf  systems  have 
been  required  as  the  beam  intensities  and  beam  environment 
change.  During  the  1992  run,  beam  intensities  were  limited 
to  3x10^^  ppb  by  the  microwave  instability.^  In  1993  this 
instability  was  overcome  using  an  rf  voltage  ramp  with 
direct  rf  feedback,^  and  the  beam  current  was  increased  to 
3.5x10^^  ppb.^  Prior  to  the  1994  run,  low  impedance 
vacuum  chambers  were  installed  to  reduce  the  impedance  of 
the  damping  rings. ^  By  reducing  the  effects  of  the 
microwave  instability,  the  beam  current  could  be  increased. 
Transient  loading  on  the  rf  system,  however,  occasionally 
caused  loss  of  regulation  of  the  cavity  voltage.^  As  a  result, 
both  the  bunch  length  and  the  beam  phase  changed  at 
extraction.  Such  changes  caused  unacceptable  wakefield- 
induced  emittance  growth  and  beam  jitter  in  the  linear 
collider.  Stricter  tolerances  on  cavity  voltage  regulation 
were  therefore  required  at  higher  operating  currents.  With 
modifications  to  the  feedback  loops,  beam  currents  were 
increased  to  over  4.0x  10^^  ppb.  Some  operating  parameters 
for  the  SLC  damping  rings  are  given  in  Table  I. 


Table  I.  Cavity,  Beam,  And  Klystron  Properties  In  The  SLC 
Damping  Rings  For  The  Past  Three  Runs  _ _ 


Symbol 

Variable 

1992 

1993 

1994 

Vc 

(MV) 

Cavity  Voltage 

0.80 

1.00 

0.80 

Ib(A) 

rfBeam  Current 
=  2  X  dc  Current 

0.16 

0.19 

0.22 

N 

(xlQlO) 

Particles  per  Bunch 

3 

3.5 

4.0  - 
4.5 

Pmax 

(kW) 

Max.  Klystron  Output 
Power 

50 

60 

50 

<l>7  (deg) 

Tuning  Angle 

-45 

-43 

-49 

(deg) 

Loading  Angle 

0 

0 

10 

IL  FEEDBACK  REGULATION 

A  block  diagram  of  the  SLC  damping  ring  rf  system  is 
shown  in  Fig.  1.  The  cavity  voltage  is  maintained  at  the 
desired  value  ^ des  the  amplitude  feedback  loop.  The 
beam  phase  is  regulated  to  ^des  the  phase  feedback  loop. 
The  phase  offset  is  the  offset  required  to  match  the 
injected  beam  to  the  damping  ring  bucket.  Likewise  ^des  is 
adjusted  to  match  the  extracted  beam  to  the  accepting  bucket 
of  the  linear  accelerator.  The  direct  rf  feedback  loop,  which 
was  used  previously  to  avoid  the  beam  loading  instability,^ 
is  currently  used  to  minimize  the  effects  of  transient  loading 
(see  section  IV).  Not  shown  in  Fig.  1  are  the  slow  cavity 
tuner  loops  which  regulate  the  loading  angle  (|)/.  The  loading 
angle  is  the  measured  phase  difference  between  the  generator 
current  and  the  cavity  voltage  which  is  different  from  the 
tuning  angle  (t)^  at  high  beam  current. 


Figure  1,  The  SLC  damping  ring  rf  system.  Included  are 
amplitude,  beam  phase,  and  direct  rf  feedbacks.  The  thick 
lines  indicate  paths  for  phasors  with  both  phase  and 
amplitude. 

Amplitude  Feedback  Loop 

The  open  loop  gain  of  the  amplitude  feedback  loop 
contains  a  number  of  nonlinear  elements  including  a 
nonlinear  power  limiter  and  a  nonlinear  klystron.  This  gain 
can  therefore  change  depending  upon  the  operating  power  of 
the  klystron  which  in  turn  depends  both  on  the  beam  current 
and  the  cavity  voltage.  Problems  with  cavity  voltage 
regulation  were  observed  when  running  either  high  beam 
currents  or  high  cavity  voltage.  These  were  found  to  be  due 
to  a  low  open  loop  gain,  which  resulted  in  the  closed  loop 
gain  of  the  loop  becoming  dependent  on  the  open  loop  gain. 
When  the  open  loop  gain  changed,  regulation  was  affected  as 
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a  result.  The  problem  was  corrected  by  increasing  the  open 
loop  gain. 

Tuner  Feedback  Loops 

Until  recently  the  cavity  tuners  were  not  carefully 
regulated.  Difficulties  arising  from  beam-related  heating  of 
the  rf  cavities  however  have  necessitated  careful  control. 
The  tuners,  which  regulate  the  phase  between  the  generator 
and  cavity  voltages,  are  sampled  and  held  once  per  cycle. 
Initially  the  tuner  dead  band  was  about  8°  which  was  limited 
by  the  noise  level  in  the  phase  measurement.  To  improve  the 
signal-to-noise  ratio,  a  filter  was  added  after  the  sample  and 
hold  module  which  allowed  the  dead  band  to  be  reduced  to 

o 

1  .  The  speed  of  the  tuners,  motor-driven  tuning  plungers, 
has  also  been  decreased  to  prevent  oscillations.  These 
modifications  resulted  in  a  greater  degree  of  stability  in  the 
loading  angle.  Occasional  problems  related  to  loss  of 
regulation,  however,  still  persist  upon  recovery  from  an 
extended  period  without  beam. 


Figure  2.  Measured  cavity  voltage  and  loading  angle  during 
rate  limiting. 

III.  COMPENSATION  FOR  REPETITION  RATE 
CHANGES 

To  avoid  damage  to  accelerator  components  from  beam 
heating,  the  repetition  frequency  is  occasionally  reduced 


from  120  Hz  to  10  Hz  or  1  Hz.  At  low  rate  the  slow  tuner 
feedback  loops  could  respond  to  changes  in  the  loading 
angle.  As  shown  in  Fig.  2  the  tuner  positions  and  cavity 
voltage  lost  regulation  under  1  Hz  operation.  In  this 
example  the  loading  angle  was  nominally  regulated  to  (j)/  = 
0  while  the  tuning  angle,  the  phase  between  the  voltage  and 
the  current,  was  (t)^  =  -45  .  When  the  beam  was  extracted 
therefore,  the  tuners  would  move  and  the  cavity  would  be 
unregulated  at  injection.  To  avoid  this,  a  beam-presence 
condition  was  added  which  fixed  the  tuner  positions  in  the 
absence  of  beam. 

With  direct  rf  feedback,  the  long  absence  of  beam  due  to 
rate  limiting  also  caused  problems.  Because  the 
instantaneous  power  requirements  are  higher  with  direct  rf 
feedback,  a  limiter  just  upstream  of  the  klystron  was  added 
to  prevent  klystron  saturation  in  the  1993  run.  Initial  high 
current  experiments  at  the  end  of  the  1993  run  showed  that 
simple  limiting  was  insufficient  for  maintaining  stability 
during  rate-limiting  at  even  higher  beam  currents.  Instead, 
an  intermediate  level  voltage  was  summed  with  the  reference 
input  to  the  amplitude  feedback  loop  in  Fig.  1)  during 
rate-limiting. 

IV.  MINIMIZATION  OF  TRANSIENT 
LOADING  EFFECTS 

With  the  steady-state  defined  by  operation  with  beam, 
the  dominant  transient  loading  effects  are  caused  by  injection 
and  extraction  of  the  beam.  Because  direct  rf  feedback 
effectively  deQ's  the  cavity  and  therefore  decreases  the 
cavity  fill  time,  this  feedback  proved  useful  in  minimizing 
the  effect  of  beam  loading  since  the  rf  system  is  rapidly  able 
to  compensate  for  the  fast  changes.  Without  direct  rf 
feedback  and  with  high  currents  substantial  beam  losses 
resulted  from  the  large  cavity  voltage  oscillations  induced  by 
injection.  Transients  in  the  cavity  voltage  are  shown  in  Fig. 
3  with  the  direct  rf  feedback  loop  off  (G  =  0  dB)  and  on  (G  = 
20  dB).  Beam  extraction  is  indicated  by  the  initial 
discontinuity  near  30  |Xs.  The  next  discontinuity  13  p.s  later 
corresponds  to  beam  injection.  Without  direct  rf  feedback 
the  voltage  oscillated  by  about  400  kV  peak-to-peak.  With 
G  =  20  dB  the  oscillations  were  reduced  to  220  kV  peak-to- 
peak.  Numerical  analysis  results  showing  the  effect  that 
direct  rf  feedback  has  in  reducing  these  transient  oscillations 
are  presented  in  Ref.  5. 

Transient  oscillations  may  be  further  reduced  by 
ensuring  that  the  beam  is  properly  injected  into  the  center  of 
the  rf  bucket.  The  beam  phase  at  extraction  is  regulated  by 
feedback  to  ensure  proper  injection  into  the  linear 
accelerator.  At  extraction  the  rf  phase  is  reset  to  prepare  for 
injection  which  is  13  \is  later.  The  phase  at  injection  is  a 
relative  phase  offset  between  the  damping  ring  and  injection 
linac.  Typically  this  phase  offset  in  Fig.  1)  is  checked 
periodically  and  adjusted  by  minimizing  the  amplitude  of  the 
transient  oscillations  while  viewing  the  rf  waveform  on  an 
oscilloscope. 
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Figure  3.  Cavity  voltage  with  two  different  direct  rf  feedback 
gains.  (l)/  =  0°;<t)/n;=45^ 


Finally,  transient  oscillations  were  minimized  by 
intentional  detuning  of  the  loading  angle.  As  shown  in  Fig. 
3  a  large  voltage  error  on  the  accelerating  cavity  resulted 
when  the  direct  rf  feedback  loop  was  on.  By  adjusting  the 
tuner  feedback  loop  set  point  to  positive  loading  angle  under 
nominal  conditions  with  beam,  this  problem  was  alleviated. 
Transient  oscillations  in  the  cavity  voltage  are  plotted  as  a 
function  of  time  with  direct  rf  feedback  on  at  different 
loading  angles  in  Fig.  4.  As  the  loading  angle  increased,  the 
amplitude  of  the  transients  decreased  as  expected,  ^  In  the 
first  two  plots,  when  the  beam  was  extracted  the  cavity 
voltage  was  not  maintained.  As  a  result,  the  voltage  at 
injection  was  out  of  regulation.  At  ^/  =  +10  the  voltage  was 
regulated  when  the  beam  was  absent.  At  =  23  the  cavity 
voltage  was  already  out  of  regulation  before  the  beam  was 
extracted.  At  extraction  the  cavity  voltage  increased  towards 
its  regulated  value 

V.  SUMMARY 

Modifications  to  the  rf  systems  in  the  SLC  damping 
rings  were  required  to  overcome  instabilities  related  to  heavy 
beam  loading.  The  rf  system  was  tuned  to  minimize 
transient  beam  loading  effects.  For  future  running  at  higher 
beam  currents,  we  will  try  to  ensure  that  the  klystron  is 
capable  of  operating  at  higher  power  levels  (as  in  1993). 
Modifications  to  the  amplitude  feedback  hardware  and  logic 
are  also  being  considered  to  provide  better  stability. 


Figure  4.  Cavity  voltage  as  a  function  of  time  with  G  =  20 
dB  and  variable  loading  angle  (|)/. 
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Abstract 

The  formulae  for  the  deflecting  rf  forces  have  been 
derived  for  the  train  of  charged  bunches,  traversing  a  rf 
cavity.  These  forces  originate  from  the  deflection  action  of 
non  symmetrical  modes  excited  by  the  misalined  bunches, 
the  infinite  set  of  the  cavity  eigen  modes  being  taken  into 
account.  Various  dependencies  are  explored,  including  the 
effect  of  "mode  saturation"  and  non  linearity  of  rf  deflecting 
gradient,  followed  by  the  appropriate  plots. 


is  assumed  also  that  the  beam  is  frozen  in  transverse  direction 
inside  cavity,  so  that  the  particle  orbit  is  not  substantially 
affected  in  its  passage  through  the  cavity.  In  such  an 
approximation  the  electromagnetic  field  inside  cavity  acts  on 
a  particle  moving  with  the  velocity  v  with  the  average 
transverse  force  [6,7]: 

/ .  \  ev\dA^  z 


1.  INTRODUCTION 

High  intensity  proton  linacs  to  be  used  in  future  facilities 
(for  example,  neutron  spallation  sources,  nuclear  waste 
transmutation  etc.)  assume  very  low  beam  losses  to  make  it 
possible  to  handle  such  accelerators.  This  in  turn  puts 
forward  the  problems  not  essential  for  relatively  low  intensity 
machines  but  of  vital  importance  for  new  generation  of 
accelerators,  the  formation  and  evolution  of  beam  halo  being 
among  them.  To  this  end  new  approaches  to  old  problems 
seem  to  be  reasonable  to  investigate  anomalies  in  beam 
dynamics.  Cumulative  beam  instability  in  rf  linacs  [1-4] 
might  be  one  of  the  possible  mechanism  contributing  to  beam 
losses.  Single  mode  approximation  traditionally  used  in 
cumulative  beam  break  up  theories  can  not  be  justified  in  non 
resonance  case,  if  the  process  takes  place  below  the 
regenerative  threshold.  Under  such  conditions  the  choice  of 
any  particular  mode  responsible  for  beam  -  cavities 
interactions  becomes  completely  uncertain.  Many  of  excited 
deflecting  modes  may  contribute  to  resulting  field  and 
deflecting  gradient  as  well,  and  multi  mode  approach 
suggests  itself. 

The  paper  generalises  the  results  had  been  obtained  in  [5]. 
The  general  expression  for  the  deflecting  gradient  for  any 
bunch  from  the  bunch  train  traversing  the  cavity  is  derived. 
Linear  approximation  is  not  used  any  more,  because  non 
linear  character  of  the  beam  interaction  with  radial  modes  is 
the  principle  consequence  of  multi  mode  approach, 
determining  many  features  of  deflecting  forces.  Numerical 
calculations  are  performed  for  cylindrical  resonator,  followed 
by  various  plots  to  illustrate  quantitatively  multi  mode  beam 
-  cavity  interaction. 

2.  THE  EQUATIONS  OF  BEAM  -  CAVITY 
INTERACTION 

Our  aim  is  the  derivation  of  the  expression  for  deflecting 
electromagnetic  force  produced  by  the  charged  bunches  train 
in  a  cavity  and  experienced  by  the  particles  forming  this 
train.  It  is  assumed  in  the  analysis  below  that  there  is  not 
more  than  one  bunch  in  the  cavity  at  any  moment.  The 
influence  of  cavity  holes  on  field  distribution  is  neglected  .  It 
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where  A  is  vector  potential  and  the  integration  is  performed 
along  the  cavity  of  length  d.  (MKS  units  are  used  throughout 
this  work.)  Here,  x  is  particle  transverse  displacement  from 
cavity  axis,  x-axis  of  the  basis  used  is  assumed  to  coincide 
with  it;  z  denotes  the  particle  coordinate  along  the 
longitudinal  axis,T  is  the  moment  at  which  particle  with 
charge  e  enters  the  cavity. 

Following  [8]  let  us  represent  the  vector  potential  in  (1) 

— ^  > 

in  the  form  of  infinite  sum  of  eigenvectors  Ax(r): 

=  (2) 


with  the  time  dependent  amplitudes  gj^(t)  satisfying  the 
differential  equation 

J: 


%  2 
^x,+7r4x,+®i?x=- 


JA),dV 


I 


(3) 


A^^dV 


and  with  Ax  satisfying  the  condition  divAx  =0  as  well  as 
the  Helmholtz  equation: 


CO? 

AAx^—Ax  -  0. 


(4) 


Here,  and  are  frequency  and  quality  factor  of  a  mode 
respectively,  Eg  is  electrical  permeability  of  free  space,  c  is 
the  light  velocity.  The  solution  of  (3,4)  for  the  bunch  of  the 
radius  a  and  length  /  with  uniform  charge  q  distribution 
within  it  can  be  represented  in  the  form: 


.1  h 


q),(t)  =  qlmj  J  dSA^,(x,y,z)exp 

0  D(x,a) 


®X^ 
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where  D  is  the  area  occupied  by  the  beam  in  transverse  plane, 
and  V  is  the  cavity  volume.  The  formula  is  valid  for  the 
moment  when  the  bunch  has  left  the  cavity.  After  passages  N 
bunches,  following  with  the  time  interval  T,  the  induced  field 
acts  on  the  particles  within  N+1  bunch  (at  the  distance  A I 
from  the  bunch  head)  with  the  force: 


(/)  =  (^V+1  )^X  ^ 


where  / is  the  average  beam  current,  I  =  qlT, 

s  '  ^ 

V  W  S  F  X  J  (v  —) 

^  ^n,m  n^m,p  n,m  n,m,p  n,m,p  n  v  n,m  ^ 

G  =  - - - - - ^ 

P  ^  n,m,p  ^n,m,p  '' n,m,p 


(12) 


(13) 


X  n=l 


exd 
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(6)  and 


where  the  following  designations  are  used: 
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For  steady  state  case  formula  (6)  is  turned  to 
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3.  NUMERICAL  RESULTS  FOR  CYLINDRICAL 
CAVITY 

We  shall  use  cylindrical  cavity  to  explore  quantitatively 
the  influence  of  the  beam  and  cavity  parameters  on  rf 
gradient  for  steady  case  state.  For  such  a  cavity  the 
components  of  eigenvectors  of  deflecting  TM  modes  are: 
k 

J' (rfeg)cos/i<p  siak^z, 
k^ 


fK 


n,m,p 


^  k  k  ^ 

n,m,p  n,m,p 

i  - 


V 


P  2|3  a, 


jn.p  ) 


(-l)^exp 


^  8  K,m.p  .^K,m.p^ 


2p  Q„,„,p  P 


-1 


ipTZ  ^^n,m,p  ^n,m,p 


5  P  2P 


(->l)^exp 


m,p  J 

^  ^n,m,p  ^  ^  ^n,m,p 


2P  Qn,m,p  P 


-1 


J 


^  ^^n,m,p  ^n,m,p 


n,m,p 


^5  p  2pe„,,,^^ 

exp[^„^,j,(l+e  /  P  )(»-U2g„,„,,^)] 

l-exp*„,„,p(/-l/20„„,_p) 


(14) 


exp 


^  ^n,m,p 


n  K, 


2Q,.,. 


m,p 


1 


P  20., 


--1 


m,p 


■^n,m  2  2 


JcOS(«(p)£/(p]' 


cos(«(p  )£/(p  J  J„  (z)zdz,  where 


b  =  costp  +  ^ ^sin^tp  j, 


a 


k/t  J„(rkJ 


vl  =  ^-sinwtp  sinfc^z, 

r 


(11) 


A^  =  7„(r^^)cosn<p  cosk^z, 
and  formula  for  rf  gradient  (g)^  =  (/)  /  evx  looks  like 


vi/=7C^  /-rrO  for  a>^  while  \|/  =  arcsin — 

and  r  =  — cos(p  - ^joi  ^  ^  sin^  (p  j  for  a  <  ^ . 

Here,  lower  case  Greek  letters  designate  normalised  values, 
/?  =  pA,  J  =  8A,x  =  ^A,/  =  ilA,  A/  =  9A,  a  =  aA,  A  is  the 
wavelength  of  the  TMq^q  mode,  A  =  cT ,v„  ^  is  the  m-th 
null  of  Bessel  function  of  the  n-th  order  P  =  v/c, 

=7C/7/^,/:^  =  /i?,p  =  0,l,...,  m,  n=l,2,.. ,  and 


3050 


^32  2 


m^p 


28v 


n,m 


l,/7=0 

1 


Y  '2  Y4 

i,«=  j  — 


X 


7  =  \j^{ 

n,m  J  n ' 


2 

2  2 

V 

n,m 

n  p 

+  - 
8' 

(15) 


Fig.  1.  Dependence  of  rf  gradient  on  the  number  of  modes. 
Q=100,  8  =0.5,  p  =  0.383,  a  =  0.002,  §  =  0.005,  ti  =  0,  0  =  0. 


bunch  displacement  (normalized) 


Fig.  3.  Dependence  of  deflecting  gradient  on  bunch 
displacement.  Q=500,  5  =0.5,  p=0.383,  a  =0,  r|  =  0.05,  0  =0. 


4.  CONCLUSION 

Multi  mode  approach  has  been  demonstrated  to  result  in 
new  features  of  beam  cavity  interaction  in  rf  accelerators.  In 
particular,  these  are  strong  dependence  of  deflecting  gradient 
on  particle  location  within  a  bunch  as  well  as  non  linearity 
of  deflecting  force  that  manifests  itself  as  the  radial 
dependence  of  rf  gradient. 
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Abstract 

An  anomalous  damping  or  growth  of  transverse  coupled  bunch 
modes  has  long  been  observed  in  CESR.  The  growth  rates  and 
tune  shifts  of  these  modes  are  a  highly  nonlinear  function  of  cur¬ 
rent.  The  effect  is  associated  with  the  operation  of  the  distributed 
ion  pumps ,  as  it  disappears  when  the  pumps  are  not  powered.  We 
show  that  this  effect  can  be  explained  by  the  presence  of  elec¬ 
trons  trapped  in  the  CESR  chamber  by  the  field  of  the  dipole 
magnets  and  the  electrostatic  leakage  field  of  the  distributed  ion 
pumps.  Photoelectrons  are  introduced  into  the  chamber  by  syn¬ 
chrotron  radiation  and  can  be  ejected  from  the  chamber  by  the 
passage  of  an  e“*"  or  e“  bunch.  The  transverse  position  of  the 
beam  thus  modulates  the  trapped  photoelectron  charge  density, 
which  in  turn  deflects  the  beam,  creating  growth  or  damping  and 
a  tune  shift  for  each  coupled  bunch  mode.  Predictions  of  the  de¬ 
pendence  of  growth  rate  and  tune  shift  on  bunch  current,  bunch 
pattern,  and  mode  frequency  by  a  numerical  model  of  this  pro¬ 
cess  are  in  approximate  agreement  with  observations. 

1.  INTRODUCTION 

An  anomalous  horizontal  coupled  bunch  instability  [1]  in 
CESR  has  growth  rates  and  tune  shifts  which  are  nonlinear  in 
beam  current.  It  is  strongest  at  the  intermediate  currents  encoun¬ 
tered  during  CESR  injection,  and  becomes  dramatically  weaker 
at  higher  currents.  It  is  present  only  when  the  distributed  ion 
pumps  are  powered  [2].  The  absolute  values  of  both  the  growth 
rate  and  tune  shift  are  largest  for  the  lowest  frequency  mode. 
They  drop  rapidly  for  higher  frequency  modes. 

Here  we  present  the  hypothesis  that  slow  electrons  trapped  in 
the  CESR  beam  chamber  are  responsible.  We  show  that  photo¬ 
electrons  from  synchrotron  radiation  striking  the  beam  chamber 
walls  will  be  trapped  in  the  combined  dipole  magnetic  field  and 
electrostatic  leakage  field  from  the  distributed  ion  pumps,  and 
calculate  their  interaction  with  the  beam. 


undergo  an  E  x  B  drift  down  the  length  of  the  magnet,  with  a  ve¬ 
locity  of  the  order  of  1. 6  x  1 0^  m/s .  Thus  a  trapped  electron  is  lost 
from  the  6.5  m  long  magnets  in  about  2  ms.  We  will  later  show 
that  electrons  are  removed  by  interactions  with  the  beam  on  a  far 
shorter  time  scale,  so  their  drift  velocity  may  be  neglected.  The 
cyclotron  frequency  of  the  trapped  electrons  is  5.6  GHz,  so  their 
cyclotron  motion  is  unimportant  at  the  frequencies  of  the  cou¬ 
pled  bunch  modes.  The  vertical  motion,  with  frequencies  of  the 
order  of  10  MHz  or  less,  dominates  the  dynamics. 

In  addition  to  producing  photoelectrons  through  synchrotron 
radiation,  the  beam  has  an  essential  role  in  trapping  the  electrons . 
An  electron  which  is  emitted  from  the  chamber  wall  will  soon 
collide  with  the  chamber  unless  perturbed  by  the  time-dependent 
force  provided  by  the  beam.  Electrons  which  are  deflected  by  the 
beam  opposite  to  their  vertical  velocities  are  trapped  on  orbits 
of  lower  amplitude.  Other  electrons  are  excited  to  higher  ampli¬ 
tudes  and  may  be  lost  in  collisions  with  the  beam  chamber. 

The  magnitude  of  the  impulse  from  the  beam  depends  on  the 
position  of  the  beam  relative  to  the  trapped  electrons.  Thus  the 
oscillating  beam  position  modulates  the  trapped  charge  density, 
which  in  turn  drives  the  transverse  oscillation  of  the  beam.  Cou¬ 
pled  bunch  modes  are  damped,  driven  unstable,  or  shifted  in 
tune,  depending  on  the  phase  of  the  trapped  charge  density  rela¬ 
tive  to  the  beam  motion. 

III.  SIMULATION 

A  simplified  numerical  model  of  was  produced  to  calculate 
the  coupled  bunch  mode  growth.  In  this  model,  we  calculate  the 
trajectories  of  photoelectrons  moving  under  the  influence  of  the 
electric  field  gradients  of  the  distributed  ion  pumps,  a  bunched 
positron  beam,  and  the  other  photoelectrons.  Because  several 
simplifying  assumptions  are  used,  the  calculated  growth  rates 
and  tune  shifts  should  be  regarded  as  estimates. 

We  divide  the  beam  chamber  into  slices  along  the  x  direction 
from  the  pump  slots  to  the  center  of  the  chamber.  In  each  time 
increment  8t\ 


II.  PHOTOELECTRON  TRAPPING 

Slow  photoelectrons  in  the  CESR  chamber  will  be  confined  to 
very  small  orbits  in  the  horizontal  plane  by  the  0.2  T  magnetic 
field  of  the  CESR  dipoles.  The  quadrupole  component  of  elec¬ 
trostatic  leakage  field  from  the  distributed  ion  pump  slots,  cal¬ 
culated  to  be  2.1  X  10^  V/m^  at  the  center  of  the  beam  chamber 
[3],  confines  the  electrons  vertically.  Positive  ions  are  expelled 
by  this  field.  The  combination  of  these  fields  acts  as  a  Penning 
trap  for  electrons,  much  like  the  ion  pump  itself.  Because  there 
is  a  horizontal  dipole  component  of  the  pump  leakage  field  (320 
V/m  at  the  center  of  the  beam  chamber),  the  trapped  electrons 

*This  work  has  been  supported  by  the  National  Science  Foundation. 
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1.  a  photoelectron  macroparticle  is  started  in  each  x  slice  at  t/  = 
Vwaii  with  vertical  velocity  Vy  =  0; 

2.  the  electric  field  gradient  dEyjdy  is  calculated  for  each  x 
slice; 

3.  y  and  Vy  are  updated  for  each  macroparticle  using  the  calcu¬ 
lated  dEyjdy\  and 

4.  any  macroparticle  for  which  y  >  y^aii  is  removed. 

No  horizontal  motion  of  the  macroparticle  is  allowed  because  of 
the  strong  vertical  magnetic  field.  An  approximate  model  is  used 
for  the  field  gradients  in  which  dEy  /dy  falls  off  as  the  square 
of  the  distance  from  the  distributed  pump  slots  and  the  beam, 
and  the  effect  of  the  photoelectron  macroparticles  is  to  screen  the 
field  due  to  the  pump  slots.  The  beam  position  x^^eam  is  made  to 
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oscillate  sinusoidally  with  amplitude  4  mm.  The  constants  used 
in  the  simulation  are  listed  in  Table  1. 
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(a) 


Table  1 :  Simulation  physical  constants 


Vwall 

Beam  chamber  half-height 

20  mm 

^center 

Position  of  center  of  chamber 

45.2  mm 

Cx 

Horizontal  tune 

«  10.5 

To 

Revolution  period 

2.56  /is 

Average  ^  in  dipole  magnets 

19  m 

iQmiiiiiiii 

Beam  momentum 

5.3  GeV/c 

Lslot 

Total  pump  slot  length 

408  m 

Qslot 

Eff.  slot  linear  charge  density 

4.79  nC/m 

Rpe 

Photoemission  rate 

0.92  m-^ 

All  of  the  physical  constants  used  in  the  simulation  are  based 
on  measured  quantities  except  Rpe,  the  photoelectron  charge 
injected  per  unit  time,  length,  and  beam  current.  No  attempt 
was  made  to  calculate  or  directly  measure  this  quantity.  It  was 
treated  as  a  free  parameter,  and  was  adjusted  so  that  the  maxi¬ 
mum  growth  rate  for  the  7  bunch  pattern  occurred  5  mA  as  ex¬ 
perimentally  observed.  It  was  then  held  fixed  at  this  value  for  all 
simulations.  No  other  free  parameters  were  used,  and  no  other 
changes  of  any  sort  were  made  to  the  original  numerical  model 
to  bring  it  in  closer  agreement  with  experimental  observations. 

IV.  SIMULATION  RESULTS 

A.  Time  dependence  of  trapped  charge  density 

The  calculated  photoelectron  charge  density  as  a  function  of 
time  for  the  7  bunch  pattern  is  shown  in  Fig.  1.  The  horizontal 
scale  is  in  units  of  =  1 .4  ns.  The  abrupt  loss  of  trapped  charge 
following  each  bunch  passage  is  clearly  seen,  as  is  the  slow  vari¬ 
ation  due  to  the  horizontal  beam  oscillation. 

The  reason  that  the  instability  growth  rate  falls  off  rapidly  at 
higher  beam  currents  is  apparent  from  these  plots.  The  rate  at 
which  photoelectrons  are  injected  into  the  beam  chamber  is  pro¬ 
portional  to  the  synchrotron  radiation  flux,  which  is  in  turn  pro¬ 
portional  to  the  beam  current.  When  the  average  photoelectron 
charge  density  is  sufficient  to  completely  screen  the  pump  leak¬ 
age  field,  no  more  electrons  can  be  trapped.  The  charge  density 
reaches  an  approximately  constant  level,  extinguishing  the  vari¬ 
ation  needed  to  drive  the  beam. 

The  trapped  photoelectron  density  depends  strongly  on  the  de¬ 
tails  of  the  bunch  pattern.  The  effect  of  a  very  small  gap  in  the 
bunch  pattern  can  be  seen  in  the  sudden  drop  every  turn  (1830 
increments)  in  Fig.  lb  (the  interval  between  bunches  7  and  1  is 
378  ns  as  opposed  to  364  ns  for  all  other  bunches).  The  charac¬ 
teristic  recovery  time  of  the  photoelectron  charge  is  of  the  order 
of  50  ns,  as  shown  in  Fig.  2,  where  the  data  of  Fig.  Ic  are  plotted 
on  a  finer  time  scale. 

B.  Current  dependence  of  growth  rate  and  tune  shift 

The  growth  rates  a^;  and  tune  shifts  for  the  7  bunch  pat¬ 
tern  are  shown  in  Figs.  3  and  4.  We  also  simulated  9  trains  of  two 
bunches  each,  with  a  28  ns  interval  between  bunches.  Because 
the  recovery  time  of  the  photoelectron  charge  is  longer  than  the 
interval  between  bunches,  the  bunches  within  a  train  act  coher- 
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Figure.  1.  Photoelectron  linear  charge  density  vs.  time.  The  hor¬ 
izontal  scale  is  in  units  of  the  1.4  ns  simulation  increment.  The 
total  time  is  10  CESR  revolutions.  The  beam  is  moving  horizon¬ 
tally  with  frequency  /o/2.  Beam  currents  are:  (a)  3;  (b)  5;  and 
(c)  6  mA/bunch. 


ently.  The  current  at  which  the  growth  rate  peaks  is  half  that  of 
the  7  bunch  case. 
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Figure.  2.  Photoelectron  linear  charge  density  vs.  time  in  units 
of  1.4  ns  (data  of  Fig.  Ic  plotted  on  a  finer  scale). 
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Figure.  3.  Growth  rate  vs.  bunch  current. 


C.  Frequency  dependence  of  growth  rate  and  tune  shift 
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Figure.  4.  Tune  shift  vs.  bunch  current. 


for  the  7  bunch  pattern  at  4  mA/bunch  is  740  s“  ^ ,  while  the  ob¬ 
served  rate  is  520  s“^  [1].  The  numerical  model  reproduces  the 
observed  behavior  of  the  tune  shift,  which  changes  sign  at  the 
same  current  at  which  the  growth  rate  starts  to  diminish,  and  pre¬ 
dicts  that  the  magnitude  of  the  growth  rate  falls  rapidly  with  fre¬ 
quency. 

It  has  been  observed  that  the  m  ==  1  vertical  head-tail  mode  is 
stabilized  by  the  operation  of  the  distributed  ion  pumps  [2].  We 
note  that  the  peak  of  the  frequency  spectrum  for  this  mode  occurs 
at  approximately  2.4  GHz,  with  substantial  spectral  density  at  the 
5.6  GHz  cyclotron  firequency  of  the  trapped  photoelectrons.  The 
photoelectrons  may  be  damping  this  mode  by  absorbing  energy 
from  the  head-tail  mode  before  being  lost  by  collision  with  the 
chamber. 

The  author  wishes  to  thank  the  many  members  of  the  CESR 
Operations  Group,  with  special  thanks  to  M.  Billing,  for  stim¬ 
ulating  discussions  on  observations  and  possible  causes  of  the 
anomalous  antidamping  effect. 


To  determine  the  dependence  of  the  growth  rate  and  tune  shift 
on  the  coupled-bunch  frequency  we  followed  the  same  proce¬ 
dure  for  coupled  bunch  modes  with  frequencies  of  /o/2, 3/o/2, 
and  5/o/2,  where  /o  =  390  kHz  is  the  CESR  revolution  fre¬ 
quency.  We  used  the  7  bunch  pattern  with  3  mA/bunch.  The  re¬ 
sults  are  shown  in  Table  2.  The  magnitude  of  both  the  growth 
rate  and  tune  shift  fall  off  rapidly  with  increasing  frequency,  in 
qualitative  agreement  with  observation. 
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Table  2:  Frequency  dependence  of  ax  and 


Mode  frequency 

(S  ^) 

Sujr/2n  (Hz) 

fo/2 

291.1 

78.2 

3/o/2 

-37.8 

0.7 

5/o/2 

2.2 

2.0 

V.  CONCLUSIONS 

The  photoelectron  trapping  model  successfully  describes  the 
qualitative  features  of  the  observed  instability.  The  numerical 
model  provides  estimates  of  growth  rates  which  are  in  approx¬ 
imate  agreement  with  observations  in  spite  of  a  number  of  sim¬ 
plifying  assumptions.  For  example,  the  calculated  growth  rate 
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Abstract 

An  electron  beam  of  a  cooler  in  an  ion  storage  ring  can  be  consid¬ 
ered  as  a  medium  which  responds  to  fields  generated  by  an  ion 
beam.  Electron  density  perturbations  awaken  by  the  ion  beam 
act  back  on  it,  which  can  give  rise  to  instabilities.  This  reaction 
can  be  described  in  terms  of  an  impedance  introduced  in  the  ring 
by  the  electron  beam.  Longitudinal  and  transverse  impedances 
of  an  electron  cooler  are  derived  here,  increments  and  thresholds 
of  corresponding  instabilities  are  estimated. 

L  Introduction 

The  interaction  of  an  ion  beam  with  different  elements  of  the 
vacuum  chamber  can  give  rise  to  coherent  instabilities  of  the 
beam.  If  the  beam  temperature  is  sufficiently  high,  its  collective 
modes  are  stabilized  due  to  the  Landau  damping.  Under  cool¬ 
ing,  the  temperature  is  going  down  and  the  Landau  damping  is 
switching  off;  but  the  cooling  brings  about  its  own  decrement  in 
the  collective  motion  of  the  beam.  However,  if  the  decrement  of 
some  mode  is  smaller  than  its  increment  caused  by  the  interac¬ 
tion  with  the  environment,  the  beam  is  either  stopped  at  the  in¬ 
stability  threshold  or  lost.  So,  these  increments  determine  a  min¬ 
imum  cooling  rate  needed  to  achieve  a  beam  temperature  below 
the  Landau  damping  threshold. 

In  a  relativistic  case,  a  significant  contribution  in  the  beam  - 
surrounding  interaction  is  given  by  a  broad-band  wall 
impedance.  For  a  moderate  relativism  7— 1  <  1,  this  impedance 
is  shown  to  be  exponentially  damped  ,  oc  exp(-4.8/(^7))  [3], 
The  influence  of  the  wall  resistivity  is  too  small  to  play  any  role 
in  the  cooling  process.  Therefore,  the  electron  cooler  itself  can 
be  the  main  reason  of  instabilities;  this  problem  was  discussed  in 
Ref.[4],  [5],  [6],  [7]. 

The  longitudinal  and  transverse  impedances  of  the  cooler  are 
calculated  here  and  shown  to  be  normally  orders  of  magnitude 
higher  then  the  resistive  wall  ones.  In  the  result,  increment  rates 
of  the  corresponding  instabilities  can  be  higher  than  typical  cool¬ 
ing  rates  [8],  [9],  [10],  even  for  rather  low  ion  currents  (e.  g. 
few  fiA), 

11.  Main  Equations 

The  dynamics  of  the  magnetized  electron  medium  of  a  cooler 
excited  by  fluctuations  of  the  cooled  ion  beam  can  be  described 
in  a  reference  frame  by  the  following  set  of  equations  [11]: 


Here  Uq  is  an  electron  density,  ne,  n*  are  electron  and  ion  den¬ 
sity  perturbations,  Ve  is  a  perturbation  of  electron  velocity,  #  is 
an  electrostatic  potential.  In  the  impedance  calculations  ions  are 
assumed  to  be  protons,  the  impedances  are  linear  responce  func¬ 
tions  and  do  not  depend  on  the  charge  of  exciting  particles.  Un¬ 
perturbed  velocities  of  the  beams  are  supposed  to  be  equal,  the 
solenoidal  magnetic  field  assumed  to  be  directed  along  the  lon¬ 
gitudinal  axis  everywhere.  The  former  assumption  is  justified 
if  the  velocities  coincide  with  a  sufficiently  good  accuracy,  the 
criterium  is  discussed  in  the  next  chapter.  The  later  assumption 
is  only  warranted  for  long-wave  perturbations,  fca  1 ,  where  k 
is  a  longitudinal  wavenumber,  a  is  a  radius  of  the  electron  beam. 
It  is  demonstrated  in  the  following,  that  cooler  impedances  reach 
their  maxima  somewhere  in  the  intermediate  region,  fca  ci  1.  In 
this  wave  band  the  results  obtained  from  Eqs.(l)  can  serve  only 
as  estimations  with  accuracy  about  100%.  More  accurate  re¬ 
sults  in  the  intermediate  band  could  be  found  with  the  electron 
beam  curvature  in  the  ions  entrance  to  be  taken  into  account,  this 
rather  complicated  problem  is  not  considered  here. 

The  solution  of  the  problem  (Eqs.l)  with  proper  boundary 
conditions  can  be  presented  in  the  following  form: 

$  =  Ai^±Ji{Ki^r/a)  cos{l(i>)  exp{iqi^±z  ^ 

Ve  =  — -^±^^^Ji{Kifir/a)cos{l(l))ex.p{iqi^±z  qp 

Uq  =z  nil  cos[l<l>)  exp{ikz)  — 

^  ^ (K/^r/a)  cos{l<l))  exp{iqi^±z 

fi± 

(2) 

Here  the  subscript  //  =  1, 2, ...  is  a  counter  of  radial  wavenum¬ 
bers,  di  corresponds  to  waves  travelling  along  and  against  the 
beams,  nu  is  an  amplitude  of  the  ion  perturbation,  are  ze¬ 
roes  of  a  Bessel  function  Ji^i,  with  kqi  «  \/2/ln(l/(fca)),  if 
an  aperture  radius  6  ';$>  1/k.  In  the  opposite  case  of  adjoining 
aperture,  i>  —  a  •C  a,  the  radial  numbers  are  zeroes  of  J/. 

The 

connection  between  electron  and  ion  longitudinal  wavenumbers 
is  determined  by  the  Doppler  condition,  which  gives: 
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qipL±  =  kj{\  ±  ai^),  aif,  =  Wea/{Ki^v),  (3) 

where  v  is  the  beams  velocity  in  the  laboratory  frame.  The  eigen- 
frequencies  are  described  by  sound-like  dispersion  equations: 

ui^±  =  ±quif^,  ui^  =  (4) 

It  follows  from  a  zero  bound^y  condition  on  Ve  at  the  ion  en¬ 
trance,  that  The  amplitudes  Ai^  have  to 
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be  found  from  the  zero  boundary  condition  imposed  on  the  den¬ 
sity  perturbation  Ue. 

III.  Longitudinal  Impedance 

In  this  section  longitudinal  perturbations  are  considered,  /  = 
0.  Making  use  of  the  orthogonality  properties  of  the  Bessel  func¬ 
tions,  the  amplitudes  of  excited  modes  can  be  found: 


Velocities  of  the  electron  and  ion  beams  are  assumed  to  be  zero 
in  this  calculations.  It  is  warranted,  if  an  additional  difference 
between  phase  advances  of  the  (-h)  and  (— )  modes  introduced  by 
a  discrepancy  of  the  velocities  (Ji;  is  smaller  then  this  difference 
for  equal  velocities:  kSv  <  a’^kv,  oiSv/v  <  . 

The  real  part  of  the  impedance  is  responsible  for  a  coherent 
instability  with  an  increment  [12]: 


Afi  —  (5) 

Pio  is  a  linear  density  perturbation  of  the  ion  beam.  An  average 
of  the  electric  field  over  a  time  r  of  the  flight  through  the  cooler 


gives  cooler’s  longitudinal  impedance  [1]: 


(6) 


{E,)t  =  -epTo^ll  (7) 

Real  parts  of  impedances  responsible  for  instabilities  are  of  the 
main  interest: 


kuiRcZ^^/{2Zsc)  ,  Zgc  =  iZoLikR/p, 


Li  =  ln(l/(Ara,)),  Ui  =  cyJ^piVQ  (7-2  -7^  ^), 


(11) 


where  ro  is  a  classical  radius  of  the  ion,  /?  is  a  radius  of  the  stor¬ 
age  ring,  ai  is  a  radius  of  the  ion  beam,  pi  is  its  linear  density. 
The  increment  rate  for  the  coasting  Li  beam  with  2  •  10^  parti¬ 
cles,  Li  4,  ReZlI  =  lOKft,  is  found  to  be:  A  =  5s""^. 

To  damp  the  instability  and  to  continue  a  cooling  process,  the 
cooling  rate  Ay  needs  to  be  twice  more  than  the  increment  [4], 
[7],  A||  >  10s~^  in  the  last  example. 


Re^ll  =  2  V  (1  -  cos(tJ^+r))  -  (1  -  cos(c.>^_r)) 

The  contributions  in  the  real  part  of  the  impedance  (8)  from  the 
positive  (-h)  and  negative  (— )  waves  can  be  seen  to  have  opposite 
signs:  an  emission  of  the  positive  wave  takes  away  a  longitudinal 
momentum  of  ions,  i.  e.  decelerates  them;  on  the  contrary,  radia¬ 
tion  of  the  negative  wave  with  a  negative  momentum  accelerates 
the  ion  beam.  The  phase  advances  of  the  positive  and  negative 
waves  normally  can  be  rather  close:  (a;^_  — a;^^)r/2 
1.  In  this  case  the  (-f )  and  (— )  contributions  in  the  impedance 
almost  cancel  each  other,  the  series  over  radial  modes  (8)  con¬ 
verges  as  which  gives: 


Re^ll  =  —Aujt 


sin(a;r) 


ZoUJT 


sm(a;r), 


(9) 


where  the  counter ;/  =  1  is  omitted,  Zq  =  47r/c  =  377Q, 
/3  =  vfc  and  uj  =  Ueka/K  is  the  frequency  of  the  first  radial 
mode.  The  impedance  (Eq.9)  linearly  increases  with  the  longi¬ 
tudinal  wave  number  /:  up  to  fc  1/a. 

In  the  short  wave  band  (ka  >  1),  the  part  of  the  electron 
beam  with  the  transverse  size  1/fc  only  effectively  interacts 
with  ions.  It  follows,  that  the  impedance  achieves  the  maxi¬ 
mum  at  fca  1,  the  later  can  be  estimated  from  (Eq.9)  with 
K  =  2.4,  F  =  0.5, : 


iReZlIUx^O.lZo^,  (10) 

where  1  was  assumed. 

Substituting,  for  example,  rig  =  3-10^  cm“^,  ^  =  Im, 
P  z=:  vfc  =  0.06  (Li^  ^  in  the  CRYSTAL  ring  [13]),  it  gives  the 
cooler  impedance 

Red’ll  =  lOKQ, 

which  is  three  orders  of  magnitude  more  than  typical  values  of 
the  resistive-wall  impedance. 


IV.  Transverse  Impedance 

An  excitation  of  transverse  dipole  modes  (/  =  1)  of  the  elec¬ 
tron  beam  and  their  back  action  on  ions  can  be  described  in  terms 
of  a  transverse  impedance  Z^  [2]: 

1  r 

{Ej;)t  =  —  /  —  di  =  iepiXiZ^,  (12) 

T  Jq  Ox  2_q 

where  pi  is  a  linear  density  of  the  ion  beam,  Xi  is  an  amplitude 
of  its  deviation  along  the  x~  direction.  The  potential  ^  is  given 
by  Eq.(2)  with  /  =  1.  The  wave  amplitudes  are  found  from 
the  zero  boundary  conditions  on  iTg,  Ue  at  the  entrance,  which 
give:  Af^  =  —2piXi/(/c^aF^)  Asymptotically,  at ^  1, 
Ffjt  =  (7r/c^/2)“^/^  and  tends  to  be  a  constant:  A^  Ci:  A  = 
—TrpiXifa.  From  here,  the  real  part  of  the  transverse  impedance 
is  found: 


ReZ^  =  ^  {sin(a)^_f)  -  sm(w^+t)} . 


(13) 

This  series  is  diverging.  It  means  a  large  number  of  the  contribut¬ 
ing  modes  and  approves  an  application  of  the  asymptotic 
An  upper  limit  of  the  summation  pmax  =  m  is  determined  by 
an  account  of  a  finite  transverse  size  of  the  ion  beam  a,* ,  it  gives 
m  a /ai.  If  the  difference  of  ±  phase  advances  at  p  mis 

small,  (V^_  “  '0+)/2  =  (w_r  —  w+r)/2  <  1,  the  expression 
(13)  can  be  simplified: 


ReZ^ 


ZpUJeT  e_^r  sm(w^r)  ifw^r»l 
Ajia  ’  ~  1  ifw^r<l 


(14) 

The  result  of  the  summation  depends  on  the  phase  advance  ^ 
and  its  difference  between  neighbor  modes  A  at  the  upper  limit 
of  the  summation  a/ af. 
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if  m  < 


r 


|5|~ 


if  nir  <  m  <m^ 


if  m  >  >  1 


if  <  1 


m  ~  a/ai,  rur  ~  y/u^TkaJ^. 

(15) 

Turning  back  to  Eq.(14)  and  assuming,  for  instance,  the  elec¬ 
tron  density  Tfg  =  3  ♦  10^  cm”^,  the  cooler  length  =  1  m,  the 
velocity  v  =  2  10^  cm/s,  the  electron  beam  radius  a  =  1cm,  tak¬ 
ing  the  sum  factor  S  =  10,  the  transverse  impedance  is  found: 


{ReZ-^l  -  30MQ/m.  (16) 

Generally,  a  real  part  of  an  impedance  is  responsible  for  an  in¬ 
stability,  an  increment  for  the  coasting  beam  is  [2]: 
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A"  =  (17) 

where  Qt  is  a  betatron  tune,  ro  is  the  classical  radius  of  an  ion  of 
the  beam. 

Taking  as  an  example  the  mentioned  Li^^  beam,  Qt  2,  as¬ 
suming  the  transverse  impedance  of  RcZ^  =  30  MQ/m,  the  in¬ 
crement  is  calculated:  =  3  s“^. 

To  suppress  the  instability  at  low  temperatures,  where  the  Lan¬ 
dau  damping  does  not  exist,  a  transverse  cooling  rate  of  the  elec¬ 
tron  cooler  has  to  be  twice  higher  than  the  increment  [4]: 
A^/2  >  A-*-,  for  an  example  above  A^  >  6  8“^  has  to  be 
achieved. 


V.  Conclusions 

Longitudinal  and  transverse  impedances  introduced  in  a  stor¬ 
age  ring  by  the  electron  beam  of  an  electron  cooler  have  been 
found  here;  both  of  them  occurs  to  be  orders  of  magnitude  higher 
than  resistive-wall  ones.  The  corresponding  values  of  coherent 
increments  can  be  comparable  with  the  cooling  decrements  even 
for  such  small  ion  currents,  which  are  usually  suggested  for  crys¬ 
tallization. 
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WALL  IMPEDANCES  FOR  LOW  AND  MODERATE  ENERGIES 

A.  Burov,  Budker  INP,  630090,  Novosibirsk,  Russia 


Abstract 

Properties  of  the  wall  impedance  of  a  storage  ring  are  studied 
for  a  low  relativism,  7  —  1  <  1.  Both  broad  and  narrow  band 
impedances  are  shown  to  be  damped  at  low  energies,  the  damp¬ 
ing  factors  are  found.  Coherent  motion  of  a  coasting  beam  is  dis¬ 
cussed;  Landau  decrements  are  calculated. 

I.  INTRODUCTION 

The  impedance  of  a  vacuum  chamber  [1]  depends  on  a  beam 
velocity.  This  dependence  vanishes  in  an  ultrarelativistic  limit, 
where  all  the  fields  excited  by  a  point  charge  lag  behind  it,  which 
is  referred  to  as  the  causality  principle  for  wake  fields,  see  e.  g. 
[2].  This  causality  principle  does  not  work  for  low  and  moder¬ 
ate  energies,  where  the  relativistic  factor  7  c:::  1:  the  Coulomb 
field  is  not  here  a  ^-function  of  a  longitudinal  coordinate,  but 
smoothly  increase  and  decrease  during  the  time  r  rj^v, 
where  r  is  an  impact  parameter.  It  follows  that  a  broad  band 
wall  impedance  Z{oj)  is  exponentially  depressed  at  frequencies 
u  >  jv/b,  where  b  is  an  aperture  radius.  A  pure  space  charge 
impedance  is  the  only  remaining  at  these  frequencies,  but  it  does 
not  lead  to  instabilities  of  itself.  A  narrow  band  impedance  is 
shown  to  be  depressed  to  a  lesser  extent,  then  the  broad  band  one, 
due  to  a  rather  sharp  boundary  of  the  eigenfield  at  the  entrance, 
Az  =  6/2.4. 

A  coherent  motion  of  coasting  beam  is  discussed;  the  Landau 
damping  of  both  longitudinal  and  transverse  oscillations  is  lost 
when  a  space  charge  of  the  beam  separates  coherent  and  incoher¬ 
ent  frequencies  [6],  [9],  [10].  Longitudinal  and  transverse  Lan¬ 
dau  decrements  are  asymptotically  calculated  here  for  a  thermal 
equilibrium. 

11.  IMPEDANCE  DAMPING  FACTORS 

A.  Wall  Resistivity 

Assuming  the  field  dependence  on  the  longitudinal  coordi¬ 
nate  and  time  as  Maxwell’s  equations  reduce  to  the 

Poisson  equation  for  a  longitudinal  electric  field  Ez  excited 
by  a  charge  linear  density  perturbation.  Applying  Leontovich 
boundary  condition  at  the  resistive  wall  surface,  [3],  Ez{h)  = 
y/—ikv/{^TTa)BB ,  the  electric  field  Ez  in  a  perfectly  conduct¬ 
ing  tube  and  its  perturbation  Ez  due  to  a  finite  walls  conductivity 
a  [4]  can  be  found. 

The  fields  Ez^  Ez  and  the  current  perturbation  J  are  con¬ 
nected  by  corresponding  impedances,  EzC  =  — Zllj,  EzC  ^ 
-Zll  J,  where  C  is  the  ring  circumference,  which  gives: 

Z\\{kv)  _  2ikL  Z\\{kv)  _  l-ik/\k\^^  , 

C  j^v  ^  C  27rbS(T 

where  S  —  cfy/^irakv  is  the  skin  depth,  L  =  In  (rmaar/a)  + 
1/2  is  the  logarithmic  factor  with  =  min(6, 1/^),  a  is 
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the  beam  radius.  Here  a  high  frequency  damping  factor /(/c)  has 
been  introduced: 

,  Ki{k)Io{k)  -  Ko{k)Ii{k)  _  f  1,  ifK<l 

/2(^)  “\7re-2«,  ifK»l 

(2) 

Km  («) ,  Im  («)  are  modified  Bessel  functions. 

The  transverce  resistive-wall  impedance  Z^  is  found  by  the 
similar  way;  for  any  relativism  Z-^  =  2^11  / (fc6^). 

The  real  part  of  {k)  achieves  its  maximum  at  the  dimen¬ 
sionless  wavenumber  /c  =  0.43, 

ReZLx  =  0.24Zo{R/bWlv/{2ivcrb), 

Zo  =  Att/c  =  377 f2.  Assuming^  =  0.4,  cr  =  1.3* 
10i6^-i,  ^  rir  10  m,  6  =  5  cm,  it  gives  Rezliax  =  3  fi. 

B.  Broad  Band  Impedances 

The  resistive  wall  impedance  ZH  (Eq.l)  can  be  represented  in 
terms  of  its  ultra  relativistic  value  zjJr  and  the  damping  factor 
/(«)  (Eq.2) : 

P(w)  =  ^L/(«),  K  -  wfc/(7w).  (3) 

The  factor  /(k)  reflects  the  strong  decrease  of  the  incident  field 
energy  flux  at  the  distance  r  =  6  as  ^  exp(— 2/:6/7).  The 
incident  field  of  the  beam,  damped  near  the  walls  as 
exp(— Ar6/7),  produces  proportionally  to  itself  a  perturbation  of 
the  surface  current  density.  The  energy  loss  which  is  a  product  of 
the  field  Ez  and  the  current  induced,  is  damped  quadratically,  as 
^1/2  .  yri/2  —  f  ^  7rexp(“-2Ar6/7).  Hie  energy  loss  is  propor¬ 
tional  to  the  real  part  of  the  impedance,  so  the  last  one  is  damped 
in  the  same  way. 

Thus,  Eq.(3)  follows  from  the  symple  physical  consideration, 
which  is  the  same  for  all  the  types  of  the  wall  imperfections.  The 
only  importance  is  that  field  perturbations  introduced  by  these 
imperfections  are  small,  which  practically  can  be  applied  to  all 
broad  band  wall  impedances. 

The  real  part  of  the  broad  band  impedance  has  non-zero  value 
only  above  the  low  frequency  cut-off:  u  >uJc^  For  the  circular 
cross-section  of  the  vacuum  chamber  Uc  =  2.4c/6.  Taking  into 
account  that  a;  =  Arv,  the  damping  factor  /  near  the  lowest  pos¬ 
sible  frequency  (cut-off)  occurs  to  be: 

/  7rexp(— 4.8/(7^)) 

So,  the  broad  band  impedance  of  wall  imperfections  (disconti¬ 
nuities,  shallow  cavities,  irises,  etc.)  cannot  play  any  role  for  in¬ 
sufficiently  relativistic  particles.  Even  for/?  =  0.4,  the  damping 
factor  /  =  2  •  10“^  ,  which  makes  the  broad  band  impedance 
completely  negligible. 

For  a  transverse  broad  band  impedance,  Z-^  the  low  energy 
suppression  is  actual  even  to  the  grater  extent.  The  cut-off  fre¬ 
quency  for  unsymmetrical  modes  of  the  vacuum  pipe  is  sig¬ 
nificantly  higher,  than  for  symmetrical  ones,  =  S.Sc/b  for 


3058 


the  circular  pipe,  which  gives  the  folowing  transverse  broad  band 
damping  factor: 

Z-^{u)  =  Z^^{cj)fx{K),  /x(k)  ^  exp(-7.6/(7/?)).  (4) 

C.  Narrow  Band  Impedances 

Another  possibility  for  energy  loss  and  for  instabilities  is  con¬ 
nected  with  the  radiation  in  low  frequency  (w  <  Wc)  modes 
of  some  elements  of  the  vacuum  chamber.  At  the  resonance, 
the  impedance  is  pure  real,  it  achieves  here  its  maximum,  the 
shunt  impedance  Rg  (v) .  The  velocity  dependence  of  the  shunt 
impedance  is  determined  by  a  transite  time  factor  T(u)  (see,  e. 

g.  [5]): 


According  to  Eq.(7),  instabilities  caused  by  the  real  part  of  the 
impedance  Re^H  can  be  avoided  due  to  the  Landau  damping  or 
due  to  cooling.  In  the  first  case  longitudinal  temperature  of  the 
beam  must  be  sufficiently  high.  Assuming  the  distribution  func¬ 
tion  to  be  Gaussian, /o(u)  =  (27rAu;2)"^''2exp(-uV2Au)2), 
the  stability  condition  can  be  expressed  as: 


The  factor  |Zll  |/ReZll  is  usually  pretty  large.  Therefore  the  sta¬ 
bility  condition  (8)  is  almost  independent  on  the  impedance.  In 
terms  of  a  temperature  it  can  be  expressed  as: 


Rg{v)  =  Rs{c) 


Tjv) 

T(c) 


where  E{z)  is  an  arbitrary  normalized  eigenfield  distribution.  It 
follows  the  estimation: 


=  psmW(2,))/sm(a,j/(2«)ff  . 

where  *0  =  is  a  gap  length,  Sij)  =  lon¬ 

gitudinal  variation  of  the  eigenfield  in  the  gap  assumed  to  be 
-C  ^ /v-  The  factor  reflects  an  influence  of  a  width  of  the 
field  boundary  A;^  =  6/2.4  at  the  entrance  and  exit  of  the  nar¬ 
row  band  element. 


tII  >  TjJ,(K)  =  0.02 


I{pk)ZiL 


(9) 


where  the  factor  fz  ^  I  reflects  the  weak  logarithmic  depen¬ 
dence  on  the  impedance.  For  instance,  longitudinal  oscillations 
in  a  1  /iA  beam  of  Li^^  [8]  with  ^  -  0.06,  1  =  4,  will  be 

Landau-damped  if  its  longitudinal  temperature  TII  >  =  1.6 

K  .  For  1  mA  beam  of  Cfa®  at  TSR  with  ^  =  0.041  the  thresh¬ 
old  temperature  calculated  from  (9)  with  L  =  S,  fz  —  1-5  is- 
=  2  •  10^  K,  which  is  rather  close  to  the  experimental  value 
of  tII  =  3  •  lO'^K. 

This  limit  can  be  removed  if  the  cooling  rate  is  high  enough: 


A||  >  2Afe  = 


H||^ReZ| 

LRZq 


(10) 


III.  COHERENT  STABILITY 

A.  Longitudinal  Oscillations 

The  dispersion  relation  can  be  found  from 
the  kinetic  equation,  which  is  the  Vlasov  equation  plus  cooling- 
diffusion  Fokker-Planck  term  [6].  In  the  reference  frame: 


df  ^  df  ^ 


M||  dw 


(6) 


If  this  is  satisfied  for  all  the  wavenumbers  k  =  n/R,  the  oscil¬ 
lations  are  stable  even  without  Landau  damping.  For  a  given  Ay 
the  restriction  ( 1 0)  can  be  treated  as  a  safe  condition  imposed  on 
the  impedance  Zll.  Assuming  Ay  =  10  for  theLif^  beam 
it  gives:  ReZ^  <  10  KQ. 

B.  Transverse  Oscillations 

Transverse  oscilations  of  ions  of  a  coasting  beam  can  be  de¬ 
scribed  by  the  following  equation: 


where  /o  is  the  beam  phase  density,  /  is  its  perturbation,  w  is 
a  deviation  of  the  particle  velocity  from  the  beam  velocity  v, 
M||  =  -  l/7t)“^  is  a  longitudinal  mass  of  an  ion  of 

the  beam.  Mi  =  AiMp  is  its  mass,  Ai  and  Z,*  are  the  mass  and 
charge  numbers.  Ay  is  the  cooling  rate  and  dy  is  the  diffusion  co¬ 
efficient.  Assuming  the  oscillations  to  be  mainly  determined  by 
the  space  charge  impedance  zH,  the  corrections  introduced  by 
the  cooling,  temperature  (Landau  damping)  and  the  impedance 
Zll  can  be  found  as  perturbations.  It  gives  the  following  disper¬ 
sion  relation  for  longitudinal  coherent  modes  in  a  coasting  beam 
[7]: 

U||  =  cJ2proL  (7-2  -  7r^),  ro  -  Zfe^/{MiC^), 

(7) 


x+u)lx—u)^^{x—x)  =  {proc^/'^)  f  W±{s—s')x{s')ds'  Axx, 

(11) 

where  a?,  x  are  transverse  coordinates  of  an  individual  ion  and  a 
center  of  mass  of  the  beam,  x  =  dx/dt  =:  (— ifi  -j-  incJoV'^f 
is  a  transverse  velocity  of  the  ion,  rj  =  7’^  -  7t  ,  ^  is 

a  deviation  of  a  longitudinal  velocity  from  its  average  value  v, 
^  ^ujqw/v  is  a  betatron  frequency  with  a  chromatic- 

ity  accounted,  p  is  a  linear  density  of  the  beam,  describes  a 
space  charge  defocusing,  is  a  transverse  wake  function, 

Ai  is  a  transverce  cooling  rate.  From  here,  a  dispersion  equation 
follows: 


dIdwho{I)f\\oH{‘^U^)  +  ^c) 

(Q  —  nT]uJo—  + —  (wfco  +  — )^  + 

^  ^  (12) 


where  p  =  N/C  is  a  linear  density  of  the  beam. 
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where  =  2^procc^;o7”^(^■^/^o),  /  is  a  transverse  ac¬ 
tion,  /±o(/), /||o(^)  aro  unperturbed  distribution  functions, 
!  dldwfx^^{l)fp{w)  =  1.  For  small  Landau  damping  and 
cooling  corrections,  the  equation  (12)  can  be  solved: 


Q  =  —{ufyo  +  AQc)n/\n\  -  iX_i/2-  i5j_ 


AQc 


prpc  _  uto 

7Qb  Zo^  “  a;o 


Si_  =  ttAujl  f  dIdwfj_o{I)fp{w)Aujsc{I)' 

•S{AuJsc{^)  +  ReAQc  —  +  \n\riijJow/v), 

(13) 

Here  Aa;5c(f)  =  a;^^(/)/(2tJ6o)  is  an  incoherent  space  charge 
betatron  shift  for  ions  with  the  action  /,  Au^  =  AQluq  = 
Aa;,c(0)  is  the  Laslett  shift. 

The  Landau  damping  term  Sj_  is  seen  to  be  lost  when  the 
incoherent  and  coherent  frequencies  are  separated  more  than  a 
width  of  the  distribution.  Topically,  at  low  relativism  Aul  > 
AQc,  which  follows  the  stability  threshold  for  the  Laslett  shift 

[9],  [10].  Actually,  the  situation  is  similar  to  the  logitudinal 
case,  where  the  space  charge  separates  velocities  of  particles  and 
waves,  also  causing  the  threshold  to  be  almost  independent  on 
the  ring  impedance  (Eq.9). 

The  Landau  decrement  can  be  asymptotically  calculated 
from  Eq,(13)  for  a  thermal  equilibrium,  with  some  longitudinal 
and  transverse  temperatures  T||  =  MAw^,  Tj_  : 


<x  =  ./|Ax.„y»exp(-3pV=), 

(14) 

From  here,  the  stability  condition  for  the  Landau  suppression  of 
the  instability  can  be  presented  as: 


A(?i  <  AQtH  »  0.2|  -  ^  +  |n|7?|^  lu3/2  ,  (15) 

where  An  =  Im  AQc-  The  limit  value  for  the  Laslett  tune 
shift  is  determined  by  the  mode  with  the  minimum  longitudinal 
number  n,  which  has  the  increment  higher  than  cooling  decre¬ 
ment:  An  >  Ax /2.  Due  to  a  large  argument  of  the  logarithm 
(^10^-1- 10^),  the  result  is  almost  unsensitive  on  it;  the  logarith¬ 
mic  factor  itself  is  a  large  constant:  ln^^^(...)  «  50  -r  60.  As¬ 
suming  the  cooling  rate  to  be  smaller  than  long  wave  (n  <  |^|) 
increments,  the  threshold  Laslett  shift  is  found: 

AQtA  w  l0\C\Aw/v.  (16) 

Taking  as  an  example  typical  for  TSR  at  the  threshold  Aw/v  = 
10“^  and  1^1  =  5,  it  gives  AQth  =  0.05,  which  is  close  to 
the  observed  value  [11].  The  restriction  on  the  Laslett  tune  shift 
(15)  is  removed  for  sufficiently  low  currents,  with  the  cooling 
rate  higher  then  coherent  increments:  Ax  >  2A.  For  the  men¬ 
tioned  Li  beam,  with  Ax  =  Is”^,  it  gives  the  restriction  for  the 
impedance:  RcZ-^  <  15MQ/m, 


IV.  CONCLUSIONS 

The  concept  of  the  storage  ring  impedance,  developed  mainly 
for  ultrarelativistic  beams  cannot  be  at  once  applied  to  low  and 
moderate  energy  cases.  The  reason  is  that  the  causality  prin¬ 
ciple  for  wake  fields  generally  is  not  valid  here,  which  cause 
an  exponential  damping  of  impedances  above  a  certain  thresh¬ 
old.  The  approach  suggested  gives  the  possibility  to  find  the  wall 
impedance  for  an  arbitrary  energy  if  its  ultrarelativistic  value  is 
known.  At  low  energies,  /?  <  0.5  --  0.8  the  broad-band  wall 
impedance  is  exponentially  damped  and  too  weak  to  cause  in¬ 
stabilities  of  a  cooled  beam.  A  narrow-band  impedance  could  be 
dangerous  if  its  eigenfrequency  Ur  is  rather  low:  ujrb/v  <1, 

Space  charge  of  a  beam  switches-off  the  Landau  damping, 
above  certain  thresholdes,  for  both  longitudinal  and  transverse 
oscillations.  For  typical  cooling  rates,  low  current  (jiA )  beams 
could  be  cooled  below  the  thresholds. 
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Abstract 

The  PEP-II  high  energy  ring  (HER)  vacuum  chamber  consists 
of  a  copper  tube  with  periodically  spaced  pumping  slots.  The 
impedance  of  the  vacuum  chamber  due  to  the  slots  is  analyzed. 
Both  narrow -band  and  broad-band  impedances  are  considered 
as  well  as  longitudinal  and  transverse  components  thereof.  It  is 
found  that  although  the  broad-band  impedance  is  tolerable,  the 
narrow-band  impedance  may  exceed  the  instability  limit  given 
by  the  natural  damping  with  no  feedback  system  on.  Traveling 
wave  modes  in  the  chamber  are  the  major  source  of  this  high 
value  narrow-band  impedance.  We  also  study  the  dependences 
of  the  impedance  on  the  slot  length  and  the  geometrical  cross 
section, 

1.  ABOUT  SMALL  IMPEDANCES 

In  order  to  create  a  “feeling”  about  the  magnitude  of  small 
impedances,  we  shall  start  with  a  general  note  of  caution  show¬ 
ing  that  even  a  tiny  little  cavity  in  a  beam  pipe  can  easily  create 
kQ  of  impedance.  Thus  one  such  small  cavity  by  itself  might  be 
capable  of  driving  the  beam  unstable.  Let  us  consider  for  sim¬ 
plicity  a  circular  symmetric  beam  pipe  with  a  small  pill-box  cav¬ 
ity  in  it.  Such  a  cavity  (see  Fig.  1)  has  one  trapped  mode  [1]  for 
each  m,  where  m  is  the  azimuthal  mode  number.  We  restrict  our 
consideration  to  the  TMoio  mode  here  for  simplicity  and  obtain 
by  numerical  analysis  with  MAFIA  the  trapped  mode  as  shown 
in  Fig.  2.  The  trapped  mode  parameters  are  listed  in  Table  1.  It 
can  be  seen  that  a  tiny  cavity  with  only  3  mm  dent  at  the  out¬ 
side  of  the  beam  pipe  can  exceed  the  tolerable  impedance  limit 
in  a  B-factory  machine  without  feedback  by  a  significant  factor. 
A  deeper  dent  of  10  mm  over  the  length  of  20  mm  is  even  12 
times  higher  and  becomes  relevant  even  if  there  is  a  powerful 
feedback. 

*Work  supported  by  the  Department  of  Energy,  contract  DE-AC03- 
76SF00515, 

t Permanent  address:  University  of  Technology,  FBI 8,  Schlongortenstr.8, 
D64289,  Darmstadt,  Germany. 


Figure  1.  Three  dimensional  cutaway  view  of  two  very  small 
cavities  in  a  circular  beam  pipe.  The  cavity  is  20  mm  long.  Their 
inner  radius  is  35  mm,  and  the  outer  radii  are  38  mm  and  45  mm 
for  the  two  cases. 


trapped  mode  TMoio  in  a  small  “cavity”  (router  =45  mm)  in  a 
circular  beam  pipe.  Note  the  exponential  decay  over  a  long  dis¬ 
tance  at  both  sides. 


Gap  length  (mm) 

"dinner  (mm) 

^  outer 

20 

35 

38 

20 

35 

45 

fres  (GHz) 

3.258 

3.062 

R,  (kQ) 

7 

88 

Q 

27000 

20000 

ko  (V/pC) 

0.003 

0.042 

Table  1:  Small  cavity  trapped  mode  parameters. 

II.  VACUUM  CHAMBER  MODELS 

Various  models  of  the  vacuum  chamber  have  been  analyzed 

for  PEP-II.  However,  as  the  basic  physical  picture  is  the  same 
for  all  the  different  models,  only  a  generic  one  is  considered 
here.  Fig.  3  shows  the  three-dimensional  view  of  a  generic  vac¬ 
uum  chamber  with  slots  on  one  side.  The  dimensions  have  been 
chosen  close  to  the  PEP-II  design[2],  but  may  be  considered  as  a 
generic  chamber  layout  for  electron/positron  storage  rings.  Ac¬ 
tually,  the  vacuum  chamber  of  PEP,  PETRA  and  HERA  are  al¬ 
most  identical  in  size.  All  results  presented  here  are  per  vacuum 
chamber  slotted  section  and  not  for  the  full  length  of  the  final 
chamber.  Thus  depending  on  the  slot  length  one  has  to  multiply 
the  single  section  results  with  an  appropriate  factor.  For  PEP-II 
this  factor  is  approximately  I000/L,/ot(ni). 

III.  LONGITUDINAL  BROAD-BAND 

IMPEDANCE 

The  impedance  in  general  depends  on  the  slot  length  and  it 
saturates  when  the  length  is  about  1-2  times  of  its  width  [3].  The 
pumping  requirements  normally  only  are  set  by  a  total  pun:q)ing 
channel  cross  section.  Thus  it  is  worthwhile  to  investigate  the 
influence  of  the  length  of  a  slot  in  order  to  find  an  optimum 
slot  length  from  the  impedance  point  of  view.  The  wakefield  is 
found  to  be  purely  inductive  in  nature.  From  the  low  frequency 
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Figure  3.  Three  dimensional  view  of  a  generic  vacuum  chamber 
model  with  four  pumping  slots  connecting  the  beam  chamber 
with  a  side  chamber.  The  side  chamber  houses  vacuum  pumps. 
For  the  purpose  of  impedance  analysis  the  pumps  are  replaced 
by  a  conducting  wall.  The  inner  width  is  9  cm,  the  inner  height 
5  cm,  the  slot  width  3  mm,  and  the  longitudinal  slot  spacing 
1  cm.  The  only  free  parameter  is  the  slot  length  Lsiot  and  the 
number  of  slotted  sections. 

spectrum  of  the  wakefield,  the  inductance  is  determined  and  its 
length  dependence  is  shown  in  Fig.  4.  The  inductance  converges 
very  quickly  to  a  saturated  value  of  4.0  x  10*"^  nH.  The  loss 
parameter  has  similar  variation  behavior  and  its  saturated  value 
is  7.9  X  10“'^  V/pC.  Tliis  parameter  is  a  good  indication  of  the 
effective  real  part  of  the  impedance  weighted  with  the  bunch 
spectrum.  The  real  part  of  the  impedance  is  obviously  rather 
small  compared  to  the  imaginary  part. 


Figure  4.  Inductance  as  a  function  of  slot  length. 


IV.  LONGITUDINAL  NARROW-BAND 
IMPEDANCE 

Narrow-band  impedances  are  mostly  locally  confined  reso¬ 
nant  modes  in  cavities.  A  second  type  of  resonant  impedance  is 
given  by  the  waveguide  character  of  a  vacuum  chamber.  Basi¬ 
cally  being  a  periodic  structure,  it  carries  traveling  waves  with 
longitudinal  and  transverse  modes  just  like  any  traveling  wave 
accelerating  structure.  There  are  two  possibilities  to  address  this 
particular  in^edance,  namely  frequency  and  time  domain  ap¬ 
proaches.  Strong  effects  may  be  found  by  time  domain  simu¬ 
lations  of  a  few  sections,  and  weaker  effects  by  modeling  the 
chamber  as  aperiodic  structure  in  frequency  domain. 

(a)  Section-to-section  resonant  effects 

In  order  to  identify  strong  section-to-section  effects  the 
wake  potentials  were  computed  for  pieces  consisting  of  1,2,4 
and  8  sections,  with  4  slots  per  section  (see  Fig.  3).  On  the  scale 
where  the  wake  potential  is  inductive,  no  significant  build-up  of 
a  resonant  type  of  impedance  has  been  observed.  However,  this 
does  not  mean  that  the  resonant  impedance  is  negligible  but  only 
that  it  is  small  compared  to  the  inductive  broad-band  impedance. 


Mode 

<f>/° 

//GHz 

k/{W/C) 

Q 

Rs/mQ 

163 

3.27 

1892 

1 

143 

3.63 

383 

35000 

1 

3 

133 

3.80 

20170 

15000 

25 

4 

120 

4.00 

148000 

27000 

318 

5 

120 

4.00 

3129 

8000 

2 

6 

97 

4.37 

8129 

10000 

6 

7 

75 

4.74 

23960 

37000 

60 

Table  2.  First  seven  synchronous  modes  and  the  associ¬ 
ated  impedances,  quality  factors,  loss  parameters  and  shunt 
impedances. 


Very  narrow  impedances  cannot  be  found  this  way  but  need  to 
be  analyzed  by  frequency  domain  approaches. 

(b)  Traveling  Wave  Analysis 

As  a  single  mechanical  unit,  a  vacuum  chamber  is  made 
from  100-200  sections,  and  an  analysis  based  on  infinitely  re¬ 
peating  structure  is  adequate.  Thus  we  can  compute  traveling 
waves  for  any  given  phase  advance  per  cell.  Such  a  computa¬ 
tion  results  in  a  Brillouin  diagram  as  one  normally  finds  in  lin¬ 
ear  accelerator  designs  where  similarly  long  structures  (100-200 
cavity  cells)  are  used  in  one  unit. 

For  the  vacuum  chamber  there  exist  two  types  of  modes. 
One  group  shows  almost  “empty  waveguide”  mode  patterns.  A 
second  group  shows  fields  concentrated  in  the  slot  region  with 
almost  no  field  in  the  center  of  the  vacuum  chamber.  Examples 
of  these  modes  for  40  mm  slot  length  are  shown  in  Figs.  5  and  6. 
In  Fig.  7,  we  show  the  Brillouin  diagram  for  the  structure.  The 
loss  parameters,  quality  factors  and  shunt  impedances  for  the 
first  seven  synchronous  waves  are  listed  in  Table  2.  The  mode 
shown  in  Fig.  6,  a  TMn-likemode,  has  a  strong  beam  coupling. 
Its  impedance  is  comparable  to  the  acceptable  value. 


Figure  5.  The  real  part  of  the  electric  field  of  mode  2  with 
/  =  3.616  GHz  and  phase  advance  120^  per  section. 


Figure  6.  The  real  part  of  the  electric  field  of  mode  4  with 
/  =  3.996  GHz  and  phase  advance  120^  per  section. 

V.  TRANSVERSE  BROAD-BAND  IMPEDANCE 

Since  the  vacuum  chamber  is  symmetric  with  respect  to  the 
horizontal  axis,  the  vertical  forces  vanish  exactly  when  the  par¬ 
ticles  pass  the  chamber  on  axis.  In  the  horizontal  plane  the  sit- 
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Phase  Advance  per  Period  /  degree 

Figure  7.  The  Brillouin  diagram  for  the  vacuum  chamber  with 
a  slot  length  of  40  mm  and  a  period  length  of  50  mm.  The  line 
light  is  the  solid  straight  curve.  The  synchronous  modes  are 
marked  by  circles. 
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Figure  9.  Real  part  of  the  (a)  electric;  (b)  magnetic  field  of 
mode  7  (f =4.131  GHz)  at  the  synchronous  phase  of  75®. 


VI.  TRANSVERSE  NARROW-BAND 
IMPEDANCE 


Figure  8.  Transverse  wake  potentials  as  functions  of  s. 

nation  is  more  complex.  As  there  is  no  right-left  symmetry  in 
the  vacuum  chamber,  transverse  wake  forces  act  on  the  particles 
all  the  time,  wherever  they  pass  with  respect  to  the  center  of  the 
chamber.  The  impedance  is  split  into  a  constant  and  x-dependent 
part.  These  portions  can  be  obtained  by  computing  the  wake  po¬ 
tentials  at  different  horizontal  beam  positions.  The  difference  of 
the  wake  potentials  between  off-axis  and  on-axis  divided  by  the 
offset  gives  an  impedance  compatible  with  the  standard  theory 
for  transverse  impedances.  The  constant  remaining  part  and  the 
linearly  rising  part  of  the  wake  potentials  have  different  effects 
on  the  beam  dynamics.  The  vertical  and  horizontal  components 
of  the  transverse  wake  potential  are  shown  in  Fig.  8. 

The  effects  of  the  transverse  wakes  can  be  evaluated  by 
the  effective  transverse  kick  parameter  defined  as  Arx  = 
p(5)iyi(s)d5/(X^  p{s)ds)^.  The  horizontal  and  trans¬ 
verse  iti  are  found  to  be  0.00087  and  0.00003  V/pC/m  respec¬ 
tively.  The  horizontal  fei  is  higher  because  of  the  large  non¬ 
varying  part  of  the  wake  potential.  For  a  typical  single-cell 
500  MHz  cavity,  V/pC/m.  Thus  the  transverse  kicks  of 
the  vacuum  chamber  have  very  small  effects  on  beam  dynamics 
properties  such  as  tune  shift. 


One  of  the  first  traveling  wave  modes  mentioned  in  section  IV 
is  investigated  here  as  an  example,  being  likely  a  candidate  for  a 
strong  transverse  narrow-band  impedance.  The  fields  are  shown 
in  Fig.  9.  The  longitudinal  loss  parameter  as  a  function  of  hor¬ 
izontal  position  is  shown  in  Fig.  10.  The  transverse  impedance 
of  this  mode  is  found  to  be  0.134  MQ/m^,  which  should  be  com¬ 
pared  with  340  Mf2/m^  of  a  typical  single-cell  500  MHz  cavity. 

VIL  DISCUSSIONS 

The  broad-band  and  narrow-band  impedances  can  be  further 
reduced  by  orders  of  magnitude  by  using  hidden  slots  [4]  em¬ 
bedded  half-way  in  a  continuous  longitudinal  groove.  In  fact, 
the  PEP-II  design  has  chosen  this  approach.  Furthermore,  the 
effects  of  transverse  impedances  on  beam  dynamics  remain  to 
be  investigated. 
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Figure  10.  The  longitudinal  loss  parameter  as  a  function  of 
horizontal  position  x.  The  functional  dependence  is  nearly 
quadratic.  Due  to  the  mechanical  asymmetry,  the  minimum  of 
the  wake  is  not  at  the  center  £c=0,  but  is  slightly  shifted  away 
from  the  slotted  side  of  the  vacuum  chamber. 
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Abstract 

Bunch  lengthening  (or  shortening)  caused  by  the  potential 
well  distortion  and  the  microwave  instability  in  electron  rings 
with  negative  momentum  compaction  factor  is  discussed  in  de¬ 
tail  based  on  the  resonator  impedance  model;  further,  a  com¬ 
parison  with  rings  of  positive  momentum  compaction  factor  is 
given.  It  was  found  that  the  bunch  shape  is  less  deformed  and 
the  current  threshold  of  the  microwave  instability  is  higher  in  the 
rings  with  negative  momentum  compaction  factor  over  a  very 
wide  range  of  the  impedance  parameters.  The  results  also  show 
that  even  within  the  range  where  the  threshold  for  positive  mo¬ 
mentum  compaction  is  higher  than  that  for  negative  momentum 
compaction,  the  bunch  lengthening  is  still  less  serious  in  most 
cases.  Finally,  an  example  of  bunch  lengthening  in  the  case  that 
O'  <  0  with  a  real  wake  field  of  the  SLC  damping  ring  (old  vac¬ 
uum  chamber)  is  given  in  contrast  to  the  case  in  which  a  >  0. 

Introduction 

In  most  of  the  existing  low  energy  electron-positron  colhd- 
ers,  a  positive  momentum  compaction  factor  (a  >  0)  is  usually 
adopted.  Bunch  lengthening  in  such  machines  is  one  of  the  most 
important  factors  which  limit  the  luminosity  performance  and  its 
upgrade.  Using  negative  momentum  compaction  is  one  of  the 
hopeful  approaches[l]  to  shorten  the  bunch  length. 

The  method  and  computer  program  developed  by  K.  Oide 
and  K.  Yokoya[2]  were  used  to  study  the  longitudinal  bunch 
behaviour.  The  potential  well  distortion  (PWD)  and  the  threshold 
of  microwave  instabilities  with  a  resonator  impedance  model  for 
both  the  or  >  0  and  a  <  0  cases  are  discussed  and  compared  in 
detail  in  the  first  and  second  sections.  Finally,  as  an  example, 
bunch  lengthening  in  a  ring  with  a  real  wake  field  of  the  SLC 
damping  ring  (old  vacuum  chamber)  for  a  >  0  and  a  <  0  is 
demonstrated.  Generally  speaking,  bunch  lengthening  is  less 
serious  in  rings  with  a  <  0. 

L  Potential  well  distortion 

When  the  beam  intensity  is  low  enough,the  bunch  behaviour 
is  determined  by  its  own  potential  well  field.  The  bunch  shape  is 
deformed  and  its  length  changed.  A  self-consistent  solution  of 
the  bunch  shape  is  found  by  applying  numerical  solution  of  the 
Haissinski  equation[2][3].  Using  the  well-known  dimensionless 
Keil-Schnell  criterion  parameter,  s  ==  — >  where  7  is 

wlo(-) 

€ 

the  current  intensity,  Rg  the  shunt  impedance  of  a  broad-band 

p 

resonator,  and  the  nominal  beam  energy  in  unit  of  Volts,  we 
*Superconducting  Super  Collider  Laboratory,  Dallas. 
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give  the  typical  distribution  of  the  particles  in  the  bunch  vs  g  in 
the  Figs.  1(a)  and  1(b)  for  the  resonator  impedance  model  with 
Q  =  1  and  K  =  1.  Here  Q  is  the  quality  factor,  K  =  cor^, 
cor  is  the  resonator  frequency,  is  rms  natural  bunch  length,  c 
is  the  speed  of  light,  respectively.  One  can  see  the  cases  a  >  0 
and  a  <  0  are  quite  different . 


Figure.  1.  Bunch  shape  (density  distribution  within  the  bunch) 

for  various  intensities. 

%vspace-2.5mm 


1.  As  usual,  the  bunch  leans  forward  to  compensate  for  the 
energy  loss  by  the  RF  voltage  in  the  case  a  >  0,  and  back¬ 
ward  at  Ckf  <  0. 

2.  The  bunch  shape  is  seriously  distorted  for  a  >  0;  for  high 
intensity,  sometimes  two  peaks  appear.  However,  it  is  less 
distorted  for  a  <  0. 

The  reason  is  obvious:  in  the  case  o'  >  0,  most  particles  move 
to  the  front  part  of  the  bunch;  then,  the  wake  field  produced  by 
them  disturbs  the  tail  part  of  the  beam,  and  a  large  deformation 
occurs  at  the  tail  part  at  high  intensity.  However,  in  the  case 
Of  <  0,  most  particles  move  to  the  back  of  the  bunch;  since  the 
wake  field  generated  by  these  particles  is  mostly  located  outside 
of  the  beam,  only  a  portion  of  the  beam  is  disturbed.  A  calculation 
shows  that  the  two  peaks  never  appear  in  the  a  <0  case,  and 
that  the  beam  always  remains  in  good  order. 

Figs.  2(a)  and  2(b)  give  the  bunch  length  variation  vs  the 
current.  Bunch  lengthening  is  very  serious  in  the  case  that  a  > 
0;  at  high  intensity ^  the  lengthening  factor  is  between  1.45  to 
1.65.  However,  it  is  between  1.05  to  1.25  for  a  <  0.  A  similar 
phenomenon  occurs  for  different  Q.  This  can  be  explained  as 
follows. 

For  a  long  bunch  (K  >  1),  in  the  case  a  >  0,  the  spectrum 
of  the  bunch  is  mainly  in  the  inductive  part  of  the  impedance, 
which  causes  the  bunch  to  lengthen  and  moves  the  spectrum 
even  further  to  the  inductive  part  of  the  impedance.  It  is  like  a 
“positive  feedback”,  which  causes  the  bunch  length  to  increase 
exponentially  with  the  intensity.  However,  in  the  case  a  <  0, 

^For  example,  Ik,s  =  16  corresponds  to  40  mA  for  BEPC 
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Figure.  2.  Bunch  length  vs  current,  2  =  1. 


most  of  the  spectrum  of  a  long  bunch  is  in  the  negative-inductive 
part  of  the  impedance,  which  causes  the  bunch  to  shrink,  thus 
forming  a  “negative  feedback”.  As  a  result,  the  bunch  length 
increase  is  nearly  linear  and  very  slightly. 

For  a  short  bunch  (^  <  1)  ,  the  situation  is  similar  in  the 
case  a  <  0,  in  that  most  of  the  spectrum  of  the  short  bunch 
overlaps  with  the  negative-capacitive  part  of  the  impedance, 
which  causes  bunch  lengthening.  The  spectrum  thus  moves  to  the 
negative-inductive  part  of  the  impedance,  which  partly  cancels 
the  negative-capacitive  part  and  a  “negative  feedback”  mecha¬ 
nism  is  formed,  so  that  the  lengthening  becomes  weaker.  This 
is  why  bunch  lengthening  of  a  short  bunch  is  always  mild,  as 
shown  in  Fig.  2(a),  curve  “A”.  Howe'^er,  it  is  quite  different  in 
the  case  a  >  0;  it  seems  there  should  be  a  “positive  feedback” 
mechanism  to  push  the  bunch  length  so  as  to  become  shorter. 
However,  it  is  not  true  when  the  bunch  is  shortened  to  some  ex¬ 
tent;  in  this  case  the  wake  field  generated  by  the  head  part  of 
the  bunch  is  so  strong  that  it  causes  a  serious  deformation  of  its 
tail  part.  The  bunch  shortening  is  then  stopped  and  lengthening 
starts.  Once  the  bunch  becomes  lengthened,  “positive  feedback” 
plays  an  important  role,  and  the  bunch  length  increases  even 
more  significantly  (curve  “B”  in  Fig.  2(b)). 

11.  Microwave  Instability 

Above  the  current  threshold  of  the  microwave  instability,  the 
main  results  for  the  resonator  impedance  model  with  various 
parameters  are  described  as  follows: 

1.  In  the  case  or  <  0,  the  mechanism  of  microwave  insta¬ 
bilities  is  mainly  due  to  radial  mode  coupling  within  a  single 
azimuthal  band;  in  the  case  a  >  0,  however,  besides  the  radial 
mode  coupling  belonging  to  same  azimuthal  band,  instabilities 
are  sometimes  excited  by  the  mixture  of  radial  and  azimuthal 
mode  coupling  .  Qualitative  analysis  has  been  given  in  Ref.  [4]. 
Here  only  the  brief  results  are  given  in  Figs.  3(a)  and  3(b)  for 
2  =  1  and  ^  =  1. 

One  can  see,  the  adjacent  azimuthal  modes  remain  separated 
until  a  very  high  current  in  the  case  a  <  0,  whereas  different 
modes  merge  even  at  a  very  low  intensity  in  the  case  a  >  0. 
Usually  the  azimuthal  mode  coupling  instabilities  are  stronger, 
the  growth  rate  rapidly  increases  with  the  intensity.  This  is  also 
shown  in  Figs.  3(a)  and  3(b). 

2.  From  a  general  point  of  view  the  threshold  of  microwave 
instabilities  is  higher  over  a  rather  wide  range  of  K  values  for  the 
case  Of  <  0.  Even  in  the  range  where  the  threshold  is  lower  than 
in  the  case  or  >  0,  in  most  cases  bunch  lengthening  is  still  much 
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Figure.  3.  Adjacent  azimuthal  modes  merge  with  the  intensity 
and  the  magnitude  of  the  growth  rate  (propotional  to  the  size  of 
the  cross). 


(a)a<0  (b)a<0 


less  serious  than  in  the  case  a  >  0,  if  the  machine  is  operated  at 
the  same  intensity. 

Comparisons  of  the  current  thresholds  between  both  a  >  0 
and  a  <  0  cases  are  given  in  Fig.  4.  In  this  comparison,  the 
growth  rate  5  x  10"^  (in  units  of  (Oso)  is  chosen  as  the  thresh¬ 
old  for  all  instabilities  modes,  and  radiation  damping  is  omitted. 
Similar  characters  have  been  obtained  for  different  2 » so  we  take 


Figure.  4.  Current  threshold  vs  K  for  different  2  =  0.6  (Solid 
lines  for  a  >  0  and  dashed  lines  for  a  <  0). 

the  more  typical  one,  Q  =  0.6,  as  an  example  for  a  detailed  de¬ 
scription.  From  this  picture,  one  can  find  three  different  regions: 
a:  <0.75;  0.75  <K  <  1.1;  AT  >  1.1. 

1).  AT  >  1.1.  In  this  region  the  threshold  of  a  <  0  is  higher 
than  the  threshold  of  a  >  0,  and  the  system  appears  to  be  induc¬ 
tive  (or  negative  inductive)  for  a  >  0  (or  a.  <  0). 

In  the  case  where  o'  <  0,  since  all  of  the  azimuthal  modes  are 
fully  separated,  a  total  of  four  pure  radial  mode  instabilities  (each 
occurs  in  its  own  azimuthal  band),  appear  in  this  region.  All  of 
these  instabilities  are  not  strong.  The  lowest  threshold  among 
the  four  instabilities  is  4,5  =  4  at  AT  =  1.2. 

In  the  case  where  a  >  0,  two  pure  radial  mode  and  one  az¬ 
imuthal  mode  instabilities  appear  in  this  region.  The  azimuthal 
mode  instability  is  the  strongest;  it  occurs  in  the  merging  region 
of  mode  2  and  mode  3  when  the  intensity  is  high.  Nevertheless, 
its  threshold  is  not  the  lowest  one.  The  lowest  threshold  which 
becomes  the  boundary  in  this  region  is  determined  by  one  of  the 
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two  pure  radial  modes  which  occur  when  azimuthal  modes  1  and 
2  are  separated  at  low  intensity.  They  finally  both  disappear  at 
K  >  1.8;  mode  2  also  disappears  at  ^  <  1.0.  The  corresponding 
threshold  with  different  K  is  lower  than  that  in  the  case  a  <  0. 

The  bunch  lengthening  (^)  at  the  threshold  is  also  shown 
in  Fig.  4,  the  numbers  attached  to  the  marks  with  underline 
for  a  <  0  and  without  that  for  or  >  0.  Obviously,  the  bunch 
lengthening  is  much  stronger  in  the  case  a  >  0. 

2) .  0.75  <  K  <  1.1.  The  threshold  of  O'  <  0  is  lower  than  that 
of  CkT  >  0;  in  this  region  the  resistive  character  is  dominant.  In 
the  case  a  <  0,  although  the  four  pure  radial  mode  instabilities 
still  exist,  the  threshold  of  mode  2  decreases  very  rapidly  with 
decreasing  K,  and  arrives  at  its  minimum  at  AT  =  1,  giving  the 
lowest  threshold  value.  For  a  >  0,  only  mode  1  still  exists,  and 
gives  the  boundary  of  the  threshold. 

The  maximum  difference  in  the  threshold  value  between  a  <  0 
and  O'  >  0  is  less  than  50  %  that  at  AT  =  1;  the  former  is  4, ^  =  3, 
and  the  latter  is  4  j  =4.2.  If  a  machine  with  a  >  0  is  operated  at 
the  same  intensity  as  the  threshold  of  a  <  0,  i.e.,  h^s  =  3.0,  the 
bunch  lengthening  is  1.07,  which  is  higher  than  1.001  for  a  <  0. 

For  increasing  the  threshold  of  a  <  0  in  this  region,  the  sim¬ 
plest  way  is  to  increase  the  energy  spread  of  the  beam;  one  can 
roughly  estimate  the  bunch  lengthening  at  the  new  higher  thresh¬ 
old  by  the  scaling.  A  calculation  shows  that  it  is  effective  in  most 
cases;  only  about  a  5~10%  energy  spread  increment  is  needed. 
One  can  thus  easily  increase  the  threshold  of  the  a  <0  case  to 
the  same  value  as  in  the  a  >0  case.  In  the  meantime,  the  bunch 
lengthening  is  still  less  than  that  in  the  case  a  >  0. 

3) .  K  <  0.75.  The  threshold  of  a  <  0  is  higher  than  that 
for  a  >  0,  and  the  capacitive  character  is  dominant  in  this  re¬ 
gion.  The  lowest  threshold  boundary  in  the  case  that  or  <  0  is 
determined  by  the  pure  radial  mode  2  instability;  in  the  case  that 
a  >  0  it  is  determined  mainly  by  the  azimuthal  mode  instability, 
which  is  very  strong,  and  the  bunch  shape  is  seriously  deformed 
and  two  peaks  appear. 

It  is  surprising  that  the  threshold  is  unbelievably  high  in  this 
region.  This  may  not  be  true  for  a  realistic  machine;  first,  a 
smaller  K  means  a  weaker  wakefield,  which  may  not  be  rea¬ 
sonable  in  practical  cases.  Second,  because  the  real  impedance 
cannot  be  correctly  described  sufficiently  by  the  simple  resonator 
impedance  model,  a  small  K  means  that  the  system  appears  to 
be  more  capacitive  for  a  short  natural  bunch  length;  it  may  also 
not  be  true.  It  was  pointed  out  in  Ref.  [5]  that  the  wakefield  of  a 
realistic  machine  is  always  determined  by  many  small  disconti¬ 
nuities,  and  most  of  them  are  inductive.  It  is  quite  different  from 
the  resonator  impedance.  Thus,  in  practice,  most  realistic  ma¬ 
chine  parameters  are  located  at  the  right-hand  side  of  the  picture 
i.e.,  K  >  0.9. 

A  real  example  is  given  here  by  using  the  wake  field  of  the 
old  vacuum  chamber  of  the  SLC  damping  ring[5].  Figs.  5(a) 
and  5(b)  give  the  microwave  thresholds  for  both  cases;  the  result 
coincides  with  the  analysis  mentioned  above. 

Another  very  interesting  phenomenon  is  that  even  above  the 
threshold  the  bunch  length  behavior  is  very  similar  to  that  de¬ 
scribed  by  a  pure  potential  well  distortion;  about  half  the  bunch 
lengthening  is  contributed  by  PWD  in  most  cases. 


Figure.  5.  Threshold  and  bunch  length  behaviour  for  or  <  0  and 
a  >  0  with  the  wake  field  of  the  old  vacuum  chamber  of  SLC 
damping  ring. 

Conclusion 

The  longitudinal  bunch  shape  is  less  deformed  and  bunch 
lengthening  is  less  serious  in  electron  rings  with  negative  momen¬ 
tum  compaction  factor.  A  natural  “negative  feedback”  mecha¬ 
nism  can  explain  the  above  mentioned  phenomenon.  Even  above 
the  threshold  the  intrinsic  shape  of  the  potential  well  field  plays 
an  important  role. 
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Abstract 

The  question  of  microwave  stability  at  transition  is  revisited 
using  a  Vlasov  approach  retaining  higher  order  terms  in  the  par¬ 
ticle  dynamics  near  the  transition  energy.  A  dispersion  relation 
is  derived  which  can  be  solved  numerically  for  the  complex  fre¬ 
quency  in  terms  of  the  longitudinal  impedance  and  other  beam 
parameters.  Stability  near  transition  is  examined  and  compared 
with  simulation  results. 

L  INTRODUCTION 

The  question  of  microwave  stability  at  transition  has  long  been 
an  issue  for  machines  which  must  pass  through  transition  en¬ 
ergy.  Due  to  the  fact  that  the  relative  motion  of  particles  at  transi¬ 
tion  goes  to  zero,  Landau  damping  is  presumed  to  vanish.  How¬ 
ever,  growth  rates  may  also  be  sufficiently  long  to  prevent  sig¬ 
nificant  mode  growth.  Recent  theoretical  studies  have  suggested 
that  transition  is  absolutely  stable  against  microwave  modes  ow¬ 
ing  to  a  particular  cancellation  of  resonant  contributions  [1],  al¬ 
though  this  analysis  was  based  on  a  truncated  model  of  the  par¬ 
ticle  dynamics. 

In  this  work  we  would  like  to  reconsider  microwave  stability 
at  transition  including  a  necessarily  higher-order  expansion  of 
the  particle  motion  around  the  transition  point.  This  is  done  in 
order  to  resolve  the  pole-cancellation  issue  referred  to  above.  In 
particular,  we  find  that  while  a  portion  of  the  distribution  may  in¬ 
deed  be  stable  near  transition,  those  particles  which  exist  slightly 
off  transition  in  a  distribution  of  finite  momentum  spread  will  al¬ 
ways  lead  to  instability.  By  retaining  higher-order  terms  in  the 
particle  motion,  we  find  an  extension  of  the  usual  linear  stability 
model  for  longitudinal  modes  which  shows  the  appearance  of  a 
new  unstable  branch.  The  resulting  dispersion  relation  is  solved 
numerically  for  the  stability  boundary  in  the  impedance  plane. 

As  a  confirmation  of  the  analytical  results,  we  have  performed 
particle  simulations  in  a  coasting  beam,  consistent  with  the  no¬ 
tion  of  short-  wavelength  modes  associated  with  microwave  in¬ 
stability.  Using  this  approach,  we  find  that  regions  of  instability 
always  occur  above  transition  that  can  lead  to  longitudinal  emit- 
tance  blowup. 


IL  THEORY 

The  following  dispersion  relation  can  be  derived  from  the 
Vlasov  equation  [1]  which  expresses  the  relation  between  the 
impedance  and  the  coherent  frequency  of  the  collective  mode. 
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where  N  is  the  number  of  particles,  n  is  the  harmonic  number, 
Zn  is  the  impedance  associated  with  the  nth  harmonic,  i/>  is  a  nor¬ 
malized  distribution  function  which  is  a  solution  to  the  Vlasov 
equation,  e  is  the  energy  deviation  from  the  synchronous  parti¬ 
cle  which  is  referred  to  by  the  subscript  0,  and  Qn  is  the  coherent 
frequency.  The  integral  contour  is  chosen  so  that  is  continu¬ 
ous  while  crossing  the  real  axis.  The  frequency  a;  (e)  in  terms  of 
the  dispersion  coefficents  is  given  by 


u;(6)  =  0^0  “  ““  ^0 
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The  quantities  oro  and  a i  are  the  momentum  compaction  factors. 

We  have  solved  Eqn.  1  for  Znjn  assuming  a  Gaussian  distri¬ 
bution 


The  integral  can  be  reduced  to  evaluating  the  plasma  disper¬ 
sion  integral  which  can  be  expressed  in  terms  of  the  complex  er¬ 
ror  function.  Thedetails  are  outlinedin  the  appendix.  The  results 
are 
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.V^(27r)2cr^  771 


(7) 


The  quantities  A,  ci  and  are  defined  in  Eqns.  15-17. 


III.  CALCULATIONS 

A  Stability  Diagram 

A  program  was  written  to  plot  the  real  part  of  Z^/n  vs.  the 
imaginary  part  for  Eqn.  7  for  different  values  of  the  coherent  fre¬ 
quency  fin  and  different  places  near  transition.  Figure  1  is  a  plot 
of  the  stability  diagram  below  transition.  The  dots  are  for  a  real 
coherent  frequency  and  the  pluses  are  for  a  complex  coherent  fre¬ 
quency.  The  beam  is  stable. 

Figure  2  is  a  plot  of  the  stability  diagram  above  transition.  The 
dots  are  for  a  real  coherent  frequency  and  the  pluses  are  for  a 
complex  coherent  frequency.  There  are  regions  of  unstability. 
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Figure  1.  Stability  diagram  below  transition.  There  are  no  re¬ 
gions  of  instability. 


Figure  2.  Stability  diagram  above  transition. 
B.  Particle  Simulation 


Angular  Poallon 


Figure  3.  Particle  simulation  below  transition.  The  distribution 
is  stable. 
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Simulations  of  coherent  phenomena  in  coasting  beams  were 
first  reported  in  1975  [2].  The  essential  physics  is  contained  in 
the  character  of  the  incremental  kicks  given  to  the  particle’s  po¬ 
sition  and  energy  per  turn,  relative  to  the  central  momentum  par¬ 
ticle.  These  may  be  expressed  in  the  form 


Se  =  -T){e)€  (8) 

g2  i*co 

where  Z^^  i  the  longitudinal  impedance  and  is  the  Fourier  trans¬ 
form  of  the  wake  function  given  by 


e^PFo'(-s)ds 


(10) 


It  is  readily  shown  that  Eqs.  (8)  and  (9),  in  the  case  of  small 
perturbations,  lead  to  the  linear  dispersion  relation  for  longitu¬ 
dinal  modes.  We  note  thae  is  a  function  of  e  and  may  go  to 
zero,  which  is  the  formal  definition  of  transition.  We  keep  both 
first  and  second-order  corrections  to  rj  in  our  simulation  to  cor¬ 
respond  to  the  analytical  model  described  previously. 

The  time  domain  representation  of  the  wake  field  is  most  con¬ 
venient  for  computational  purposes  and  this  is  given  in  the  form 
[3] 

I  f  R  /•27r+^ 

v{e)  =  y  X 

V  Je 


Figure  4.  Particle  simulation  above  transition.  An  instability  has 
developed. 


I{0)  is  the  current  distribution  and  wq  is  the  revolution  fire- 
quency.  The  integration  over  angle  is  carried  out  at  a  fixed  time 
each  turn  and  may  be  extended  into  previous  turns  for  long-range 
wakes  (sufficiently  high  Q). 

For  the  simulations  in  this  work,  we  typically  use  10^  —  10® 
particles  and  invoke  periodic  boundary  conditions  associated 
with  the  lowest  revolution  harmonic  of  interest.  Figure  3  is  a 
simulation  of  a  beam  before  transition.  The  beam  is  stable  con¬ 
firming  the  results  of  Figure  1.  Above  transition,  the  simulation 
(Figure  4)  shows  that  there  is  instability  confirming  the  results  of 
Figure  2. 


IV.  CONCLUSIONS 

We  have  revisited  the  question  of  microwave  stability  at  tran¬ 
sition  and  have  shown  by  including  higher-order  terms  of  the  ex¬ 
pansion  of  particle  motion  around  the  transition  point  that  parti- 
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cles  which  are  slightly  off  transition  in  a  distribution  of  finite  mO" 
mentum  spread  will  always  lead  to  instability  above  transition. 


V  Appendix 

The  integral  in  Eqn.  1  can  be  written  with  some  factorization 
as 


c 


The  integral  can  be  broken  up  into  pieces  by  the  method  of  partial 
fractions  and  reduces  to 


where 

A  =  -^,B  =  — 2—,  (15) 

^1  -  ^2  -  ^2 


is  the  plasma  dispersion  function  which  can  be  evaluated  numer¬ 
ically  in  terms  of  the  complex  error  function. 
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Abstract 

In  an  unbunched  beam  in  a  synchrotron,  under  conditions 
where  the  beam  distribution  is  marginally  stable,  coherent 
fluctuations  can  cause  a  nonlinear  coupling  of  longitudinal 
modes.  Experimental  observations  of  this  parametric 
resonance  have  been  reported  previously.  [1]  Frequency  domain 
measurements  in  the  Fermilab  Main  Ring  show  pathological 
beam  distributions  associated  with  regions  of  marginal 
stability  in  longitudinal  phase  space;  these  are  believed  to  be 
a  requirement  for  the  manifestation  of  the  observed  coupling. 
We  have  extended  this  investigation  to  the  case  of  the  beam 
response  to  an  impulse  excitation.  The  temporal  development 
of  the  response  indicates  the  formation  of  soliton-like 
structures  within  the  beam  distribution  whose  characteristics 
depend  on  beam  conditions  and  the  machine  impedance. 

I.  INTRODUCTION 

A  certain  type  of  nonlinear  resonance,  known  as  a  parametric 
resonance[2],  is  a  process  whereby  energy  present  in 
oscillatory  modes  of  a  system  can  be  transferred  into  another 
mode  through  frequency  mixing,  provided  the  difference 
frequency  mode  is  also  a  normal  mode  of  the  system.  In  our 
case,  these  modes  are  the  longitudinal  modes  of  an  unbunched 
coasting  beam  in  a  synchrotron,  and  the  observation  of  this 
type  of  coupling  in  the  Fermilab  Tevatron  has  been 
documented.[l]  The  purpose  here  is  to  suggest  conditions 
under  which  parametric  coupling  is  likely  to  arise,  and  to 
present  new  time  domain  observations  which  provide  further 
information  concerning  the  phenomena.  Besides  clarifying  the 
temporal  sequence  of  energy  transfer,  these  observations  show 
an  interesting  non-linear  self-bunching  effect.  [3]  Aspects  of 
this  self-bunching  are  favorably  compared  to  results  from  a 
particle  tracking  simulation  which  includes  wakefields  in  the 
dynamics  in  order  to  provide  a  mechanism  for  the  nonlinear 
resonance  and  self-bunching  of  the  beam. 

n.  FREQUENCY  DOMAIN  MEASUREMENTS 

Parametric  coupling  in  the  Tevatron  and  Main  Ring  was 
stimulated  by  applying  an  excitation  to  the  beam  at  a  single 
revolution  harmonic.  Once  the  initial  oscillation  was  excited, 
it  spontaneously  transferred  its  energy  into  other  revolution 
harmonics,  and  became  damped  as  other  modes  grew.  It  was 
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not  possible  to  achieve  parametric  coupling  in  the  Fermilab 
Accumulator  using  the  same  technique.  The  coupling 
coefficient  for  this  specific  kind  of  nonlinear  coupling  is 
dependent  on  the  machine  impedance  at  the  frequencies  of  the 
excited  modes,  and  is  also  extremely  sensitive  to  the  form  of 
the  beam  distribution.  Beam  transfer  function  measurements 
were  used  to  examine  the  beam  distribution  and  to  investigate 
the  linear  stability  boundary.  Results  from  a  measurement  in 
the  Accumulator  are  shown  in  Figures  la  and  lb.  These  are, 
respectively,  the  magnitude  response  of  the  beam  at  h=2,  and 
the  corresponding  stability  boundary  plotted  in  the  complex 
impedance  plane. 


Real  Z 

Figs,  la  and  lb  Transfer  function  results  from  the  Fermilab 
Accumulator,  magnitude  response  and  stability  boundary 

In  contrast,  the  results  of  beam  transfer  function  measurements 
in  the  Main  Ring  are  shown  in  Figures  2a.  and  2b.  These  are, 
respectively,  the  magnitude  response  of  the  beam  at  h=106, 
and  an  attempted  construction  of  the  linear  stability  boundary 
using  the  magnitude  and  phase  information  from  the  transfer 
function  measurement. 
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Center  Frequency  >  5.0298  MHz,  Span  «  500  Hz 


Real  Z 


Figs  2a  and  2b  Transfer  function  results  from  the  Fermilab 
Main  Ring,  magnitude  response  and  stability  boundary 

The  magnitude  response  in  Main  Ring,  unlike  the 
Accumulator,  shows  deep  notches  in  the  beam  distribution. 
These  notches  indicate  that  there  are  unstable  regions  in  the 
phase  space  that  would  otherwise  be  occupied  by  the  beam. 
Further  investigation  determined  that  the  chromaticity  and 
horizontal  tune  affected  the  position  and  depth  of  the  notches, 
implying  that  certain  momenta  particles  were  unstable  due  to 
their  mapping  into  tune  space.  The  stability  boundary  in 
Figure  2b.  displays  large  loops  which  correspond  exactly  to 
the  notches  in  the  beam  distribution  shown  in  Figure  2a. 

m.  TIME  DOMAIN  MEASUREMENTS 

A  series  of  measurements  was  performed  the  in  the  Main  Ring 
where  an  external  voltage  was  applied  at  a  single  frequency  for 
.5  ms,  approximating  an  impulse  excitation.  The  drive 
frequency  was  at  h=106,  since  this  is  the  center  frequency  of 
the  broadband  cavity  (Q^42)  which  was  being  used  as  the 
longitudinal  kicker.  The  beam  was  not  bunched,  and  the 
energy  of  the  beam  was  constant  at  8.9  Gev. 

One  result  of  these  experiments  was  the  demonstration  that  the 
parametric  coupling  was  occurring  in  such  a  way  that 
harmonics  on  the  lower  side  of  h=106  were  excited 
sequentially.  The  initial  impulse  first  caused  the  power  in 
mode  h=106  to  grow,  followed  by  modes  h=105  to  h=93  in 
sequential  order.  There  was  no  significant  excitation  of 
harmonics  at  frequencies  higher  than  h=106.  This  pattern  of 
sequential  excitation  is  shown  in  Figure  3,  which  is  an 
overlay  of  six  spectrum  analyzer  traces.  Only  the  odd 
harmonics  are  shown  for  clarity. 


Fig  3  Power  vs.  Time  for  odd  Main  Ring  harmonics  105-95. 
Growth  of  these  harmonics  occurs  in  sequential  order. 


For  each  trace  the  spectrum  analyzer  was  set  to  monitor  power 
at  a  particular  harmonic  as  a  function  of  time.  This  can  be 
done  by  choosing  the  center  frequency  of  the  rotation  harmonic 
as  the  center  frequency  of  the  sweep  and  setting  the  frequency 
span  to  zero.  Since  rotation  harmonics  in  the  Main  Ring  are 
47  kHz  apart,  the  resolution  bandwidth  was  set  to  30  kHz. 
The  trigger  occurred  at  the  same  time  relative  to  the  applied 
impulse,  with  the  sweep  time  set  to  100  ms.  So,  the  relative 
timing  shown  by  the  overlaid  traces  is  also  the  actual  timing. 

It  is  likely  that  the  magnitude  of  the  response  at  successive 
harmonics  is  in  part  due  to  the  impedance  of  the  5  MHz  cavity 
used  to  apply  the  initial  kick.  The  resonant  response  of  this 
cavity  is  shown  in  Figure  4.  Nine  harmonics  away  from  the 
center  frequency  of  the  cavity  the  response  is  already  26  dB 
down. 
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Fig.  4  Response  of  the  Main  Ring  5  MHz  cavity 
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There  are  other  interesting  features  of  the  beam  response  which 
are  more  evident  upon  examination  of  the  power  development 
at  a  single  harmonic.  The  growth  and  decay  of  oscillation  at 
h=105  is  shown  in  Figure  5.  The  impulse  excitation  (at 
h=106)  was  applied  at  .0055  s  with  respect  to  the  zero  of  the 
time  axis,  and  lasted  for  .001  s.  As  energy  is  transferred  from 
h=106,  the  coherent  response  at  h=105  grows,  but  it  does  not 
continue  to  grow  as  there  is  a  finite  amount  of  energy 
available.  The  oscillation  eventually  decays  due  to  power 
transfer  to  lower  harmonics  and  dissipation.  Note  that  there 
are  several  bounces  in  the  signal  level  while  it  is  losing 
power.  This  is  a  manifestation  of  a  phase  space  rotation  in 
which  there  is  an  exchange  between  the  energy  and  phase 
coordinates  of  particles  which  have  been  bunched  at  h=105. 
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Fig.  5  Power  vs.  Time  for  mode  h=105 

The  oscillation  of  the  power  level  of  a  beam  signal  such  as 
that  shown  in  Figure  5  has  been  successfully  reproduced  with 
a  particle  tracking  simulation.  Besides  generating  output 
showing  power  level  versus  time  for  selected  harmonics,  the 
simulation  also  produces  a  phase  space  diagram  which 
develops  in  time.  An  example  of  the  phase  space  output  is 
shown  in  Figure  6. 


■«  PI 
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Fig.  6  Phase  space  output  of  particle  tracking  simulation 

Inspection  of  Figure  6  reveals  a  tight  clumping  of  particles  on 
the  higher  energy  side  of  the  beam  distribution.  Guided  by  the 
simulation,  a  search  for  these  high  frequency  bunchlets,  and 
for  this  asymmetry  in  the  phase  space,  was  successfully 
undertaken.  While  much  of  the  energy  flow  from  the  initial 
perturbation  is  governed  by  parametric  coupling,  if  the  initial 
pulse  length  is  long  enough,  there  is  also  significant  higher 
harmonic  generation.  For  example,  with  a  45  ms  applied 
pulse,  it  was  possible  to  see  up  to  40  higher  harmonics  of 
h=105;  that  is,  h=2xl05,  h=3xl05,  up  to  h=40xl05. 
Examination  of  these  higher  harmonics  on  either  side  of  the 
center  frequency  yielded  the  projected  asymmetry  and 
characteristic  signature  of  bunch  rotation.  These  results  are 
shown  in  Figure  7. 


Tmm  li«d 

Fig.  7  From  top  to  bottom  respectively;  the  upper,  middle, 
and  lower  portions  of  the  frequency  distribution  of  the  beam  at 
higher  harmonic  5x105 

The  center  trace  of  Figure  7  shows  the  time  development  of 
power  at  the  center  frequency  of  the  5x105  harmonic.  For  all 
three  traces  the  spectrum  analyzer  had  a  narrow  resolution 
bandwidth  (300  Hz)  for  the  purpose  of  monitoring  only  a 
fraction  of  the  beam  distribution.  The  upper  and  lower  traces 
were  taken  in  a  manner  similar  to  the  center  trace,  except  they 
were  taken  at  the  center  frequency  plus  .5  kHz  and  at  the  center 
frequency  minus  .5  kHz,  respectively.  The  power  signal  at  the 
upper  frequency  has  structure  which  indicates  bunchlets  of 
particles  rotating  in  phase  space.  An  exchange  between  energy 
and  phase  as  a  bunchlet  rotates  can  cause  this  faster 
modulation  of  the  current  envelope. 

IV.  CONCLUSION 

In  machines  with  moderate  impedances  as  well  as  regions  of 
marginal  stability  in  the  phase  space  distribution  of  the  beam, 
nonlinear  effects  may  be  observed.  In  particular,  nonlinear 
frequency  mixing  otherwise  known  as  parametric  decay,  higher 
harmonic  generation,  and  self-bunching  effects  at  high 
frequencies  have  been  observed.  Since  these  phenomenon  are 
in  part  dependent  on  Wakefields,  perhaps  these  nonlinear  effects 
may  be  used  to  quantify  impedances. 

V.  ACKNOWLEDGEMENTS 

The  authors  would  like  to  thank  Leo  Michelotti,  J.  Holt,  J. 
Beda,  and  A.  Gerasimov  for  help  with  the  simulations;  and  D. 
Wildman,  G.  Jackson  and  S.  Assadi  for  their  assistance  with 
experimental  techniques. 

REFERENCES 

[1]  Patrick  L.  Colestock  and  Linda  Klamp,  Proc.  1993 
Particle  Accelerator  Conf.,  Vol.  5,  p.  3384 

[2]  Ron  C.  Davidson,  "Methods  in  Nonlinear  Plasma 
Theory",  Academic  Press,  1972 

[3]  T.  M.  O’Neil,  Phys.  Fluids,  8,  12,  (1965) 

[4]  E.  Keil  and  E.  Messerschmid,  Nucl.  Inst,  and  Methods, 
VOL  128,  p.  203,  (1975) 


3072 


DAMPING  RATE  MEASUREMENTS  IN  THE 
SLC  DAMPING  RINGS* 

C.  Simopoulos,  R.L.  Holtzapple, 

Stanford  Linear  Accelerator  Center,  Stanford  University,  Stanford,  CA  94309  USA 


Abstract 

The  transverse  damping  rates  of  the  SLC  electron  and  positron 
damping  rings  have  been  measured  during  the  high  current 
physics  run  at,  /  =  3.5  x  10^°  particles  per  bunch.  The  mea¬ 
surements,  done  over  a  period  of  two  months,  show  large  fluctu¬ 
ations  exceeding  the  statistical  uncertainty  of  each  measurement. 
The  longitudinal  damping  rate  of  the  positron  damping  was  also 
measured. 

1.  DESCRIPTION  OF  THE  OPTICS 

The  synchrotron  light  produced  in  a  bend  magnet  is  reflected 
by  a  water  cooled  molybdenum  mirror  which  resides  inside  the 
vacuum  chamber.  The  light  exits  the  vacuum  chamber  through 
a  synthetic  fused  silica  window.  Subsequently  it  is  collected  by 
an  achromatic  lens  of  focal  length  f=1.33  m  which  functions  as 
the  objective  lens  of  the  optical  system.  The  objective  is  located 
1.47  m  away  from  the  emission  point.  The  light  is  transported 
outside  the  ring  vault  by  a  succession  of  mirrors  and  through  an 
evacuated  pipe  which  is  terminated  on  both  ends  by  two  syn¬ 
thetic  fused  silica  windows.  Finally  the  light  reaches  the  fast 
gated  camera  lens  [1],  which  was  used  in  the  transverse  damp¬ 
ing  times  measurements,  and  the  image  of  the  beam  is  formed 
on  the  photocathode.  In  order  to  increase  the  field  of  view  and 
prevent  vigneting  by  the  camera  lens  a  large  field  lens  of  1.5  m 
focal  length  and  10  cm  diameter  was  placed  1.5  m  in  front  of 
the  camera  lens.  The  total  distance  between  the  objective  and 
field  lens  was  13.4  m.  The  camera  was  focused  on  the  field  lens 
which,  within  1  m,  was  also  the  position  of  the  image  of  the  beam 
formed  by  the  objective.  In  the  horizontal  plane,  the  aperture  was 
limited  by  a  mask,  2  cm  wide,  placed  in  front  of  the  objective. 
In  the  vertical  direction  the  opening  angle  of  synchrotron  radia¬ 
tion  determines  the  aperture.  The  focal  length  of  the  camera  lens 
in  the  electron  damping  ring  was  chosen  to  be  300  mm  and  the 
whole  system  provided  an  overall  magnification  of  1:2.5.  The 
positron  damping  ring  camera  lens  had  a  focal  length  of  1 00  mm 
and  the  system  provided  a  magnification  of  1:1.  The  smaller 
magnification  of  the  positron  damping  ring  system  was  necessi¬ 
tated  by  the  bigger  size  of  the  injected  positron  beam. 

For  the  longitudinal  damping  time  measurement  a  streak  cam¬ 
era  was  used  [2].  The  optics  configuration  for  the  streak  camera 
differed  because  the  small  slit  width  required  that  the  light  was 
focused  to  a  smaller  spot.  The  f=l  .5  m  lens  was  removed  and  an 
f=50  cm  lens  was  placed  in  front  of  the  streak  camera  at  a  dis¬ 
tance  which  provided  the  maximum  illumination  on  the  slit.  The 
slit  is  imaged  onto  the  photocathode  of  the  streak  camera  by  a 
pair  of  f=50  mm  lenses  which  provide  1 : 1  magnification. 
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The  resolution  of  the  system  in  the  horizontal  plane  is  13  fim 
determined  by  depth  of  field  [3].  The  depth  of  field  depends  on 
the  beam  trajectory  curvature  and  the  horizontal  aperture  of  the 
optical  system,  which  is  approximately  13.7  mrad.  The  diffrac¬ 
tion  limited  resolution,  using  Raleigh’s  criterion,  is  68  pm  de¬ 
termined  by  the  natural  opening  angle  of  4.0  mrad  at  a  wave¬ 
length  of  550  nm  [4].  The  rms  contribution  due  to  diffraction  is 
therefore  estimated  to  be  34  pm.  The  critical  wavelength  for  a 
1.19  Gev  beam  and  bending  radius  2.04  m  is  0.68  nm.  The  reso¬ 
lution  in  the  vertical  plane  due  to  depth  of  field  is  determined  by 
the  length  of  the  portion  of  orbit  observed  and  the  opening  an¬ 
gle  of  synchrotron  radiation  in  the  vertical  plane.  The  rms  con¬ 
tribution  is  estimated  to  be  27  pm.  The  resolution  due  to  the 
gated  camera  CCD  pixel  size  is  13  pm  for  the  electron  damping 
ring  setup  and  45  pm  for  the  positron  damping  ring.  Adding  all 
these  contributions  in  quadrature  the  horizontal  rms  resolution 
is  18  pm  and  47  pm  for  the  electron  and  positron  rings  respec¬ 
tively.  The  rms  contribution  to  the  width  in  the  vertical  plane  is 
45  pm  and  64  pm. 

IL  DATA  ANALYSIS 

A.  Transverse 

The  data  were  acquired  in  a  random  sequence  of  intervals  of 
the  time  elapsed  between  injection  and  the  gated  camera  trigger. 
This  was  done  so  that  the  data  would  not  be  biased  by  slow  vari¬ 
ations  of  the  transverse  beam  size,  during  the  data  acquisition 
time,  which  was  20  min  for  300  frames.  Each  frame  of  the  beam 
image  represents  a  different  injected  bunch.  The  electron  bunch 
is  stored  for  8  msec  and  the  positron  bunch  is  stored  for  16  msec. 
The  video  signal  of  the  gated  camera  was  digitized  by  a  transient 
waveform  digitizer.  The  projections  on  the  horizontal  and  verti¬ 
cal  axes  were  fitted  to  a  function  of  the  form 

f  {x]A,  B,  C,(t,xq)  =  ^  -^B^Cx. 

y2'K(T 

The  pedestal  term  was  not  constant  because  of  the  electrically 
noisy  environment  in  the  building  where  the  camera  was  located. 
A  minimization  was  performed  for  each  frame  with 

^2  _  ^  (/  (ig»;  4,  B,  C,  (T,  Xq)  -  Vjf 
i 

Where  Vi  is  the  rescaled  digitized  video  signal  so  that  the  per 
degree  of  freedom  distribution  would  peak  around  one.  The  sta¬ 
tistical  error  on  the  measured  sigma  was  determined  from  the 
correlation  matrix  derived  from  the  minimization  of  the  x^-  The 
square  of  the  width  was  plotted  against  the  time  the  bunch  has 
spent  circulating  in  the  ring  and  the  data  was  fitted  to  a  curve  of 
the  form 

{if  =  -  <^lq)  +  crlg 
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Figure  1.  Sample  of  data  for  the  electron  damping  ring.  The 
vertical  scale  represents  the  size  of  the  bunch  image  on  the  pho¬ 
tocathode.  The  bunch  itself  is  2.5  times  smaller 


The  fitted  parameters  are  ainj  the  width  of  the  injected  bunch, 
(Teq  the  equilibrium  width  of  the  bunch,  and  r  the  damping  time, 
see  figures  1, 2  for  a  sample  of  data  and  fits. 


B.  Longitudinal 

The  analysis  of  the  longitudinal  damping  time  is  similar.  The 
projection  of  the  image  of  the  bunch  on  the  time  axis  was  fitted 
to  a  function  of  the  form 


A 

\/2^cr 


1  f  ^-^0, 

g  2\<r(l+S) 


r 


+  B 


Where  5  =  li?!  representing  the  asymmetric  shape  of  the 
bunch.  The  damping  time  is  derived  by  a  nonlinear  exponential 
fit.  The  data  consist  of  ten  measurements  of  bunch  length  at  each 
store  time.  The  ten  measurements  at  each  point  are  averaged. 
The  standard  deviation  of  the  ten  measurements  divided  by  VTO 
is  used  to  weight  the  contribution  of  each  point  to  the  in  the 
exponential  fit,  see  figure  3. 


III.  ERROR  ANALYSIS 


A.  Transverse 

The  uncertainty  in  the  transverse  measurements  has  statisti¬ 
cal  as  well  as  contributions  due  to  systematic  errors.  Despite  the 
large  contribution  from  resolution  to  the  width  measurements  the 
damping  time  determination  is  not  affected.  The  resolution  adds 
in  quadrature  to  the  width,  therefore  the  square  of  the  width  still 
follows  an  exponential  damping  law.  However  if  the  resolution 
depends  on  the  transverse  dimensions  of  the  beam  then  the  above 
statement  is  no  longer  true.  In  principle  there  is  a  dependence 
due  to  the  fact  that  the  depth  of  field  decreases  as  the  horizon¬ 
tal  dimension  of  the  beam  decreases  but  the  variation  is  smaller 


Figure  2.  Sample  of  data  for  the  positron  damping  ring.  The 
vertical  scale  represents  the  real  size  of  the  bunch. 


Store  Time  (msec) 


Figure  3.  Longitudinal  damping  time  data.  The  origin  of  the 
horizontal  axis  represents  injection  time. 

than  1%  due  to  the  small  angular  acceptance  of  the  optical  sys¬ 
tem  and  the  small  angular  spread  of  the  synchrotron  radiation  in 
the  vertical  plane.  Effects  due  to  the  damping  of  the  angular  di¬ 
vergence  of  the  beam  are  also  small  since  in  the  worst  case  of 
the  injected  positron  bunch  the  angular  divergence  is  1.5  mrad  , 
which  is  small  compared  to  the  light  angular  divergence. 

The  dynamic  range  for  linear  operation  of  the  gated  camera 
was  rather  limited.  Even  with  the  optimum  amount  of  filtering, 
the  photocathode  showed  signs  of  saturation  as  evidenced  by  the 
decreasing  amount  of  light  detected  for  increasing  store  time. 
The  dependence  of  the  width  with  intensity  was  measured  and  no 
clear  plateau  was  found.  Filtering  was  chosen  so  that  the  overall 
width  variation  due  to  this  effect  would  stay  below  10%.  From 
simulated  data,  this  effect  tends  to  decrease  the  measured  damp¬ 
ing  times  by  3%. 

The  horizontal  damping  time  can  be  influenced  by  the  pres¬ 
ence  of  dispersion  which  at  the  emission  point  is  7]=5  cm.  The 
energy  spread  of  the  injected  beam  is  1  x  10“^  which  rapidly 
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Damping  time  measurements  (msec) 


Figure  4.  The  horizontal  damping  times  are  represented  by  tri¬ 
angles  and  the  vertical  damping  times  by  circles.  The  statistical 
error  for  each  measurement  is  comparable  to  the  size  of  the  sym¬ 
bols 

damps  to  the  equilibrium  energy  spread  7  x  10“^.  In  order  to 
determine  whether  this  effect  is  significant,  the  data  were  fitted 
to  the  sum  of  two  exponentials  where  the  damping  time  of  one  of 
the  exponentials  was  fixed  to  be  equal  to  1 .8  msec,  the  longitudi¬ 
nal  damping  time.  The  fits  preferred  a  small  negative  weight  for 
the  second  exponential.  This  indicates  that  any  effect  due  to  dis¬ 
persion  was  masked  by  the  nonlinear  behavior  of  the  gated  cam¬ 
era  and  the  low  statistical  weight  of  the  points  near  injection. 

In  figure  4  the  measurements  are  shown  ordered  in  time.  There 
is  a  large  variation  not  explained  by  statistical  errors  indicating 
an  additional  unknown  time  dependent  source  of  systematic  er¬ 
ror.  Statistical  errors  are  determined  by  the  exponential  fits,  with 
properly  weighted  ,  and  on  the  average  are  0.06  msec.  For  rea¬ 
sons  of  comparison  with  calculations  of  damping  times  [5]  the 
measurements  are  averaged  and  summarized  in  the  table  above. 
The  error  quoted  is  the  standard  deviation  of  the  corresponding 
set  of  measurements. 

B.  Longitudinal 

Systematic  errors  due  to  photocathode  saturation  were  elimi¬ 
nated  by  attenuating  the  light  enough  so  that  the  camera  was  op¬ 
erated  in  the  linear  regime.  The  use  of  an  interference  filter  cen¬ 
tered  at  500  nm  and  with  a  40  nm  bandwidth,  ensured  that  the 
contribution  to  resolution  fi:om  dispersion  in  the  glass  optics  was 
negligible.  There  was  only  one  measurement  of  the  longitudinal 
damping  time  and  the  error  quoted  is  the  statistical  uncertainty. 

IV.  CONCLUSIONS 


Ring 

Tx 

Tz 

Electron 

3.32  ±0.28 

4.11  ±0.31 

- 

Positron 

3.60  ±0.15 

4.17  ±0.14 

1.87  ±0.13 

Calculation 

3.52 

3.56 

1.79 

the  extraction  kicker  magnets  or  interaction  between  the  two 
bunches  in  the  rings. 

In  order  to  understand  the  origin  of  the  large  fluctuations  in 
the  damping  time  measurements,  and  the  discrepancy  with  the 
calculations,  the  orbit,  tune  and  pressure  in  the  vacuum  chamber 
dependence  should  be  studied. 
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It  is  impossible  on  the  basis  of  these  measurements  alone  to 
distinguish  whether  the  damping  time  fluctuations  are  due  to  in¬ 
strumental  effects  or  to  orbit  changes,  or  beam  excitation  from 
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Abstract 

In  this  paper,  we  present  a  method  for  computing  growth  rates 
and  frequency  shifts  of  a  beam  containing  multiple  non-rigid 
bunches.  With  this  approach,  we  calculate  non-rigid  multibunch 
effects  which  can  impact  phenomena  which  are  traditionally 
treated  as  single-bunch  effects,  such  as  the  transverse  mode¬ 
coupling  instability.  This  approach  is  important  for  high  cur¬ 
rent  storage  rings  such  as  PEP-II  at  SLAC  (the  B-Factory)  which 
have  very  strong  inter-bunch  forces.  Typical  calculations  treat 
multibunch  and  single  bunch  effects  separately,  and  thus  elim¬ 
inate  important  interactions  between  the  two.  To  illustrate  the 
technique,  we  calculate  growth  rates  and  frequency  shifts  using 
PEP-II  as  an  example. 


I.  Introduction 

In  [1],  we  describe  a  method  for  computing  transverse  multi¬ 
bunch  instabilities.  This  method  allows  us  to  include  the  effects 
of  internal  degrees  of  freedom  of  the  bunches,  including  coupling 
between  the  resulting  modes.  Previous  work  by  other  authors  has 
either  considered  coupling  between  internal  degrees  of  freedom 
for  only  a  single  bunch,  or  multiple  bunches  where  the  internal 
degrees  of  freedom  are  not  coupled  (see  [1]  for  references  and 
more  discussion). 

In  this  paper,  we  briefly  describe  the  formalism,  leaving  the 
reader  to  [1]  for  more  details.  We  then  describe  in  detail  the 
effects  that  are  seen  due  to  transverse  multibunch  mode  cou¬ 
pling.  This  is  done  by  plotting  the  mode  frequencies  and  growth 
rates  versus  current  for  previously  studied  cases  (transverse  sin¬ 
gle  bunch  mode  coupling  and  transverse  multibunch  modes  with¬ 
out  coupling),  and  comparing  those  plots  to  similar  plots  obtained 
by  finding  the  transverse  multibunch  modes  including  coupling 
between  internal  degrees  of  freedom. 


IL  The  eigenvalue  equation 

We  can  write  a  Vlasov  equation  describing  the  time  evolu¬ 
tion  of  the  distribution  for  each  bunch  in  terms  of  all  the  bunch 
distributions.  The  bunch  distribution  is  assumed  to  be  a  time- 
independent  stable  distribution  which  satisfies  the  Vlasov  equa¬ 
tion  for  zero  current,  plus  a  small  time-dependent  perturbation. 

That  Vlasov  equation  can  then  be  turned  into  a  nonlinear  eigen¬ 
value  equation  for  the  coherent  mode  frequencies  Q.  If  we  as¬ 
sume  that  1)  the  bunches  are  identical  and  equally  spaced,  2)  the 
non-wakefield  forces  are  all  linear  and  independent  of  position  in 
the  ring,  and  3)  the  bunch  distribution  we’re  perturbing  about  is 
Gaussian  and  only  depends  on  the  non- wake  Hamiltonian,  then 


our  eigenvalue  equation  becomes  [1] 
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where  coq  is  the  angular  revolution  frequency  of  the  ring,  cOy  is 
the  betatron  frequency,  co^  is  the  synchrotron  frequency,  ro  is  the 
classical  radius  of  the  electron,  c  is  the  speed  of  light,  fiy  is  the 
average  beta-function,  N  is  the  number  of  particles  in  a  bunch,  M 
is  the  number  of  bunches,  yo  is  the  nomind  beam  energy  divided 
by  the  rest  mass  energy  of  the  particle,  L  is  the  length  around  the 
ring,  cT/  is  the  bunch  length,  fioc  is  the  nominal  particle  velocity, 
and  Zi,  is  the  transverse  impedance.  Feedback  can  be  added  by 
adding  an  additional  term  to  Kk  with  Zx(p<wo  +  ^)  replaced  by 
Zfb(p^  +  where  Zpg  is  the  Fourier  transform 

of  the  feedback  response,  and  is  the  distance  between  the 
pickup  and  kicker. 

IIL  Illustrative  Example 

We  will  use  the  PEP-II  B-Factory  low  energy  ring  [2]  to  il¬ 
lustrate  the  effects  that  arise  from  multibunch  mode  coupling. 
We  have  used  an  estimate  for  the  broadband  impedance  using 
parameters  from  [3]  and  higher-order  mode  impedances  for  the 
cavities  from  [2],  [4].  For  this  example,  we  truncate  equation  (1) 
at  m  =  1. 

Fig.  1  shows  mode  coupling  appearing  when  we  consider  only 
a  single  bunch.  For  small  currents,  the  growth  rates  of  the  modes 
are  negligible,  and  the  mode  frequencies  change  with  increasing 
current.  At  the  current  where  the  mode  frequencies  coincide. 
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Figure.  1 .  Single  bunch  mode  coupling.  Solid  lines  are  real  part, 
dashed  lines  are  imaginary  part. 
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Figure.  2.  Multibunch  mode  frequencies,  no  coupling. 
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Figure.  3.  Multibunch  mode  frequencies,  with  coupling. 
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Figure.  4.  Multibunch  m  =  0  growth  rates,  no  coupling. 
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Figure.  5.  Multibunch  m  =  0  growth  rates,  with  coupling. 


two  of  the  modes  resonantly  drive  one  another,  and  exponential 
growth  results. 

Now  consider  multiple  bunches.  In  all  the  following  diagrams, 
we  have  only  shown  the  modes  with  the  largest  growth  rates.  If 
we  ignore  coupling  between  the  m  =  0  and  m  —  I  multibunch 
modes,  Fig.  2  demonstrates  that  for  many  of  the  multibunch 
modes,  the  frequencies  of  the  m  =  0  and  one  of  the  m  =  1 
modes  coincide  at  currents  much  lower  than  where  the  frequen¬ 
cies  coincide  in  the  single  bunch  case  of  Fig.  1 .  When  we  allow 
the  multibunch  modes  to  couple,  then  Fig.  3  shows  the  real 
parts  having  nearly  identical  behavior  to  the  uncoupled  case.  In 
the  uncoupled  case,  the  frequency  shifts  were  nearly  linear  with 
current.  Once  coupling  occurs,  the  curvature  of  the  mode  fre¬ 
quencies  with  current  increases,  and  so  we  notice  that  in  Fig.  3, 
the  current  where  the  mode  frequencies  intersect  is  even  lower 
than  what  we  see  in  the  uncoupled  case.  Note  that  this  current  is 
still  well  above  the  intended  operating  current  of  the  PEP-II  low 
energy  ring  [2], 

Now  we  examine  the  growth  rates  of  the  multibunch  modes. 
First  we  look  at  the  m  =  0  modes.  In  the  uncoupled  case,  Fig. 
4  shows  the  growth  rates  increasing  nearly  linearly  with  current. 

If  we  allow  the  modes  to  couple,  there  are  minimal  changes  to 
the  growth  rates  of  the  m  =  0  modes,  as  can  be  seen  in  Fig.  5. 
This  is  largely  due  to  the  fact  that  the  largest  growth  rates  are 
significantly  larger  than  the  growth  rates  due  to  mode  coupling 
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Figure.  6.  Multibunch  m  =  1  growth  rates,  no  coupling. 

(compare  Fig.  1).  In  fact,  if  we  were  to  look  at  modes  with  very 
small  growth  rates,  we  would  see  behavior  almost  identical  to 
the  single  bunch  case  in  Fig.  1. 

Next,  consider  the  m  =  1  modes.  In  the  uncoupled  case, 
we  see  the  growth  rates  increasing  linearly  with  current  in  Fig. 
6.  Notice  also  that  the  growth  rates  are  much  smaller  than  they 
were  in  the  m  —  0  case.  In  fact,  they  are  comparable  to  what  one 
sees  in  single  bunch  mode  coupling  (Fig.  1).  When  we  include 
coupling,  we  in  fact  see  significant  increases  in  the  growth  rate 
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Figure.  7.  Multibunch  m  =  1  growth  rates,  with  coupling. 
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Figure.  8.  Multibunch  m  =  1  growth  rates,  with  coupling.  Ex¬ 
panded  vertical  scale  shows  curvature  of  mode  lines  with  current 
even  at  low  currents. 
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Figure.  9.  Multibunch  growth  rates,  with  feedback.  Dashed 
lines  are  m  =  0  modes,  solid  lines  are  m  =  1. 

[3]  S.  Heifets  etaL,  “Impedance  study  for  the  PEP-II  B-factory,” 
Tech.  Rep.  SLAC/AP-99,  SLAC,  March  1995. 

[4]  Y.  Cai.  Private  communication. 


of  the  m  =  1  modes,  as  shown  in  Fig.  7.  Notice  that  the  growth 
rates  increase  sharply  at  just  the  point  where  the  real  part  of 
the  mode  frequencies  coincide  (see  Fig.  3).  The  multibunch 
mode  coupling  also  causes  the  mode  frequencies  to  no  longer 
increase  linearly  with  current,  even  for  currents  well  below  the 
current  where  the  real  part  of  the  frequencies  coincide.  This  is 
demonstrated  in  Fig.  8.  This  can  cause  m  =  1  growth  rates  to  be 
significantly  increased  over  their  uncoupled  values,  even  at  very 
small  currents. 

Finally,  we  can  consider  the  effects  of  adding  a  feedback  sys¬ 
tem.  Topically,  a  transverse  feedback  system  does  not  operate 
at  frequencies  sufficiently  high  to  damp  m  =  1  modes.  Thus, 
using  parameters  similar  to  those  proposed  for  the  PEP-II  B- 
factory,  Fig.  9  shows  how  the  m  =  0  modes  are  well  damped, 
but  the  m  =  1  modes  still  exhibit  significant  growth  rates  due  to 
multibunch  mode  coupling. 
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Abstract 

The  design  goal  for  the  Fermilab  Main  Injector  (FMI)  is  to  ac¬ 
celerate  a  minimum  of  6x10^^  protons  per  bunch  through  the 
transition.  We  present  here  the  results  from  simulation  studies 
of  the  transition  crossing  in  the  FMI  using  the  particle  tracking 
code  ESME[1]. 


1.  INTRODUCTION 

The  Fermilab  Main  Injector  (FMI)[2]  that  is  under  construc¬ 
tion  is  intended  to  be  a  high  intensity  150  GeV  proton  injector 
to  the  Tevatron.  The  beam  in  the  FMI  will  be  accelerated  from  8 
GeV  to  150  GeV  through  a  transition  energy  of  20.48  GeV  The 
longitudinal  emittance  of  the  proton  beam  at  injection  is  about 
0.1  eVs,  and  the  intensity  will  be  more  than  6x  10^°  protons  per 
bunch.  Maintaining  the  beam  intensity  as  well  as  its  longitudi¬ 
nal  emittance  through  the  acceleration  cycle  is  very  important 
for  the  FMI  operation.  In  the  past,  preserving  the  beam  emit¬ 
tance  and  the  intensity  through  transition  crossing  in  a  proton 
synchrotron  has  been  one  of  the  major  problems.  A  number 
of  techniques  have  been  suggested  to  cure  these  problems[3,4]. 
Two  of  the  suggested  techniques  viz.,  a)  7fc-jump  scheme[3]  and 
b)  focus  free  transition  crossing(FFTC)  [4]  have  been  investi¬ 
gated  in  some  detail  for  proton  synchrotron  along  with  with  the 
normal  transition  phase  jump  (NTPJ)  scheme.  Here,  the  particle 
tracking  code  ESME[1]  has  been  used  to  study  the  longitudinal 
beam  dynamics  of  the  transition  crossing  in  the  FMI  for  these 
three  different  schemes. 

The  condition  of  non-  adiabaticity[5]  exists  in  a  proton  syn¬ 
chrotron  when. 
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where  jt  is  the  relativistic  quantity  7  at  transition,  Vrf  is  the 
peak  rf  voltage  at  transition,  <j>8  is  the  synchronous  angle  of  the 
beam  with  the  rf  wave  form,  h  is  the  harmonic  number  of  the 
machine  and  Eo  is  the  rest  mass  of  proton.  By  assuming  that  the 
7  is  increasing  linearly  near  transition  at  a  rate  7  this  expression 
can  be  converted  to  a  non-adiabatic  time  period  in  the  vicinity 
of  the  transition  time, 
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where  fs=l/Ts  is  the  revolution  frequency  of  the  synchronous 
particle.  Since  all  the  particles  in  a  bunch  do  not  pass  through 
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the  transition  at  the  same  time,  there  will  be  a  non-linear  pe¬ 
riod  during  which  some  particles  are  above  the  transition  energy 
while  others  are  below  it.  The  non-linear  time  is  given  by. 


Tnl  =  ±Jt 


-f  ai/g,  -h  1/2 


Ap 
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(3) 


where  /?  is  the  ratio  of  particle  velocity  and  the  velocity  of  light. 
Qfi  is  the  second  order  term  in  the  expansion  of  path  length  in 
Ap/p  and  During  this  time  the  rf  focusing  force 

causes  increased  momentum  spread  and  a  number  of  different 
instabilities  come  into  play.  Since  the  non-adiabatic  and  non¬ 
linear  time  decrease  with  increased  7,  the  simulations  have  been 
carried  out  for  two  different  values  of  7  for  the  FMI  operating 
scenarios. 


IL  ESME  SIMULATIONS  OF  TRANSITION 
CROSSING 

In  ESME,  the  collective  behavior  of  the  beam  particles  is 
treated  using  a  pair  of  Hamilton-like  difference  equations  de¬ 
scribing  synchrotron  oscillations  in  the  energy-angle  (AE, 
phase  space,  (where  AE  =  E-E^  and  0<  (;i  <  27r ).  The  particles 
in  a  bunch  are  assumed  to  have  an  elliptical  distribution  which 
is  a  good  representation  of  the  beam  bunches  coming  from  the 
Fermilab  Booster.  For  a  cylindrical  beam  pipe  of  radius  ’b’  and 
a  co-axial  beam  of  radius  ’  a' ,  the  impedance,  Zu-  seen  by  a  sin¬ 
gle  Fourier  component  of  the  beam  current  at  a  frequency  cj /27r, 
is, 


Zu  .  ZoQ  ,  Zw  ,  Z\\{w) 

where  =  'ill  Ohm  (Impedance  of  free  space),  Zw  is  total 
wall  impedance  of  the  beam  pipe  and  the  geometry  factor  g  = 
1+  2/n(fc/a).  The  average  values  of  ’a’  and  ’b'  are  listed  in 
Table  I.  The  Z\\  is  given  by, 

For  quality  factor  Q=l,  Equation  5  represents  the  broad-band 
impedance.  Rs  is  the  strength  of  the  effective  shunt  impedance. 
For  the  FMI  we  have  taken  design  value  Rs  =5  Ohm  which  is 
almost  surely  a  considerable  over  estimate  with  enough  safety 
margin. 

The  effect  of  transverse  space  charge  force  producing  hori¬ 
zontal  betatron  tune  shift  is  proportional  to  the  particle  density 
distribution  in  a  bunch  at  a  longitudinal  position  (j).  Very  close 
to  the  transition,  rj  goes  to  zero.  Therefore  even  a  very  small 
correction  to  7^  becomes  a  sensitive  parameter  to  determine  the 
longitudinal  beam  dynamics.  In  the  present  calculations  the  dis¬ 
persion  of  momentum  compaction  factor  was  taken  into  account 
by  expanding. 
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Table  I 

The  parameters  used  for  ESME  simulations. 


Parameter 

Values 

Mean  radius  of  FMI 

528.3019  m 

7t  (nominal) 

21.838 

7  at  transition 

167(Slow  Ramp)  sec”^ 
300  (Fast  Ramp)  sec“^ 

ai 

0.002091 

Principal  rf  sys. 

53  MHz 

4  MV  (max) 

Init.  emittance 
and  Bunch  intensity 

0.1  and  0.2  eVs 

6  xlO^® 

Coup.  imp.Z||/n 

5fi 

2.17  GHz  cutoff 

Transverse  Beam  size(a) 

0.0022  (m) 

Beam  pipe  Radius  (b) 

0.03  (m) 

FFTC  : 

Shaping  rf  for  FFTC 

Type  of  Tran.  Crossing 

159  MHz 
280  kV  (max) 
Non-symmetric 

7t-jump: 

A7 

Type  of  Tran.  Crossing 

1.0 

Non-symmetric 

y\ 

ap  «  tto  +  {ao  +  2ai  —  al)  —  (6) 

For  the  Main  Injector  we  take  ai  to  be  0.002091.  This  corre¬ 
sponds  to  a  Johnsen  parameter[3]  of  0.8.  Thus,  each  particle 
has  its  characteristic  jt  depending  on  the  deviation  of  its  mo¬ 
mentum  from  that  of  the  synchronous  particle.  Table  I  lists  the 
parameters  used  in  the  present  simulation  studies.  The  results  of 
ESME  simulations  have  been  displayed  in  Table  II.  The  FFTC 
and  7t-jump  scheme  prefer  symmetric  settings  for  beam  emit- 
tance  larger  than  0.2  eVs.  For  smaller  emittance  beam,  where 
the  space  charge  forces  play  important  role  in  emittance  blow 
up,  the  non-symmetric  transition  crossing  is  essential.  Figure  1 
shows  a  comparison  of  evolution  of  €i  for  NTPJ  JFFTC  and  jt- 
jump  schemes  in  the  Main  injector  for  initial  longitudinal  emit¬ 
tance  of  0.1  eVs.  All  these  calculations  have  been  performed 
by  incorporating  both  space  charge  effects  and  the  broad  band 
Z/n.  Since  the  Ap/p  increases  as  a  bunch  approaches  transition 
energy,  it  is  necessary  to  take  into  account  the  momentum  ac¬ 
ceptance  of  the  FMI.  From  these  simulations  we  find  that  the 
7t-jump  scheme  is  preferable  compared  to  FFTC.  However,  for 
emittance  <  0.1  eVs,  and  with  the  fast  ramps  the  benefits  are 
limited.  With  the  FFTC  scheme  the  emittance  growth  will  be  in 
between  those  for  NTPJ  and  the  7t-jump  scheme.  For  emittance 
>  0.2  eVs  we  find  that  the  FFTC  and  7t-jump  schemes  give  al¬ 
most  no  emittance  growth,  while,  with  the  NTPJ  there  is  a  max- 


Table  II 

The  results  of  the  longitudinal  beam  dynamics  simulations  for 
transition  crossing  using  ESME.  The  fractional  growth  Ae  /  e 
for  different  schemes  is  listed. 


T  Itrans. 
(sec“^) 

Init.  Long. 
Emittance 
(eVs) 

NTPJ 

FFTC 

7t-jump 

167 

0.1 

3.0 

0.6“ 

0.15 

0.2 

0.09 

0.04“ 

0.02 

300 

0.1 

1.6 

- 

0.25 

0.2 

0.06 

- 

0.02 

®  In  these  cases  the  ESME  simulations  have  been  carried  out  for 

7  \transition  ”  169  /sCC. 

Comparison  between  Gamma_t,  FFTC  and  NTPJ  Schemes 


For  FMI  Using  ESME,  €i(initial)  =  O.leV-sec 


Time  (sec) 

Figure  1.  A  comparison  between  7t-jump,  FFTC  and  NTPJ 
schemes  for  the  FMI.  The  initial  emittance  is  0.1  eVs,  number 
of  protons  per  bunch  =  6x10^°.  The  7  \transition  =  167  /sec. 

imum  of  about  10%  emittance  growth.  Thus,  with  7  \transition 
-  300  /sec  and  with  €i  >  0.2  eVs  we  may  not  need  any  of  the 
schemes  like  FFTC  or  the  7t-jump  for  transition  crossing  in  the 
FMI. 

In  a  separate  set  of  calculations  we  have  estimated  the  nega¬ 
tive  mass  instability  using  ESME.  Our  results  confirm  the  cal¬ 
culations  of  Ng[6],  who  employed  the  analysis  of  Hardt[7].  We 
find  for  6x10^°  protons/bunch  a  limit  of  ei  <  0.16  eVs  for 
T  \transition  “  167  /sCC  and  6;  <  0.12  eVs  for  7  \transition  ~ 
300  /sec. 

III.  SUMMARY  AND  CONCLUSIONS 

We  have  simulated  the  transition  crossing  for  the  proton  beam 
with  6x10^°  particle  ^unch.  Three  different  schemes  of  tran¬ 
sition  crossing  in  the  FMI  have  been  investigated.  We  find  that 
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for  an  operating  scenario  of  7  |tran jit*on=300  /sec  and  6/  >  0.2 
eVs  we  do  not  need  any  special  schemes  like  7t-jump  or  FFTC. 

Authors  would  like  to  acknowledge  Dr.  K.Y.  Ng  for  useful 
discussions,  especially  the  treatment  of  negative  mass  instabil¬ 
ity. 
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Abstract 

In  this  paper,  we  deal  with  impedances  of  various  beamline  el¬ 
ements  in  the  KEK  B-Factory.  We  will  also  discuss  the  power 
deposition  generated  by  a  beam  in  the  form  of  the  higher-order- 
mode  (HOM)  losses  by  interacting  with  its  surroundings. 

L  INTRODUCTION 

The  KEK  B-Factory  (KEKB)  is  an  electron-positron  collider 
with  unequal  beam  energies  (8  and  3.5  GeV)  for  study  of  B  meson 
physics[l].  The  dominant  issues  in  the  KEKB  in  terms  of  beam 
instabilities  and  impedance  are  the  very  high  beam  current  (2.6 
A  in  the  low  energy  ring  (LER)  and  1 . 1  A  in  the  high  energy  ring 
(HER))  to  achieve  the  high  luminosity  of  10^'^cm“^s“^  and  a 
short  bunch  (a^  =4  mm)  to  avoid  a  degradation  of  the  luminosity 
by  the  hour-glass  effect.  Since  the  charges  are  distributed  over 
many  (5120)  bunches,  the  bunch  current  is  not  unusually  high.  As 
a  consequence,  single-bunch  effects  are  expected  to  be  relatively 
moderate:  their  stability  limits  are  beyond  the  design  values  with 
comfortable  margins.  The  main  concern,  in  turn,  is  on  coupled- 
bunch  instabilities  due  to  high-Q  resonant  structures  such  as  RF 
cavities  and  the  transverse  resistive-wall  instability  at  very  low 
frequency  (lower  than  the  revolution  frequency).  The  short  bunch 
can  pick  up  the  impedance  at  very  high  frequency  (/  ~  20  GHz) 
and  thus  may  create  an  enormous  heat  deposition  by  the  higher- 
order  mode  (HOM)  losses.  This  heating  problem  requires  serious 
efforts  to  reduce  the  impedance  of  various  beam  components  or 
eliminate  candidates  for  trapping  modes  all  together. 

11.  IMPEDANCE  OF  COMPONENTS 

In  this  section,  we  summarize  our  estimate  of  impedances 
and  loss  factors  of  various  beamline  components.  Among 
impedance-generating  elements  of  the  rings,  the  largest  contrib¬ 
utors  are  RF  cavities,  the  resistive  wall,  masks  at  arc,  pumping 
slots  and  bellows  (because  of  their  large  number). 

A.  RF  cavities 

Two  types  of  RF  cavities  are  under  consideration  for  the 
KEKB.  The  ARES  (Accelerator  Resonantly  coupled  with  En¬ 
ergy  Storage)  cavity  is  a  normal-conductive  cavity  with  an  en¬ 
ergy  storage  cavity  to  reduce  the  detuning  of  the  accelerating 
frequency  due  to  a  large  beam  loading  effect.  Another  candi¬ 
date  is  a  superconductive  cavity  with  HOM  absorbers  made  of 
ferrite  material  attached  to  the  beam  pipe.  Although  a  final  deci¬ 
sion  on  which  cavity  will  be  employed  in  the  KEKB  has  not  yet 
been  made,  we  only  deal  with  the  impedance  and  loss  factor  of 
the  ARES  cavity  in  this  paper.  The  beam  power  of  5.2  MW  will 
be  provided  by  20  and  40  cells  of  the  ARES  cavities  in  the  LER 
(with  wiggler)  and  HER,  respectively.  The  impedance  of  the 
HOMs  in  the  ARES  have  been  calculated  using  a  computer  code 
MAFIA.  Most  HOMs  are  significantly  de-Qed,  typically  much 
less  than  100,  by  the  HOM  damper  consisting  of  a  coaxial  wave 
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guide  equipped  with  a  notch  filter.  Using  the  program  ABCI[2], 
we  have  estimated  that  the  main  body  of  the  ARES  cavity  pro¬ 
duces  a  loss  factor  of  0.529  V/pC  at  bunch  length  =  4  mm. 
If  this  cavity  is  connected  to  the  beam  chamber  (radius=50  mm) 
at  both  ends  with  100  mm  long  tapers,  the  additional  loss  fac¬ 
tor  will  be  0.363  V/pC.  In  total,  the  loss  factor  of  one  cell  of  the 
ARES  cavity  is  0.892  V/pC. 

B.  Resistive-wall 

The  material  of  the  KEKB  beam  chamber  was  chosen  to  be 
copper  because  of  its  low  photon-induced  gas  desorption  coeffi¬ 
cient,  its  high  thermal  conductivity,  and  its  large  photon  absorp¬ 
tion  coefficient.  Its  high  electrical  conductivity  also  helps  to  re¬ 
duce  the  resistive-wall  impedance.  Nevertheless,  this  is  still  the 
dominant  source  of  transverse  impedance  for  the  coupled-bunch 
instability.  The  total  transverse  resistive-wall  impedance  of  the 
circular  pipe  with  an  inner  radius  b  is  given  by 

SR 

Z^wico)  =  Zo(sgn(ft>)  -  /)-— ,  (1) 

where  Zq  (=  3110)  is  the  characteristic  impedance  of  vacuum, 
8  is  the  skin  depth,  R  is  the  average  radius  of  the  ring,  and  sgn(a>) 
denotes  the  sign  of  co.  For  the  LER  vacuum  chamber  (b  —  50 
mm),  Eq.  (1)  gives  the  resistive-wall  impedance  of  0.3  M^2/m  at 
the  revolution  frequency  100  kHz,  while  the  impedance  decreases 
to  2  kO/m  at  the  cutoff  frequency  2.3  GHz  of  the  chamber.  The 
HER  chamber  of  racetrack  shape  may  be  approximated  by  a 
circular  one  with  a  diameter  of  25  mm. 

C.  Masks  at  arc 

Each  bellows  has  a  mask  (5  mm  high)  located  in  its  front  to  be 
shielded  from  the  synchrotron  radiation  from  a  nearby  bending 
magnet.  There  are  about  1000  bellows  (one  bellows  on  both 
sides  of  each  quadrupole  magnet.  There  will  be  no  mask  for 
BPMs).  The  cross  section  of  the  mask  in  the  medium  plane  is 
shown  in  Fig.  1 .  For  accurate  calculations  of  wake  potentials  and 
loss  factors,  a  3-D  program  MASK30  has  been  developed  which 
solves  the  Maxwell  equations  directly  in  time  domain.  Using 
this  code,  we  have  found  that  the  total  longitudinal  impedance 
of  1000  masks  is 

Im[-5^]  =  2.8  X  10“^  Q,  (2) 

n 

where  n  expresses  the  frequency  (o  divided  by  the  revolution 
frequency  coq,  n  =  w/coq.  The  total  loss  factor  is 

=  4.6  V/pC,  (3) 

which  corresponds  the  total  HOM  power  of  62  kW  in  the  LER. 

D.  Pumping  slots 

The  current  design  of  pumping  slots  adopts  the  so-called  “hid¬ 
den  holes”  structure  similar  to  those  of  HERA  and  PEP-II.  A  slot 
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Figure.  1.  Mask  at  arc 


has  a  rectangular  shape  with  rounded  edges,  which  is  long  in 
the  beam-axis  direction  (100  mm  long,  4  mm  wide).  The  slot  is 
patched  on  the  pumping  chamber  side  by  a  rectangular  grid.  They 
help  to  prevent  the  microwave  power  generated  somewhere  else 
from  penetrating  through  the  slots  to  the  pumping  chamber  and 
then  depositing  the  energy  in  the  NEG  pumps.  There  are  analytic 
formulae  for  impedance  and  loss  factor  of  such  a  narrow  slot  by 
Kurennoy  [3] .  We  found  that  the  total  inductive  impedance  of  the 
pumping  slots  (there  are  8  slots  per  meter  over  the  total  length  of 
1800  m)  with  thickness  correction  is 

=  0.8  X  10-^  Q.  (4) 

n 

The  total  loss  factor  was  calculated  to  be 

=  10.6  V/pC,  (5) 

E.  BPMs 

The  annular  gap  (or  groove)  in  a  BPM  between  the  button 
electrode  and  the  supporting  beam  chamber  can  be  approximated 
by  a  regular  octagon.  The  impedance  of  a  BPM  can  be  thus 
calculated  from  the  same  formula  for  a  narrow  slot  considering 
it  as  a  combination  of  eight  narrow  slots  (two  transverse,  two 
longitudinal,  and  four  tilted)[4] ,  If  we  neglect  small  contributions 
from  the  longitudinal  slots,  and  consider  four  tilted  slots  as  two 
transverse  ones,  the  impedance  of  the  BPM  becomes  equivalent 
to  that  of  the  four  transverse  slots.  For  400  four-button  BPMs 
(radius=6.5  mm,  gap=l  mm,  and  thickness=l  mm),  the  total 
inductive  impedance  is 

=  1.3  X  10"'*  Q.  (6) 

n 

The  total  loss  factor  of  BPMs  is 

kL  =  0.71  V/pC.  (7) 

E  Mask  at  IP 

There  are  four  masks  (two  large  and  two  small)  on  both  side 
of  the  beryllium  chamber  at  the  interaction  point  (IP)  to  shield 
it  from  the  direct  synchrotron  radiation.  Figure  2  shows  their 
geometry.  The  loss  factor  due  to  these  masks  has  been  calculated 
using  the  code  MASK30  and  was  found  to  be 

kL  =  5.2  X  10-2  y/pC 


This  value  is  about  one-fourth  of  that  obtained  by  ABCI  using 
the  axis-symmetrical  model.  The  ratio  of  the  two  loss  factors 
coincides  with  the  ratio  of  the  opening  angle  of  the  IP  mask  from 
the  beam  axis  (about  90  degrees)  to  that  of  the  entire  circle.  Based 
on  this  observation,  we  have  learned  that  we  can  make  a  rough 
estimate  of  the  loss  factor  for  a  3-D  structure  by  multiplying  the 
opening  angle  ratio  to  a  result  for  its  axis-symmetrical  model. 


Figure.  2.  Mask  at  the  IP 


Not  all  of  the  power  generated  at  the  IP  will  be  deposited  there. 
It  depends  on  Q-values  of  modes  excited  between  the  masks.  The 
beam  chamber  at  the  IP  has  the  cutoff  frequency  at  6.04  GHz, 
and  the  tips  of  the  taller  masks  creates  another  cutoff  frequency 
at  8.202  GHz.  If  the  wake  fields  between  these  two  frequencies 
are  trapped,  the  deposited  energy  will  be  (using  ABCI  and  the 
translation  law) 

«  0.1  X  -  V/pC  =  0.025  V/pC.  (9) 

4 

The  corresponding  power  deposition  at  the  IP  in  the  LER  is 
P=343  W,  which  is  70  %  more  than  the  design  tolerance  of  200 
W  for  the  beryllium  window.  However,  if  one  takes  a  close  look 
at  the  impedance  of  these  modes,  all  the  modes  except  the  lowest 
one  near  6.04  GHz  have  Q-values  much  smaller  than  the  one 
determined  by  the  finite  conductivity  of  the  beryllium  window. 
This  is  because  the  radius  of  the  beam  chamber  remains  the  same 
inside  and  outside  of  the  IP  region  separated  by  the  masks,  and 
thus  the  modes  can  escape  to  the  outside  region  by  making  a 
bridge  over  the  masks.  The  only  trapped  mode  at  6.04  GHz  has 
a  loss  factor  of 0.003  V/pC  and  will  deposit  41 W  of  the  power  at 
the  IP.  This  amount  of  power  deposition  is  acceptable  provided 
that  the  frequency  of  the  trapped  mode  is  carefully  detuned  so 
that  it  will  not  resonate  with  the  bunch  frequency.  The  actual 
3-D  masks  at  the  IP  has  a  more  open  structure  than  the  axis- 
symmetrical  model,  and  thus  the  power  deposition  might  be  even 
smaller. 

G.  IR  chamber 

The  experimental  chamber  at  the  IR  makes  two  large  shallow 
tapers.  Its  impedance  has  been  calculated  using  ABCI  and  found 
to  be  mostly  inductive.  They  are 

=  1.0  X  10-2  Q 
n 


(8) 
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(10) 


The  loss  factor  without  the  contribution  from  the  IP  masks  is 

10-*  V/pC,  (11) 

which  corresponds  to  the  HOM  power  loss  of  3  kW.  This  power 
deposition  must  be  taken  care  of  by  e.g.,  putting  an  absorber  in 
the  chambers. 

H.  Y-shaped  recombination  chambers 

The  LER  and  HER  chambers  are  combined  to  a  single  cham¬ 
ber  on  both  sides  of  the  IP  (about  3  m  away).  The  impedance 
and  loss  factor  of  two  recombination  chambers  were  modeled  as 
axi-symmetrical  structures,  and  the  results  by  ABCI  then  were 
averaged  proportional  to  the  azimuthal  filling  factors.  That  gives 
a  large  loss  factor  almost  equivalent  to  that  of  two  ARES  cavities: 

JkL  =  L6  V/pC.  (12) 

/.  Bellows 

As  explained  in  the  subsection  for  the  masks  at  arc,  there  are 
about  1,000  shielded  bellows  in  both  rings  (one  bellows  on  both 
sides  of  every  quadrupole).  We  have  adopted  so  called  sliding- 
finger  structure  for  bellows.  These  bellows  produce  predomi¬ 
nantly  inductive  impedance.  Their  impedance  has  been  calcu¬ 
lated  with  use  of  ABCI.  The  imaginary  part  of  the  total  impedance 
and  the  total  loss  factor  for  1,000  bellows  in  the  LER  ring  are 

Z(co)  o 

=  4.23  X  10-**  Q  (13) 

n 

and 

j^L  =  2.5  V/pC.  (14) 

Additional  impedance  is  generated  by  the  slits  between  the 
sliding  fingers  of  the  bellows.  Using  the  same  formula  for  a 
narrow  slot,  we  found  that  their  contributions  are  negligible. 

III.  IMPEDANCE  BUDGET 

The  inductive  impedances  and  the  loss  factors  of  the  individ¬ 
ual  elements  in  the  LER  are  tabulated  in  Table  1.  The  total  lon¬ 
gitudinal  wake  potential  for  the  LER  is  plotted  in  Fig.  3.  The 
total  HOM  power  deposition  in  the  LER  (corresponding  to  the 
loss  factor  of  42.2  V/pC)  is  P=570  kW.  In  the  HER,  the  total  in¬ 
ductive  impedance  would  be  comparable  to  that  of  the  LER.  The 
total  loss  factor  in  the  HER  is  larger  than  that  of  the  LER  by  18 
V/pC  due  to  additional  20  RF  cavities,  leading  to  60  V/pC.  The 
corresponding  total  HOM  power  deposition  is  150  kW.  These 
numbers  should  be  used  in  designing  RF  parameters. 

References 

[  1  ]  The  KEKB  Design  Report  in  preparation. 

[2]  Y.  H.  Chin,  Users's  Guide  for  ABCI  Version  8,8,  CERN 
SL/94-02(AP)  andLBL-35258  (1994). 

[3]  S.  Kurennoy  and  Y.  H.  Chin,  KEK  Preprint  94-193  (1995). 
To  be  submitted  to  Part.  Accelerators. 

[4]  S.  Kurennoy,  Report  SSCL-636,  Dallas  (1993). 


Table  I 

LER  inductive  impedance  and  loss  factor  budgets. 


Component 

Inductive  impedance 
Im[Z/n]  (Q) 

Loss  factor 
(V/pC) 

Cavities 

— 

17.84 

Resistive-wall 

5.2  X  10-3  at  2.3  GHz 

4.0 

Masks  at  arc 

2.8  X  10-3 

4.6 

Pumping  slots 

8.0  X  lO-'* 

10.6 

BPMs 

1.3  X  10-* 

0.71 

Mask  at  IP 

negligible 

5.2  X  10-3 

IR  chamber 

1.0  X  10-3 

2.9  X  10-* 

Y-chambers 

-8.0  X  10-^ 

1.6 

Bellows 

4.23  X  10-3 

2.5 

Total 

0.014 

42.2 

Figure.  3.  Total  longitudinal  wake  potential  for  the  KEKB  LER. 
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Abstract 

In  this  paper,  we  deal  with  the  issues  of  single-beam  collective 
effects  (the  bunch  lengthening  and  the  transverse  mode-coupling 
instability)  and  coupled-bunch  beam  instabilities  due  to  RF  cav¬ 
ities  and  the  resistive-wall  beam  pipes  in  the  KEK  B-factory. 
The  transit  ion  problem  and  coupled-bunch  instabilities  due  to 
photo-electrons  will  be  discussed  in  other  publications. 

1.  INTRODUCTION 

The  KEK  B-factory  (KEKB)  is  an  electron-positron  collider 
with  unequal  beam  energies  (8  and  3.5  GeV)  for  study  of  B 
meson  physics  [1].  The  dominant  issues  in  the  KEKB  in  terms 
of  beam  instabilities  are  the  very  high  beam  current  (2.6  A  in 
the  low  energy  ring  (LER)  and  1.1  A  in  the  high  energy  ring 
(HER))  to  achieve  the  high  luminosity  of  10^cm"^s"^  and  a 
short  bunch  (cr^  =4  mm)  to  avoid  a  degradation  of  the  luminosity 
by  the  hour-glass  effect.  Since  the  charges  are  distributed  over 
many  (5 1 20)  bunches ,  the  bunch  current  is  not  unusually  high.  As 
a  consequence,  single-bunch  effects  are  expected  to  be  relatively 
moderate:  their  stability  limits  are  beyond  the  design  values  with 
comfortable  margins.  The  main  concern,  in  turn,  is  on  coupled- 
bunch  instabilities  due  to  high-Q  resonant  structures  such  as  RF 
cavities  and  the  transverse  resistive-wall  instability  at  very  low 
frequency  (lower  than  the  revolution  frequency). 

II.  SINGLE-BUNCH  COLLECTIVE  EFFECTS 

In  this  section,  we  review  our  predictions  of  singe-bunch  col¬ 
lective  effects,  namely,  the  bunch  lengthening  and  the  transverse 
mode-coupling  instability.  As  mentioned  in  the  introduction, 
these  instabilities  are  expected  to  impose  no  fundamental  limi¬ 
tation  on  the  stored  current,  since  the  bunch  current  is  relatively 
low  compared  with  other  large  electron  rings.  However,  the  re¬ 
quirement  of  the  short  bunch  (o^z  =  4  mm)  demands  a  careful 
attention  at  any  possible  causes  for  deviation  from  the  nominal 
value. 

A,  Bunch  lengthening 

There  are  two  mechanisms  to  alter  the  bunch  length  from  the 
nominal  value.  One  is  the  potential- well  distortion  of  the  station¬ 
ary  bunch  distribution  due  to  the  longitudinal  wake  potential. 
The  deformed  bunch  distribution  can  be  calculated  by  solving 
the  Haissinski  equation.  The  bunch  can  be  either  lengthened  or 
shortened  depending  on  the  type  of  the  wake  potential.  Another 
mechanism  is  the  microwave  instability  and  has  a  clear  threshold 
current  for  the  onset  of  the  instability. 

Oide  and  Yokoya  have  developed  a  theory  to  include  both  the 
potential-well  distortion  effect  and  the  microwave  instability [2]. 
A  program  is  now  available  to  compute  the  bunch  length  accord¬ 
ing  to  their  theory.  Figure  1  shows  the  calculated  bunch  length 
in  the  LER  as  a  function  of  the  number  of  particles  in  a  bunch, 
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ATp.  As  can  be  seen,  there  is  a  constant  bunch  lengthening  due  to 
the  potential- well  distortion  and  the  microwave  instability  takes 
off  at  A^p  =  1 .2  X  10^  ^  which  is  about  three  times  larger  than  the 
proposed  number  of  particles  per  bunch.  At  the  design  intensity, 
the  bunch  is  lengthened  only  by  20%. 


c 

Si 

T3 


e 

2; 


Particles  per  bunch  (10^^ ) 


Figure,  1.  Bunch  length  and  energy  spread  in  the  LER, 


B.  Transverse  mode-coupling  instability 

The  transverse  mode-coupling  instability  is  known  to  be  re¬ 
sponsible  for  limiting  the  single-bunch  current  in  large  electron 
rings  such  as  PEP[3]  and  LER  This  instability  takes  place  when 
two  head- tail  modes  (m=0  and  m=-l  modes  in  most  cases)  share 
the  same  coherent  frequencies.  In  a  short  bunch  regime  where 
the  KEKB  will  be  operated,  the  coherent  frequency  of  the  m=-l 
mode  keeps  almost  constant  as  a  function  of  the  bunch  current, 
while  that  of  the  m=0  mode  keeps  descending  until  it  meets  with 
the  m=-l  mode.  Using  the  estimated  transverse  wake  potential 
and  the  averaged  beta  function  of  10  m,  we  found  that  the  co¬ 
herent  tune  shift  of  the  m=0  dipole  mode  is  only  ~  —0.0002  at 
the  design  bunch  current.  This  value  is  much  smaller  than  the 
design  value  of  the  synchrotron  tune  (~  0.017).  Thus,  the  trans¬ 
verse  mode-coupling  instability  will  not  impose  a  serious  threat 
on  the  performance  of  the  KEKB. 

III.  COUPLED-BUNCH  INSTABILITIES 

As  mentioned  earlier,  the  coupled-bunch  instabilities  due  to 
high-Q  structures  such  as  RF  cavities  and  the  resistive-wall  beam 
pipes  are  the  main  concerns  in  the  KEKB  rings  because  of  the 
unusually  large  beam  current.  We  have  adopted  the  so-called 
damped-cavity-structure  to  sufficiently  lower  the  Q-values  of 
higher-order  parasitic  modes,  typically  less  than  100.  As  a  result, 
the  growth  time  of  the  fastest-growing  mode  in  the  LER  (HER) 
becomes  about  60  msec  (150  msec)  longitudinally  and  30  msec 
(80  msec)  transversely.  They  are  longer  than  or  comparable  to  the 
radiation  damping  time  of  20  msec  (longitudinally)  or  40  msec 
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(transversely)  in  the  two  rings  (with  wiggler  in  the  LER).  More 
details  on  the  calculation  results  will  be  available  in  ref.  [1].  In 
this  section,  we  focus  on  the  transverse  coupled-bunch  instability 
due  to  the  resistive-wall  impedance  and  coupled-bunch  instabil¬ 
ities  (both  transverse  and  longitudinal)  excited  by  the  crabbing 
mode  of  the  crab  cavity. 

A.  Transverse  resistive-wall  instability 

The  growth  rate  of  the  instability  in  terms  of  the  rigid  particle 
model  is  given  by 

^RW  =  ~  zJ  (1) 


46  46.2  46.4  46.6  46.8  47 

Tune 


where 

=  (pM  +•  /X  -h  v^)coo.  (2) 

Here,  is  the  averaged  beta  function  over  the  ring,  coq  is  the 
angular  revolution  frequency,  Re[ZRw]  is  the  real  part  of  the 
resistive- wall  impedance,  4  is  the  beam  current,  £5  is  the  beam 
energy,  is  the  betatron  tune,  is  the  mode  number  of  the 
coupled-bunch  oscillation  and  M  is  the  number  of  bunches  in  the 
beam.  In  the  above  formula,  it  is  assumed  that  the  RF  buckets  are 
uniformly  filled  with  the  equal  number  of  particles  (we  ignore 
effects  of  the  gap  in  the  bunch  filling  which  may  be  necessary  to 
suppress  the  ion  trapping). 

In  Figs.  2  and  3,  the  growth  time  of  the  most  unstable  mode 
in  the  LER  and  HER,  respectively,  are  shown  as  a  function  of 
the  betatron  tune.  In  the  current  design  of  the  LER  (HER),  the 
horizontal  and  vertical  tunes  are  45.52  (46.52)  and  45.08  (46.08), 
respectively.  The  most  unstable  mode  (5074  mode)  in  the  LER 
has  the  growth  time  5.9  and  8. 1  msec  at  these  tunes,  respectively. 
On  the  other  hand,  the  most  unstable  mode  in  the  HER  is  the 
5073  mode,  and  has  the  growth  time  of  4.0  and  5.6  msec  at  the 
horizontal  and  vertical  tunes,  respectively.  Conversely,  we  plot 
the  growth  time  as  a  function  of  the  coupled-bunch  mode  number 
at  the  tunes  45.52  and  46.52  for  the  LER  and  the  HER  in  Figs.  4 
and  5,  respectively 

One  possible  cure  for  this  instability  is  a  bunch-by-bunch  feed¬ 
back  system.  The  growth  rates  obtained  in  the  above  are,  how¬ 
ever,  close  to  the  limit  of  design  capability  of  our  feedback  sys¬ 
tem.  Fortunately,  the  coherent  frequencies  of  the  unstable  modes 


Tune 

Figure.  2.  Growth  time  of  the  resistive-wall  instability  as  a 
function  of  betatron  tune  in  the  LER. 


Figure.  3.  Growth  time  of  the  resistive-wall  instability  as  a 
function  of  betatron  tune  in  the  HER. 
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Figure,  4.  Growth  time  of  the  resistive-wall  instability  as  a 
function  of  the  mode  number  at  the  betatron  tune  of  45.52  in  the 
LER. 


stay  in  a  narrow  frequency  range  at  low  frequency,  and  thus  these 
modes  may  be  stabilized  by  a  narrow-band  mode  feedback  sys¬ 
tem  rather  than  a  wide-band  bunch-by-bunch  feedback  system. 
If  the  bunch-by-bunch  feedback  system  can  perform  at  the  damp¬ 
ing  time  of  10  msec,  the  mode  feedback  system  must  cover  only 
one  unstable  mode  in  the  LER  and  three  modes  in  the  HER,  as 
seen  from  Figs.  4  and  5.  Then,  the  combination  of  the  two  feed¬ 
back  system  is  expected  to  provide  a  damping  time  of  1  msec  for 
the  fastest-growing  modes. 

B.  Coupled-bunch  instability  by  crabbing  mode 

In  this  section,  we  deal  with  only  the  instability  due  to  the 
impedance  of  the  crabbing  mode.  The  instability  due  to  the 
HOMs  can  be  treated  in  a  similar  manner  to  those  in  accelerat¬ 
ing  cavities.  The  transverse  coupling-impedance  of  a  deflecting 
crabbing  mode  is  expressed  as 


(Ot 

Zx(«)  - 


"  \  +  iQx{---) 


COt 


CO 


(3) 


where  coj  is  the  resonant  frequency  of  the  crabbing  mode,  R_\_ 
is  the  transverse  shunt  impedance,  Qo  is  the  unloaded  Q-value 
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Figure.  5.  Growth  time  of  the  resistive-wall  instability  as  a 
function  of  the  mode  number  at  the  betatron  tune  of 46.52  in  the 
HER. 

g 

Ql  is  the  loaded  Q- value.  The  most  characteristic  feature  § 
of  the  crabbing  mode  is  that  it  operates  at  the  same  frequency  'fl 
as  the  accelerating  mode  unlike  the  HOMs,  This  feature  ren- 
ders  this  mode  harmless  by  cancellation  between  the  two  beta-  ^ 
tron  sidebands  in  both  sides  of  the  impedance  peak,  just  like  for  ^ 
the  fundamental  accelerating  mode  of  a  cavity.  Unlike  the  ac¬ 
celerating  mode  which  must  be  detuned  by  a  large  amount  of 
frequency  to  compensate  the  heavy  beam  loading,  we  need  not 
detune  the  crabbing  mode.  The  growth  rate  of  all  coupled-bunch 
modes  then  almost  vanishes  as  far  as  the  resonant  frequency  of 
the  crabbing  mode  is  kept  near  the  accelerating  frequency.  The 
main  parameters  of  the  crab  cavity  together  with  some  machine 
parameters  of  LER  are  summarized  in  Table  1.  The  growth  time 
of  the  most  unstable  mode  (the  5074  mode  for  positive  detuning, 
and  the  5075  mode  for  negative  detuning)  in  the  LER  is  depicted 
in  Fig.  6  as  a  function  of  the  detuning  frequency.  In  this  figure, 
the  radiation  damping  time  (40  msec,  with  wiggler)  is  shown  by 
the  thick  solid  line.  From  this  figure,  it  is  clear  that  all  modes  are 
stable  in  the  wide  range  of  detuning  from  -6.5  kHz  to  6.5  kHz. 

The  growth  time  in  the  HER  is  even  longer  than  in  the  LER.  We 
can  therefore  conclude  that  the  transverse  coupled-bunch  insta¬ 
bility  due  to  the  crabbing  mode  will  cause  no  serious  problem  as 
far  as  its  frequency  is  well  controlled. 

Another  problem  may  arise  when  the  beam  orbit  has  some  off¬ 
set  at  the  cavity.  In  this  case,  longitudinal  wake  fields  are  excited 
which  may  cause  a  longitudinal  coupled  bunch  instability.  Even 
so,  this  type  of  instability  can  be  stabilized  by  the  fundamental 
mode  of  the  accelerating  cavities  or  by  detuning  the  crab  cavities 
to  the  lower  frequency. 


Table! 

Main  parameters  of  the  crab  cavity  in  the  LER. 


Beam  energy 

3.5  GeV 

Beam  current 

2.6  A 

Horizontal  beta-function  at  crab  cavities 

100  m 

Horizontal  betatron  tune 

45.52 

Number  of  crab  cavities 

2 

Accelerating  frequency 

508.88  MHz 

Harmonic  number 

5120 

RJQo 

277.4  C2/m 

Ql 

1  X  10® 

Detuning  Frequency  [kHz] 


Figure.  6.  Growth  time  of  the  coupled  bunch  instability  due  to 
the  crabbing  mode  in  the  LER  versus  the  detuning  frequency. 

longer  than  the  radiation  damping  time  of  20  msec  in  the  LER 
with  wiggler.  Transversely,  however,  the  growth  time  of  the 
resistive-wall  instability  (~  5  msec)  is  far  shorter  than  the  radi¬ 
ation  damping  time  of  40  msec.  The  design  of  the  fast  feedback 
system  which  can  deal  with  the  remaining  growth  is  one  of  the 
most  challenging  problems  for  the  KEKB. 
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IV.  SUMMARY 

We  have  seen  that  neither  bunch  lengthening  nor  the  transverse 
mode-coupling  instability  will  impose  a  significant  limitation  on 
the  stored  bunch  current.  The  luminosity  performance  of  the 
KEKB  is  rather  affected  by  the  couple-bunch  instabilities  due 
to  RF  cavities  (longitudinally)  and  the  resistive-wall  instability 
(transversely).  Our  carefully  designed  damped-cavity-structure 
helps  to  reduce  the  longitudinal  growth  to  a  manageable  level. 
Even  the  most  unstable  mode  has  the  growth  time  (60  msec) 
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ABSTRACT 

Knowledge  of  the  Main  Ring(MR)  impedance  is  crucial 
for  the  understanding  of  beam  instabilities.  Beam  transfer 
function  measurements  provide  a  direct  measurement  of  beam 
impedance[l,  2].  With  proper  calibration  procedures,  values 
for  the  transverse  impedances  can  be  extracted  from  beam 
transfer  function  measurements.  The  principle  of 
measurements  is  reviewed  and  results  are  presented. 


excitation  and  ^  J_  is  the  transverse  impedance  of  accelerator. 
The  beam  transfer  function[3]  is  defined  as: 

B(co)  =  -iQQ^Q^-^^ 

For  zero  accelerator  impedance  the  BTF  is  given  by[l]: 


I.  REVIEW  OF  MEASUREMENT  PRINCIPLES 


A.  Beam  transfer  function 

Beam  transfer  function(BTF)  measurement  is  performed 
by  driving  the  beam  with  an  external  RF  excitation,  then  one 
measures  the  induced  signal  from  a  transverse  pickup.  We  use 
the  vertical  feedback  system  of  Fermilab  Main  Ring  to  drive 
the  beam.  The  measurement  setup  is  depicted  in  Figure  1. 


kicker  ^ 


beam  position  monitor 


Figure  1:  The  setup  for  open-loop  beam  transfer  function 
measurement.  0  is  the  betatron  phase  advance  from  kicker  to 
pickup. 


The  equation  of  motion  for  a  single  particle  driven  by 
external  excitation  at  the  location  of  kicker  is  given  by: 


dt 


j  ,  r>2r,2  -itot  ,  . 

y  +  QQy  =  Ge  +i 


elb  Zj^(co) 
Ttno  L 


(y) 


where  e=charge  of  proton,  Ib=beam  current,  mo=rest  mass  of 
particle,  y  =Lorentz  relativistic  factor,  <y>=averaged  beam 
displacement,  L=accelerator  circumference,  Q=betatron  tune 
of  individual  particle,  Q=angular  revolution  frequency  of 
individual  particle,  (0=angular  frequency  of  external  RF 
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(-/+) 

Bo(®)  =  [np((0)  +  i  •  PvJ^^z^^dcop] 

where  p((op)  is  the  normalized  betatron  frequency 
distribution  of  particle  beam,  cop  is  the  betatron  frequency  of 
individual  particle.  When  cop  is  near  the  f2(n+Q)  sideband,  the 
minus  sign  is  used.  The  plus  sign  is  used  for  the  Q(n-Q) 
sideband. 

If  one  inverts  the  BTF  and  plots  the  imaginary  part  vs. 
real  part,  one  will  get  the  stability  diagram.  The  equation  of 
the  stability  diagram  is  given  by: 

^  ^  eI|^(co)  Z_l(co) 

B((o)  “  Bq(co)  ymoQoii  L 

From  the  equation  of  the  stability  diagram  one  can  determine 
the  accelerator  impedance  simply  by  measuring  the 
displacement  of  the  contour  from  the  origin  of  the  complex 
plane. 

B.  Calibration 

The  driven  beam  response  can  be  measured  by  the 
induced  voltage  on  beam  position  monitor(BPM)  at  point  4: 

Vp  =  ib(y>si 

where  Sjl  is  the  detector  sensitivity [4].  The  actual  signal 
measured  by  the  network  analyzer  is  Vp.  From  the  definition 
of  the  beam  transfer  function,  the  induced  voltage  Vp  can  be 
rewritten  as: 


Ib(co)S^(co)B(co) 

P "  -iQo^^o 


If  h  denotes  the  cable  length  from  port  4  of  BPM  to  port  B  of 
the  network  analyzer,  then  the  S21  parameter  can  be  written 
as: 


S21 


eIb((0)Sj^K^D 

-iYmo^Qoi^o 


B(a))e-‘“*'<^ 


where  i  is  the  length  of  kicker  plate,  RjL  is  the  kicker 

constant[4]  which  characterizes  the  response  of  the  kicker  and 
D  is  the  voltage  gain  factor  of  the  amplifier. 
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One  can  compensate  the  cable  delay  during  data  analysis. 
Since  the  frequency  span  for  a  BTF  measurement  is  much 
smaller  than  the  3  dB  frequency  bandwidth  of  feedback 
system,  S21  parameter  and  B((o)  is  only  different  by  a 
proportionality  constant.  One  can  just  do  a  linear  fit  to 
determine  the  proportional  constant,  which  is  given  by  the 
following: 

eIb(co)S^K^D 

-iTfmo^Qoiio 

The  above  arguments  will  not  hold  if  the  frequency  span 
of  the  BTF  measurement  is  beyond  the  3  dB  bandwidth  of 
feedback  system.  To  improve  the  signal  to  noise  ratio,  a  time 
domain  gating  technique[5]  is  applied  to  the  analysis.  Because 
we  are  interested  in  the  low  frequency  range  of  the  transverse 
impedance,  a  detector  optimized  for  low  frequency  signals 
was  built  as  depicted  in  Figure  2. 


Figure  2:  The  configuration  of  beam  position  monitor  used  for 
BTF  measurements. 

11.  RESULTS  OF  BEAM  EXPERIMENTS 

Vertcial  BTF  measurements  were  done  at  the  injection 
energy  of  the  MR,  8  GeV,  with  debunched  beam.  Figure  4  and 
5  are  examples  of  measured  raw  data.  Figure  6  is  the  stability 
diagram  after  the  time  domain  gating  technique  is  applied. 
The  signal  is  still  quite  noisy.  The  fitting  results  are  shown  as 
dashed  lines  in  Figures  6  -9.  Only  the  central  portion  of 
resonance  response  is  used  for  fitting  because  of  the  noise. 
The  fitting  result  for  vertical  impedance  is  shown  in  Figure 
10. 


S21  C  I 


Figure  3:  Amplitude  of  S21(raw  data)  for  the  n=l+q  sideband. 
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Figure  4:  Phase  of  S21(  raw  data)  for  the  n=l+q  sideband. 
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Figure  5:  Stability  diagram  for  the  n=l+q  betatron  sideband 
processed  by  applying  the  time  domain  gating  technique. 


The  revolution  frequency  of  Main  Ring  is  47.4  kHz  and 
the  fractional  tune  is  0.4  .  The  beam  pipe  is  made  of  stainless 
steel  and  the  thickness  is  0.065”.  If  we  assume  only  beam  pipe 
of  circular  cross  section  is  used  around  the  accelerator,  we  can 
calculate  the  vertical  impedance.  The  result  is  depicted  in 
Figure  11. 
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Figure  6:  Stability  diagram  for  the  n=7+q  betatron  sideband. 
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Figure  7:  Stability  diagram  for  the  n=8-q  betatron  sideband. 
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Figure  8:  Stability  diagram  for  the  n=2-q  betatron  sideband. 

scabiJLTV  diaQran  ( ]i-q  ) 


Figure  9:  Stability  diagram  for  the  n=l+q  betatron  sideband. 


We  are  particularly  interested  in  the  vertical  impedance  of 
the  first  few  betatron  sidebands  because  of  evidence  showing 
the  signs  of  collective  beam  instabilities  due  to  the  resistive 
wall  impedance[6].  The  results  from  BTF  measurements  do 
not  show  the  characteristic  dependence  of  resistive  wall 
impedance.  Other  sources  besides  wall  resistance  of  the  beam 


pipe  may  contribute  to  the  observed  phenomena.  Work  is  still 
underway  to  improve  the  accuracy  of  measurements. 
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Figure  10:  The  vertical  impedance  of  the  Fermilab  Main  Ring 
from  BTF  measurements.  The  unit  of  y  axis  is  in  Mi2/m. 
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Figure  11:  Theoretical  calculation  of  vertical  impedance  for 
Main  Ring.  Only  the  real  part  is  plotted.  The  dashed  line  is  the 
value  for  thick  wall  model  and  the  solid  line  is  the  thin  wall 
model. 
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ABSTRACT 

Transverse  beam  instabilities  at  injection  prevent  the 
Fermilab  Main  Ring  from  storing  higher  intensity  proton 
beam.  It  is  essential  to  understand  the  nature  of  existing  beam 
instabilities  in  order  to  increase  the  stored  beam  intensity. 
Results  of  experimental  studies  are  presented  and  the  nature  of 
beam  instabilities  is  depicted.  Possible  cures  are  discussed. 

I.  THE  OBSERVED  PHENOMENA 

The  existence  of  transverse  collective  instabilities  in  the 
Main  Ring(  MR)  has  been  known  for  years[l,  2].  The  most 
severe  effects  occur  in  the  vertical  plane  because  of  the 
smaller  width  of  beam  pipe  in  the  vertical  direction.  Two 
damper  systems  were  built  to  combat  the  instabilities.  One  is 
slow  damper  which  covers  the  frequency  from  DC  to  1.5 
MHz.  The  other  is  the  super  damper  which  is  a  bunch-by** 
bunch  feedback  system  using  digital  technology.  Evidence  of 
collective  beam  instabilities  has  been  shown  in  Ref[2]. 

A.  Growth  rate  v.y.  beam  intensity 

The  growth  rate  of  the  amplitude  of  vertical  betatron 
oscillation  clearly  shows  strong  dependence  on  the  total  beam 
in  the  MR  as  depicted  in  Figure  1  and  2. 


0.00  0.10  0.20  0.30  0.40  0.50 

Figure  1:  The  amplitude  of  vertical  betatron  oscillation  for 
n=l-q  sideband, batch  spacing=8  RF  buckets. 


The  growth  rate  of  the  vertical  instability  also  shows 
dependence  on  the  bunch  length.  This  indicates  that  there  may 
be  single  bunch  motion  in  the  vertical  plane  too. 


time  [sec] 

Figure  2:  The  amplitude  of  vertical  betatron  oscillations  for 
the  n=l-q  sideband.  The  experiment  setup  is  the  same  as  in 
Figure  1  except  the  beam  intensity  is  doubled. 
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Figure  3:  The  amplitude  of  vertical  betatron  oscillation  for  the 
n=l-q  sideband.  The  batch  spacing  is  8  rf  buckets.  Both 
dampers  were  on  during  the  measurement. 


B.  Growth  rate  vs.  batch  spacing 

The  separation  between  adjacent  batch  also  plays  an 
important  role  in  the  growth  rate  of  vertical  instability.  The 
beam  batches  were  injected  in  a  successive  order.  A  longer 
spacing  between  adjacent  batch  certainly  helps  to  deter  the 
onset  of  vertical  instability.  Each  batch  contains  84  beam 
bunches  in  the  data  shown  in  Figure  3  and  4. 

C.  Growth  rate  V5.  bunch  length 


*  Operated  by  Universities  Research  Association  Inc.,  under 
contract  with  the  U.S.  Department  of  Energy. 


D.  Growth  rate  V5.  betatron  tune 

The  growth  rate  as  a  function  of  the  vertical  tune  was 
measured  and  depicted  in  Figure  8.  The  horizontal  tune  was 
19.48  and  the  initial  vertical  tune  was  19.49.  There  were  12 
batches  in  the  MR  with  a  batch  spacing  of  8  rf  buckets.  Each 
batch  was  fully  filled  up.  The  chromaticity  settings  were  -12 
for  the  horizontal  and  0  for  the  vertical  plane. 

From  results  shown  in  Figures  1  -6,  we  believe  that  both 
coupled  bunch  mode  and  single  bunch  head-tail  instabilities 
exist  in  the  MR. 
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time  [sec] 

Figure  4:  The  amplitude  of  vertical  betatron  oscillation  for  the 
n=:l-q  sideband.  The  experiment  setup  is  the  same  as  in  Figure 
3  except  the  batch  spacing  is  376  rf  buckets. 
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Figure  5:  The  measured  growth  rate  as  a  function  of  the  bunch 
length. 


Figure  6:  The  growth  rate  vs.  the  changes  in  the  vertical  tune. 

IL  DATA  ANALYSIS 

A.  Coupled  bunch  instability 

A  qualitative  analysis  was  developed  to  help  identify  the 
unstable  mode  of  coupled  bunch  instability. 

Suppose  there  are  m'  batches  in  the  accelerator,  each  has 


Figure  7:  The  bunch  configuration  of  multibatch  injection. 


£  bunches.  Each  batch  is  separated  by  g  rf  buckets.  The  bunch 

configuration  is  depicted  in  Figure  7.  The  right  side  of  Figure 
7  is  the  cut-away  view  of  the  configuration.  If  we  only 
consider  the  equilibrium  condition,  i.e.  there  is  no  damping  or 
growth  in  the  amplitude  of  betatron  oscillation.  We  also  use  a 
macroparticle  to  represent  a  bunch.  Then  the  transverse 
motion  of  the  beam  centroid  for  bunch  p  observed  by  a  beam 
position  monitor(BPM)  at  a  fixed  location  can  be  expressed 
as: 

dp(t)  =  -nT-p^-  f  cos(<y^^  +  0^)) 

¥(t)  =  +  0)^^  cosCcOgt  +  \|/p) 


where  qp  is  the  fractional  part  of  betatron  tune,  coq  is  the 
angular  revolution  frequency,  co^  is  the  chromatic  frequency, 
cOs  is  the  synchrotron  frequency,  <t)p  is  the  initial  synchrotron 
phase,  \|/p  is  the  initial  betatron  phase,  t  and  Ap  is  the 

amplitude  of  synchrotron  oscillation  and  betatron  oscillation 
respectively.  Q  is  the  total  charge  of  a  beam  bunch,  T  is  the 
revolution  period  and  M  is  the  harmonic  number  of 
accelerator.  The  signal  observed  by  the  beam  position  monitor 
is  given  by: 

m'-l  m(^+g)+^-l 
d(t)=  I  I  dp(t) 
m=0  P=m(^+g) 

For  a  closed-loop  coupled  bunch  mode,  we  can  write  the 
coherent  phase  advance  0  between  the  adjacent  bunches  as 
2n\xM.  where  p  is  an  integer  ranging  from  0  to  M-1.  Then  the 
frequency  spectrum  of  transverse  signal  for  the  multibatch 
configuration  with  missing  bunches  is  given  by [3]: 

^  k 

D(o))  =  I  -^k  ®  +  (0^  )T)  • 

n,k=“Oo  ^  ^ 

F(n-p,-?)B(n-p,4g,m’) 


which  is  just  the  single  bunch  result  multiplied  by  two  extra 
factors  F  and  B.  F  is  the  form  factor  for  a  single  batch  with 
many  consecutive  bunches.  B  is  the  form  factor  for  the 
multibatch  configuration.  When  there  is  only  one  batch  in  the 
accelerator,  the  value  of  B  converges  to  one.  Therefore,  the 
frequency  spectrum  of  transverse  signal  with  coupled  bunch 
coherence  is  just  shifted  by  the  mode  factor  p.  The  explicit 
expressions  for  the  form  factors  are: 


F(n,^)  = 


J27m^/M 


1 


J27rn/M 


-1 
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^i27cn(^+g)m7M 
gi27in(^+g)/M  _  j 


Figure  8  shows  good  agreement  between  the  analysis  and 
measurement  data.  It  was  found  that  \i=l  gave  the  best  fit. 
Therefore,  the  dominant  unstable  mode  is  the  n=l-q  betatron 
sideband.  Figure  9  is  the  time  domain  picture  of  the  vertical 
betatron  oscillation  measured  with  a  stripline  BPM.  The 
bunch  oscillation  was  recorded  up  to  five  revolutions. 
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Figure  8:  The  frequency  spectrum  of  vertical  motion  when 
each  batch  was  only  half  filled.  Both  dampers  were  off.  The 
dashed  line  is  the  calculated  form  factor  with  |X=1. 
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Figure  9i  The  vertical  oscillation  of  12  equally  spaced 
batches.  The  horizontal  scale  is  10  ps/div.  Signal  was 
measured  by  a  stripline  BPM.  Due  to  the  reflected  pulse  from 
the  downstream  end  of  BPM,  the  period  of  oscillation  is  about 
40  ps  instead  of  20  ps.  The  frequency  of  the  n=l-q  betatron 
sideband  is  around  26  kHz.  The  revolution  period  of  MR  is  21 


ps. 


B.  Head-tail  instability 

Various  modes  of  vertical  head-tail  instability  were  also 
observed  in  the  MR.  Signals  were  measured  by  a  quarter 
wavelength  stripline  BPM  and  digitized  by  a  Tektronix 
digitizer  RTD720  running  at  2  GSample/sec.  The  time  step 
used  in  Figures  10  and  11  is  500  ps/unit. 


Figure  10  depicts  the  m=0  head- tail  mode  and  Figure  11 
is  the  m=l  mode.  Both  dampers  were  turned  off  during  the 
measurements. 

VertMBJ  head-xaii  TBT,  »-<I 


Figure  10;  Vertical  chromaticity=3.6,  bunch  length=5  nsec, 
beam  intensity/bunch=1.07  ElO  protons. 


VertiesJ  Iwad-tajJ  THT,  b*-  I 


beam  intensity/bunch=1.67  ElO  protons. 

C.  Discussions 

The  measurements  presented  here  confirm  the  previous 
suggestions  that  MR  suffers  from  the  vertical  instabilities  due 
to  the  resistive  wall  impedance[2].  Measurements  of  the 
accelerator  impedance  also  show  large  resistive  impedance  in 
the  low  frequency  range[4].  Design  work  for  a  new  damper 
system  is  currently  underway. 
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Abstract 

Fast  bunch  to  bunch  feedback  is  necessary  to  control 
instabilities  caused  by  coupled  bunch  oscillations  in  high 
intensity  machines.  A  time  domain  active  feedback  scheme  is 
discussed  with  focus  on  effective  error  detection  using  simple 
analog  filters.  Fast  electronic  switches  direct  each  beam  bunch 
signal  from  a  beam  pickup  to  a  corresponding  filter.  The  filters 
are  excited  at  steady  states.  The  output  of  the  filters  are  steady 
sine  waves  tracking  the  phase  and  amplitude  variations  of 
individual  bunches,  allowing  easy  phase  comparison  with  a 
reference  rf  signal.  Amplitude  detection  of  the  signals  yields 
valuable  information  of  higher  order  beam  oscillation  modes. 
The  beam  motion  information  is  processed  and  multiplexed  to 
a  fast  phase  or  amplitude  modulator  that  drives  a  wideband 
kicker.  The  feedback  system  can  also  be  used  to  correct 
individual  bunch  oscillations  caused  by  injection  errors  in 
larger  machines  filled  by  a  number  of  booster  cycles. 

L  INTRODUCTION 

Classical  global  rf  beam  feedbacks  are  effective  in 
damping  the  coherent  synchrotron  oscillations  and  are  widely 
used  in  modem  synchrotrons  [1].  When  the  oscillations  vary 
from  bunch  to  bunch,  such  as  in  the  case  of  coupled  bunch 
oscillations  [2],  coherent  feedback  is  no  longer  effective.  The 
feedback  in  such  a  case  needs  to  be  bunch  specific  and  can  be 
implemented  in  either  frequency  or  time  domain  [3]. 

In  the  frequency  domain  method,  sidebands 
responsible  for  the  oscillations  of  various  modes  are  identified, 
processed  and  fed  back  to  a  wideband  correction  kicker. 
Elaborate  filters,  usually  realized  by  digital  signal  processing 
technology,  are  used  to  provide  the  necessary  transfer  function 
of  the  feedback  loop.  The  technique  can  possibly  damp  very 
fast  instability  growths  relative  to  the  synchrotron  tune.  No 
instantaneous  error  detectors  and  modulators  are  necessary 
since  the  feedback  works  entirely  in  the  frequency  domain. 
The  signal  processing  filters,  however,  need  to  know  accurate 
information  about  the  oscillations  since  prescribed  phase  and 
amplitude  characteristics  must  be  realized  at  various  sideband 


*Work  supported  in  part  by  NSF  Grant  No.  PHY-92-21402. 


frequencies. 

The  time  domain  method  treats  individual  beam  bunch 
as  a  harmonic  oscillator  coupled  to  adjacent  bunches.  The 
motion  of  the  bunch  can  be  described  as  that  of  an  undamped 
simple  harmonic  oscillator: 

2  (1) 

^  jc  =  AO 

where  x  can  be  either  the  phase  or  energy  variations  caused  by 
oscillations,  the  synchrotron  oscillation  frequency,  BndJ{t) 
the  driving  term.  If  the  driving  term  f(t)  can  be  made  to 
contain  a  term  that  is  proportional  to  the  first  time  derivative 
of  X,  damping  can  be  achieved.  In  practice  this  is  realized  by 
detecting  x  and  phase-shifting  it  by  90  degrees,  resulting  in  a 
net  differentiated  term.  The  signal  is  then  used  to  modulate  a 
wideband  rf  cavity.  In  this  method,  exact  information  of 
oscillations  is  not  necessary  and  a  properly  designed  system 
can  cover  synchrotron  tunes  varying  with  time. 

So  far  as  damping  is  concerned,  the  two  methods  are 
equivalent  and  output  the  same  correction  signals  to  the 
wideband  kicker  [3]. 

IL  IMPLEMENTATION  OF  TIME 
DOMAIN  FEEDBACK 

Our  damping  experiment  uses  the  time  domain 
method,  with  focus  on  effective  error  detection. 

For  the  dipole  mode  oscillations,  the  time  domain 
method  must  pick  up  the  beam  phase  or  energy  error  with 
respect  to  a  reference.  Energy  errors  can  be  picked  up  by 
position  detectors  in  a  region  of  high  dispersion.  The  post¬ 
detection  signal  processing,  however,  has  to  be  able  to  subtract 
the  component  of  betatron  oscillations.  This  adds  complexity 
to  the  implementation. 

The  detection  of  phase  errors  is  thus  employed  in  our 
experiment.  The  hardware  needs  to  detect  the  instantaneous 
phases  of  individual  beam  bunches  and  have  a  fast  phase 
shifter  that  provides  different  correction  phase  values  for  each 
bunch. 

A  simple  measurement  of  time  difference  between  rf 
and  a  preset  level  of  beam  profile  cannot  produce  the  precise 
location  of  the  centroid  of  the  beam  bunch  due  to  the  short 
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time  involved  and  the  complexity  of  beam  profile.  When  a 
beam  is  tightly  bunched  in  an  rf  bucket,  such  as  in  many 
electron  rings,  the  precision  of  timing  measurement  can  be 
improved  by  generating  a  train  of  pulses  with  a  suitable 
bandpass  filter  (such  as  a  Bessel  constant  delay  type),  or  a 
microwave  pulse  to  comb  generator  [4]  [5].  The  resulting  pulse 
train  is  then  compared  with  an  rf  reference  by  a  phase  detector. 
The  timing  measurement  has  very  good  accuracy  due  to  error 
averaging  over  many  cycles  by  phase  detection. 

In  our  experiment  we  pick  a  specified  harmonic 
component  of  a  beam  profile  (usually  the  fundamental 
revolution  frequency)  as  a  reference  to  the  position  of  a 
relative  wide  beam  bunch.  This  is  often  a  reasonable 
measurement  of  beam  bunch  centroids  for  many  types  of 
complex  beam  profiles  with  certain  symmetry. 

Fig.  1  is  a  block  diagram  of  our  experimental  scheme. 
The  beam  signal  is  taken  from  a  wall  gap  monitor.  The  ring 
operating  rf  frequency  is  divided  by  the  ring  harmonic  number. 
A  digital  counter  is  used  to  accomplish  the  task.  The  state  of 
the  digital  counter  is  decoded  to  drive  the  switches  connected 
to  filters,  so  that  each  switch  closes  when  a  corresponding 
beam  bunch  arrives.  The  filter  bank  consists  of  n  filters, 
corresponding  to  n  bunches  in  the  ring.  Each  filter  only  sees 
the  beam  profile  of  its  corresponding  bunch  in  the  period  of 
one  particle  revolution  due  to  fast  switching  and  tracks  the 
fundamental  (or  other  harmonic)  component  of  a  single  beam 
bunch.  The  filters  can  either  be  lowpass  or  bandpass  to  obtain 
the  desired  harmonic  component  of  the  beam  bunch. 

Since  the  filters  operate  in  the  steady  state  instead  of 
transient  state,  the  parameters  of  the  filters  are  quite  tolerant. 
The  filter  output  frequency  will  be  locked  to  the  revolution 
frequency  in  our  setup.  Properly  designed  filters  can  cover  the 
frequency  swing  of  machines  of  relativistic  energies.  For  lower 
energy  machines  in  which  the  velocities  of  particles  vary  a  lot, 
the  filters  can  be  electronically  tuned  due  to  their  simplicity. 

The  rf  system  frequency  is  divided  down  to  the  same 
frequency  as  that  of  filters  and  distributed  to  the  phase 
comparators  in  each  channel.  Because  the  synchrotron 
oscillations  are  relatively  slow,  the  phase  errors  vary  slowly 
and  can  be  processed  by  normal  op-amp  circuits  for  90  degree 
phase-shifting  and  offset  compensations. 

The  output  of  the  signal  processors  is  fed  into  another 
array  of  fast  electronic  switches  operating  synchronously  with 
the  demultiplexing  switches.  The  time-multiplexed  signal  is 
then  used  to  modulate  a  high  speed  phase  modulator  that 
drives  a  wideband  rf  kicker.  The  time  delay  between  the 
demultiplexing  switches  and  multiplexing  switches  is  set  as 
such  that  a  beam  bunch  sees  the  correction  signal  generated  by 
its  error.  A  delay  of  some  integer  numbers  of  revolution 


periods  is  allowed  since  the  synchrotron  tune  is  usually  much 
smaller  than  unity. 


Figure  1.  Block  diagram  of  fast  bunch  to  bunch  feedback 
experiment. 

The  amplitude  information  of  the  filter  output  reflects 
higher  mode  bunch  oscillations  and  is  very  useful,  too.  As 
shown  in  Fig.l,  it  can  be  amplitude  detected  and  processed  in 
the  same  fashion  as  the  phase  errors.  A  multiplexed  fast 
amplitude  modulator  can  then  amplitude-modulate  the 
wideband  rf  kicker  to  damp  the  oscillations. 

III.  HARDWARE  CONSIDERATIONS 

The  success  of  the  approach  depends  heavily  on  the 
quality  of  high  speed  electronic  switches.  Thanks  to  the  state 
of  microwave  technologies,  switches  with  excellent  on/off 
characteristics  and  a  couple  of  nanosecond  switching  time  are 
readily  available  commercially. 

Fig.2  is  a  scope  picture  of  a  switched  beam  signal. 
The  top  trace  is  an  electron  cooled  140  MeV  polarized  proton 
beam  signal  from  the  lUCF  Cooler  Ring.  The  signal  is 
obtained  from  a  wall  gap  monitor.  The  lower  trace  shows  that 
every  fourth  bunch  seen  by  the  wall  gap  monitor  is  being 
switched  to  a  filter.  The  bunches  shown  were  in  fact  the  same 
beam  bunch  passing  through  the  beam  monitor  at  the 
revolution  frequency  since  the  synchrotron  was  operating  at  the 
harmonic  h=\.  The  switch  was  in  fact  being  switched  on  every 
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four  revolution  periods.  So  far  as  switching  is  concerned, 
however,  there  is  no  difference  between  such  a  setup  and  true 
individual  bunch  switching. 


it  H|ii  y 
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Figure  2.  Every  fourth  bunch  of  beam  in  this  scope  picture  is 
switched  into  a  filter. 


while  the  other  channel  is  delayed  by  1/f  and  then  phase 
modulated.  Two  one-shot  pulse  generators  are  triggered  by  the 
phase  modulated  signals.  The  output  of  the  pulse  generators 
are  added  by  a  combiner,  forming  the  desired  simulation 
signal.  N  bunches  can  be  simulated  in  a  similar  fashion  from 
an  f/N  rf  source  that  is  split  N  channels  and  then  recombined. 


modulation 


The  filters  are  simple  LC  types.  The  phase  at  the 
output  of  the  filters  is  delayed  by  the  phase  delay  of  the  filters 
at  the  operating  frequency  and  shows  up  as  a  DC  offset  at  the 
phase  detector  output.  The  group  delay  of  the  filters  delays  the 
amplitude  envelop  of  the  filter  output  and  is  usually  not  a 
concern  since  the  bunch  oscillation  periods  are  relatively  long. 
If  the  fundamental  revolution  frequency  is  chosen  from  the 
beam  profile,  the  filters  can  be  lowpass  types.  Other  harmonics 
usually  require  bandpass  filters  at  the  harmonic  frequency.  The 
Q  of  the  bandpass  filter  must  be  such  that//2j3  >fs*  In  other 
words,  the  synchrotron  sidebands  must  be  able  to  pass  the 
filter.  The  expression  of  a  given  harmonic  of  a  phase 
modulated  beam  signal  is: 

00 

x(r)  =  ^  cos(a)^+«ti>^  t 


Figure  3.  Block  diagram  of  a  beam  signal  simulation  source 
with  two  independent  oscillation  modes. 

IV.  EXPERIMENTAL  PLANS 

We  have  been  focusing  on  the  error  detection  of 
coupled  bunch  oscillations.  A  wideband  longitudinal  kicker  is 
needed  to  conduct  beam  experiments.  A  principle 
demonstration  experiment  can  be  conducted  in  the  lUCF 
Cooler  Ring  attempting  to  damp  the  non-coherent  bunch 
oscillations  induced  by  an  intentional  injection  phase 
mismatch.  Further  experiments  can  then  be  conducted  in 
facilities  with  sufficiently  high  beam  intensities  and  high 
impedance  elements. 


where  is  the  nth  Bessel  function  of  the  first  kind,  n  the  nth 
harmonic  of  m  the  phase  excursion  in  radian  and  Af^  the 
amplitude  of  the  hth  harmonic.  When  the  phase  excursion  is 
large,  the  filter  bandwidth  needs  to  cover  all  the  higher  order 
sidebands  with  significant  amplitudes. 

Because  real  beam  with  coupled  bunch  oscillations  is 
not  readily  available,  an  electronic  signal  source  is  set  up  to 
simulate  the  individual  bunch  oscillations.  Fig.3  is  a  block 
diagram  of  such  a  simulator  source.  Two  beam  bunch  signals 
capable  of  independent  phase  modulations  are  simulated  in  this 
setup  with  a  "bunch  spacing"  of  1/f.  An  f/2  rf  signal  is.  split 
two  ways.  One  channel  is  being  phase  modulated  directly 
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Field  propagation  effects  during  the  filling  and  re-filling  of 
the  cavity  are  not  harmful  for  a  relativistic  beam  accelerated  in 
a  multicell  standing  wave  cavity.  On  the  opposite  the  beam 
dynamics  of  a  non  relativistic  beam  injected  into  a  capture 
cavity  can  be  significantly  affected  by  the  interaction  with 
other  modes  of  the  fundamental  passband,  under  beam-loading 
conditions.  In  fact,  the  dominant  beating  provided  by  the 
passband  mode  nearest  to  the  accelerating  7C-mode  introduces 
fluctuations  on  the  accelerating  voltage.  The  phase  slippage 
occurring  in  the  first  cells,  between  the  non  relativistic  beam 
and  the  lower  modes,  produces  an  effective  enhancement  of  the 
shunt  impedances,  which  are  usually  negligible  for  a 
relativistic  beam  in  a  well  tuned  cavity.  In  some  cases 
simulations  show  a  significant  oscillation  of  the  energy  spread 
and  transverse  normalized  emittance  along  the  bunch  train.  As 
an  example,  we  have  applied  our  computational  models  to  the 
beam-loading  problem  in  the  Tesla  Test  Facility  (TTF) 
superconducting  capture  cavity. 

L  INTRODUCTION 

In  addition  to  single  bunch  effects,  induced  in  particular  by 
space  charge  forces,  multi-bunch  effects  due  mainly  to  RF  field 
propagation  inside  the  cavity,  will  affect  the  quality  of  a  non 
relativistic  beam  accelerated  by  standing  wave  structures.  The 
study  of  these  beam  loading  effects,  which  could  limit  the 
performances  of  injectors  involving  SW  cavities,  led  to  the 
development  of  numerical  codes  [1]:  HOMDYN,  which 
includes  space  charge  effects  and  transverse  motion  and 
MULTICELL,  which  involves  the  longitudinal  motion. 

After  a  cavity  filling  time,  the  cavity  is  periodically  refilled 
by  RF  power  during  the  bunch  to  bunch  interval.  Although 
the  generator  firequency  is  set  close  to  the  accelerating  7C-mode, 
all  the  modes  of  the  TMqio  pass-band  will  be  excited. 
Recently,  in  the  aim  to  study  the  beam  loading  effect  in  the 
superconducting  cavity  TESLA  for  a  relativistic  beam,  the 
multi-mode  problem  was  solved  by  using  systems  of  first 
order  differential  equations  [2]  or  Laplace  transforms  [3]. 

In  this  paper,  we  use  however  a  different  approach,  by 
directly  solving  the  differential  equations  relative  to  each  usu^ 
mode  of  the  pass-band,  provided  that  an  intermode  coupling 
term  is  taken  into  account.  It  can  be  shown  in  fact  [4]  with  the 
help  of  the  theory  of  coupled  resonators,  that  the  usual 
modes  of  the  pass-band,  found  in  the  steady-state  regime,  are 
coupled  through  the  external  Q  of  the  first  cell,  where  the 
coupler  is  located,  and  not  through  the  intrinsic  wall  losses  of 
the  cells. 

The  excitations  Zm  of  these  normal  modes  of  index  mare 
then  found  by  solving  the  following  system  (1)  of  coupled 
differential  equations: 
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The  first  driving  term  represents  the  generator  current, 
while  the  second  integral  over  the  whole  cavity  represents  the 
beam  interaction  with  the  mode  m  and  will  be  computed 
during  each  bunch  passage.  The  coefficient  Tnm  is  the 
normalized  excitation  of  mode  m  (m=l,M)  at  the  center  of  cell 
n  (n=l,N).  The  evolution  of  the  M  field  amplitudes  during  the 
cavity  filling  and  refilling  driven  by  the  generator  current, 
together  with  the  perturbation  due  to  beam-loading,  are  found 
by  numerical  integration  of  system  (1)  coupled  to  the  beam 
equations  of  motion.  Since  we  are  particularly  interested  in  the 
evolution  of  amplitude  and  phase  envelopes  of  the  RF  fields  of 
the  fundamental  pass-band,  which  are  slowly  varying 
functions,  this  second  order  system  can  be  easily  transformed 
to  a  first  order  differential  equations  system  [1]. 

11.  RELATIVISTIC  BEAM 


In  a  well  tuned  cavity  interacting  with  a  relativistic  beam, 
the  average  accelerating  field  vanishes  for  all  modes,  except  of 
course  for  the  7C-mode.  However,  since  the  7C-mode  is  coupled 
to  the  other  excited  modes  through  the  Qex»  some  fluctuations 
remain. 


Figure  1  :  Accelerating  voltage  evolution  during  800  bunches 
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Figure  1  is  a  plot  of  the  total  accelerating  voltage  during  the 
entire  TESLA  beam  passage  in  a  9-cells  SC  cavity  (bunch 
charge:  8  nC,  bunch  spacing:  1  |j.s,  accelerating  gradient:  25 
MV/m),  and  points  out  the  residual  oscillations,  mainly 
caused  by  the  mode  of  the  pass-band  nearest  to  the  7C-mode, 
decaying  according  to  the  mode  time  constants  x  =  2Qq^  /  co. 
The  induced  bunch-to-bunch  energy  spread  is  nevertheless  very 
small,  from  3  10"^  at  the  beginning  to  0.5  10'^  at  the  end. 

III.  NON-RELATIVISTIC  BEAM 

With  a  non-relativistic  beam  the  situation  changes 
completely:  the  effects  of  the  modes  lower  than  the  7C-mode  do 
not  cancel  any  more.  The  phase  slippage  occurring  in  the  first 
cells,  between  the  non  relativistic  beam  and  the  lower  pass- 
band  modes,  produces  an  effective  enhancement  of  the  shunt 
impedances,  which  is  usually  negligible  for  a  relativistic  beam 
in  a  well  tuned  cavity.  Furthermore,  since  the  beam  phase  is 
slipping  all  along  the  structure,  the  field  jumps  and  the 
detuning  due  to  the  off-crest  beam  vary  from  cell  to  cell.  Some 
appreciable  fluctuation  of  the  output  energy  during  the  beam 
pulse  is  then  expected.  This  multi-bunch  energy  spread  is  here 
estimated  for  the  SC  capture  cavity  of  the  low  charge  injector  I 
of  the  Tesla  Test  Facility  [5],  (bunch  charge:  37  pC,  bunch 
spacing:  4.615  ns,  accelerating  gradient:  10  MV/m). 


Figure  2  :  Beam  phase  shift  along  the  SC  capture  cavity  (the 
cavity  profile  is  also  shown) 

Figure  2  shows  typical  plots  of  the  beam  phase  with 
respect  to  the  RF  wave  for  a  single  bunch  crossing  the  9-cell 
capture  cavity.  An  injection  energy  of  240  KeV  was  assumed. 
Before  reaching  a  stable  value,  the  phase  shift  varies  rapidly 
especially  in  the  first  cells.  The  total  firequency  detuning  is 
about  110  Hz,  i.e.  almost  one  third  of  the  cavity  bandwidth. 

Figure  3  shows  the  evolution  of  the  energy  gain  on  a 
short-time  scale  (1000  bunches),  with  the  coupler  linked  to  the 
cell  n.l  or  the  cell  n.9.  The  accelerating  voltage  exhibits 
fluctuations  with  a  main  beating  due  to  the  nearest  87i/9  mode 
spaced  0.76  MHz  apart  from  theTC-mode. 

The  beam  loading  effect  is  different  according  whether  the 
power  coupler  is  located  upstream  or  downstream  with  respect 


to  the  beam.  The  shapes  of  the  oscillations  are  similar  and  the 
multi-bunch  energy  spread  amounts  to  9  10‘^  in  both  cases. 


Figure  3  :  Energy  gain  evolution  during  1000  bunches 


Figures  4  shows  the  accelerating  voltage  evolution  on  a 
longer  time-scale,  like  the  TTF  beam  pulse  duration  of  0.8  ms 
(about  173  333  bunches  with  injector  I).  The  average 
compensation  of  the  beam  loading,  by  adjustment  of  the 
different  parameters  (generator,  beam  voltage  or  injection 
time),  is  not  possible,  resulting  in  a  large  slope  on  the  cavity 
voltage  at  the  beginning  or  at  the  end  of  the  beam  pulse. 


wMiaut  detuning 


Figure  4  :  Energy  gain  evolution  on  a  long  time-scale 


IV.  BEAM  DETUNING  COMPENSATION 

When  a  beam  is  running  off-crest,  a  cavity  detuning,  in 
addition  to  the  critical  coupling,  is  generally  introduced  [6]  in 
order  to  cancel  the  reflected  RF  power  and  thus  to  minimize 
the  RF  power  fed  by  the  klystron.  In  the  steady-state  regime 
and  for  critical  coupling,  the  tuning  angle  must  be  set  to  the 
RF  phase  with  respect  to  the  beam  phase  according  to: 

-X  Aco^  =  tan\j/  =  tan((t)i.f  -  (t)b) 
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The  generator  and  the  cavity  voltages  are  then  in-phase. 
Furthermore,  it  will  be  shown  later  that  this  beam-detuning 
compensation  will  decrease  the  cavity  voltage  fluctuations. 
The  phasors  diagrams  are  drawn  on  Figure  5,  without  (a)  and 
with  (b)  cavity  detuning. 


Figure  5  :  Phasors  diagram  without  (a)  and  with  cavity 
detuning  (b) 

In  order  to  have  a  constant  accelerating  voltage  during  the 
beam  pulse,  by  balancing  the  rising  generator  voltage  and  the 
beam  voltage,  the  beam  should  be  injected  after  the  beginning 
of  the  RF  power  pulse  with  a  delay  to  =  x  Ln2  with  cavity 
detuning  or  to=xLn(VgCOS(t)gA^b)  without  cavity  detuning. 
Both  conditions,  however,  neglect  the  other  modes  than  the  n- 
mode 
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Figure  6  :  Energy  gain  evolution  with  cavity  detuning,  solid 
line:  out-cell,  dotted  line  in-cell. 

Figure  6  shows  the  energy  gain  with  a  cavity  detuning  of 
-110  Hz.  The  phase  of  the  generator  is  assumed  to  track  the 
cavity  phase,  at  least  during  the  field  rise  time.  We  note  that 
the  accelerating  voltage  fluctuations  are  about  two  times 
lower,  giving  a  multi-bunch  energy  spread  of  4 

Figures  7  shows  the  accelerating  voltage  evolution  on  a 
longer  time-scale:  an  average  beam  loading  compensation  can 
be  obtained  when  the  proper  cavity  detuning  is  introduced.  We 


note  again  that  the  voltage  oscillations  decay  with  the  time 
constants  of  the  other  modes  of  the  pass-band. 
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Figure  7  :  Energy  gain  evolution  on  a  long  time-scale  with 
cavity  detuning 

V.CONCLUSIONS 

Although  the  propagation  effects  are  not  harmful  for  a 
relativistic  beam  accelerated  in  a  multicell  cavity,  they  have  to 
be  taken  into  account  with  non  relativistic  beams.  In  the  latter 
case,  the  modes  other  than  the  7C-mode  introduce  larger  cavity 
voltage  beatings.  For  the  low  charge  TTF  injector,  the 
resulting  bunch-to-bunch  energy  spread  will  be  lower  than 
0.1%  in  any  case.  This  value  is  nevertheless  very  small  in 
comparison  with  the  single-bunch  energy  spread  of  3%  ,  found 
with  PARMELA  simulations  [5].  The  impact  on  the 
transverse  dynamics  is  also  small:  an  rms  normalized 
emittance  fluctuation  of  1%  has  been  computed  [1].  The 
TESLA  cavity  geometry  is  thus  well  suited  to  the  capture 
section  of  the  TTF  injector. 

With  a  larger  number  of  cells  or  a  smaller  cell-to-cell 
coupling,  stronger  effects  would  have  been  obtained.  On  the 
other  hand,  we  could  imagine  larger  energy  spreads  induced  by 
more  critical  beam  parameters,  like  the  bunch  charge  or  the 
input  energy. 
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abstract  second  term  in  equation  (3)  shows  it  is  the  static 


Landau  damping  by  betatron  tune  spread  suppress 
transverse  instabilities.  To  create  this  tune  spread,  we 
propose  a  new  method;  modulating  chromaticity  with 
synchrotron  frequency. 

1.  INTRODUCTION 

To  introduce  static  tune  spread  inside  of  a  bunch,  we 
propose  the  modulation  of  the  chromaticity  by  synchrotron 
frequency. 

In  usual  cases.  The  energy  modulation  by  synchrotron 
motion  and  chromaticity  can  modulate  the  betatron  tune. 
But  the  phase  shift  of  the  betatron  motion  becomes  zero 
after  one  synchrotron  period.  This  means  that  this 
modulation  of  the  betatron  tune  does  not  effectively 
suppress  the  coherent  motion  or  transverse  instabilities. 

But  introducing  the  chromaticity  modulation  by 
synchrotron  frequency,  the  electrons  whose  synchrotron 
phase  are  different  each  other  has  different  betatron  tune 
and  this  tune  difference  is  static  and  does  not  change. 

The  other  scheme  which  are  used  in  several  storage  rings 
to  introduce  tune  spread  inside  of  a  bunch  are  installation 
of  octupole  magnets  which  cause  amplitude  dependent  tune 
shift  or  ion  trapping  phenomena  which  introduce  nonlinear 
field  just  inside  and  neighborhood  of  a  bunch. 

In  small  emittance  rings,  the  strong  octupole  fields  must 
be  required  for  the  octupole  magnet  scheme  and  it  cause 
serious  reduction  of  dynamic  apertures.  And  ion-trapping 
sometimes  causes  unwanted  motion  of  the  beam. 

On  the  other  hand,  this  scheme,  modulating  chromaticity 
with  synchrotron  frequency,  requires  some  fast  sextupole 
magnets  of  moderate  strength  but  it  does  not  reduce 
dynamic  apertures  seriously [1]. 

II.  CHROMATICITY  MODULATION 

The  chromaticity  ^  which  is  modulated  by  the  synchrotron 
frequency  cog  is 

4(0  =  ^o  +  ii  cos  (0,t  .  (1) 

The  relative  energy  (E-Eo)/Eo  of  a  synchrotron  oscillation 
of  the  electrons  is 

£(t)  =  e  cos{(jOJ  +  0)  .  (2) 

The  tune  of  this  electron  is 

=  1^0  +  ll  cos  CO^t  £COs[(Oj  +  0) 

=  cos{(dj  +  0)  +  “  cos  0  +  ^  Ijg  cos(2m/  -i-  0) .  (3) 


tune  spread  and  it  depends  on  the  phase  of  the  synchrotron 
motion. 

If  the  distribution  of  the  electron  in  the  phase  space  of  the 
synchrotron  motion  is  Gaussian; 

f(e,(p)dedp  =  —^e  ^^‘'eded(p  ,  (4) 

2na/ 

then,  the  r.m.s.  of  this  static  tune  spread  is 

/(e,0Me#  =i|icre  .(5) 

.  In  the  SPring-8  storage  ring,  ag  is  1x10"^  and  revolution 
frequency  fQ  is  208kHz.  If  is  set  to  1,  then  we  get  ay  = 

0.5x10"^.  and  the  damping  time  Xi  by  the  Landau  damping 
with  this  tune  spread  is  Xi  -  l/(27rfocTv)  = 

l/(27rx208kHzxO.5xlO“^)  =  2ms.  This  damping  time  is 
faster  than  the  radiation  damping  time,  8ms.  Figure  1,2,3 
and  4  are  the  result  of  the  tracking  simulation  of  this 
damping. 

Figure  5  is  the  result  of  the  simulation  of  multi-bunch 
instabilities  caused  by  cavity  higher-mode  transverse 
impedance.  The  preliminary  study  by  the  simulations  for 
single-bunch  instabilities  also  shows  the  effectiveness  of 
this  scheme  to  suppress  instabilities. 

III.  CONCLUSION 

The  chromaticity  modulation  with  synchrotron  frequency 
is  shown  to  be  effective  to  create  Landau  damping  and 
suppress  transverse  instabilities. 
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Figure  1 

Betatron  oscillation  without  chromaticity  modulation. 
^0  =  0  and  ^1=0.  The  radiation  damping  only  (t~8ms). 
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Figure  2 

Betatron  oscillation  with  chromaticity  modulation. 
^0  =  0  and  =  1.  The  faster  damping  can  be  seen. 
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Figure  3 

Betatron  oscillation  without  chromaticity  modulation. 
^0=2  and  ^1=0.  The  radiation  damping  only  (T~8ms). 
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Figure  4 

Betatron  oscillation  with  chromaticity  modulation. 
^0  =  2  and  ^1  =  1.  The  faster  damping  can  be  seen. 


Figure  5 

Transverse  coupled-instabilities  simulation  result.  This 
result  include  radiation  damping(X'-8ms).  Parameters  are  of 
the  SPring-8  storage  ring,  =  2,  E=8GeV,  R/Q=2000, 

Q=13000,  f=lGHz,  3cav=10in„  frev=208xl03Hz,  Vx=51.22, 
Vs=0.01. 
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Abstract 

Mutually  driven  transverse  oscillations  of  an  electron  beam 
and  residual  gas  ions  may  result  in  a  fast  transverse  instability. 
This  effect  arises  either  during  a  single  pass  of  a  train  of  electron 
bunches  or  it  is  caused  by  ionization  electrons  oscillating  within 
a  single  positron  bunch.  In  both  cases,  the  beam  oscillations 
grow  exponentially  with  an  exponent  proportional  to  the  square 
root  of  time.  In  this  report,  instability  rise  times  are  calculated 
analytically  and  compared  with  computer  simulations.  The  ef¬ 
fect  considered  could  be  a  significant  limitation  in  many  future 
designs. 


L  INTRODUCTION 

The  effect  we  describe  arises  during  the  passage  of  a  single 
electron  bunch  train  or  a  single  positron  bunch;  ions  (or  ionized 
electrons)  created  by  the  head  of  the  train  (bunch),  via  ionization 
of  the  residual  gas,  perturb  the  tail.  Under  certain  conditions 
a  fast  transverse  beam-ion  instability  can  develop.  The  insta¬ 
bility  mechanism  is  the  same  in  linacs  and  storage  rings  where 
we  assume  that  the  ions  are  not  trapped  from  turn  to  turn.  It 
differs  from  instabilities  previously  studied  [4],  where  the  ions, 
usually  treated  as  being  in  equilibrium  and  trapped  over  many 
turns,  interact  with  a  circulating  electron  or  antiproton  beam.  By 
contrast,  the  instability  discussed  in  this  report  occurs  in  a  trans¬ 
port  line,  linac,  or  a  storage  ring  with  a  clearing  gap  to  prevent 
ion  trapping.  In  this  paper  we  outline  the  basic  ideas.  For  more 
details  we  refer  to  Refs.  [1]  and  [2]. 

In  Section  II,  instability  rise  times  are  calculated  analytically. 
Section  III  compares  the  results  of  computer  simulations  with  the 
analytical  prediction.  In  Section  IV  rise  times  are  evaluated  for 
several  operating  or  proposed  storage  rings  and  linear  acceler¬ 
ators.  Section  V  is  devoted  to  a  brief  discussion  of  possible 
remedies.  A  summary  is  given  in  Section  VI. 

IL  ANALYTICAL  TREATMENT 

The  vertical  motion  of  the  beam  and  the  ions  or  electrons 
that  are  generated  during  the  beam  passage  via  ionization  may, 
in  linear  approximation,  be  described  by  two  equations  of  motion. 
The  first  equation  reads: 

yh(s,  z)  =  ATCz)  (yiis,  5  +  z)  -  yb(,s,  z)) .  (1) 

The  coordinate  s  denotes  the  longitudinal  position  along  the  beam 
line  or  storage  ring.  Equation  (1)  represents  the  vertical  motion 
of  the  beam  centroid  y^,(5,  z)  at  a  distance  z  from  the  bunch  (or 
bunch  train)  center.  In  our  convention  positive  values  of  z  refer 
to  trailing  particles.  The  motion  is  a  combination  of:  a  betatron 
oscillation  due  to  external  focusing,  represented  by  a  harmonic 

*Work  supported  by  Department  of  Energy  contract  DE-AC03-76SF00515. 
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oscillator  of  frequency  co^  ^  ^/Py\  and  a  driving  force  that  is 
proportional  to  the  distance  of  beam  and  ion  centroids,  and  also  to 
the  number  of  generated  ions  and  thus  to  an  integral  over  the  beam 
density,  r(z)  =  p(z^)dz\  normalized  such  that  r(oo)  =  1. 
Here,  and  in  the  following,  the  term  “ions”  is  understood  as  “ions 
or  electrons,  respectively.”  Finally,  the  coefficient  K  is 

K  =  ipgas)f^e  ^  ^^ion  (Pgas)^e 

y3(Xy((Tx  +  Cfy)  ’ 

where  y  denotes  the  relativistic  factor  y  =  E I  (mc^)  for  the 
beam,  is  the  classical  electron  radius,  and  ^  ^  |cr^  ^  is 
the  sum  of  the  squares  of  rms  ion-cloud  size  and  team  size  cxx^y. 
Assuming  a  cross  section  for  collisional  ionization  of  about  2 
Mbams  (corresponding  to  carbon  monoxide  at  50  GeV)  the  den¬ 
sity  Xion  of  ions  per  meter  at  the  end  of  the  bunch  (or  bunch  train) 
is  Xion  ^  6Npgas[^OTr],  where  N  is  the  total  number  of  particles 
in  the  beam  and  pgas  the  residual  gas  pressure  in  torr.  The  second 
equation, 

dP'yt  (5,^)0  « 

+  s)y, (s,  t)  =  a>f(z)yb(s,  t-s),  (3) 

describes  the  oscillation  of  a  transverse  slice  of  ions  inside  the 
team.  It  is  here  written  as  an  equation  in  time  t  for  a  fixed 
position  s.  The  variable  y/(s,  t)  is  the  vertical  centroid  of  the 
transverse  slice  of  ions..  For  convenience,  here  and  in  the  fol¬ 
lowing,  the  time  t  is  quoted  in  units  of  length  obtained  from  the 
actual  time  by  multiplication  with  the  velocity  of  light  c.  At  a  cer¬ 
tain  time  ty  team  particles  at  a  distance  z  —  t—s  from  the  bunch 
center  reach  the  location  s.  Their  centroid  position  is  therefore 
yb(Sy  t  —s).  The  oscillation  firequency  coi(t  —  5)  =  o)i(z)  is  pro¬ 
portional  to  the  square  root  of  the  team  density  p.  In  the  case  of 
electrons  oscillating  inside  a  single  positron  bunch,  coi  is  given 

hy  {4Np{z)re/(3ay(ax  +ct^)))^  For  ions  and  an  electron  bunch 

train  we  have  coi  =  {(4Nbrp/(3Lsep(Ty(crx  +  cry)A))^  where  A 
designates  the  atomic  mass  number  of  ihc  ions,  Ni,  the  number  of 
particles  per  bunch,  Lsep  the  bunch  spacing,  and  Vp  the  classical 
proton  radius. 

The  solution  to  Eq.  (3)  for  a  slice  of  ions  generated  at  time 
r'  =  5-  -h  z'  is  denoted  as  %{Sy  ^  l-y  -h  z').  The  centroid  of  the  ions 
y,  (5,  t)  (or  electrons)  used  in  Eq.  (1)  is  obtained  by  averaging 
y/(5,  s  “h  z')  over  all  possible  creation  times: 


TiiSy  t) 


jloodz' p{z')yt{Syt\s  z') 


(4) 


Several  approximations  have  been  made  so  far.  For  instance, 
the  force  between  beam  and  ions  is  assumed  to  be  linear.  Any 
Landau  damping  caused  by  the  lattice  is  ignored.  It  is  supposed 
that  inside  a  bunch  train  the  ions  are  not  overfocused,  but  that  they 
are  lost  between  different  trains.  Ions  generated  by  synchrotron 
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radiation  are  ignored.  To  further  simplify  the  calculations,  we 
will  now  approximate  the  longitudinal  bunch  density  p{z)  by  a 
homogeneous  rectangular  distribution  of  length  2zo.  The  oscilla¬ 
tion  frequency  <»,•  is  then  constant  inside  the  bunch  (or  along  the 
bunch  train).  Equations  (1),  (3),  and  (4),  can  be  combined  into 
a  single  integral  equation  for  the  beam  centroid  yi,(s,  z)  alone. 
The  latter  can  be  solved  either  as  a  perturbation  series  in  K 
[1]  or  by  an  averaging  method  [2].  The  asymptotic  solution  for 
large  distances  s  is 

y* (s.  z)  ^  y  7^ -4- z  -  9) ,  (5) 

fj4 

where  y  is  the  initial  Fourier  component  at  frequency  coi  in 
the  longitudinal  beam  distribution,  and  T}is,z)  denotes  the  di¬ 
mensionless  function  r7(^,z)  =  {Kco^iz  ^  Zofs/(co^l6zo))  • 
Asymptotically,  the  oscillation  amplitude  grows  roughly  as 
where  Tasym  is  the  time  at  which  the  exponent 
2^  in  Eq.  (5)  equals  one.  Note  that  tasym  is  not  an  e-folding 
time  because  the  exponent  is  proportional  to  the  square  root  of 
time.  In  the  multi-bunch  case,  the  asymptotic  rise  time  tasym 
for  trailing  bunches  can  be  expressed  in  terms  of  more  basic 
parameters  as  [1] 

r„i  ~  6p[torr]  N^nlrerjLjepC 

t'asym,e—\p\  ~  3 - ^ - j - 

Y<^y{cfx+Oy)2A^(0^ 

where  Ny  denotes  the  number  of  particles  per  bunch  and  rib  is 
the  number  of  bunches.  All  quantities,  except  for  the  pressure, 
are  given  in  SI  units.  A  similar  expression  can  be  found  for  a 
single  positron  bunch.  [1]  In  the  asymptotic  limit,  ion  and  beam 
motion  are  of  similar  amplitude  and  in  phase. 

III.  COMPUTER  SIMULATIONS 

To  study  this  instability,  we  have  written  a  computer  simu¬ 
lation.  The  simulation  treats  the  beam,  the  ions,  and  the  ionized 
electrons  as  collections  of  macroparticles  whose  distributions 
are  allowed  to  evolve  self-consistently.  Each  bunch  in  the  beam 
is  divided  into  slices  in  z.  Each  slice  is  then  represented  by 
macroparticles  whose  number  is  chosen  to  reflect  a  Gaussian 
distribution  between  The  initial  macroparticle  coordi¬ 

nates  are  random  with  Gaussian  distributions.  At  four  locations 
in  each  FODO  cell,  calculations  are  performed  using  a  grid  in  jc 
and  y  centered  at  the  bunch  train  centroid.  As  each  beam  slice 
passes,  macroparticles  are  created  at  the  grid  points  representing 
the  ions  and  ionized  electrons  generated  by  collisional  ionization. 
The  beam  and  ion  fields  are  mapped  onto  the  grid  and  then  inter¬ 
polated  to  the  macroparticle  positions.  Ref.  [1]  presents  details 
of  the  simulations. 

Simulations  have  been  performed  for  the  PEP-II  HER,  the 
SLC  Positron  Arc  and  the  NEC  Damping  Ring,  typically  using 
about  160  000  macroparticles.  The  results  are  consistent  with 
the  analytical  calculation,  and  confirm  the  expected  scaling  of  the 
amplitude  growth  with  time,  pressure,  ion  mass,  and  longitudinal 
position  z.  The  absolute  rise  times  found  in  the  simulations 
agree  with  the  analytical  result  to  within  a  factor  2  or  3,  which  is 
smaller  than  the  spread  of  values  obtained  for  different  random 
seeds.  The  analytical  solution,  Eq.  (5),  does  not  include  the 


Figure.  1 .  Action  of  the  vertical  centroid  as  a  function  of  distance 
for  every  twentieth  bunch  of  a  train  of  90  bunches  in  the  NLC-DR 
with  a  pressure  of  10“^  torr. 

filamentation  of  ions:  due,  for  instance,  to  the  variation  of  the  ion 
oscillation  frequency  with  horizontal  position.  An  approximative 
analytical  solution  which  takes  this  ion-decoherence  into  account 
[2]  predicts  a  rise  time  which  is  about  a  factor  2  or  3  larger  than 
that  of  Eq.  (6). 

Figure  1  shows  a  simulation  result  for  the  NEC  Damping 
Ring  (DR).  The  average  action  <  Jy{s,  z)  >  is  depicted  as  a 
function  of  the  distance  s  for  every  twentieth  bunch  in  the  train 
of  90  bunches  and  a  pressure  of  10~*  torr.  The  initial  amplitudes 
are  due  to  the  finite  number  of  macroparticles.  From  this  figure, 
the  rise  time  for  the  trailing  bunches  is  about  170  ns;  within  the 
uncertainty  of  the  simulation  this  is  close  to  the  estimate  of  47 
ns  obtained  from  Eq.  (6).  In  the  NLC-DR  an  average  vacuum 
pressure  of  or  below  10“^  torr  has  to  be  maintained,  in  order  to 
sufficiently  reduce  the  growth  rate  of  the  beam-ion  instability; 
emittance  dilutions  due  to  other  gas  or  ion  effects  do  not  require 
a  pressure  below  10“®  torr. 

IV.  RISE  TIMES  FOR  SOME  ACCELERATORS 

Table  I  shows  basic  parameters  and  the  asymptotic  rise  times 
for  several  accelerators  proposed  or  under  construction  at  SLAC 
and  KEK:  namely  for  the  NEC  Electron  Damping  Ring,  the  NEC 
main  linac,  the  PEP-II  HER,  and  for  the  ATF  Damping  Ring. 
Due  to  its  much  higher  vacuum  pressure,  the  smallest  rise  time 
is  expected  for  the  ATF  Damping  Ring.  Values  for  the  NEC 
systems  vary  between  40  ns  and  1  /as.  If  the  initial  perturbation 
is  purely  due  to  Schottky  noise,  it  takes  about  200  rise  times 
until  the  bunches  oscillate  at  an  amplitude  comparable  to  the 
beam  size.  Even  with  the  additional  factor  200,  the  growth  times 
are  still  very  short. 

A  similar  evaluation  indicates  that  the  beam-ion  instability 
is  not  expected  to  occur  in  most  of  the  existing  accelerators  [1]. 
For  instance,  the  estimated  rise  time  for  the  SLC  e-h  Damping 
Ring,  is  much  larger  than  the  synchrotron  period,  in  which  case 
the  instability  cannot  develop,  while  the  predicted  rise  time  in  the 
HERA  electron  ring  at  DES  Y  is  about  a  factor  1-2  larger  than  the 
damping  time  of  the  transverse  multi-bunch  feedback.  From  all 
the  existing  machines  considered,  only  the  AES  at  LBL  should 
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show  a  significant  fast  beam-ion  instability  with  a  rise  time  of 
about  2  fjis  for  an  average  pressure  of  10~^  torr.  Experience  so 
far  is  unclear.  Transverse  instabilities  are  observed,  but  these  are 
not  necessarily  caused  by  ions. 


acxielerator 

NLC  e-  DR 

NLC  ML 

HER 

ATF 

rib 

90 

90 

1658 

60 

Nb 

1.5-10“’ 

1.5- 10'“ 

3  •  10’“ 

10“* 

Px.y  [m] 

0.5,5 

8 

15 

0.5,5 

cTx  [/^m] 

62 

35 

1,060 

22 

CTy  Om] 

4 

3.5 

169 

7 

zo 

19  m 

19  m 

1000m 

25  m 

E  [GeV] 

2 

10 

9 

1.54 

p  [torr] 

10“^ 

“10-^ 

6  •  10-* 

'^asym 

465  ns 

46  ns 

6  fxs 

29  ns 

Table  I 

Parameters  and  rise  times  for  some  future  accelerators. 


V.  POSSIBLE  CURES 

If  the  oscillation  amplitude  of  the  trailing  electron  bunches, 
or  positrons,  saturates  at  about  1  cr^  due  to  the  nonlinear  character 
of  the  coupling  force — not  included  in  the  analytical  treatment — 
a  reduction  of  the  design  vertical  emittance  by  a  factor  of  2  results 
in  about  the  desired  projected  final  emittance  after  filamentation 
[8].  However,  it  is  not  yet  known  if  the  beam  will  continue 
to  blow-up  (though  with  decreasing  growth  rate)  after  partial 
filamentation.  A  second  possibility  is  to  use  an  optical  lattice  in 
which  the  product  of  the  horizontal  and  vertical  beta  functions, 
and  thus  coi,  vary  substantially.  Third,  if  additional  gaps  are 
introduced  in  the  bunch  train,  the  ions  are  over-focused  between 
the  shorter  trains  [9].  As  an  example,  10  additional  bunch  gaps 
in  PEP-II  increase  the  instability  rise  time  from  5  jus  to  0.5  ms, 
which  is  inside  the  bandwidth  of  the  feedback  system.  Finally, 
in  linear  accelerators  the  trailing  bunches  might  be  realigned  by 
use  of  fast  kickers  and  feed-forward. 

VI.  SUMMARY  AND  ACKNOWLEDGMENT 

The  interaction  of  an  electron  bunch  train  or  a  single  positron 
bunch  with  ions  or  ionization  electrons  can  cause  a  fast  transverse 
instability,  which  is  characterized  by  an  exponential  growth  of  the 
vertical  amplitude.  The  exponent  is  proportional  to  the  position 
along  the  bunch  train  (or  bunch)  and  to  the  square  root  of  time, 
and  is  inversely  proportional  to  the  3/4th  power  of  the  beam  sizes. 

The  expected  rise  time  of  the  instability  is  exceedingly  short. 
For  instance,  for  the  various  NLC  rings  and  linacs,  it  varies  be¬ 
tween  40  ns  and  800  ns,  while,  for  the  PEP-II  HER,  it  is  estimated 
at  5  /xs. 

The  analytical  model  used  is  a  linearized  approximation  and 
does  not  include  nonlinearities  of  the  ion-beam  force  or  the  lat¬ 
tice.  However,  these  nonlinearities  are  included  in  the  simula¬ 
tions  which,  for  the  parameter  regimes  compared,  yield  rise  times 
that  are  in  good  agreement  with  the  analytical  model.  In  Ref.  [2] 
the  linear  model  is  extended  to  include  Landau  damping  due  to 
the  nonlinearity  of  the  beam-ion  force;  this  decreases  the  growth 
rate  by  a  factor  of  two.  A  large  number  of  questions  remain  to 
be  answered;  among  them  are  the  emittance  growth  due  to  fila¬ 
mentation  and  detuning  as  the  oscillation  saturates,  the  effect  of 


synchrotron  motion  on  the  growth  rate,  the  rise  time  in  the  pres¬ 
ence  of  different  ion  species,  the  possible  damping  due  to  the 
nonlinearity  of  the  beam-beam  interaction  in  circular  colliders, 
and  the  study  of  coherent  oscillation  modes  of  higher  order. 

We  thank  A.  Chao  and  S.  Heifets  for  helpful  discussions. 
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L  INTRODUCTION 

In  1992  a  longitudinal,  single  bunch  instability  was  observed 
in  the  SLC  damping  rings.  [1]  Beyond  a  threshold  current  of 
3  X  10^°  a  “saw-tooth”  variation  in  bunch  length  and  energy 
spread  was  observed,  a  phenomenon  that  made  it  practically 
impossible  to  operate  the  SLC  collider  above  threshold.  For 
the  1994  run  a  new,  low-impedance  vacuum  chamber  was  in¬ 
stalled  in  both  damping  rings  both  to  alleviate  this  problem 
and  to  shorten  the  bunch  length.  According  to  recent  mea¬ 
surements  the  bunch  length  has  indeed  become  shorter,  but  the 
“saw-tooth”  instability  is  still  seen,  now  beginning  at  currents 
of  1.5  —  2.0  X  10^®.  [2]  Fortunately,  it  appears  to  be  benign  and 
does  not  seem  to  limit  SLC  performance. 

In  an  earlier  paper  we  investigated  the  single  bunch  behav¬ 
ior  of  the  SLC  damping  rings  with  the  old  vacuum  chamber  us¬ 
ing  time  domain  tracking  and  a  Vlasov  equation  approach.  [3] 
When  compared  to  measurements  we  found:  good  agreement 
in  the  average  values  of  bunch  length,  energy  spread,  and  syn¬ 
chronous  phase  shift  as  functions  of  current;  a  30%  discrepancy 
in  threshold  current;  in  agreement,  a  mode  with  frequency  near 
2.5  times  the  synchrotron  frequency  (the  so-called  “sextuple” 
mode)  as  signature  of  the  instability  and  the  slope  of  the  mode 
frequency  as  function  of  current.  ^ 

In  the  present  paper  we  repeat  the  exercise  of  the  earlier  paper 
but  with  a  new  wakefield.  The  impedance  which  used  to  be 
inductive  has  become  resistive,  leading  to  different  phenomena. 

In  a  recent  paper  the  instability  in  a  purely  resistive  ring  is  an¬ 
alyzed  using  a  Vlasov  equation  approach.  [5]  It  is  demonstrated 
that  such  an  instability  is  a  weak  instability,  with  a  growth  rate 
proportional  to  intensity  squared,  and  one  that  can  be  described 
as  the  coupling  of  two  quadrupole  modes  with  different  radial 
mode  numbers.  We  will  compare  our  results  with  this  paper. 
For  related  papers,  see  also  Refs.  [6],  [7]. 

11.  THE  WAKEFIELD 

In  the  vacuum  chamber  upgrade  of  the  SLC  damping  rings 
primarily  small  objects  that  are  inductive  at  nominal  bunch 
lengths  5  mm)  were  removed  or  modified,  [2]  [8]  changing 
the  character  of  the  rings  from  inductive  to  resistive.  As  be¬ 
fore,  we  have  attempted  to  find  an  approximate  Green  function 
wakefield  W{z)  for  the  new  ring  using  the  time-domain  parts 
of  the  MAFIA  family  of  computer  programs,  [9]  taking  as  driv¬ 
ing  bunch  a  short,  gaussian  bunch  with  rms  length  of  1  mm.  To 
make  it  causal,  the  part  in  front  of  bunch  center  (z  <  0)  was  re¬ 
flected  and  added  to  the  back  (see  Fig.  1),  a  transformation  that 

*Work  supported  by  Department  of  Energy  contract  DE-AC03-76SF00515. 

♦From  KEK. 

*In  Ref.  [3]  it  was  stated  that  the  measured  slope  was  three  times  smaller 
than  the  calculations.  However,  subsequent,  more  accurate  measurements  are  in 
agreement  with  the  calculations.  [4] 
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Figure  1.  The  wakefield  used  for  the  simulations, 

preserves  the  real  part  of  the  impedance.  We  expect  to  be  able 
to  find  beam  instabilities  down  to  wavelengths  of  about  1  cm. 

We  have  had  difficulty  obtaining  an  accurate  wakefield,  and 
we  are  not  very  satisfied  with  what  we  have;  it  should  be  consid¬ 
ered  only  preliminary.  As  we  have  removed  the  grosser,  cylin- 
drically  symmetric  objects  (45®  transitions,  masks,  etc.)  we  are 
left  with  a  machine  dominated  by  objects  for  which  it  is  difficult 
to  obtain  an  accurate  wake  function,  such  as,  for  example,  the 
beam  position  monitors.  Also,  difficult  vacuum  chamber  objects 
that  could  previously  be  ignored,  such  as  the  septum  chamber, 
may  now  be  important.  In  spite  of  these  misgivings,  and  even 
though  (as  we  will  see)  the  results  do  not  agree  with  the  SLC 
measurements  as  well  as  before,  we  feel  that  this  wakefield  is 
still  useful  for  studying  the  basic  character  of  the  damping  ring 
current  dependent  behavior. 

The  induced  voltage  on  any  turn  is  given  by 

Vind{z)  =  -eN  f  W{z  -  z')\,  {z')  d/  ,  (1) 

J  —  oo 

with  N  the  bunch  population  and  {z)  the  longitudinal  charge 
distribution.  To  see  that  it  is  resistive  in  character  at  typical 
bunch  lengths  we  plot  in  Fig.  2,  A^  and  Vind^  for  V  =  2  x  10^° 
and  nominal  length  cr^o  =  5  mm,  the  solution  to  the  Haissinski 
equation.  [10]  We  note  that  roughly  Vind  can  be  written  as 
Vind  ^  —eNRcXz,  with  R  the  resistance,  a  constant.  In  fact,  if 
we  take  a  pure  resistance  with  R  =  880  Q,  and  repeat  the  po¬ 
tential  well  calculation,  we  obtain  almost  the  same  bunch  shape 
(the  dashes  in  Fig.  2). 

III.  SIMULATIONS 

For  tracking  we  let  the  beam  be  represented  by  Np  macro¬ 
particles;  each  particle  i  has  position  and  energy  coordinates 
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Figure  2.  A  potential  well  example. 

{zi,  €i).  The  properties  of  particle  i  are  advanced  on  each  turn 
according  to  the  equations:  [11] 

Aq  =  -^ei  +  2(T,o\l^ri  +  V^j  Zi  +  Vind{zi)  (2) 
Td  y  Td  ^ 

Azi  =  +  Aet)  ,  (3) 

with  To  the  revolution  period,  Td  the  damping  time,  (Teo  the  nom¬ 
inal  rms  energy  spread,  the  slope  of  the  rf  voltage  (a  nega¬ 

tive  quantity),  a  the  momentum  compaction  factor,  and  Eq  the 
machine  energy;  n  is  a  random  number  from  a  normal  set  with 
mean  0  and  rms  1.  To  calculate  Xz  on  each  turn  we  bin  the 
macro-particles  in  2r. 

For  the  simulations  we  take  To  =  118  ns,  £*0  =  1.15  GeV, 
rf  frequency  i^r/  =  714  MHz,  Ceo  =  0.07%,  and  =  1.7  ms. 
We  choose  =  0.8  MV,  where  azo  =  4.95  mm,  and  the 
synchrotron  frequency  i/go  =  99  kHz,  Therefore  i/sqTq  =  85 
turns,  Td/To  —  14450  turns.  We  take  Np  =  30, 000,  and  for  Xz 
we  use  100  bins  extending  over  lOcr^.  We  let  the  program  run 
for  3  damping  times. 

As  a  second  method  of  calculation  we  use  a  computer  pro¬ 
gram  that  solves  perturbatively  the  time  independent,  linearized 
Vlasov  equation,  including  the  effects  of  potential  well  distor¬ 
tion,  looking  for  unstable  modes.  [12]  Beyond  the  threshold  cur¬ 
rent  we  assume  the  average  energy  distribution  remains  gaus- 
sian,  with  the  rms  width  increasing  to  keep  the  beam  just  at 
the  threshold  condition. 

IV.  RESULTS 

A.  The  Instability  Threshold 

For  this  wakefield  the  instability  threshold  is  normally  easy  to 
find  from  the  tum-by-tum  tracking  results.  Below  threshold  the 
moments  of  the  distributions  are  well  behaved,  above  threshold 
they  undergo  macroscopic  oscillations  (see  Fig.  3).  The  thresh¬ 
old  Vt/,  «  1.15  x  10^°. 


0  10  20  30  40 

Nt/1000 


Figure  3.  The  tum-by-tumrms  energy  spread  just  above  thresh¬ 
old  (a)  and  at  a  higher  current,  (b) 


(t4/To)/1000 

Figure  4.  Nth  Td  obtained  by  tracking. 


When  we  artificially  reduce  the  damping  time  in  tracking  we 
find  that  the  threshold  Nth  increases  significantly  (see  Fig.  4). 
Fitting  to  a  power  law  we  find  that  Nth  varies  approximately  as 
(the  curve  in  Fig.  4),  This  agrees  with  the  weak  growth 
expected  in  a  purely  resistive  machine,  which  varies  as  ~ 
with  a  a  constant  and  i  time.  [5]  Note  that  when  we  repeat  the 
tracking  procedure  for  the  old,  inductive  vacuum  chamber  the 
threshold  increases  by  only  30%  as  the  damping  time  is  de¬ 
creased  by  a  factor  of  15.  The  two  instabilites  are  quite  different: 
the  old  was  a  strong  instability  and  the  new  a  weak  one. 

According  to  a  formula  in  Ref.  [5]  (Eq.  27)  we  can  raise  the 
thresholdby lx  10^°  ifwe  add  a  pure  inductance  of  L  =  2nH 
(by  adding  a  term  —cLA^  to  Knd)-  This  is  roughly  what  we  find; 
and  at  V  =  4  X  10^°  has  decreased  from  1.5  to  1.1.  This 
suggests  that  even  a  small  amount  of  tune  spread  can  damp  this 
instability. 

B.  Average  Bunch  Properties 

Above  threshold  the  oscillations  in  the  moments  of  the  distri¬ 
butions  obtained  by  tracking  can  be  large  (at  A  =  3.5  x  10^^  the 
variation  in  cr^  is  ±28%)  and  the  pattern  can  vary  greatly.  It  de¬ 
pends  sensitively  on,  for  example,  Np,  which  (for  practical  rea- 
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Figure  5.  Average  bunch  properties  vs  N.  Shown  are  track¬ 
ing  results  (plotting  symbols)  and  the  Vlasov  method  results 
(curves). 
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Figure  7.  Modes  obtained  by  the  Vlasov  method. 


Figure  8.  Spectrum  for  V  =  4  x  10^^,  r^/To  =  1450. 


Figure  6.  Mode  shape  at  V  =  2  x  10^°. 

sons)  it  is  difficult  for  us  to  increase  significantly,  while  keeping 
Td  fixed.  However,  the  average  amplitudes  appear  to  be  rather 
insensitive  to  changes  in  Np.  Fig.  5  gives  the  average  values  of 
<Tz,  cTe,  and  (z)  as  functions  of  N,  and  also  shows  the  Vlasov 
equation  solution  for  comparison.  The  agreement  is  quite  good. 
Note  that  for  such  a  resistive  impedance  the  potential  well  dis¬ 
tortion  is  small;  the  bunch  lengthening  is  largely  due  to  the  in¬ 
crease  in  energy  spread  above  threshold.  Thus,  by  adding  2  nH 
of  pure  inductance  to  reduce  the  energy  spread  at  4  x  10^^  the 
60%  increase  in  <Tz  is  reduced  to  30%. 

Fig.  6  gives  contours  of  phase  space  of  the  unstable  mode  at 
V  =  2  X  as  calculated  by  the  Vlasov  method.  Tracking 
gives  a  similar  result.  We  see  a  quadrupole  mode,  with  a  slight 
asymmetry,  that  has  been  shifted  forward. 

C.  The  Spectrum 

The  mode  frequencies  as  function  of  V,  as  obtained  by  the 
Vlasov  method  are  shown  in  Fig.  7.  A  dot  represents  a  stable 
mode,  an  "X'  an  unstable  mode,  with  its  size  proportional  to 
the  growth  rate.  The  strongest  unstable  mode  is  a  quadrupole 
mode  beginning  at  V  =  1  x  10^°  with  i/  =  l.dbugo,  and  then 


continuing  with  a  slope  of  —0.071^50/10^^.  As  was  the  case 
for  a  purely  resistive  machine  the  instability  can  be  described 
by  coupling  of  two  radial  modes  with  the  same  azimuthal  mode 
number. 

For  the  tracking  results,  by  Fourier  transforming  any  of  the 
tum-by-tum  moments  of  the  distribution  we  can  obtain  the  spec¬ 
trum.  Alternatively,  we  can  simulate  what  a  spectrum  analyzer 
does  by  calculating  [13] 

=  (4) 

k 

with  k  the  turn  number  and  Azfe(a;)  the  Fourier  transform  of 
the  distribution  on  the  turn.  We  find  sidebands  at 
but  because  of  numerical  noise  we  have  poor  resolution.  To 
give  an  example  with  good  resolution  let  us  set  Np  =  150, 000, 
artificially  reduce  Td  by  a  factor  of  10,  and  consider  iV  =  4  x 
10^°.  In  Fig.  8  we  display  the  result  near  a  central  frequency 
=  30  GHz.  We  see  sidebands  of  the  revolution  frequency 
separated  by  l.TSbi/^o.  Note  that  the  sideband  amplitudes  are 
not  of  equal  height.  In  general,  potential  well  distortion  tends  to 
result  in  an  asymmetric  mode  shape;  therefore,  for  frequencies 
i/c  ^  c/^Ttaz  we  expect  the  sidebands  to  be  of  unequal  height. 
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V.  COMPARISON  WITH  MEASUREMENTS  [2] 

In  the  measurements  the  bunch  length  is  smaller  and  the  beam 
profile  more  asymmetric  than  before,  and  above  threshold  a  fre¬ 
quency  just  below  21/50  is  observed,  which  are  consistent  with  a 
resistive  wakefield  and  our  simulations.  In  detail,  the  agreement 
is  not  good  unless  we  asume  our  wake  is  missing  about  2  nH 
(|Z/n|  =  0.1  Q)  of  pure  inductance.  The  measurements  give: 
Nth  =  1.5  -  2.0  X  10^°,  and  at  ==  4  X  10^°  <Te/(T,o  =  1.15, 
and  crzl(Tzo  =  1.25;  the  calculations  including  the  inductance 
give:  Nth  =  2.0  x  10^^  and  at  A'  =  4  x  10^°  cTe/tTeo  =  1.10, 
and  (Tzl<Tz^  =  1.30.  The  unstable  mode  frequency  at  threshold 
and  the  slope,  given  by  measurements  (calculations,  including 
2  nH):  1.77  (1.87)  z/50  and  -.06  (-.07)  z/5o/10^^ 

Finally,  how  can  we  understand  the  reduction  of  the  measured 
threshold  when  the  damping  ring  impedance  was  reduced?  In 
the  old,  inductive  machine  there  was  a  strong  instability  ob¬ 
served  at  3  X  10^°.  In  an  inductive  machine  there  is  a  large  inco¬ 
herent  synchrotron  tune  spread  which  will  Landau  damp  weaker 
instabilities  which  otherwise  might  appear  at  lower  currents.  By 
removing  mostly  inductive  elements,  and  thereby  changing  the 
character  of  the  ring  to  a  resistive  one,  we  have  removed  this 
tune  spread,  and  presumably  are  now  able  to  observe  one  of 
these  weaker  instabilities. 
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New  low-impedance  vacuum  chambers  were  installed  in 
the  SLC  damping  rings  for  the  1994  run  after  finding  a 
single  bunch  instability  with  the  old  chamber.  Although  the 
threshold  is  lower  with  the  new  vacuum  chamber,  the 
instability  is  less  severe,  and  we  are  now  routinely  operating 
at  intensities  of  4.5x10^®  particles  per  bunch  (ppb) 
compared  to  3x10^®  ppb  in  1993.  The  vacuum  chamber 
upgrade  is  described,  and  measurements  of  the  bunch  length, 
energy  spread,  and  frequency  and  time  domain  signatures  of 
the  instability  are  presented. 


1.  VACUUM  CHAMBER  UPGRADE 


The  old  vacuum  chamber  is  described  in  Ref.  1. 
Although  there  are  resistive  elements  such  as  the  RF  cavities 
and  complex,  hard  to  characterize  elements  such  as  septa,  the 
calculated  impedance  was  predominantly  inductive  with  the 
contributions  of  different  elements  given  in  Table  1. 


Table  1.  Vacuum  Chamber  Inductance  (nH) 


Element 

Old 

Chamber^ 

New 

Chamber* 

Svnch.  Radiation  Masks 

9.5 

— 

Bellows 

1.1 

Quadrupole  to  Dipole 
Chamber  Transitions 

9.3 

2.4 

Ion  Pump  Slots 

0.2 

0.05 

Kicker  Magnet  Bellows 

4.1 

Flex  Joints 

3.6 

Beam  Position  Monitors 

3.5 

0.2 

Other 

2.4 

2.4 

TOTAL 

33 

6 

t  From  ref  1.  Bellows  included  in  Table  1  of  [1]  were 
shielded  in  a  previous  upgrade.  Changes  to  that  table  from 
recent  calculations  are  included  here. 

*  Many  of  the  impedance  calculations  are  in  ref  2. 


The  synchrotron  radiation  masks  and  flex  joints  were 
associated  with  chamber  flexibility.  The  masks  protected 
bellows  at  one  end  of  each  four-foot  long  chamber  section, 
and  the  flex  joints  added  flexibility  to  the  middle  of  each 
section.  Flexibility  was  needed  to  compensate  for  limited 
precision  in  the  adjustment  of  magnet  positions  and 
variations  in  chamber  geometry  during  fabrication.  Part  of 
the  upgrade  was  installation  of  new  magnet  and  vacuum 


chamber  mounts  capable  of  being  surveyed  and  positioned  to 
±100  |im.  In  addition,  the  chambers  were  assembled  in  eight 
foot  sections  in  a  precision  fixture  that  positioned  parts  prior 
to  welding  and  provided  a  jig  for  minor  adjustments  after 
welding.  By  using  these  techniques  flex  joints  became 
unnecessary  and  the  number  of  bellows  could  be  reduced  by 
a  factor  of  two.  Synchrotron  radiation  masking  was 
incorporated  into  the  bellows  RF  shield,  so  the  net  change  in 
the  inductance  from  bellows  and  flex  joints  was  from  13.1 
nH  to  1.1  nH. 

The  vacuum  chamber  profile  must  be  rectangular  in  the 
dipoles  for  maximum  damping  and  circular  in  the 
quadrupoles  for  adequate  aperture.  Modem  materials  and 
machining  techniques  allowed  these  transitions  to  be  made 
over  5  cm  versus  6  mm  in  the  old  chamber.  Glidcop^  was 
chosen  for  the  combination  of  strength  and  thermal 
conductivity  needed  to  conduct  away  heat  from  synchrotron 
radiation.  The  transition  was  made  smoothly  by 
electrodischarge  machining  a  continuous  change  from  a 
circular  to  a  rectangular  profile  over  the  length  of  the 
transition. 

Other  changes  were  the  redesign  of  the  beam  position 
monitors  and  the  slots  between  the  beam  and  distributed  ion 
pump  chambers.  The  beam  position  monitors  were  made  at 
the  same  radius  as  the  beam  pipe  itself  instead  of  being 
recessed.  The  pump  slots  were  made  narrower  and  deeper  to 
cut-off  higher  frequency  fields,  and  several  slots  were  used 
instead  of  one  to  maintain  the  pumping  speed.  The  pump 
slot  impedance  is  strongly  frequency  dependent,  and  this 
change  is  important  even  though  it  does  not  appear  so  in 
Table  1.  Finally,  the  bellows  at  the  ends  of  the  ceramic 
beam  pipes  for  the  injection  and  extraction  kicker  magnets 
were  shielded. 

All  of  these  changes  were  made  to  fit  within  the 
mechanical  constraints  of  existing  magnets  and  other  beam 
line  hardware. 

11.  INSTABILITY  PROPERTIES 

A  damping  ring  instability  limited  the  SLC  beam  to 
3x10^®  ppb  with  the  old  vacuum  chamber.  The 
characteristics  of  that  instability  were:  i)  threshold  I  « 
3x10^®  ppb,  ii)  signals  at  about  three  times  the  synchrotron 
frequency,  fg,  indicating  a  predominantly  sextupole  structure 
in  phase  space,  and  iii)  transient  behavior  with  the  instability 
amplitude  building  up  in  several  synchrotron  periods  and 
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then  relaxing  with  roughly  the  radiation  damping  time.^ 
Based  on  simulations  it  was  expected  that  the  threshold  with 
the  new  vacuum  chamber  would  be  5  -  6x10^^  ppb. 
However,  the  threshold  was  reduced  to  1 .5  ~  2x10^^  ppb,  but 
with  the  redeeming  feature  that  the  consequences  for  the 
SLC  were  less  dramatic.  Towards  the  end  of  the  1994  - 
1995  run  we  were  running  with  bunches  of  up  to  4.5x10^® 
ppb  in  the  damping  rings  and  colliding  beams  of  up  to 
3.8x10^®  ppb.  The  SLC  intensity  limit  was  not  due  to  the 
damping  ring  instability,  and  there  was  at  best  marginal 
evidence  of  a  correlation  between  the  instability  and  linac 
performance.  Details  of  the  instability  follow. 

The  energy  spread  was  measured  with  a  wire  scanner  in 
a  dispersive  region  of  the  extraction  line.  It  should  be 
constant  below  the  instability  threshold  which  based  on  the 
data  in  Fig.  1  is  between  1.5  and  2.0x10^®  ppb  for  an 
accelerating  voltage  Vrf  =  945  kV. 


0  12  3  4 

Electron  Bunch  Current  (xlO^^  ppb) 
Figure  1 :  Energy  spread  as  a  function  of  current. 


Bunch  length  was  measured  with  a  streak  camera^  and  a 
wire  scanner  in  the  extraction  line  following  an  accelerating 
section  phased  to  produce  a  time-energy  correlation."^  The 
distributions  are  not  Gaussian,  and  the  results  in  Fig.  2  are 
based  on  the  FWHM.  There  is  a  small  systematic  offset 
between  the  wire  scanner  and  streak  camera  data,  but  there  is 
good  agreement  on  the  current  dependence.  Clearly  there  is 
a  significant  reduction  in  bunch  lengthening  with  the  new 
chamber. 
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Figure  2:  Bunch  length  dependence  on  current.  Bunch 
lengths  are  FWHM/2.35.  Vrf  =  800  kV. 


A  study  was  made  of  the  image-by-image  variation  of 
the  streak  camera  profile.  The  conclusion  was  that  the  bunch 
length  varied  less  than  ±3%  image-by-image.  This  variation 
and  the  differences  in  images  were  consistent  with  those 
expected  fi:om  camera  noise. 

A  third  diagnostic  was  spectral  analysis  of  a  beam 
position  monitor  electrode.  The  spectrum  analyzer  was  used 
in  three  different  modes:  i)  as  a  swept  fi*equency  analyzer,  ii) 
as  a  fixed  frequency  receiver,  and  iii)  as  a  down  converter 
input  to  a  digital  signal  processing  system.^  Figure  3  is  a 
DSP  output  when  the  instability  was  present. 


Figure  3:  Spectrum  centered  around  a  rotation  harmonic  at 
23  GHz.  The  current  and  synchrotron  firequency  at  that  time 
were  I  =  2.9x10^^  ppb  and  fg  =  104  kHz. 


The  sidebands  associated  with  the  instability  are  clearly 
visible.  They  are  at  f  =  184  kHz  =  1.77fs  from  the  rotation 
harmonic.  This  is  the  signature  of  a  predominantly 
quadrupole  mode  in  contrast  to  the  sextupole  mode  with  the 
old  vacuum  chamber.  The  frequency  increases  with 
decreasing  current;  the  slope  is  df/dl  ~  -6  kHz/lO^^.  This  is 
opposite  to  the  current  dependence  with  the  old  chamber 
which  had  a  slope  df/dl  ~  9  kHz/10^^."^  The  second 
harmonics  in  this  spectrum  are  seen  whenever  the  instability 
in  strong.  We  have  measured  differences  in  the  amplitudes 
of  the  positive  and  negative  frequency  sidebands  also,  and 
we  have  established  that  there  are  differences  characteristic 
of  the  instability  rather  than  being  due  to  variation  in  beam 
position  monitor  sensitivity.  Which  sideband  is  stronger  can 
depend  on  how  far  the  current  is  above  threshold. 

Spectra  have  been  taken  under  a  number  of  conditions, 
and  some  conclusions  can  be  reached  from  these  data.  First, 
there  are  no  significant  differences  between  the  electron  and 
positron  damping  rings.  The  impedances  of  these  two  rings 
are  expected  to  be  close,  but  there  could  be  ion  effects  in  the 
electron  ring.  We  conclude  that  possible  ion  effects  are  not 
contributing  to  the  instability. 

Second,  with  two  bunches  the  sidebands  of  adjacent 
rotation  harmonics  are  roughly  equal  in  amplitude  while  the 
rotation  harmonics  themselves  display  the  alternating  pattern 
expected  with  two  bunches.  We  conclude  from  this  that  the 
instability  is  a  single  bunch  instability. 

The  transient  nature  of  the  instability  was  studied  by 
using  the  spectrum  analyzer  as  a  receiver  set  to  a  sideband 
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frequency.  Figure  4  is  one  example  of  the  output.  The 
transient  at  injection/extraction  time  is  due  to  the  kicker 
noise  and  phase  space  mismatch  at  injection.  The  instability 
signal  rises  out  of  the  noise  at  about  3  ms  and  oscillates  in 
amplitude  by  about  10  dB  with  rise  and  fall  times  in  the 
range  of  250  to  500  |is.  This  is  a  common  pattern  seen  with 
both  one  and  two  bunches  and  is  reminiscent  of  the 
"sawtooth"  behavior  we  saw  with  the  old  vacuum  chamber. 


0  2  4  6  8 

Time  (ms) 


Figure  4:  Video  output  of  the  spectrum  analyzer  tuned  to  a 
sideband  frequency.  The  beam  had  two  bunches,  I  = 
3.5x10^^  ppb.  Injection  and  extraction  are  at  0  and  8.3  ms. 

However,  the  sawtooth  is  not  the  only  behavior  that  has 
been  seen.  Figure  5  shows  a  different  set  of  conditions.  The 
common  feature  of  Figs.  4  and  5  is  the  appearance  of  the 
instability  at  roughly  3  ms  into  the  store  indicating  that  it 
takes  about  2  damping  times  for  the  peak  current  to  reach  the 
critical  value  for  instability. 


Figure  5:  Video  output  for  analyzer  tuned  to  one  of  the 
sidebands.  One  bunch,  I  =  3.9x10^^  ppb.  Injection  and 
extraction  are  at  0  and  8.3  ms. 


We  have  studied  the  dependence  of  the  threshold  on  a 
number  of  parameters,  and,  although  our  understanding  is 
incomplete,  there  is  clear  evidence  that  the  RF  accelerating 
voltage  is  one  of  the  key  factors.  Figure  6  is  a  graph  of  the 
signal  amplitude  just  before  extraction  as  a  function  of  the 
accelerating  voltage.  There  is  no  measurable  signal  below 
800  kV,  and  the  instability  is  present  on  every  pulse  at  865 
kV  (Vrf  =  865  kV  in  Fig.  5).  In  between  the  amplitude  of 


the  instability  is  not  constant,  and  whether  it  is  present  on  a 
given  pulse  depends  on  the  phase  of  the  transient  at 
extraction  time. 


Figure  6:  Instability  signal  amplitude  50  [Xs  before  extraction. 
The  beam  had  1  bunch  of  I  =  3.9xl0l0  ppb.  Noise  level  ~ 
-25db.  Error  bars  show  RMS  signal  variation. 


III.  SUMMARY  AND  CONCLUSIONS 

We  have  described  the  changes  in  the  damping  ring 
impedance  and  the  observations  of  instability  with  the  new 
vacuum  chamber.  Some  of  the  results  with  the  old  chamber^ 
and  some  preliminary  results  with  the  new  one  have  been  or 
could  be  interpreted  with  the  ideas  in  a  number  of  theoretical 
and  simulation  papers.^' We  look  forward  to  quantitative 
comparisons  with  the  data  in  this  paper. 

Finally,  we  are  relieved  that  we  could  increase  the  SLC 
current  despite  this  unexpected  instability. 
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Abstract:  The  alignment  tolerance  of  accelerating  structures  is 
estimated  by  tracking  simulations.  Both  single-bunch  and 
multi-bunch  effects  are  taken  into  account.  Correction 
schemes  for  controlling  the  single  and  multi-bunch  emittance 
growth  in  the  case  of  large  misalignment  are  also  tested  by 
simulations. 

L  ALIGNMENT  TOLERANCE 

Emittance  growth  caused  by  random  misalignments  of 
accelerating  structures  for  NLC  (Next  Linear  Collider,  being 
designed  at  SLAC)  main  linacs  are  considered.  Both  single¬ 
bunch  effects  and  multi-bunch  effects  are  taken  into  account. 
The  effect  of  other  errors,  for  example  misalignment  of 
quadrupoles  and  injection  jitter,  are  not  discussed  in  this 
paper. 

A.  Tracking 

A  tracking  program  has  been  developed  to  simulate  phase 
space  beam  dynamics  in  main  linacs  of  future  linear 
colliders[l].  Parameters  for  a  250  GeV  NLC  linac,  which  are 
used  in  our  simulations,  are  listed  in  Table  1. 

To  simulate  single-bunch  effects,  each  bunch  is  divided 
into  five  slices  and  each  slice  has  five  macro  particles  with 
different  initial  energies.  For  multi-bunch  simulations  without 
single  bunch  effects,  each  bunch  is  treated  as  being  rigid. 

The  accelerating  structures  are  misaligned  randomly  and 
the  average  of  the  emittance  growth  of  100  randomly 
misaligned  machines  is  used  to  estimate  the  alignment 
tolerance.  The  tolerance  depends  on  the  length  of  an 
"alignment  unit"  which  is  aligned  independently.  Each 
alignment  unit  is  assumed  to  consist  of  either  (a)  M  structures 
or  (b)  1/M  structure  (M=l,2,3,  ....).  Long  scale  misalignment 
is  simulated  in  Case  (a).  Alignment  of  girders  can  also  be 
simulated  in  the  case  where  M  structures  are  on  a  girder  and 
each  girder  is  aligned  independently,  with  random  errors, 
while  the  structures  are  perfectly  aligned  on  each  girder. 
Fabrication  errors  of  each  structure  are  simulated  in  Case  (b). 
Each  structure  is  divided  into  M  pieces  and  each  piece  is 
"aligned"  independently.  The  situation  corresponds  to,  for 
example,  each  structure  consisting  of  M  pieces  brazed 
together  with  random  errors,  with  each  piece  fabricated  error- 
free.  Each  slice  of  the  beam  is  kicked  by  wakefields  at  the 
center  of  each  structure  in  Case  (a)  and  at  the  center  of  each 
piece  of  structure  in  Case  (b). 

The  transverse  short  range  wakefunction  was  assumed  to 
be  a  linear  function.  Though  the  shape  of  the  cells  changes 
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along  a  structure,  only  averages  over  a  structure  were  used  for 
both  longitudinal  and  transverse  short  range  wakefunctions. 

Frequencies,  kick  factors  and  g’s  of  the  modes  of  the  first 
pass  band  of  the  "damped  detuned  structure"[2]  for  the  NLC 
were  used  to  obtain  the  long  range  transverse  wakefield, 
which  was  used  to  calculate  the  inter-bunch  effect.  In  the  case 
of  simulations  for  fabrication  errors  (a  structure  is  divided  into 
pieces),  each  mode  is  assumed  to  be  localized  in  that  piece  in 
which  the  centroid  of  the  field  amplitude  is  located.  Because 
fields  of  some  modes  are  distributed  widely,  this 
approximation  will  not  be  appropriate  for  very  short  pieces  of 
structures.  Though  we  do  not  discuss  it  here,  it  is  possible  to 
use  a  more  precise  method  to  calculate  a  wakefield  with 
fabrication  errors  [3]. 

The  lattice  is  a  FODO  lattice  with  a  phase  advance  of 
about  90®/cell  and  with  a  beta  function  that  varies 
approximately  as  the  square  root  of  the  beam  energy. 


Table  1.  Parameters  used  for  the  simulation. 


Accelerating  frequency 

11.424  GHz 

Beam  energy 

from  10  to  250  GeV 

Loaded  gradient 

37  MV/m 

Phase  advance/cell 

900 

Length  of  a  FODO  cell 

from  8  to  40  m 

Charge  per  bunch 

0.7xl0*”e 

Bunch  length 

1 

o 

o 

Number  of  bunches 

90 

Bunch  spacing 

1.4  ns 

Normalized  emittance 

3x10“®  m-rad 

Length  of  acc.  structure 

1.8  m 

Number  of  cell  /structure 

206 

Structure  type 

Damped  detuned 

Average  aperture  radius 

4.9  mm 

Slope  of  transverse  wake 

8.4x10*®  V/C/m3 

One-to-one  trajectory  steering  is  assumed  to  be  always 
performed  so  that  the  beam  centroid  goes  through  the  center 
of  every  focusing  quadrupole  magnet.  Because  all  quadrupole 
magnets  are  assumed  to  be  perfectly  aligned,  alignment 
tolerances  obtained  here  should  be  regarded  as  tolerances  with 
respect  to  the  beam  or  required  accuracy  of  beam  based 
alignment  of  the  accelerating  structures. 

Figure  1  shows  the  alignment  tolerances  for  averaged 
emittance  growth  of  less  than  25%  as  function  of  alignment 
unit  length.  The  solid  line  shows  tolerances  considering  both 
single-  and  multi-bunch  effects.  Tolerances  for  the  single¬ 
bunch  effect  alone,  and  multi-bunch  effect  alone  are  also 
shown  here.  Comparing  the  three  curves,  it  is  noticed  that  the 
single-bunch  effect  is  dominant  for  longer  alignment  lengths 
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and  the  multi-bunch  effect  is  important  only  for  pieces  in  each 
structure.  The  curves  have  a  minimum  at  an  alignment  length 
of  16  structures  or  32  m,  which  is  about  the  betatron  function 
at  the  end  of  the  linac.  This  is  expected  since,  when  the 
alignment  unit  becomes  longer  than  the  beta  function,  the 
effects  of  the  wakefield  begin  to  cancel.  And  the  end  of  the 
linac  is  the  most  sensitive  region  because  of  the  weakly 
focusing  lattice.  The  single-bunch  curve  for  short  alignment 
lengths  varies  according  to  the  -1/2  power  up  to  the  length  of 
about  16  structures.  This  is  because  the  effect  of  the  kick  by 
wakefield  depends  only  on  the  average  offset  of  the  beam  with 
respect  to  the  structure  center  over  the  length  comparable  to 
beta  function.  However,  the  multi-bunch  curve  drops  for 
alignment  length  less  than  one  structure.  This  is  because,  with 
the  misalignment  (fabrication  error)  of  pieces  in  a  structure, 
the  designed  cancellation  of  the  206  dipole  modes  of  each 
structure  is  disturbed. 


Number  of  structures  /  alignment  unit 


Figure  1.  Tolerance  of  misalignment  of  damped-detuned 
structures  for  25%  emittance  growth  as  function  of  alignment  unit 
length,  (a)  considering  only  the  single-bunch  effects,  (b)  only  the 
multi-bunch  effects,  and  (c)  considering  both  effects  together.  Each 
symbol  represents  the  average  of  tracking  with  100  random  seeds. 

The  minimum  alignment  tolerance  is  5  |xm  for  an 
alignment  unit  length  of  about  32  m.  The  tolerance  for  each 
structure  is  13  |im.  The  minimum  tolerance  for  short  pieces 
(fabrication)  is  9  |im  in  the  case  of  7  pieces  per  structure, 

B.  Numerical  Method 

In  order  to  save  calculation  time,  a  numerical  method  to 
estimate  the  alignment  tolerance  has  been  developed.  The 
essential  approximation  of  this  method  is  that  the  amplitude  of 
betatron  oscillation  is  negligibly  small  compared  to  the 
misalignment  of  structures.  This  assumption  is  the  same  as  in 
the  analytical  method  presented  elsewhere[4]. 

We  consider  the  tolerance  for  alignment  units  each  of 
which  consists  of  several  short  pieces.  The  expected  emittance 
growth  from  kicks  by  wakefields  due  to  the  misalignment  of 
accelerating  structures  are  given  as  follows. 

i 

where  i  is  index  for  alignment  unit,  A  index  for  short  piece 
and  ai  r.m.s.  misalignment  of  structures. 


l  +  CCf  Pf 

where  and  pf  are  twiss  parameters  at  the  end  of  linac  and 


J2  22  22  elements  of  transfer  matrix 

from  A  to  the  end  of  linac. 


Sa,m(^)^S^a)-lqmSma)fLqm> 

m  /  m 


k 

where  is  the  charge  of  m-th  slice  of  the  beam,  W(A,z)  the 
transverse  wake  function  of  A  at  distance  z.  the  length  of 
the  piece  and  E(A)  the  beam  energy  at  A.  Assuming 
continuous  focusing  and  that  the  alignment  units  are  short 
compared  with  beta  function,  we  obtain  an  analytical 
expression  in  Ref.  [4]. 

This  method  was  compared  with  tracking  for  the  NLC 
design  in  the  cases  of  considering  only  single-bunch  effects, 
only  multi-bunch  effects,  and  both  effects  together.  The 
estimated  tolerances  agree  well  for  any  alignment  unit  length. 

Fabrication  errors  were  studied  more  carefully  using 
numerical  methods.  Two  curves  in  figure  2  show  the 
tolerances  as  functions  of  alignment  length  for  two  different 
approximations.  In  both  cases  the  wakefield  of  each  mode  is 
assumed  to  be  localized  in  one  piece,  but  (a)  assumes  that  that 
piece  is  where  the  centroid  of  amplitude  is,  and  (b)  assumes 
that  it  is  where  the  phase  velocity  of  the  mode  is  closest  to  the 
velocity  of  light[5].  The  two  curves  are  different  in  detail  but, 
generally,  both  have  similar  behavior  with  a  minimum 
tolerance  of  about  10  \im. 


Figure  2.  Tolerance  of  fabrication  of  damped-detuned  structures 
for  25%  emittance  growth  as  function  of  alignment  length, 
considering  only  multi-bunch  effects  from  the  numerical  method,  (a) 
assumed  the  field  is  at  the  center  of  the  amplitude  and  (b)  assumed 
the  field  is  where  Vp=c. 

II.  CORRECTIONS 


It  is  expected  that  one  can  achieve  the  required 
alignment [6].  But  if  this  is  not  the  case,  some  additional 
correction  can  be  done.  One  technique  of  beam  based 
alignment  has  been  suggested[7],  in  which  bunch  current 
and/or  the  bunch  length  are  changed,  and  the  trajectories  are 
measured.  However  this  technique  may  be  difficult  to 
implement.  Another  possible  approach  is  a  combination  of  : 
(1)  for  single  bunch  correction,  trajectory  bumps  or  moving 
structures,  tuned  by  emittance  measurements  and  (2)  for 
multi-bunch  correction,  fast  kickers  tuned  by  a  bunch-by- 
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bunch  position  measurement[8].  The  emittance  and  bunch-by¬ 
bunch  positions  are  measured  at  several  locations  in  the  linac. 
In  technique  (1),  a  beam  offset  with  respect  to  structures  is 
intentionally  produced  at  some  parts  of  the  linac  to 
compensate  the  effects  of  wakefield  due  to  misalignment  of 
other  parts.  In  (2),  the  beam  is  kicked  bunch-by-bunch  so  that 
all  bunches  have  the  same  trajectory. 

Tracking  simulations  were  performed  to  test  these 
techniques  for  the  250  GeV  NLC  linac.  Again,  note  that  we 
concentrate  only  on  corrections  for  the  misalignment  of 
accelerating  structures. 

A.  Single-bunch 

In  this  tracking,  some  accelerating  structures  were  moved 
instead  of  trajectory  bumps,  because  of  ease  of  simulation. 
Though,  in  reality,  it  may  be  more  flexible  and  reliable  to 
introduce  trajectory  bumps,  both  methods  have  almost  the 
same  effects. 

We  assumed  emittance  measurement  at  five  locations,  at 
beam  energy  of  30,  60,  100,  150  and  250  GeV.  Two  sets  of 
accelerating  structures  were  moved  just  before  each  location 
to  minimize  the  emittance.  Each  set  consisted  of  all  structures 
between  two  quadrupole  magnets  and  the  two  sets  were 
separated  by  one  FODO  cell  or  about  90®  betatron  phase.  The 
r.m.s.  of  misalignment  of  each  structure  was  set  to  be  30  pm, 
where  the  expected  emittance  growth  without  corrections  is 
130%.  The  movement  of  each  set  of  structures  was  performed 
in  20  pm  steps  and  limited  to  +-300  pm. 

Figure  3  shows  emittance  growth  as  a  function  of 
resolution  of  beam  size  where  the  resolution  of  emittance 
measurement  was  calculated  from  €  =  a^  /p,  assuming  p  at 
focusing  magnets  near  each  station.  It  is  shown  that  precise 
measurement  of  the  emittance  is  essential  for  this  correction. 


^am  size  resolution  (micron) 


Figure  3.  Emittance  growth  as  function  of  resolution  of  beam 
size  measurement.  Each  symbol  represents  the  average  of  tracking 
with  100  random  seeds. 

B.  Multi-bunch 

Bunch-by-bunch  trajectories  were  assumed  to  be 
measured  by  two  fast  BPMs  located  at  consecutive  focusing 
quadrupole  magnets  (90®  phase  difference)  at  each  of  the 
same  five  locations  as  the  single-bunch  correction.  Two  fast 
kickers  were  also  located  at  consecutive  focusing  quadrupoles 
just  before  the  BPMs  and  the  beam  was  kicked  bunch-by- 
bunch  (except  the  first  bunch)  so  that  all  bunches  have  the 
same  trajectories.  One-to-one  trajectory  correction  was  also 
performed  to  make  the  beam  centroid  go  through  the  center  of 
every  focusing  quadrupole  magnet.  Tracking  was  performed 
with  90  bunches  including  both  single-  and  multi-bunch 


effects.  Each  structure  was  divided  into  7  pieces  and  the 
pieces  were  aligned  independently  with  an  r.m.s.  error  of  25 
pm.  This  misalignment  was  chosen  so  that  the  multi-bunch 
effects  are  much  stronger  than  single-bunch  effects  because 
we  are  concentrating  here  on  multi-bunch  correction.  But, 
because  it  is  possible  that  single-bunch  effects  become 
significant  due  to  a  large  bunch  offset  caused  by  the  multi¬ 
bunch  effects,  the  single-bunch  effects  were  also  considered  in 
this  simulation.  The  expected  emittance  growth  without 
corrections  was  estimated  as  As/e  =  1.33. 

Figure  4  (a)  and  (b)  show  emittance  growth  as  function  of 
BPM  resolution  and  kicker  speed,  respectively,  where  the 
limit  of  kicker  strength  is  56  kV.  A  kicker  speed  250  MHz  and 
strength  limit  of  56  kV  are  our  tentative  design  values  and  the 
bunch-by-bunch  BPM  resolution  is  expected  to  be  better  than 
0.2  pm.  The  results  show  our  design  will  be  effective. 


Kicker  speed  (MHz) 

Figure  4,  Emittance  growth  vs.  (a)  BPM  resolution  and  (b) 

Kicker  speed,  with  the  strength  limit  56  kV.  Each  structure  was 

divided  into  7  pieces  and  misalignment  of  pieces  is  25  pm.  Each 

symbol  represents  the  average  of  tracking  with  25  random  seeds. 
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REFINEMENTS  TO  LONGITUDINAL,  SINGLE  BUNCH, 
COHERENT  INSTABILITY  THEORY 
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Abstract 

For  the  case  of  a  bunched  beam  confined  to  a  quadratic  po¬ 
tential  well,  we  demonstrate  the  necessity  for  considering  mode¬ 
coupling  to  correctly  obtain  the  threshold  current  for  the  d.c.  in¬ 
stability.  Further  we  find  the  effect  upon  growth  rate  and  co¬ 
herent  tune  shift  of  evaluating  the  impedance  at  a  complex  fre¬ 
quency.  For  the  case  of  a  bunched  beam  confined  to  a  cosine  po¬ 
tential  well,  we  give  an  exact  analytic  expression  for  the  disper¬ 
sion  integral,  and  calculate  (with  no  approximations),  the  stabil¬ 
ity  diagram  for  the  Robinson  instability  taking  into  account  Lan¬ 
dau  damping  This  paper  comprises  extracts  from  a  lengthy  in¬ 
ternal  report[l]. 


"  (4) 

where  =  J/ Jq  and  Jo  =  w,  /2  is  an  action  value,  but  the 
J„  (. . .)  with  an  argument  are  Bessel  functions.  The  prime  nota¬ 
tion  indicates  a  derivative  with  respect  to  action  J.  The  Fourier 
harmonics  are: 

27rAq(n)  =  /V>„(J)e-'«*  e+‘"®d0dJ  ,  (5) 

and  so  the  eigenvalue  problem  is 


I.  SIMPLE  HARMONIC  OSCILLATOR  CASE 

We  consider  the  stability  of  a  single  bunch  confined  in  a 
quadratic  potential  well  that  is  truncated  at  rf-phase  x  =  ±x  . 
Let  u,  be  the  synchrotron  frequency.  We  shall  investigate  the 
stability  of  the  system  through  use  of  the  linearized  Vlasov  equa¬ 
tion  in  which  products  of  two  perturbation  terms  will  be  ignored. 
Let  the  phase-space  steady-state  and  perturbation  distribution 
functions  be  and  be  ,  respectively.  In  action-angle  co¬ 

ordinates  (J,  0),  the  Vlasov  equation  becomes: 


[d/dt  -1-  {de/dt)d/d0]^i  =  {d'^o/dJ){dH/de)  .  (1) 

We  shall  assume  to  have  time  dependence  with  the 
complex  perturbation  Laplace  frequency  s  =  a  -{■  iu  .  Let 
i  —  and  take  Hi- .  ]  to  mean  “form  the  real  part”. 

Henceforward,  we  shall  employ  the  symbols  q  and  p  as  integer 
indices  for  Fourier  harmonics. 

Let  4  =  27r/d.c./Kf  • 

The  beam  current  perturbation  signal  is  \{x,t)  = 

and  leads  to  perturbing  forces  dH/dO  = 
u)^  w{x,t)  where  the  wakefields  are: 


(6) 


Note,  in  the  above  equation  the  Ap  without  arguments  is  the 
sum  over  the  Ap(n)  with  arguments. 

A.  Single  azimuthal  mode  and  narrowband  impedance 

Consider  the  case  of  a  solitary 
azimuthal  V'C-/,  .  Consider  the  case  of  a  nar¬ 

rowband  impedance  such  that  Zp  is  only  significant  in  the  vicin¬ 
ity  of  p  =  g  >  0  .  This  results  in  an  eigenfirequency  equation: 

(s-1-  imujf)  =  mWs 


where  IminA) 

The  combination  and  integral  Im  are  both  dimensionless.  If 
and  only  if  both  0  and  Z+g  7^  0  ,  then  equation  (7)  has 

the  property  that  if  m  —  m,  then  s  ^  s*  , 

Let  the  impedance  Z  =■  R-\-  iX  be  composed  of  a  resistive 
part  ii  and  a  reactive  part  X,  then  we  find  the  eigenfirequency: 


w{x,i) with  Zg{uj,(T)\qe^^^  .  (2) 

The  arguments  of  the  complex  impedance  Zg  are  used  to  indi¬ 
cate  the  modulation  sideband  firequency.  Hence  Zj^g  (H-u;,  (t)  = 
Z(+ga;rf+a;,cr)  =  Z{-^quJpf^uj-i(T)  is  the  complex  impedance 
evaluated  at  the  u)  -  ia  sideband  of  the  harmonic  of  the  radio- 
frequency  UJrf  . 

As  a  trial  solution  of  the  Vlasov  equation  we  take 

with  ip{J,9)  =  5  0) 

where  m  is  the  azimuthal  mode  index,  and  m  =  0  is  excluded. 
After  separating  the  Vlasov  equation,  we  find  the  radial  functions 
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u/{mujs)  =  Im^[X{qu^rf +  X{qUrf  —  t>j)]/q  1(9) 

(Tj{mUJs)  =  Im^[R{q^Tf+  ”  R{qOJrf  “^  ^)]/ Q  '  (10) 

These  equations  have  to  be  solved  recursively  for  s  .  At  high 
enough  current,  there  is  a  solution  with  mode  frequency  s  =  0, 
which  satisfies  the  condition: 

q  —  X(^qu)rf)  Imiq^q)  •  (11) 

B,  ihm  mode-coupling  and  narrowband  impedance 
Consider  the  case  of  two  azimuthal  modes, 

.  (12) 
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Consider  the  case  that  impedance  is  only  significant  in  the 
vicinity  of  p  =  g  >  0  .  This  results  in  an  eigenfrequency  equa¬ 
tion. 


IIL  SIMPLE  PENDULUM  OSCILLATOR 

Consider  the  stability  of  a  single  bunch  confined  in  a  sinu¬ 
soidal  potential  well.  The  unperturbed  Hamiltonian  is: 


=  2i[Z{-\-quJr{+uj,  (T)-Z{-qw^+w,  (T)\-I„,{q,  q)  .  =  I/V2  + -  cos  a;]  =  yV2  +  2^2  sin2(a:/2)  . 

{rruj,)  q  ^20) 

( ^  We  shall  investigate  the  stability  of  a  multi-particle  system  of 
The  equation  separates  into  imaginary  and  real  parts  as;  oscillators  through  use  of  the  Vlasov  equation;  the  equation  is 

simplified  if  we  employ  action-angle  coordinates. 


{nuj,)^  ~  ^^m^[X{qiJrf  +  u}+X{qUr{  —  u)]/q 
=  +Im^[R{qUrf-uj)-R{qijJri  +  u))]/q  .  (14) 


sin(a;/2)  =  fesn^  =  \/J/Jo  sn0  (21) 

y  =  2u),k  end  =  2u,^/JJJ^ca9  .  (22) 


At  high  enough  current,  there  is  a  solution  with  mode  fre¬ 
quency  =  0 . 


q  =  4iX{quj^)I„{q,q)  .  (15) 

The  value  of  the  threshold  differs  by  a  factor  2  from  the  case 
of  no  mode  coupling,  expression  (11). 

II.  IMPEDANCE  AT  COMPLEX  FREQUENCY 

If  we  continue  Z  into  the  complex  plane,  given  the  functional 
form  Z{u),  0) ,  then  the  response  to  exp((T  +  iw)t  is  Z{w,  tr)  = 
Z{uj  —  icr)  .  Actually,  one  does  not  need  to  know  the  form,  but 
only  the  derivatives  of  resistance  R  and  reactance  X  with  respect 
to  frequency  oj.  We  denote  derivatives  with  respect  to  real  an¬ 
gular  frequency  why  6^,.  lMZ{w,  a)  =  R-h  iX.  We  may 
then  employ  the  Cauchy-Riemann  conations  for  analytic  com¬ 
plex  functions: 

dRjda  = —dXjdw  and  dXjda  — -\-dRfdw  , 
to  find  the  first  order  Taylor  expansion 


Jo  =  %j,  and  sn,  cn  dn  are  Jacobean  elliptic  functions. 

The  time  variation  of  0  is  ^  =  w,{t-to)  wherefo  isaconstant 
of  integration. 

The  trial  solution  ^  must  be  separable  after  integrating  9  over 
the  interval  [-2K.,  +2K,] .  Hence,  we  take: 

’^'1  =  .  (23) 

After  separation,  we  find  the  radial  functions  : 


MJ)  = 


[s -I-  «na>,(J)] 


(24) 

Using  the  Jacobean  elliptic  analogue  of  the  Hankel  transform 
we  find  a  particular  case  of  Lebedev’s [2]  expression: 


\q{n) 


«  *^0 


- ; — ^ - T-rr - aJ 

s  4*  tn(Js\J) 


(25) 

If  we  sum  this  equation  over  mode  number  n,  we  obtain  an 
eigenvalue  problem  for  the  harmonics  .  The  form  factors  are 


Z{u)\  fj')  «  Z{J,  0)  -h  (-icr')  X  d^Z  .  (16) 


{+q,  k)  x4IC=  g+mr«/2AC  (26) 


A.  Eigenvalues  with  narrowband  impedance 

Consider  a  narrowband  in^edance  that  is  still  sufficiently 
broad  to  include  both  the  upper  and  lower  sideband.  An  approx¬ 
imation  of  [Z-g  -  Z+g]  is 


Z-g{w,<T)-Z+g{w,(r)  !»-2[iX{qWrf)  +  {w-i<T)du,R{qWtf)]  . 

(17) 

Substitution  of  (17)  into  (14)  leads  to  the  eigenvalue 


and  have  the  properties:  J„{q,0)  =  Oand  J’„(g,l)  =  0  . 


A.  Narrowband  impedance  at  cavity  radio-frequency 

In  general,  the  integrals  Jn  {q,k)aie  awkward  to  evaluate  an¬ 
alytically.  To  simplify,  we  shall  consider  an  impedance  that  is 
significant  only  at  the  p  =  ±1  harmonics  of  the  cavity  radio¬ 
frequency.  For  odd-n  we  find: 


[a;2  +  <T2]/(ma;,)2  =  -AI^iX{qw^)/q  (18) 

(T/imw,)  =  -2Imimw,[du,R{qw,()]/q  U9) 

These  forms  show  that,  to  first  order,  and  for  single  bunch  in¬ 
stability,  evaluation  of  the  impedance  at  a  complex  frequency  al¬ 
ters  the  coherent  tune,  but  does  not  change  the  growth  rate. 


^n/2 
+  ?" 


with  q  =  exp 


'-■cK{k'y 

X{k) 

(27) 


Here  q  is  the  ‘nome’  and  {k')^  =  1  -  k^  .  Expressions  for 
even-n  are  rather  complicated,  but 


J2{1,  k)  «  [2i:/]CYq/[2{l  +  g)2]  .  (28) 
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B.  ±m  mode  coupling  and  narrowband  impedance 

Previously,  we  saw  that  a  mode- coupling  theory  is  essential 
when  the  tune  shifts  and  growth  rates  are  comparable  with  the 
unperturbed  synchrotron  frequency.  Consequently,  we  shall  not 
bother  to  consider  the  cases  of  the  —  m  and  the  +m  modes  in 
isolation.  Let  the  mode  index  m  be  single  sided  and  valued 
and  take  the  trial  distribution  function  (12).  For  the  narrowband 
impedance  we  obtain  the  eigenfrequency  equation: 


i  =  e[Z+i  -  f 

Jo 


52  _|^  rn’^LJ^{J) 


dJ  .  (29) 


Let  us  search  for  a  threshold  and  take  s  =  iu  pure  imaginary. 
Let  the  value  of  action  at  which  the  integral  is  singular  be  J {lj) 

and  define  k  =  yJJJj'o  •  Then  we  have  the  eigenequation: 


i  =  +  X  [/(^)  4-2>(w)]  (30) 

where  the  quantities  /  and  g  are: 


figures  1-4,  for  the  case  |m|  =  1 ,  we  have  evaluated  the  thresh¬ 
old  diagrams  for  some  of  the  binomial  functions 

Wo(J)  oc  (1  -  J/Jy  for  J<J  (35) 

The  contours  depict  the  ten  cases  J/Jo  =  0tolin  steps  of  0 . 1 . 
The  innermost  and  outermost  contours  correspond  to  J  =  0  and 
J/Jq  =  1 ,  respectively.  For  the  case  a  <  1  the  upper  intercept 
V  =  must  be  zero,  while  for  a  >  1  intercept  V  >  0  ;  for 
a —  \  intercept  V  is  undefined.  For  constant  FW  bunch  length, 
the  r.m.s.  frequency  spread  diminishes  as  a  increases  and  so  the 
stable  V  region  grows  smaller;  hence  the  plots  have  different 
scales. 
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/(w)  =  2m^w%V  f 
Jo 


-  m2w2(J) 


(31) 


9{u;)  =  u;lo^%{j)J^{l,k)/[du;,/dJ]j  .  (32) 

Here  V  indicates  the  principal  value,  and  g  is  the  residue. 


C.  Power  limited  instability 

For  the  power  limited  instability,  the  eigenfrequencies  are 
=  0  .  Now  zero  frequency  is  either  outside  the  spread  of  in¬ 
coherent  frequencies,  or  (for  a  full  bucket)  at  the  very  edge  of  the 
bunch  where  there  are  no  particles.  Consequently,  this  particu¬ 
lar  instability  is  not  Landau  damped.  We  substitutes^  =  0  and 
find  the  Fourier  components  are  equal  A_i(— m)  =  A_i(-|-m)  , 
and  that  the  threshold  current  is  given  by 

1  =  4^  X(a;rf)  dJ  .  (33) 

This  only  differs  from  the  linear  oscillator  case  by  virtue  of  the 
exact  value  of  the  integral. 

D.  Stability  Diagram  for  m  =  ±1  mode  coupling 

We  can  generate  constraints  on  the  allowable  impedance  by 
considering 


.  (34) 

Here  Vrf  is  the  cavity  voltage  summed  about  the  ring,  and  U,  V 
have  been  normalized  so  that  the  excitation  current  is  indepen¬ 
dent  of  bunch  length.  The  method  is  to  plot  contours  of  con¬ 
stant  growth  rate  in  the  U,  V-plane  by  scanning  w.  The  insta¬ 
bility  threshold  is  given  by  the  curve  of  zero  growth  rate  and  is 
a  function  of  J  .  If  on  the  same  plot,  the  curve  Z{ui)  lies  wholly 
inside  the  threshold  curve,  then  that  mode  is  stable.  As  shown  in 
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Simulations  of  Sawtooth  Instability 

R.  BAARTMAN  and  M.  D’YACHKOV, 

TRIUMF,  4004  Wesbrook  Mall,  Vancouver,  B.C.  Canada,  V6T  2A3 


Abstract 


the  voltage  Vind  induced  by  the  beam  is  given  by 


The  equilibrium  self-consistent  distribution  of  particles  in 
a  high  intensity  electron  synchrotron  can  be  found  using  the 
Haissinski  equation  and  the  wake  field.  At  some  threshold  in¬ 
tensity  the  bunch  becomes  unstable.  However,  radiation  damp¬ 
ing  causes  the  particles  to  be  confined  and  the  instability  does  not 
necessarily  cause  loss  of  particles. 

It  was  observed  in  simulations  with  a  very  simple  wake  field 
and  short  bunches,  that  energy  spread  and  bunch  length  oscillate 
in  a  sawtooth  fashion.  We  find  that  this  is  due  to  the  double- 
peaked  nature  of  the  stationary  distribution.  Over  many  syn¬ 
chrotron  oscillations,  particles  diffuse  from  the  head  peak  to  the 
tail  to  the  point  where  the  tail  peak  becomes  as  large  as  the  head. 
The  two  resulting  sub-bunches  then  collapse  together  in  less  than 
one  synchrotron  oscillation,  causing  a  net  blow-up  in  emittance. 
Radiation  damping  reduces  the  emittance  and  diffusion  begins 
again. 


1.  Introduction 

A  so-called  ‘sawtooth’  instability  has  been  observed  in  the 
SLC  damping  rings  [1]  and  there  is  evidence  that  it  has  been 
observed  in  other  electron  synchrotrons  as  well  [2].  This  insta¬ 
bility  appears  as  a  periodic  fast  blow-up  in  bunch  length,  fol¬ 
lowed  by  damping.  We  studied  the  origins  of  this  effect  using 
multi-particle  tracking.  Rather  than  trying  to  describe  an  actual 
machine,  as  was  done  by  Bane  and  Oide  [3],  we  simplified  the 
model  to  determine  which  features  of  the  wake  field  lead  to  a 
sawtooth  behaviour. 

We  describe  the  results  of  the  simulation  and  then  give  a  qual¬ 
itative  discussion  of  the  origins  of  the  instability. 

IL  Numerical  Simulations 

A.  Model 

To  simulate  the  electron’s  motion  in  a  synchrotron  we  use  a 
standard  multi-particle  tracking  scheme  [4].  The  beam  is  repre¬ 
sented  by  N  macroparticles  each  with  phase  and  energy  coordi¬ 
nates  {zi ,  Ci).  These  coordinates  are  recalculated  every  turn  ac¬ 
cording  to  the  following  equations. 


Wn4^)  =  -e'£NkW{z-Zk),  (3) 


where  Nk  is  number  of  particles  in  the  bin  and  W  {z)  is  the 
Green  function  wake  field.  Other  methods  of  finding  V^nd  [4] 
give  smoother  results  for  a  given  number  of  macroparticles,  but 
are  more  CPU-intensive. 

For  this  study,  we  used  a  resonator  wake  field: 


W{z)  = 


- 


2Q 


cos{kiz) 


sin(fciz) 

74(^2  -  1 


(4) 


where  R  is  shunt  resistance,  uo  the  resonant  frequency,  ko  = 
u}q(Tz  Ic  is  roughly  thebunch  length  in  units  of  the  vacuum  cham¬ 
ber  size,  and  =  fcov^l  ” 

In  order  to  be  able  to  relate  the  results  of  this  paper  with  earlier 
work  [6],  [7],  it  is  convenient  to  use  as  intensity  the  dimension¬ 
less  parameter  /  =  eiVa;o(R/Q)/(Vrf<^zo)- 

The  radiation  damping  usually  takes  tens  or  even  hundreds  of 
synchrotron  oscillations.  However,  such  long  damping  times  re¬ 
quire  in  general  too  much  CPU  time  to  simulate  easily.  Fortu¬ 
nately,  the  damping  rate  does  not  play  a  significant  role  in  insta¬ 
bilities  which  are  fast  compared  with  synchrotron  motion.  This 
is  the  regime  of  the  present  study.  To  optimize  computation  time 
versus  simulation  accuracy,  we  used  artificial  radiation  damping 
times  on  the  order  of  5  to  10  times  the  synchrotron  oscillation 
period. 

We  found  that  a  reasonable  accuracy  is  achieved  with  as  few 
as  5,000  macroparticles.  This  depends  upon  the  wake  field 
being  fairly  smooth:  many  times  more  macroparticles  are  re¬ 
quired  for  wake  fields  which  have  many  oscillations  in  one  bunch 
length.[3] 

For  our  analysis  we  have  chosen  a  resonator  wake  field  with  a 
quality  factor  Q  =  1  and  bunch  length  parameter  ko  =  0.5.  The 
radiation  damping  time  Tg  was  set  to  500  turns  and  other  parame¬ 
ters  V^yCt.Eoin  eqn.  2  have  been  chosen  to  obtain  a  synchrotron 
period  of  100  turns. 


B.  Results 


Ae.-  =  -—ei  +  2(r^o\f^ri  +  V^Zi-\-Vind{zi)  (D 
Te  V  '’’e 

Azi  =  ^(e.-  +  Ae.)  (2) 

-C^o 

To  is  the  revolution  period,  Tg  is  the  damping  time,  a^o  the  rms 
energy  spread  in  the  absence  of  a  wake,  the  slope  of  the  rf 
voltage,  a  is  the  compaction  factor,  and  Eo  is  the  mean  energy; 
ri  is  a  random  number  with  a  standard  normal  distribution. 

To  calculate  V^nd  we  have  used  the  same  method  used  by  Bane 
[3],  i.e.  binning  the  macroparticles  in  z  without  smoothing.  Then 


We  start  with  a  large  emittance  and  allow  the  beam  to  damp. 
At  low  intensities  the  beam  relaxes  to  a  thermodynamically  sta¬ 
tionary  distribution  which  is  well  described  by  the  Haissinski 
equation  [5].  However  when  the  intensity  increases  it  takes  more 
time  for  particles  to  reach  a  thermodynamical  equilibriumpartic- 
ularly  when  this  distribution  has  a  two-peak  line  density  profile. 
In  the  case  fco  =  0.5  the  second  peak  in  the  line  density  appears 
approximately  at  /  =  10.  This  is  near  the  stability  threshold 
found  by  solving  the  Vlasov  equation  [7].  See  Fig.  5. 

The  region  close  to  threshold  is  difficult  to  model  because  of 
the  slow  growth  rate  of  the  instability.  Above  approximately 
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Figure.  1.  RMS  bunch  length  (a)  and  rms  energy  spread  (b)  in 
case  of  resonator  impedance  {Q  =  1,  fco  =  0.5)  at  /  =  30. 
Radiation  damping  time  is  =  ST,. 


I  =  20,  the  sawtooth  instability  becomes  apparent.  As  inten¬ 
sity  is  raised,  the  sawtooth  periodicity  also  increases.  A  typical 
example  showing  rms  bunch  length  and  energy  spread  is  in  fig.  1 
for  /  =  30.  At  very  high  intensity,  the  behaviour  becomes  irreg¬ 
ular:  the  case  of  /  =  45  is  shown  in  fig.2. 


Figure.  2.  RMS  bunch  length  and  energy  spread  for  the  same 
parameters  as  Fig.  1,  except  that  I  =  45. 


Figure.  4.  A  complete  cycle  of  the  sawtooth  instability  for  the 
case  shown  in  Fig.  1:  /  =  30  and  Tq  =  5T,.  The  time  sequence 
is  anticlockwise. 


We  found  that  the  sawtooth  repetition  rate  is  mainly  deter¬ 
mined  by  the  diffusion  process  and  not  by  radiation  damping.  To 
illustrate  this  point,  the  case  of  a  10/3  times  stronger  radiation 
damping  is  shown  on  Fig.  3.  Comparing  Fig.  3  with  Fig.  1,  one 
can  see  that  the  sawtooth  frequency  has  not  changed. 


turn/10* 


tum/10* 


Figure.  5.  Threshold  intensity  vs.  bunch  length  parameter  ko  in 
the  case  of  a  broad-band  (Q  =  1)  resonator.  The  points  and  dif¬ 
ferent  curves  are  the  results  of  different  calculations.  See  [7] 


♦  c  ->  d  In  about  1/3  of  a  synchrotron  period  the  two  main 
sub-bunches  collapse  together. 

•  d  ^  a  The  combined  bunch  throws  out  a  large  cloud  of  par¬ 
ticles  as  it  executes  large  synchrotron  oscillations  (less  than 
a  synchrotron  period). 

The  sawtooth  behaviour  was  most  clearly  seen  in  the  region 
0.4  <  ko  <  0.6.  Forko  <  0.4,  the  diffusion  process  was  too 
slow.  ForAro  >  0.6,  where  the  threshold  intensity  increases  with 
bunch  length  (Fig.  5),  sawtooth  behaviour  is  not  seen  either;  in¬ 
stead,  the  bunch  length  oscillates  chaotically. 


Figure.  3.  RMS  bunch  length  and  energy  spread  for  an  increased 
damping  rate:  /  =  30  and  —  I.5T5.  Compare  with  Fig.  1. 

A  complete  cycle  corresponding  to  one  ‘tooth’  is  shown  on 
Fig.  4: 

♦  a  — b:  The  downstream  cloud  damps  down  (about  5  syn¬ 
chrotron  oscillations). 

•  b  ^  c:  Diffusion  populates  the  second  peak  until  it  is  ap¬ 
proximately  equal  to  the  first  (about  30  synchrotron  oscilla¬ 
tions).  Note  that  the  two  peaks  have  started  to  move  toward 
each  other  and  a  third  peak  is  already  beginning  to  form. 


III.  Analysis 

Qualitatively,  the  instability  can  be  understood  by  considering 
the  wake  of  an  extremely  short  bunch  (Fig.  6,  upper).  In  order  for 
the  energy  lost  by  the  bunch  to  the  wake  field  to  be  compensated 
by  the  rf  cavities,  the  rf  waveform  (here  drawn  as  a  straight  line) 
must  intersect  the  wake  voltage  at  half  the  maximum.  This  is  the 
location  of  the  centre  of  this  very  short  bunch,  and  is  of  course  a 
stable  fixed  point.  Situations  for  various  rf  voltage  values  can  be 
considered  by  pivoting  the  rf  waveform  (line)  about  this  point,  as 
indicated  in  Fig.  6.  Situations  with  differing  beam  intensities  can 
be  simulated  in  the  same  way,  since  amplifying  the  wake  field 
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Figure.  6.  Green  function  wake  field  (upper  window),  includ¬ 
ing  3  rf  waveform  slopes;  (a)  is  stable,  (b)  is  just  above  thresh¬ 
old,  and  (c)  is  in  the  sawtooth  regime.  Looking  from  left  to  right, 
there  is  a  stable  fixed  point  if  the  wake  field  crosses  the  rf  wave¬ 
form  from  below,  and  an  unstable  fixed  point  if  it  crosses  from 
above.  The  separatrices  created  by  the  wake  fields  correspond¬ 
ing  to  cases  (b)  and  (c)  have  been  plottedin  the  lower  window.  In 
case  (a),  there  is  only  one  stable  fixed  point  so  the  wake  field  does 
not  create  a  separatrix.  Note  that  these  curves  are  for  a  Green 
function  wake  and  therefore  are  only  suggestive.  Any  accumu¬ 
lation  of  a  finite  charge  density  will  deform  the  separatrices. 


has  the  same  effect  on  the  diagram  as  reducing  the  rf  slope.  At 
low  intensity  or  large  rf  voltage,  there  is  only  the  one  fixed  point. 
At  high  intensity  or  low  rf  voltage,  the  wake  field  intersects  the  rf 
waveform  at  three  points;  there  is  an  unstable  fixed  point  behind 
the  bunch,  and  a  stable  one  farther  along.  Separatrices  created  by 
the  extra  fixed  points  are  shown  in  the  lower  window  in  Fig.  6. 

Because  of  the  random  excitation  due  to  emission  of  syn¬ 
chrotron  radiation,  particles  can  diffuse  through  the  unstable 
fixed  point  and  collect  at  the  downstream  stable  fixed  point. 
These  particles  begin  to  create  their  own  wake,  and  will  have  to 
move  forward  as  they  lose  energy  to  their  own  wake  field.  At 
the  same  time,  the  remaining  particles  in  the  head  sub-bunch  will 
move  backwards  as  they  decrease  in  number  and  no  longer  need 
as  large  energy  gain  from  the  rf  field.  At  some  point,  the  poten¬ 
tial  barrier  between  the  two  sub-bunches  becomes  small  enough 
that  the  diffusion  turns  into  an  avalanche  and  the  sub-bunches 
suddenly  coalesce.  The  resulting  bunch  is  over-dense  and  at  the 
wrong  phase  with  respect  to  the  needed  energy  gain.  It  begins  to 
execute  a  large  synchrotron  oscillation,  while  beginning  again  to 
lose  particles  to  diffusion.  This  results  in  a  large  cloud  of  parti¬ 
cles  and  a  large  rms  bunch  length  and  energy  spread.  The  cloud 
condenses  again  at  the  downstream  stable  fixed  point  and  diffu¬ 
sion  continues. 


IV.  Conclusion 

We  have  developed  a  qualitative  picture  of  the  sawtooth  insta¬ 
bility.  The  wake  field  creates  its  own  unstable  and  stable  fixed 
points,  particles  diffuse  to  the  second  fixed  point,  and  then  the 
resulting  second  sub-bunch  collapses  into  the  head  sub-bunch. 
The  sawtooth  frequency  is  therefore  determined  not  primarily  by 
radiation  damping,  but  by  a  subsequent  diffusion  process. 

The  sawtooth  effect  is  most  readily  seen  when  the  bunch 
length  is  comparable  with  the  wake  field  length.  Qualitatively 
quite  different  behaviours  can  be  seen  when  the  bunch  is  ei¬ 
ther  short  or  long  compared  with  the  wake.  In  the  former  case, 
for  example,  the  two  sub-bunches  can  sometimes  pass  through 
each  other  instead  of  collapsing,  thus  leading  to  a  sustained 
quadrupole  oscillation.  This  may  be  the  type  of  behaviour  seen 
in  LEP  [8].  These  regimes  as  well  as  other  types  of  wake  fields 
are  still  under  investigation. 
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CHARACTERISATION  OF  A  LOCALISED  BROAD  BAND  IMPEDANCE 

PHENOMENON  ON  THE  SRS 

S.F.  Hill,  Daresbury  Laboratory,  Warrington,  WA4  4AD,  UK 


A  major  perturbation  to  the  SRS  vacuum  envelope  was 
required  to  install  a  second  superconducting  wiggler  in  1992. 
As  part  of  this,  all  of  the  new  wiggler  straight  (straight  16) 
vacuum  vessels  were  re-designed  to  give  a  good  match  to  the 
small  elliptical  chamber  of  the  wiggler,  including  the  sector 
vacuum  isolation  valve.  Because  of  engineering  problems  this 
valve  was  not  fitted  and  a  standard  circular  aperture  valve  of 
much  larger  diameter  had  to  be  installed.  This  caused  a 
localised  impedance,  which  manifested  itself  by  gross 
overheating  due  to  the  energy  dissipated  in  it  from  the  beam. 
A  study  of  the  effect  of  this  valve  has  been  conducted  and  is 
summarised.  All  data  from  the  period  of  installation  in  the  ring 
is  collated,  including  beam  heating  and  instability  data.  On 
removal  from  the  ring  a  bench  measurement  of  the  effective 
broad-band  impedance  has  been  made,  using  time-domain 
measurement  techniques. 


Figure  1  shows  the  planned  layout  of  the  chambers  in  the 
vicinity  of  the  valve.  Unfortunately  this  valve  failed  during  the 
installation  shutdown  so  was  replaced  by  a  standard  sector 
valve  with  a  circular  aperture.  Figure  2  illustrates  the  cross- 
section  differences. 


Figure  2.  Cross  Sections  of  Relevant  Vessels 
11.  EXPERIENCE  WITH  BEAM 


1.  INTRODUCTION 

The  installation  of  a  second  superconducting  wiggler  in 
the  SRS  in  1992  [1]  was  the  second  major  upgrade  to  the  light 
source,  the  first  having  been  a  lattice  upgrade  to  achieve 
higher  brightness  in  1986/87.  The  insertion  of  the  1  m  wiggler 
vessel  into  straight  16  had  a  large  impact  on  the  rest  of  the 
ring,  including  the  rearrangement  of  the  4  D-sextupole 
magnets;  the  design  of  3  new  ultra-short  kickers  and  a  new 
septum;  as  well  as  the  relocation  of  components  such  as  the 
dump  collimator  and  the  betatron  tune  driver  vessel.  The 
vacuum  system  of  the  ring  is  divided  into  4  main  sectors, 
isolatable  by  sector  vacuum  valves.  These  could  not  be 
rearranged  in  the  ring,  so  a  special  valve  was  specified  for  the 
wiggler  straight,  with  an  elliptic  section  to  match  the  wiggler 
beam  tube  shape.  The  upstream  (D-Quadrupole)  and 
downstream  (F-Quadrupole)  straight  assemblies  were  already 
being  modified  with  elliptic  flare  sections  to  match  to  the 
wiggler  tube. 


The  first  evidence  of  a  large  energy  dissipation  occurred 
in  January  1993,  some  4  months  after  first  beam  in  the  wiggler 
2  lattice.  Whilst  experimenting  with  different  fill  structures  (to 
remove  a  vertical  beam  blow-up  due  to  ion  trapping)  a  300 
mA  beam  in  ~  30  bunches  (out  of  160)  caused  a  vacuum  seal 
on  the  sector  valve  to  fail  due  to  excessive  heating  of  the 
valve. 

Some  time  was  then  spent  on  characterising  this 
phenomenon  in  subsequent  beam  studies  and  operations 
periods  [2],  where  valve  temperatures  in  excess  of  150  °C 
were  seen.  A  measurement  with  a  probe  immediately  after  a 
beam  dump  indicated  a  localised  hot  spot  on  the  upstream 
flange  of  the  valve. 

A  temperature-time  model  for  the  effect  was  suggested:- 

^  =  -a(T-TJ  +  Mb  (1) 

at 

where  T  =  temperature  at  time  t 

Ta  =  ambient  temperature 

and  a,  b  are  coefficients  of  cooling  and  heating 
respectively. 


Figure  1.  Upstream  Straight  16  Layout 


This  model  gave  some  limited  success  in  assessing  the 
nature  of  the  heating  effects.  Some  data  was  taken  to  assess 
the  cooling  rate  as  a  function  of  average  temperature,  yielding 
a  value  of  (0.016  °  C/minute)  per  °C  above  ambient 
temperature  (estimated  @  26  °C  in  beam  studies  and  slightly 
higher  during  operations  time).  Measurements  of  heating  rates 
were  made  with  single  bunch,  multibunch  and  partial  fill 
beams  at  low  and  high  currents  at  injection  energy  (600  MeV), 
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summarised  in  Table  1.  This  shows  that  full  multi-bunch  (160 
bunches)  gave  small  heating  rates,  essentially  of  small 
variation  over  a  wide  current  range.  The  ~30  bunch  fill  gave 
increased  heating  rates  and  single  bunch  gave  the  greatest 
heating,  with  a  strong  non-linear  dependence  on  bunch 
current. 


Temp.  (°Q 

Current 

(mA) 

Fill  Structure 

Rate  (xlO'^ 
°C/mA/ininute) 

32 

65 

Multi- 

0.6 

29-34 

100-300 

Multi- 

~1.0 

44.3 

283 

~30  bunches 

2.2 

37.5 

264 

~30  bunches 

2.5 

29.3 

2 

Single 

2.4 

33.8 

51.1 

Single 

11 

Table  1.  Heating  Rates  at  600  MeV 


The  ~30  bunch  fill  results  were  surprising,  since  its  power 
spectrum  is  not  very  different  to  the  full  multi-bunch  case.  A 
second  investigation  looked  at  the  variation  with  energy,  at 
0.6,  1.125  and  2  GeV.  Despite  the  change  in  synchrotron 
radiation  emission  at  these  energies,  the  available  data  still 
suggests  that  a  modest  single  bunch  current  gives  greater 
heating  than  a  higher  current  multi-bunch  beam. 

III.  BENCH  TEST  OF  VACUUM  VALVE 

Impedance  measurements  at  Daresbury  are  performed  in 
the  time  domain,  using  a  Tektronix  7854  sampling 
oscilloscope  fitted  with  a  7S12  Time  Domain  Reflectrometry 
(T.D.R.)  insert.  This  is  configured  with  an  S52  step  pulse 
generator  (tj.  <  25  ps)  and  an  S6  sampling  head  (tj.  <  30  ps). 

Loss  parameter  measurements  are  made  using  an  Impulse 
Forming  Network  (I.F.N.)  which  produces  a  near  gaussian 
output  pulse  by  differentiating  a  fast  step  input  pulse.  This 
allows  a  simulated  beam  measurement  to  be  made  at  a  -20ps. 
The  full  system  and  planned  upgrades  is  described  elsewhere 
[3]  as  is  the  theory  used  to  calculate  the  loss  parameter  [4], 
summarised  below :- 

The  loss  parameter  k(a)  is  calculated  from  :- 

jt(CT)  =  ^  -  L)dt  (2) 

where  L  =  Current  pulse  launched  through  an  ideal 
vacuum  vessel  (the  reference  vessel) 

\  =  Current  pulse  launched  through  the  vessel 
under  test 

Zq  =  Characteristic  impedance  of  the  coaxial 
line  section  (the  reference  vessel) 


+2(T 

and  G  “  J  ~  charge  in  the  reference  vessel  pulse 

-2  <7 

with  a  broad-band  impedance  contribution  estimated  using  a 
resonator  model  with  an  appropriate  Q  centred  at  the  cut-off 
frequency  of  the  beam  pipe  under  test. 

The  system  chosen  for  the  test  and  reference  vessel 
assemblies  was  the  upstream  straight  16  assembly:  the  D- 
quadrupole  and  wiggler  tube  located  either  side  of  the  vacuum 
valve  under  test.  The  reference  system  used  an  aluminium 
block  with  the  elliptic  aperture  cut  into  it,  whilst  the  test 
assembly  used  the  circular  aperture  vacuum  vdve.  Impedance 
matching  to  this  system  was  done  using  thin  steel  cones 
supported  within  rigid  copper  cones  which  bolt  to  the  vessel 
flanges.  The  present  SRS  D-Quadrupole  cone  was  the  only 
one  available  for  upstream  matching  and  a  new  elliptic  cone  to 
match  to  a  the  wiggler  tube  ellipse  was  constructed.  The 
measurement  system  is  shown  in  Figure  3. 


Figure  3.  Measurement  System  Layout 

The  D-Quadrupole  vessel  was  first  fitted  with  all  internal 
components,  vacuum  cleaned  and  tested,  then  impedance 
tested  to  check  that  no  undue  contribution  would  arise  from  it. 

The  loss  parameter  k(a)  measured  was  within  a  few 
percent  of  that  measured  at  wiggler  installation  time  (March 
1992).  The  vessel  system  was  then  assembled  with  a  central 
conductor  of  1.22  mm  diameter  copper  wire  (the  5  mm  rod 
normally  used  for  vessel  measurements  could  not  be  easily 
supported  in  the  3  m  long  assembly)  and  T.D.R.  data  taken. 
Figure  4  shows  the  reference  vessel  assembly  (elliptical  valve) 
measured  from  the  downstream  (wiggler)  end. 
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IV.  SUMMARY  AND  CONCLUSIONS 


Figure  4.  Full  Downstream  T.D.R.  of  Reference  System 

This  shows  that  the  impedance  matching  to  the  system  is 
poor,  with  large  reflections.  However  inspection  of  the  aligned 
T.D.R.  waveforms  from  the  reference  and  test  systems  shows 
clearly  the  effect  of  the  circular  vacuum  valve  (Figure  5). 


The  installation  of  a  standard  circular  sector  valve  in  the 
wiggler  2  straight  in  the  SRS  gave  rise  to  a  large  energy 
dissipation  and  overheating  of  the  vessel.  Beam  measurements 
at  different  energies  indicates  that  synchrotron  radiation  was 
not  the  probable  cause,  whilst  the  enhanced  heating  rates  seen 
with  partial  fills  as  well  as  single  bunch  cannot  be  explained 
easily  with  a  simply  broad-band  impedance  model.  Bench 
measurements  of  the  valve  were  carried  out,  which  whilst 
showing  that  the  vessels  were  not  well  matched  to  the  50  Q, 
measurement  system,  gave  T.D.R.  data  clearly  indicating  the 
effect  of  the  valve.  Loss  parameter  data  acquired  with  this 
system  allowed  an  estimate  of  the  broad-band  impedance 
(Z/n)  contribution  to  be  made,  suggesting  that  any  change  to 
the  ring  impedance  to  be  small  (<  5  %  of  the  most  recent 
estimate  [5]).  Inspection  of  beam  data  leads  to  the  suggestion 
that  the  effects  were  (partially)  due  to  an  interaction  with  a 
resonant  structure  with  Q  »  1  which  is  plausible  when  the 
valve  and  its  connecting  vessel  sections  are  examined.  Further 
work  will  involve  an  assessment  of  the  resonance  behaviour  of 
the  valve  system. 


I 
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CAVITY-BEAM  INSTABILITIES  ON  THE  SRS  AT  DARESBURY. 

P  A  McINTOSH  and  D  M  DYKES,  Daresbury  Laboratory,  Daresbury,  Warrington  WA4  4  AD,  UK. 
Abstract 


Malfunctions  in  the  water  control  circuitry  on  the  RF 
cavities  have  induced  beam  movements  in  both  the  horizontal 
and  vertical  planes  which  have  been  observed  by  users.  A 
possible  cause  of  such  movements  could  be  a  cavity  Higher 
Order  Mode  (HOM).  The  SRS  cavity  HOM  spectra  exhibits 
some  Dipole  modes  which  could  produce  such  an  effect  and 
investigations  have  been  performed  on  the  SRS  which  have 
tried  to  identify  a  HOM  as  the  cause  of  the  beam  position 
movement.  The  data  presented  here  is  the  result  of  these 
investigations,  whereby,  cavity  tuner  position,  cavity 
temperature  and  cavity  HOM  spectra  have  been  monitored 
(with  beam)  as  a  function  of  electron  beam  and  photon  beam 
positions. 

L  INTRODUCTION 

As  the  temperature  of  the  cavity  ‘cooling’  water  changes, 
the  physical  dimensions  of  the  cavity  are  altered,  and  to  keep 
the  cavity  on  tune  (the  phase  of  the  cavity  is  kept  fixed  w.r.t. 
the  phase  of  the  input  waveguide)  an  automatic  tuner  loop 
moves  a  mechanical  plunger.  This  plunger  not  only  changes 
the  frequency  of  the  fundamental  mode,  but  also  the  HOM’s. 

Beam  movements  in  the  horizontal  and  vertical  planes 
have  been  observed  and  have  been  attributed  to  malfunctions 
in  the  water  control  circuitry  on  cavities  1  and  3.  Undulator 
beam  line  station  scientists  have  reported  smearing  of  the 
undulator  output  spectrum  under  these  conditions,  similar  to 
what  has  been  experienced  at  ELETTRA[1],  a  possible  cause 
of  such  movements  could  be  a  cavity  HOM. 

The  effect  on  the  electron  beam  position  of  varying  the 
cavity  tuner  has  been  monitored  using  electron  beam  position 
monitors  (BPM)  and  tungsten  vane  photon  beam  position 
monitors  (TVM). 

Preliminary  investigations  of  the  SRS  cavity  HOM  spectra 
indicate  that  some  Dipole  modes  exist  which  have 
comparatively  large  frequency  shifts  as  a  function  of  tuner 
position  and  which  act  in  both  planes. 

II.  BEAM  STUDIES  INVESTIGATIONS. 

A.  Effect  of  Cavity  Tuner  on  Electron  and  Photon  BPM* s. 

A  one  minute  sawtooth  was  introduced  onto  the  tuner 
control  position  of  a  cavity  and  its  effect  on  BPMs  and  TVMs 
were  recorded.  Fig.l  illustrates  the  behaviour  of  cavity  tuner 
position  and  its  effect  on  TVM  photon  beam  position.  The 
6]xm  oscillation  observed  on  the  TVM  was  more  importantly, 
observed  by  station  scientists  on  the  beam  line. 
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Figure  1 .  Cavity  Tuner  Position  and  Measured  Oscillation  on 

TVM. 


Fig.  2  is  a  typical  example  of  the  horizontal  and  vertical  beam 
movements  at  the  BPMs  recorded  during  this  experiment. 


Figure  2.  Corresponding  Electron  Beam  Position 
Movements. 

B,  The  Effect  of  Varying  Cavity  Temperature  on  Electron 
and  Photon  BPM*s. 

By  operating  a  cavity  at  a  temperature  different  to 
nominal,  similar  observations  were  made  of  the  BPM  and 
TVM  readings.  Precise  measurements  were  made  of  the 
electron  beam  output  spectrum  so  that  the  difference  in  output 
spectrum  when  the  cavity  was  at  nominal  temperature  and 
when  it  was  at  a  different  temperature,  would  indicate 
particular  resonances  that  could  be  causing  the  electron  beam 
movements. 

The  cavity  temperature  was  reduced  by  5°C  and  then 
brought  back  to  nominal  operating  temperature  in  1°C 
increments;  at  each  point  recording  BPM,  TVM  and  beam 
spectra. 


3125 


Fig.3,  shows  TVM2  position  for  a  10  minute  period,  for 
each  of  the  cavity  temperature  settings.  The  starting  point 
offsets  for  each  cavity  temperature  plot,  is  a  function  of  the 
time  needed  for  the  cavity  temperature  to  stabilise.  It  is  not 
until  the  cavity  temperature  reaches  47°C,  that  oscillations 
are  apparent  in  the  photon  beam  position  monitor.  These 
oscillations  are  visible  at  most  of  the  SRS  beam  lines  and  are 
typically  10-20|im  p-p  amplitude. 


Figure  3.  TVM2  Position  Readings  at  Different  Cavity 
Temperatures. 


observed  at  608.96MHz  and  orbit  harmonics  about  this  peak 
(see  Fig.5). 


Figure  5.  Difference  in  Beam  Spectra  between  Cavity  at 
Nominal  Operating  Temperature  and  47°C. 

The  difference  is  clear  and  it  shows  that  the  instability 
observed  on  the  photon  beam  appears  to  be  as  a  result  of  this 
resonance.  The  oscillatory  behaviour  of  the  photon  beam 
position  is  not  yet  fully  understood  as  some  oscillation  is  still 
present  when  the  cavity  temperature  is  brought  back  to  its 
normal  operating  temperature,  investigations  are  ongoing. 


The  beam  spectra  output  at  this  new  cavity  temperature 
was  compared  with  the  spectra  at  normal  cavity  operating 
temperature  and  the  differences  observed  in  Fig’s  4  and  5. 


I2B- 

IIjO- 


9J)- 

e.o- 

7J)- 


Figure  4.  Difference  in  Beam  Spectra  between  Cavity  at 
Nominal  Operating  Temperature  and  45®C. 

Fig.4  shows  the  difference  in  beam  spectra  when  the 
cavity  temperature  was  moved  to  45‘^C.  The  span  of  Fig’s.  4 
and  5  is  250MHz  with  a  resolution  bandwidth  on  the 
HP8568B  High  Frequency  Spectrum  Analyser  of  3KHz. 

The  differences  that  appear  in  Fig.4  are  isolated  orbit 
harmonics  about  the  499.71MHz  RF  source  signal  with  an 
amplitude  <15dB.  These  difference  peaks  are  very  close  to 
the  noise  floor  in  this  sort  of  measurement  and  are  considered 
to  be  negligible. 

When  one  looks  at  the  beam  spectra  difference  when  the 
cavity  temperature  is  at  47°C,  then  large  differences  are 


III.  MAFIA  PREDICTED  CAVITY  ROM’s.. 

MAFIA  simulations  of  the  SRS  cavity  have  been  used  to 
provide  HOM  information  as  well  as  predicting  e-m  field 
orientations  of  these  HOM’s  which  can  lead  to  an 
understanding  of  their  interaction  on  the  electron  beam,  see 
Table  1  [2].  Relating  these  HOM’s  to  the  results  of  Fig.  5, 
shows  that  one  mode  in  particular  could  be  reponsible  for  the 
observed  instability.  The  1390MHz  HOM,  which  when 
wrapped  around  the  499.71  IMHz  fundamental  RF  frequency 
and  its  harmonics,  produce  resonances  at  1610MHz, 
1 1  lOMHz,  890MHz  and  610MHz. 


Mode 

Frequency 

(MHz) 

(Mfl) 

Mono 

498.8 

3.95 

Dip(V) 

791.5 

6.2 

Dip(H) 

797.1 

7.2 

Mono 

809.5 

1.15 

Dip  (V) 

1059.2 

12.3 

Dip(H) 

1059.3 

12.3 

Dip(V) 

1285.0 

1.85 

Dip(H) 

1286.0 

1.9 

Mono 

1333.0 

0.4 

Dip 

1390.0 

-0.9 

Table  1.  SRS  Cavity  HOM’s  as  Predicted  by  MAFIA. 


^  Shunt  Impedance  determination  assumes  r.m.s.  voltage 
i.e.  where:  P  =  Cavity  Power  Dissipation  (W) 
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MAFIA  has  found  that  some  dipole  modes  are  split  into 
two  polarisations,  with  a  null  plane  in  the  longitudinal 
electric  field.  Their  action  on  the  electron  beam  will  be  to 
deflect  it  horizontally  or  vertically,  hence  the  H  and  V 
denotation. 


Figure  6.  Frequency  Variation  of  1390MHz  HOM  as  a 
Function  of  Tuner  Position. 


When  one  examines  the  shift  in  frequency  of  the 
1390MHz  mode,  as  a  function  of  tuner  position,  the  range 
over  which  the  tuner  operates  on  the  actual  cavity  causes 
quite  large  frequency  variations.  Which  gives  this  particular 
HOM  a  large  operating  frequency  range. 

The  e-m  field  orientations  of  this  mode  are  complex  and 
its  action  on  the  electron  beam  is  not  fully  understood.  The 
mode  does  contain  some  skew  dipole  action  and  it  is  this 
property  that  is  believed  to  be  causing  the  electron  beam 
movements. 

The  SRS  operates  with  an  orbit  harmonic  of  3.123MHz 
and  the  286th  orbit  harmonic  coincides  with  this  HOM. 


IV.  CONCLUSIONS. 


Under  normal  operating  conditions,  the  cavity 
temperature  is  chosen  such  that  the  normal  range  of  tuner 
plunger  position  does  not  enable  the  beam  to  excite  any 
dangerous  HOM’s.  The  experiment  varied  the  cavity 
temperature  by  ±  2°C  and  clearly  the  1390MHz  mode  was 
excited.  The  beam  movements  were  observed  on  all  TVM’s 
andBPM’s. 

It  is  clear  that  a  malfunction  in  the  cavity  water  cooling 
system  causing  the  cavity  temperature  to  vary  outside  the 
specified  limits  (±  0.2°C),  will  cause  the  position  of  the  cavity 
tuner  plunger  to  vary.  The  detailed  HOM  spectra  is 
dependent  on  cavity  tuner  plunger  position. 

The  fault  was  quickly  rectified  and  since  new  higher 
precision  water  temperature  controllers  have  been  fitted  to  all 
cavity  water  cooling  circuits,  the  temperatures  are  now 
maintained  to  better  than  ±  0.1°C. 
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Figure  7.  E  field  Orientation  of  1390MHz  HOM. 
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BUNCH  LENGTHENING  THRESHOLDS  ON  THE  DARESBURY  SRS 

J.  A.  Clarke,  CCL  Daresbury  Laboratory,  Warrington,  WA4  4AD,  UK. 


The  bunch  length  of  the  SRS  has  been  studied  over  a 
large  range  of  beam  currents  at  energies  between  0.6  GeV  and 
2.0  GeV.  Longitudinal  microwave  instability  thresholds  have 
been  observed  and  used  to  estimate  the  broadband  impedance 
of  the  SRS.  The  results  are  compared  with  measurements 
based  on  other  effects. 

1.  INTRODUCTION 


(2) 


where  /^is  the  average  beam  current,  e  the  electron  charge, 
R  the  ring  average  radius,  E  the  beam  energy  and  is  the 
synchrotron  tune.  The  size  of  the  effect  is  dependent  upon  the 
reactive  part  of  the  effective  longitudinal  coupling  impedance 


The  behaviour  of  single  bunch  beams  in  the  SRS  have 
been  studied  in  some  detail  [1,2].  This  behaviour  is  largely 
dependent  upon  the  basic  impedances  of  the  vacuum  chamber 
experienced  by  the  electron  beam.  This  paper  presents  recent 
results  which  provide  further  information  on  these  impedances 
and  their  effects.  In  particular,  the  data  clearly  demonstrates 
microwave  instability  thresholds  and  potential  well  distortion. 

The  bunch  length  data  has  been  collected  with  a 
photodiode  based  system  [3]  which  measures  a  significantly 
shorter  value  than  the  previously  used  stroboscopic  image 
dissector  [4].  Earlier  data  has  been  revised  and  re-evaluated  in 
the  light  of  these  discrepancies. 

II.  BUNCH  LENGTHENING  THEORY 

The  length  of  an  electron  bunch  in  a  storage  ring  is 
dependent  upon  the  peak  current  of  the  bunch.  The  two  effects 
which  alter  the  length  are  potential  well  distortion  and 
microwave  instability.  For  potential  well  distortion  the  bunch 
length  varies  due  to  the  electro-magnetic  fields  induced  by  the 
electrons  altering  the  RF  voltage  seen  by  the  bunch.  This 
effect  is  present  even  at  very  low  currents.  The  second  effect, 
microwave  instability,  is  only  observed  after  a  certain 
threshold  current  has  been  reached.  Above  this  threshold  the 
energy  spread  of  the  beam  increases  until  the  peak  current  of 
the  bunch  reduces  to  equal  the  threshold  current  again. 

A.  Potential  Well  Distortion 

At  very  small  currents  the  electron  beam  is  described  by 
the  natural  bunch  length,  : 
ca 

(1) 

•^0 

where  c  is  the  speed  of  light,  a  is  the  momentum 
compaction,  CTp^  is  the  natural  relative  energy  spread  of  the 
beam  and  is  the  associated  synchrotron  oscillation 
frequency.  The  bunch  length,  cT/  ,  modified  by  the  potential 
well  distortion  is  given  by  [5]: 


B.  Microwave  Instability 


If  the  peak  current  of  the  beam  exceeds  the  so-called 
microwave  instability  threshold  then  the  energy  spread  of  the 
beam,  cr^  ,  increases  thus  increasing  the  bunch  length  (from 
Eqn  (1)).  The  bunch  length  continues  to  grow  until  the  peak 
current  reduces  to  equal  the  threshold  current.  The  threshold 
current,  written  in  terms  of  the  average  beam  current,  is  given 
by  [6]: 

^aEal(Ti 

eR[Z/n]^^ 


where  [Z/n]^^  is  the  longitudinal  broadband  impedance. 
Combining  Eqns  (1)  (for  Op)  and  (3)  leads  to  the  dependence 
of  the  bunch  length  purely  on  the  microwave  instability: 


ec^ccR[Z/n]gg 


(4). 


Since  the  instability  increases  the  energy  spread  of  the 
beam  the  horizontal  beam  size,  is  also  increased.  The 
dependence  of  on  (jp  is  given  by: 

~  ^xPx  Bx  (5) 


where  is  the  horizontal  emittance,  is  the  horizontal 
betatron  function  and  7]^  is  the  horizontal  dispersion  function. 
Note  that  since  in  general  the  bunch  length  depends  upon  two 
effects  at  high  current,  the  horizontal  beam  size  gives  a  more 
direct  observation  of  the  broadband  impedance. 


C.  Combination  of  Both  Effects 

Above  the  microwave  threshold  the  bunch  length  is 
modified  by  a  combination  of  both  effects.  The  potential  well 
distortion  alters  the  synchrotron  frequency  and  the  microwave 
instability  increases  the  energy  spread.  When  both  effects  are 
present  Eqn  (1)  can  be  rewritten  as: 


ca 

<^i=  —  <5- 

(o,  ^ 


(6). 


By  deriving  co^  from  Eqns  (1)  and  (2)  and  Op  from  Eqns  (1) 
and  (3)  it  is  possible  to  show  that  the  bunch  length  dependence 
upon  the  two  effects  is  given  by: 
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(7). 


III.  BUNCH  LENGTHENING  BELOW 
THRESHOLD 

In  order  to  determine  the  contribution  that  potential  well 
distortion  has  on  the  bunch  length  of  the  SRS  an  experiment 
was  carried  out  below  the  threshold  current.  The  length  of  a 
single  bunch  beam  was  recorded  as  a  function  of  beam  current 
at  1.7  GeV.  Throughout  the  experiment  cr^j.  remained 
constant,  confirming  that  the  beam  was  indeed  below  the 
threshold  of  microwave  instability.  The  variation  of  the  bunch 
length  with  the  beam  current  is  given  in  figure  1.  The  solid 
line  on  the  figure  is  a  curve  derived  using  Eqn  (2)  for 
[Z/«]^^  =  -0.7Q. 


Figure  2,  The  bunch  length  as  a  function  of  beam  current  at 
0.6  GeV. 


V.  OBSERVATION  OF  BUNCH  LENGTHENING 
THRESHOLD 


Figure  1.  The  bunch  length  as  a  function  of  beam  current  at 
1.7  GeV. 

IV.  BUNCH  LENGTHENING  ABOVE 
THRESHOLD 

A  similar  experiment  to  the  one  above  was  carried  out  at 
the  lower  energy  of  0.6  GeV.  The  microwave  threshold  in  this 
case  was  expected  to  be  «1  mA  so  all  of  the  measurements 
were  taken  well  above  this  value.  The  bunch  lengthening 
observed  is  shown  in  figure  2.  The  solid  line  shows  the  best  fit 
to  be  to  a  power  of  0.295.  If  the  fit  is  forced  to  a  one-third 
dependence  following  Eqn  (7)  then  a  combined  vacuum 
chamber  impedance  of  3.1  Q  is  estimated.  Subtracting  the 
contribution  from  the  effective  longitudinal  coupling 
impedance  derived  in  section  III  gives  a  value  for  the 
longitudinal  broadband  impedance  of  2.4  Q . 


Direct  observation  of  the  onset  of  microwave  instability 
in  the  SRS  is  only  possible  at  an  intermediate  energy. 
Measurements  have  been  carried  out  between  1.0  and  1.375 
GeV.  In  these  experiments  all  three  beam  dimensions  were 
recorded  Surprisingly  the  threshold  was  clearly  visible  on  the 
vertical  beam  size  as  well  as  the  horizontal  one.  A  subsequent 
experiment  confirmed  the  presence  of  finite  vertical  dispersion 
in  the  SRS  lattice  [7]. 

The  bunch  length  measured  as  a  function  of  current  at 
1.125  GeV  is  shown  in  figure  3.  The  microwave  instability 
threshold  appears  at  around  19  mA.  The  bunch  length  data 
above  threshold  has  been  fitted  to  the  model  described  by  Eqn 
(7).  This  implies  a  combined  impedance  of  2.9  Q.  Again 
subtracting  0.7  Q  due  to  the  effective  longitudinal  coupling 
impedance  gives  a  longitudinal  broadband  impedance  of  2.2 
Q,  similar  to  the  value  found  earlier  in  section  IV. 

The  horizontal  beam  size  growth  should  be  entirely  due  to 
the  microwave  instability  (ie  no  potential  well  distortion  term) 
so  the  data  can  be  used  to  derive  the  broadband  impedance 
direcdy.  By  substituting  the  value  for  from  Eqn  (3)  into 
(5)  it  is  clear  that  a  plot  of  against  4/<T/  should  give  a 
linear  graph  with  gradient  proportional  to  [Z/n]^^.  The 
horizontal  beam  size  data  is  shown  in  this  form  in  figure  4. 
The  gradient  implies  a  longitudinal  broadband  impedance  of 
1.2  Q,  significantly  less  than  the  values  derived  above. 

It  is  also  possible  to  derive  the  value  for  from 

the  microwave  threshold  current  itself  (see  Eqn  (3)).  If  the 
threshold  current  is  taken  to  be  19  mA  then  this  produces  a 
value  for  the  longitudinal  broadband  impedance  of  1.5  Q. 

The  data  taken  at  1.375  GeV  was  not  so  clear  as  the  1.125 
GeV  values.  The  bunch  length  data  was  not  recorded  correctly 
due  to  a  triggering  failure  and  the  horizontal  beam  size  was 
unusually  noisy.  However,  the  threshold  was  clearly  observed 
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in  the  vertical  plane,  due  to  the  unexpected  finite  vertical 
dispersion  in  the  SRS.  A  threshold  of  28  mA  is  apparent  in 
figure  5.  This  leads  to  a  value  for  the  longitudinal  broadband 
impedance  of  1.9  Q. 

One  further  set  of  data  was  recorded  at  1.0  GeV.  The 
microwave  instability  threshold  was  observed  to  occur  at  9 
mA  in  this  instance,  implying  a  value  for  the  longitudinal 
broadband  impedance  of  1 .8  fit . 


Figure  3.  The  bunch  length  as  a  function  of  beam  current  at 
1.125  GeV. 


Figure  4.  The  horizontal  beam  size  dependence  upon  the  ratio 


of  the  beam  current  to  the  bunch  length  at  1.125  GeV. 


Energy 

(GeV) 

Technique 

[^IAbb 

(Q) 

(Q) 

0.6 

Gi  growth 

2.4  ±0.7 

3.1  ±0.5 

1.0 

threshold 

1.8  ±0.5 

2.5  ±0.7 

1.125 

(7/  growth 

2.2  ±1.1 

2.9  ±0.9 

1.125 

growth 

1.2  ±0.4 

1.9  ±0.6 

1.125 

threshold 

1.5  ±0.4 

2.2  ±0.6 

1.375 

threshold 

1.9  ±0.5 

2.6  ±0.7 

Table  1.  Summary  of  the  impedances  measured  in  the  SRS. 


Beam  Current  (m A) 

Figure  5.  The  vertical  beam  size  as  a  function  of  beam  current 
at  1.375  GeV. 

VI.  SUMMARY  AND  CONCLUSIONS 

Two  types  of  bunch  lengthening  have  now  been  evaluated 
on  the  SRS  in  single  bunch  mode.  Potential  well  distortion  has 
been  observed  at  high  energy.  The  bunch  lengthening 
measured  has  been  used  to  estimate  a  value  for  the  reactive 
part  of  the  longitudinal  coupling  impedance  to  be  -0.7  ±  0.2  Q. 

The  microwave  instability  has  been  observed  over  a  wide 
range  of  energies.  Bunch  lengthening  and  beam  size  growth  in 
both  planes  has  been  noted.  The  increases  to  the  beam 
dimensions  and  the  threshold  currents  have  been  used  to 
derive  estimates  for  the  longitudinal  broadband  impedance. 
The  values  derived  are  summarised  in  Table  1.  It  appears  that 
the  best  estimate  for  the  broadband  impedance  of  the  SRS  is 
1.8  ±  0.6  12 .  This  value  is  significantly  smaller  than  that 
previously  published  since  the  earlier  work  was  largely  based 
upon  incorrect  bunch  length  data  [3]. 
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ESTIMATION  OF  COLLECTIVE  INSTABILITIES  IN  RfflC  * 


W.W.  MacKay,  M.  Blaskiewicz,  D.  Deng,  V.  Mane,  S.  Peggs, 
A.  Ratti,  J.  Rose,  T.  J.  Shea,  J.  Wei, 

Brookhaven  National  Laboratory,  Upton  NY,  11973-5000 


Abstract 

We  have  estimated  the  broadband  impedance  in  RHIC  to  be 
|Z/n|  <  1.2  Q  for  frequencies  above  100  MHz.  The  Zjn 
threshold  is  set  for  ions  at  transition  with  an  estimated 

10%  growth  in  emittance  for  Z/n  =  1.5  Q.  We  sum¬ 

marize  the  sources  of  broad  and  narrow  band  impedances  in 
RHIC  and  investigate  the  multibunch  instability  limits  through¬ 
out  the  machine  cycle.  The  largest  contribution  to  the  broadband 
impedance  comes  from  the  abort  and  injection  kickers  (see  [1]). 
Since  RHIC  is  designed  to  accelerate  fully  stripped  ions  from 
H"*"  up  to  we  give  results  for  both  protons  and  gold  ions; 

other  ions  should  give  results  somewhere  between  these  two  ex¬ 
tremes.  All  ion  species  are  expected  to  be  stable  during  storage. 
At  lower  energies  damping  systems  and  chromaticity  corrections 
will  limit  any  growth  to  acceptable  levels  during  the  short  time 
it  takes  to  inject  and  accelerate  the  beams. 

1.  INTRODUCTION 

The  Relativistic  Heavy  Ion  Collider  (RHIC)  is  designed  (see 
[2])  to  collide  fully  stripped  ions  from  protons  to  gold,  at  a 
maximum  energy  of  250  GeV  (protons)  or  100  GeV/u  (Au'*'^^). 
Counter-rotating  beams  of  particles  will  collide  head-on  at  up 
to  six  interaction  regions.  The  two  intersecting  superconducting 
rings  have  a  circumference  of  3.834  km  with  a  maximum  revo¬ 
lution  frequency,  /rev  =  78.2  kHz.  The  rf  system  consists  of  a 
set  of  26.7  MHz  cavities  for  injection  and  acceleration,  and  a  set 
of  196  MHz  cavities  for  storage.  Some  typical  values  of  param¬ 
eters  including  tunes,  chromaticities,  and  emittances  are  given  in 
Table  I. 


Table  1.  Typical  operating  parameters. 


7(P) 

Injection 

31.2 

Storage 

268.2 

7(Au) 

12.6 

108.4 

Qr 

28.18 

28.18 

Qy 

29.18 

29.18 

/ij/nc(p) 

55  Hz 

333  Hz 

f synci.^^') 

121  Hz 

388  Hz 

dQx,y/dS(p) 

~  2 

~  2 

dQx,y/dS(An) 

~  —3 

~  2 

<^p/p(p) 

0.0005 

0.0003 

ap/p(,An) 

0.0003 

0.0005 

^4%(p) 

15;r/im 

15x/im 

lOTT/im 

15x/rm 

The  machine  cycle  may  be  broken  into  four  phases:  injection, 
acceleration,  rebucketing,  and  storage.  Vulnerability  to  instabil¬ 
ities  is  greatest  during  injection,  storage,  and  transition  crossing. 


Injection  of  54  bunches  (~  10^^  nucleons  per  bunch)  into  both 
rings  is  expected  to  take  about  30  s  for  protons  and  about  120  s 
for  other  ions.  Ion  species  other  than  protons  will  cross  transi¬ 
tion  during  the  acceleration  part  of  the  cycle,  when  the  Lorentz 
factor  7  =  7t  =  22.89.  Rebucketing  occurs  at  top  energy  when 
beam  is  transferred  from  the  26.7  MHz  rf  buckets  used  for  injec¬ 
tion  and  acceleration,  to  the  196  MHz  buckets  used  for  storage. 

IT  BROADBAND  IMPEDANCES 

The  dominant  contribution  to  broadband  impedance  is  ex¬ 
pected  to  be  from  the  injection  kicker  magnets.  There  are  four 
1.1m  long  injection  kickers  (see  [3, 4])  in  each  ring.  Each  mod¬ 
ule  is  constructed  from  alternating  ferrite  and  ceramic  C-shaped 
elements  with  an  inner  and  outer  conductor.  Inside  the  kicker  is 
a  ceramic  beam  pipe  with  a  41.3  mm  diameter  aperture.  W^th 
no  shielding  added  to  the  ceramic  pipes,  \Z/n\  <  0.25  f2.  The 
five  abort  kickers  in  each  ring  have  larger  apertures  and  should 
make  a  smaller  contribution  to  the  overall  in^edance;  however, 
for  impedance  estimation  we  have  assumed  that  they  give  a  con¬ 
tribution  identical  to  the  injection  kickers.  We  are  actively  pur¬ 
suing  the  use  of  image  current  strips  on  the  ceramic  beam  pipes 
to  reduce  the  impedances  of  these  elements. 

Over  three  quarters  of  the  beam  pipe  circumference  is  cold, 
with  an  inner  diameter  of  6.9  cm.  For  the  most  part  the  remainder 
is  warm  with  an  aperture  of  12.3  cm.  The  beampipe  cutoff  fre¬ 
quency  for  TM  modes  is  3.3  GHz.  The  resistive  wall  impedance 
versus  frequency  is  estimated  to  be 

zll(/)  =  (1  -  0/^/2748  q[gHz]-^/2 

The  beam  position  monitors  contribute  about  —  0.6ffi  to  Z/n 
at  very  low  frequencies  (<C  0.65  GHz) .  For  high  frequencies  the 
monitors  contribute  as 

lZll/n|  <  0.12/~^[Q  GHz],  for  /  >  0.65GHz. 

Since  unshielded  bellows  would  contribute  1  Q  to  |Z/n|, 
almost  all  of  the  bellows  are  to  be  shielded,  resulting  in  an  esti¬ 
mated  contribution  of  only  0.02  Q.  Vacuum  ports,  gate  valves, 
and  collimators  will  also  be  shielded,  and  most  pipe  transitions 
will  be  tapered  with  a  transition  length  at  least  five  times  as  long 
as  the  change  in  pipe  radius. 

III.  RF  CAVITY  IMPED ANCES 

The  accelerating  and  storage  rf  systems  (see  [5])  have  nar¬ 
row  band  cavities  with  high  shunt  impedances  which  contribute 
to  coupled-bunch  instabilities,  requiring  the  design  of  passive 
higher  order  mode  dampers  to  detune  the  high  Q  resonances. 
The  rf  system  must  be  capable  of  capturing,  accelerating,  and 
storing  for  10  hours  the  nominal  load  of  54  bunches  of  particles 
with  an  average  current  of  70  mA.  For  each  ring  there  are  two 


*Work  performed  under  the  auspices  of  the  US  DoE. 
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26.7  MHz  cavities  for  injection  and  acceleration.  There  are  also 
seven  196  MHz  cavities  per  ring  for  storage.  (Four  are  common 
to  both  rings.)  An  additional  broadband  system  will  be  used  to 
damp  out  injection  momentum  eirors. 

IV.  FEEDBACK  AND  DAMPING  SYSTEMS 

The  transverse  damping  system  will  employ  strip-line  kick¬ 
ers  which  produce  both  electric  and  magnetic  deflection  and  can 
support  a  wide  system  bandwidth  capable  of  damping  individ¬ 
ual  bunches.  The  maximum  expected  injection  errors  will  lead  to 
betatron  oscillations  with  an  amplitude  of  2  mm.  To  avoid  emit- 
tance  dilution  of  the  beam,  a  damping  time  equivalent  to  100  rev¬ 
olutions  (1.3  ms)  is  required.  Transverse  head-tail  modes  could 
be  damped  with  a  minimal  upgrade  to  the  feedback  circuits. 

Longitudinal  emittance  blowup  can  occur  during  injection 
when  a  bunch  injected  off-center  in  a  bucket  starts  a  dipole  os¬ 
cillation.  The  bunches  in  each  AGS  cycle  are  transferred  into 
the  RHIC  rings  one  by  one.  The  acceptable  uncorrected  injec¬ 
tion  Ap/p  error  is  10“^  for  negligible  longitudinal  emittance 
blowup.  However,  it  is  quite  possible  that  the  errors  will  be  as 
large  as  10“^  which,  if  uncorrected,  wouldlead  to  a  30%  blowup 
for  a  0.2  eVs/u  gold  beam  (95%  emittance).  This  higher  limit 
sets  a  goal  for  the  damping  system.  Simulations  show  that  the 
damping  time  is  approximately  5rs  =  0.05  s  at  1  kV  per  kick, 
and  that  the  resultant  emittance  blowup  at  the  end  of  damping  is 
only  5%. 

V.  STABILITY  CALCULATIONS 

For  purposes  of  stability  calculations  we  consider  protons  and 
fully  stripped  gold  ions.  The  other  species  are  expected  to  lie 
somewhere  in  between  these  two  cases. 

Beam-induced  fields  with  wavelengths  short  compared  to  the 
bunch  length  may  induce  microwave  instabilities  in  a  single 
bunch.  For  a  specified  beam  intensity,  this  phenomenon  im¬ 
poses  a  limit  on  the  longitudinal  impedance,  \Z\^/n\,  within  the 
frequency  range  from  the  average  bunch-spectrum  frequency  of 
400  MHz  to  the  beampipe  cut-off  frequency  of  about  3.3  GHz. 

Intrabeam  scattering  (IBS)  will  cause  a  bunch  of  10^^  protons 
to  grow  from  0.3  to  0.7  eV-s  during  a  10  hour  storage  (see  [8]). 
For  gold  ions  after  1 0  hours,  the  intensity  will  have  dropped  40% 
from  IBS,  and  the  longitudinal  emittance  will  be  about  1  eV*s. 

Themicrowave  threshold  I  Zll/n  I  2.1  Qis  set  by  protons  at 
the  top  end  of  acceleration  before  switching  to  the  196  MHz  rf 
system.  A  lower  limit  of  1 . 5  Q  results  from  limiting  longitudinal 
emittance  growth  to  10%  for  gold  ions  crossing  transition  in  the 
presence  of  a  7t-jump.  The  total  broadband  impedance  is  less 
than  1 at  400  MHz  and  drops  to  0.6  Q  at  3  GHz. 

Longitudinal  coupled-bunch  instability  growth  rates  were  cal¬ 
culated  analytically  following  Baartman  (see  [9])  and  compared 
with  results  obtained  by  the  code  ZAP[10].  Impedance  limits 
for  the  26.7  MHz  accelerating  cavities  were  set  by  limiting  the 
growth  rate  to  2  which  is  a  factor  of  five  below  the  capa¬ 
bility  of  the  damping  system.  Higher  order  mode  dampers  are 
being  developed  to  satisfy  this  requirement.  During  storage,  lon¬ 
gitudinal  coupled-bunch  instabilities  are  expected  to  be  Landau 
damped. 


It  is  not  as  straightforward  to  apply  transverse  instability  the¬ 
ory  to  RHIC  as  it  is  to  apply  longitudinal  instability  theory.  Cal¬ 
culations  are  easiest  in  the  weak-coupling  limit,  when  the  fre¬ 
quency  shift  of  a  mode  is  small  compared  to  the  synchrotron 
frequency.  This  is  not  always  the  case  for  RHIC,  especially  at 
low  energies  during  injection.  On  the  other  hand,  calculations 
(see  [11])  which  include  mode  coupling  and  which  are  not  in  the 
weak-coupling  limit  are  not  yet  fully  reliable.  At  low  energies 
the  space-charge  tune  shift  (see  [12])  is  large  compared  to  the 
synchrotron  tune,  further  complicating  mode  coupling  calcula¬ 
tions. 

Using  the  ZAP  formalism  in  the  weak-coupling  limit,  we  ob¬ 
tain  a  maximum  growth  rate  of  27  s“^  for  protons  at  injec¬ 
tion  with  zero  chromaticity  and  no  transverse  damper.  Halfway 
up  the  acceleration  ramp  the  growth  rate  for  protons  drops  to 
5.6  s“^.  Gold  gives  slightly  lower  values.  Increasing  (decreas¬ 
ing)  the  chromaticity  above  (below)  transition  can  greatly  de¬ 
crease  the  growth  rates,  and  with  a  slight  amount  of  help  from 
the  transverse  dampers,  growth  can  be  virtually  eliminated  for 
both  protons  and  gold  ions. 

During  storage,  the  largest  contribution  to  impedance  is  due 
to  the  transverse  space-charge  effect:  8  MQ/m  and  19  Mfi/m 
for  protons  and  gold,  respectively.  Here  the  resulting  tune  shifts 
are  small  compared  to  the  synchrotron  tune,  Qs  ~  0.005.  Any 
coherent  motion  should  be  Landau  damped  as  long  as  the  beta¬ 
tron  tune  spread  is  at  least  twice  as  large  as  the  space-charge  tune 
shifts  calculated  when  the  tune  spread  is  neglected  (see  [10]). 
Multiplying  by  a  safety  factor  of  two  results  in  a  minimum  rms 
betatron  tune  spread  of  0.002,  which  is  reasonable  to  expect  in 
practice. 

The  head-tail  instability  (see  [13])  couples  the  longitudinal 
and  transverse  motion  of  a  single  bunch  together.  Although  prac¬ 
tically  all  storage  rings  observe  this  phenomenon,  it  is  univer¬ 
sally  found  to  depend  strongly  on  the  horizontal  and  vertical 
chromaticities.  We  expect  that  a  chromaticity  of  —3  units  be¬ 
low  transition  and  -|-2  units  above  transition  should  ensure  sta¬ 
bility.  A  slew  rate  of  5  units  in  30  ms  will  be  achievable  by  the 
RHIC  sextupoles.  This  will  allow  a  complete  chromaticity  shift 
at  transition  crossing  within  one  synchrotron  oscillation  period. 
(The  use  of  a  transition  tune  jump  minimizes  the  crossing  to  only 
1300  turns.)  In  reality  it  would  take  several  synchrotron  oscilla¬ 
tion  periods  for  a  head-tail  instability  to  set  in. 

VL  CONCLUSIONS  AND  COMMENTS 

The  RHIC  narrowband  impedance  spectrum  is  dominated  by 
rf  cavities.  The  resonances  from  the  26.7  MHz  cavities  used  dur¬ 
ing  injection  and  acceleration  are  somewhat  stronger  than  those 
from  the  196  MHz  cavities  used  during  storage. 

The  broadband  impedance  spectrum  is  dominated  by  the  resis¬ 
tive  wall  effect  at  very  low  frequencies  and  by  kicker  magnets  in 
the  intermediate  frequency  range  up  to  3  GHz. 

The  threshold  for  longitudinal  microwave  instabilities  is  low¬ 
est  for  protons  during  rebucketing,  with  a  \Z\\/n\  broadband 
impedance  limit  of  2.1  Q  in  the  frequency  range  400  MHz  to 
3  GHz.  If  we  limit  the  longitudinal  emittance  growth  for  gold 
ions  at  transition  to  about  10%,  the  broadband  impedance  limit 
then  becomes  1.5  0. 
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Longitudinal  coupled-bunch  growth  rates  are  worst  for  pro¬ 
tons  at  injection.  Calculations  show  that  the  passive  higher  order 
mode  dampers  on  the  26.7  MHz  cavities  will  limit  the  worst  case 
growth  rate  to  2  ,  well  within  the  range  of  the  active  longitu¬ 

dinal  damping  system  that  will  have  a  maximum  damping  rate  of 
10  At  storage  the  196  MHz  cavities  will  give  a  worst  case 
growth  rate  of  less  than  1  well  within  the  parameters  of  the 
active  damping  system,  if  not  Landau  damped. 

Transverse  coupled-bunch  growth  rates  are  also  worst  for  pro¬ 
tons  at  injection,  when  the  resistive  wall  impedance  may  lead  to 
a  growth  rate  of  about  30  The  transverse  damper  system  is 

designed  to  handle  growth  rates  up  to  720  and  so  will  easily 
stabilize  any  emittance  growth  from  the  resistive  wall  instability 
at  injection  and  during  acceleration.  At  storage  the  beams  will  be 
Landau  damped.  Calculations  performed  in  the  weak  coupling 
limit  show  that  the  stored  beam  is  stabilized  against  transverse 
coupled-bunch  instabilities  by  adjusting  the  chromaticity. 

Space  charge  is  a  very  significant  effect,  since  it  places  a  limit 
on  the  longitudinal  impedance  for  gold  ions  at  transition.  Space 
charge  also  produces  a  tune  spread  that  can  be  much  larger  than 
the  synchrotron  tune,  especially  at  injection  energies.  Calcula¬ 
tions  of  mode  coupling  instabilities  in  this  regime  are  less  reli¬ 
able  than  in  the  traditional  weak  coupling  regime.  We  continue 
to  develop  the  strong  coupling  model  and  to  compare  our  results 
with  other  machines. 

All  species  of  ion  beams  are  expected  to  be  stable  during  stor¬ 
age.  At  lower  energies  the  damping  systems  and  chromaticity 
corrections  will  limit  any  growth  to  acceptable  levels  during  the 
short  time  it  takes  to  get  fi-om  injection  to  storage. 
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I.  Introduction 

The  longitudinal  impedance  of  the  RHIC  injection  kicker  is 
measured  using  the  wire  method  upto  a  frequency  of  3  GHz. 
The  mismatch  between  the  50  ohm  cable  and  the  wire  and  pipe 
system  is  calibrated  using  the  TRL  calibration  algorithm.  Various 
methods  of  reducing  the  impedance,  such  as  coated  ceramic  pipe 
and  copper  strips  are  investigated. 

IL  Kicker  Parameters 

The  RHIC  injection  kicker  is  a  pulsed  transmission  line  kicker, 
consisting  of  15  ferrite  sections  and  14  ceramic  sections.  The 
length  of  the  kicker  is  1.1m  and  there  are  4  such  units  in  each  ring. 
Figure  1  shows  the  kicker  cross  section  with  the  outer  conduc¬ 
tor,  C-shaped  ferrite,  inner  conductor  and  the  ceramic  beam  pipe 
[  1  ] .  The  design  characteristic  impedance  of  the  transmission  line 
kicker  is  25  ohm.  Each  kicker  will  be  pulsed  with  a  Blumlein 
pulser  and  terminated  by  a  matched  resistor.  The  ferrite  material 
used  is  Ceramic  Magnetics  CMD5(X)5.  The  initial  permeability 
of  the  ferrite  is  1600  at  low  frequencies,  and  the  dielectric  con¬ 
stant  is  12.  The  ceramic  is  manufactured  by  Trans-Tech  and  has 
a  high  dielectric  constant  of  100.  The  wave  propagation  veloc¬ 
ity  in  the  magnet  is  approximately  1/15  the  speed  of  light.  The 
design  field  risetime  in  the  magnet  is  80  nsec,  and  the  flattop  is 
about  40  nsec.  The  nominal  integrated  magnetic  field  is  1900 
G-m  from  4  units  [2]. 


the  axis  of  the  ceramic  beam  pipe.  The  characteristic  impedance 
of  the  wire  and  rectangular  pipe  system  is  280  ohm.  The  system 
is  connected  to  the  Network  Analyzer  through  a  50  ohm  cable. 
In  order  to  calibrate  the  mismatch  between  the  50  ohm  cable 
and  the  wire-pipe  system,  the  following  set  of  measurements  are 
performed 


Figure.  2.  Bench  Setup  for  Wire  Measurement 

Through  Measurement:  The  side  pipes  are  connected  di¬ 
rectly  to  each  other. 

Reflect  Measurement:  A  reflective  load  is  connected  to  each 
side  pipe. 

Line  (Delay)  Measurement:  A  straight  pipe  of  arbitrary 
length  is  connected  between  the  side  pipes.  Measurement  is 
done  with  two  pipes  of  different  lengths. 

Reference  Measurement:  The  device  is  replaced  by  a  refer¬ 
ence  pipe  of  the  same  length. 

The  kicker  is  then  calibrated  using  the  TRL  calibration  al¬ 
gorithm  [3].  The  impedance  is  obtained  from  the  transmission 
coefficient  S21  using  the  following  relation 


Figure.  1.  RHIC  injection  kicker  cross  section,  Dimensions  in 
inches 


III.  Test  Setup 

Figure  2  gives  a  plot  of  the  experimental  setup.  The  kicker  is 
placed  between  two  rectangular  side  pipes  with  the  same  dimen¬ 
sion  as  the  outer  conductor  of  the  kicker.  The  wire  is  placed  on 

*Operated  by  Associated  Universities  Incorporated,  under  contract  with  the 
U.S.  Department  of  Energy. 


Z((o)  =  2Z, 


(52i(r^/)-52i(DI/r)) 

SiiiDVT) 


(1) 


where  is  the  characteristic  impedance  of  the  reference  pipe, 
S2\{DUT)  is  the  transmission  coefficient  of  the  Device  Under 
Test  (DUT)  and  Siiiref)  is  the  transmission  coefficient  of  the 
reference  pipe. 


rV.  Measurement  Results 

The  kicker  impedance  has  to  be  measured  carefully,  as  several 
factors  contribute  to  the  complexity  of  the  impedance.  If  the 
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kicker  outer  conductor  is  isolated  from  the  beam  pipe,  return 
currents  flow  outside  the  outer  conductor,  causing  the  beam  to 
see  the  external  environment.  Therefore  the  outer  conductor  of 
the  kicker  is  grounded  to  the  beampipe.  To  simulate  this  in  the 
measurement  setup,  the  side  pipes  are  electrically  connected  to 
the  outer  conductor  of  the  kicker.  The  cables  from  the  Blumlein 
power  supply  to  the  kicker  are  75  m  long  and  are  open  when  the 
kicker  is  switched  off.  The  bench  measurements  are  performed, 
with  cables  of  length  15.5  cm.  Some  measurements  were  also 
done  with  40.5  cm  long  cables  and  75  m  long  cable.  The  length 
of  the  cable  does  not  seem  to  have  any  effect  on  the  impedance 
of  the  magnet.  The  measurements  presented  in  this  paper  were 
done  on  a  half  length  prototype  (60  cm  long). 


frequency  [MHz] 


Figure.  4.  Calibrated  S21  Parameter  of  the  Kicker  Half  Module 

The  cutoff  frequency  of  the  RHIC  standard  beampipe  of  di¬ 
ameter  6.91  cm  is  3.3  GHz.  Therefore  the  kicker  impedance  is 
measured  up  to  3  GHz.  Figure  3  gives  a  plot  of  the  uncalibrated 
transmission  coefficient  52 1  of  the  kicker  and  Figure  4  gives  the 
transmission  coefficient  52i  after  TRL  calibration. 

Figure  5  gives  a  plot  of  the  measured  impedance  up  to  a 


frequency  of  3  GHz.  The  half  length  kicker  has  an  inductive 
impedance  with  an  inductance  of  63  nHenry.  Therefore  the  to¬ 
tal  contribution  to  the  longitudinal  broadband  impedance  \Z\\/n\ 
from  all  4  units  is  .25  ohms.  Note  also  that  the  impedance  shows 
resonances  at  high  frequencies,  between  1  and  3  GHz.  The  fre¬ 
quency  f,  shunt  impedance  Rsh,  and  Q  of  the  resonances  are 
given  in  Table  I.  Although  the  ferrite  is  lossy  at  high  frequen¬ 
cies,  the  resonances  are  not  completely  damped.  These  reso¬ 
nances  are  presumed  to  be  higher  order  TM-like  modes  of  the 
kicker.  The  frequency  of  the  resonances  is  high  enough  and  the 
R  is  low  enough  so  as  not  to  be  fatal  to  the  beam.  In  RHIC, 
the  microwave  instability  sets  a  limit  on  \Z]\/n\  for  gold  ions  at 
transition  crossing  to  be  1 .5  ohm.  At  present,  the  kickers  make  a 
dominant  contribution  to  the  machine  broadband  impedance  [6]. 

Table! 

Longitudinal  Resonances  of  the  Injection  Kicker 


f[MHz] 

Rshm 

Q 

Rsh/Qm 

1000 

607 

9 

67 

1740 

1816 

83 

22 

2704 

3004 

208 

14 

V.  Impedance  Reduction 

The  following  two  methods  for  impedance  reduction  are  being 
explored: 

A.  Conductive  Coating 

The  inside  surface  of  the  ceramic  beam  tube  is  coated  with  a 
palladium/silver  conductive  paste.  As  described  in  [4]  and  [5], 
the  surface  resistivity  of  the  paste  is  selected  so  that  the  total 
resistance  of  the  coating  is  20  ohm,  and  the  measured  change  in 
kicker  risetime  is  5  nsec.  Figure  6  gives  a  plot  of  the  impedance 
with  the  coated  ceramic  pipe.  The  resonances  are  completely 
damped,  and  the  broadband  \Z\\/n  \  is  reduced  to  .012  ohm.  The 
total  broadband  impedance  from  all  4  units  is  .1  ohm,  reduced 
by  a  factor  of  3.  However,  with  the  high  conductive  coating, 
the  kicker  shows  a  breakdown  at  a  voltage  much  lower  than  its 
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Pipe 


is  low  enough  so  as  not  to  affect  the  beam.  With  a  broadband 
impedance  of  .26  ohm,  the  injection  kickers  make  a  dominant 
contribution  to  the  broadband  impedance.  The  high  conductiv¬ 
ity  coating  damps  the  resonances  completely  and  reduces  the 
broadband  impedance  by  a  factor  of  3,  but  there  is  breakdown  at 
relatively  low  voltage.  The  copper  strips  damp  the  resonances, 
and  reduce  the  broadband  impedance  by  almost  a  factor  of  2. 
However,  these  also  show  some  breakdown  behavior  at  high 
voltage.  We  are  currently  working  on  resolving  the  breakdown 
problem,  and  the  strips  could  possibly  be  used  as  a  solution  to 
the  impedance  reduction  problem. 

VII.  Status 

Work  is  in  progress  with  H.  Hahn  to  understand  the  measured 
resonances  better. 
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Figure.  7.  Kicker  Impedance  with  Copper  Strips 


nominal  operating  voltage  of  60  kV.  Therefore,  this  solution  to 
the  impedance  reduction  problem  is  disfavored. 

B,  Copper  Strips 

Two  copper  strips  of  width  .5  cm  and  thickness  3  mil  were 
placed  inside  the  ceramic  pipe,  at  the  left  and  the  right  sides 
(Figure  1),  along  the  length  of  the  kicker.  Figure  7  shows  a 
plot  of  the  kicker  impedance  with  the  strips.  The  resonances 
have  been  damped  substantially,  and  the  broadband  impedance 
|Z|[/n|  is  .018  ohm.  The  total  broadband  impedance  from  all  4 
units  is  .14  ohm,  reduced  by  a  factor  of  1.8.  The  copper  strips 
show  no  significant  effect  on  the  field  risetimes.  With  the  strips  in 
place,  the  kicker  breaks  down  at  just  below  its  nominal  operating 
voltage.  With  some  slight  modifications  to  the  kicker,  the  strips 
could  be  possibly  used  to  reduce  impedance. 

VL  Conclusion 

The  kicker  impedance  shows  resonances  between  1  and  3  GHz. 
The  frequencies  of  these  resonances  are  high  enough  and  the  R 
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I.  THE  KRAKEN  MODEL 


11.  GENERAL  HEAD-TAIL  RESULTS 


Consider  two  particles,  with  charges  q\  and  q2,  circulating 
in  the  3  direction,  horizontally  and  longitudinally  displaced  by 
(jci,  zi)  and  (jC2,  zi)  from  the  center  of  the  same  bunch.  The 
equation  of  motion  of  the  second  particle  is 


X2 

dt'^ 


+  k{s)x2 


- Wi(s,zi  -Z2)Xi 

my 


(1) 


where  represents  quadrupole  focusing,  m  is  the  particle 
mass,  Y  is  the  Lorentz  factor,  and  ^  1  is  assumed.  The 
“transverse  wake  field”  W\  characterises  the  way  that  the  first 
particle  interacts  with  the  environment,  to  modify  the  transverse 
motion  of  the  second  particle.  It  is  always  positive  for  particles 
that  are  very  close  together,  Wi(.s,  +€)  >  0,  defocusing  a  trail¬ 
ing  particle  that  is  in  phase  with  the  source  particle.  Causality 
demands  that  Wi  =  0  if  zi  <  ziy  and  if  multi-turn  wakes  are 
neglected. 

When  a  wake  field  generating  device  at  5  =  0  is  short,  it  is 
natural  to  talk  of  its  “transverse  wake  potential”, 

Vi  (Zi  -Zi)  ^  f  Wi  (s,zi-  Z2)  ds  (2) 

J  device 


If  the  chromaticity  /  =  dQ/d8  is  zero  (where  8  is  the  off- 
momentum  parameter,  Ap/ p),  the  motion  is  stable  for  increasing 
Nfj,  until  the  strong  head-tail  threshold  is  passed.  Unstable  mo¬ 
tion  above  this  threshold  has  a  rise  time  of  r  ^  the  time 
scale  on  which  the  macroparticles  exchange  their  “drive”  and 
“response”  roles.  The  strong  head-tail  instability,  also  known 
as  the  “transverse  mode  coupling”,  “transverse  turbulent”,  or 
“transverse  microwave”  instability,  has  only  been  observed  at 
electron  storage  rings. 

The  transverse  motion  of  two  macroparticles  can  be  decom¬ 
posed  into  “-I-”  and  “— ”  eigenmodes,  in  which  the  particles  os¬ 
cillate  in  or  out  of  phase.  When  a  small  chromaticity  /  is  in¬ 
troduced,  one  eigenmode  grows  and  the  other  is  damped,  with  a 
slow  timescale  r  >  T^.  This  is  the  head-tail  instability. 

The  situation  is  conveniently  parameterised  by  the  dimension¬ 
less  quantity 


T(x,7) 


PpNbZh^ 

4AmuC^y 


(6) 


Viizi  -Z2)  exp 


r  -  /iTttV 

i  (2xSTs)  sin(  —  ) 


dt 


since  then  the  equation  of  motion  becomes 

X2  H-  K(s)X2  =  (3) 

mc^y 

where  a  prime  denotes  differentiation  with  respect  to  s.  The 
numerical  code  KRAKEN  models  this  motion  in  RHIC,  the  Rel¬ 
ativistic  Heavy  Ion  Collider,  by  giving  each  of  macroparticles 
an  angular  kick  once  per  turn.  If  there  are  Nb  ions  of  atomic  num¬ 
ber  Z  and  atomic  weight  A  in  each  bunch,  then  the  net  angular 
kick  to  particle  i  is 


A  X; 


1 

AmuC^y  Nm 


E 


;=i 


Vdzj  -Zi)xj 


(4) 


This  numerical  model  is  valid  even  if  the  device  is  long  -  for 
example,  with  a  constant  resistive  wall  wake  field  -  if  the  syn¬ 
chrotron  period  in  turns  is  long  {Ts  >  1),  and  the  beta  function 
at  the  kick  point  is  the  linearly  weighted  average  beta  over  the 
device.  To  simplify  the  comparison  of  analytical  and  numerical 
results,  it  is  assumed  from  here  on  that  there  are  only  two  proton 
macroparticles  {Nm  =  2,  Z  =  A  =  1),  so  that 

Nh€^ 

Ax'  -  ^^Vdzi-Z2)xi  (5) 


*Operated  by  Associated  Universities  Incorporated,  under  contract  with  the 
U.S.  Department  of  Energy. 


where  is  the  Twiss  function  at  the  device  [  1] .  The  longitudinal 

distance  between  macroparticles, 


ZI-Z2  =  2T  sin 


(7) 


is  related  to  5,  the  maximum  off  momentum  parameter  of  a 
macroparticle,  through  the  relationship 


Pz 


t}CTs 

2n 


(8) 


where  r\  is  the  slip  factor  and  C  is  the  circumference  of  the 
accelerator. 

Two  macroparticles  with  longitudinal  amplitude^ do  not  suffer 
from  strong  head-tail  instability  if 


Re^iX.^  <  2  (9) 


while  the  head-tail  eigenmode  growth  rates,  per  turn,  are 


=  T- 


Im  T(x,z) 


(10) 


These  results  hold  for  a  general  transverse  wake  field.  Fortu¬ 
nately,  rr*  is  overestimated,  and  in  practice  both  modes  are 
stabilised  (above  transition)  by  a  slightly  positive  chromaticity. 
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A.  STEP  FUNCTION  WAKE  POTENTIAL 

Various  authors  have  reported  analytic  and  simulation  head- 
tail  results  for  the  linear  (and  analytically  soluble)  case  of  a  step 
function  wake  potential[l],  [2],  [3],  [4]. 

Vi(z)  =  Vi  z>0  (11) 

Viiz)  =  0  z<0  (12) 

In  this  case  T(x)  is  independent  of  T*  Fig.  1  shows  the  hori¬ 
zontal  mode  growth  rate  of  simulated  motion  as  a  function 
of  chromaticity,  and  compares  it  with  the  prediction  of  Eqn.  10, 
when  ReT(0)  =  0.03,  8  =  0.001,  and  T,  =  300  turns. 


Horizontal  chromaticity 

Figure.  1.  The  head-tail  growth  rate  versus  chromaticity  / , 
for  a  step  function  wake  potential. 


III.  NEW  CRITERIA  WITH  MOMENTUM 
DEPENDENT  COUPLING 

It  is  usually  implicitly  assumed  that  linear  coupling  is  unim¬ 
portant  in  the  head-tail  effect,  by  treating  only  one  transverse 
dimension  at  a  time.  However,  the  Tevatron  experience  is  that 
linear  coupling,  and  its  variation  with  momentum,  are  important 
in  routine  operation  close  to  the  tune  diagonal  [5],  [6].  When 
coupling  is  important,  it  is  reasonable  to  conjecture  that  head-tail 
stability  is  only  guaranteed  if  the  eigenchromaticities  are  positive 
for  all  momenta  within  the  beam  [7],  [8].  A  weaker  conjecture  is 
that  only  on-momentum  particles  must  have  positive  eigenchro¬ 
maticities,  or  that  it  is  the  average  eigenchromaticity  over  one 
synchrotron  period  that  must  be  positive. 

The  extreme  values  for  the  eigenchromaticities  /+  and  /_  (for 
the  worst  possible  combination  of  momentum,  skew  quadrupole, 
and  normal  quadrupole  settings)  are 

X±extreme  =  -jiXx  Xy)  ±  +  (.Xx  -  Xy)^  (13) 

where  the  “skew  chromaticity”  vector  k  parameterises  the  varia¬ 
tion  of  the  closest  approach  of  eigentunes,  A  Qmin^  as  a  function 
of  momentum.  This  is  analogous  to  the  way  that  the  “normal 
chromaticities”,  Xx  and  Xy,  parameterise  the  tune  versus  mo¬ 
mentum,  far  from  the  tune  diagonal.  Insisting  that  both  of  the 
extreme  eigenchromaticities  are  positive  leads  to  the  new  and 
strong  criteria[7],  [8]  that 


(14) 

(15) 


If  true,  neither  eigenchromaticity  can  ever  become  negative.  As 
such,  these  criteria  are  “sufficient  but  often  not  necessary”.  Both 
Xx  and  Xy  must  be  positive  to  meet  the  criteria,  even  when  k  =  0, 
thereby  recovering  the  standard  uncoupled  head- tail  result  (above 
transition). 

KRAKEN  has  been  used,  with  a  step  function  wake  potential, 
to  test  the  new  criteria.  Fig.  2  shows  what  happens  with  equal 
design  chromaticities  Xx  Xy  ^  Xo,  a  skew  chromaticity  of 
|k|  =  3.8,  and  other  typical  Tevatron  parameters  [6],  [8].  With 
the  same  wake  potential  as  in  Fig.  1,  the  simulated  region  of 
stability  is  shifted  to  the  right.  The  horizontal  “+”  mode  growth 
rate  goes  negative  at  xo  ^  2.0,  in  remarkably  good  agreement 
with  the  predicted  condition  xo  >  1*9  that  comes  from  the  new 
stability  criteria.  Clean  simulation  data,  as  shown  here,  are  only 
obtained  when  the  initial  macroparticle  conditions  correspond  to 
a  pure  local  eigenmode  of  the  coupled  system. 


Horizontal  and  vertical  chromaticity 


Figure.  2.  The  head-tail  growth  rate  versus  common  chro¬ 
maticity  xo»  with  momentum  dependent  coupling  typical  of  Teva¬ 
tron  operation.  The  design  tunes  are  equal. 


IV.  RESISTIVE  WALL  WAKE 

The  transverse  resistive  wall  wake  potential  is  given  by 
8L 


Vdz)  = 
Vi(z)  = 


r^€o  (47r)3/2 

2L 


0  <  z  Zc  (16) 


Ttr^y  47t€oa 


-1/2 


Z  Zc 


(17) 


where  L,  r,  and  cr  are,  respectively,  the  length,  radius,  and  con¬ 
ductivity  of  the  beam  pipe  [1].  The  critical  length  Zc,  given  by 


Zc  =  (18) 

tends  to  be  very  short.  For  example,  Zc  =  0.12  mm  for  the 
dominant  (cold)  beampipe  in  RHIC,  with  L  =  2955  m,  r  = 
0.0346  m,  and  a  =  2.0  f2“*m“’. 

Table  I  lists  the  nominal  RHIC  parameters  for  protons  at  in¬ 
jection,  when  RHIC  is  especially  vulnerable  to  head-tail  effects. 
When  these  values  are  substituted  into  Eqn.  6,withT  =  Oplpaad 
'z  =  (T^,  they  lead  to  the  variation  of  T  with  chromaticity  recorded 
in  Figure  3.  Since  the  maximum  value  of  ReT  =  0.3,  RHIC 
is  expected  to  be  about  an  order  of  magnitude  short  of  strong 


Xx+Xy  >  0 

4XxXy  > 
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Table  I 

RHIC  parameters  during  proton  injection. 


Parameter 

units 

value 

Bunch  population,  Nh 

1.0  X  10” 

Lorentz  factor,  y 

31.17 

Transition  gamma,  yr 

22.89 

Average  device  beta, 

m 

30.0 

Circumference,  C 

m 

3833.8 

Synchrotron  period,  Ts 

turns 

1414 

RMS  momentum  error,  Op/p 

4.66  X  10-3 

RMS  bunch  length, 

m 

0.353 

head-tail  instability.  Chromaticity  values  of  x  ^  2  appear  to 
be  optimal.  Figure  4  compares  the  growth  rates  predicted  by 
Eqn.  10  with  the  rates  measured  by  KRAKEN.  The  agreement  is 
good  in  most  cases,  except  that  when  x  ^  1 .5,  the  anti-damping 
of  the  mode  is  about  50%  stronger  than  expected. 

V.  SUMMARY  AND  PLANS 

The  simulation  code  KRAKEN  confirms  analytical  predic¬ 
tions  of  head-tail  stability  criteria,  Eqns.  14  and  15,  in  the  pres¬ 
ence  of  momentum  dependent  linear  coupling.  It  also  confirms 
that  resistive  wall  transverse  wake  fields  are  not  a  serious  threat 
to  strong  head-tail  stability  in  RHIC,  at  the  vulnerable  stage  of 
proton  injection. 

Equation  10,  derived  from  the  perspective  of  two  macropar¬ 
ticles,  potentially  offers  a  very  convenient  semi-numerical  eval¬ 
uation  of  the  effects  of  arbitrary  transverse  wake  potentials.  It 
remains  to  be  seen  how  well  the  two  macroparticle  results  cor¬ 
relate  with  simulations  using,  say,  100  macroparticles. 

KRAKEN  is  still  under  rapid  development.  Future  plans  are 
to  include  resonant  wakefields,  multiple  bunches,  space  charge 
Wakefields,  betatron  detuning,  and  a  connection  to  the  detailed 
RHIC  impedance  database. 
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Figure.  3.  T  versus  chromaticity  x  for  protons  at  injection,  due 
to  the  transverse  resistive  wall  wake. 
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theory  (short  dashed  lines). 
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ABSTRACT 


In  this  paper  the  preliminary  design  of  magnet  lattice  cf 
Beijing  Light  Source(BLS)  is  described.  Beijing  Light  Source 
is  a  new  generation  light  source  with  the  energy  of  2.2GeV- 
2.5GeV.  By  choosing  the  FBA(five  bend  achromat)  and  TBA 
(triplet  bend  achromat)  structure  very  low  nature  horizontal 
emittance  is  reached  with  using  superconducting  dipole 
magnets.  Having  made  some  harmonic  correction  the 
acceptable  dynamic  aperture  is  obtained  though  further 
improvement  is  being  done  to  enlarge  horizontal  aperture. 

1.  DESIGN  GOAL  OF  BLS 

Since  1990  China  has  been  planned  to  build  a  new 
generation  light  source  within  the  medium  energy 
range(1.5GeV-2.0GeV).[l][2]  Recently  the  synchrotron 
radiation  user  community  in  China  has  been  showing  more 
and  more  interest  to  hard  X-ray  synchrotron  radiation  light. 
On  the  other  hand  it  is  difficult  for  China  to  afford  a  6-8GeV 
light  source  which  can  provide  20-50KeV  critical  energy 
photons  from  normal  dipoles  and  IDs.  Inspired  by  the  ideas 
from  some  Laboratories  (PSI,  LBL,  Daresbury,  etc.) [3]  we 
adopted  the  design  philosophy  that  integrate  several 
superconducting  magnets  into  lattice  of  storage  ring  to  provide 
many  hard  X-ray  beamlines  for  synchrotron  radiation  users. 
Meanwhile  we  try  to  keep  the  horizontal  emittance  very  small 
to  yield  high  brightness  VUV  and  soft  X-ray  synchrotron 
radiation  light  from  insertion  devices(undulators  and 
wigglers). 

The  overall  design  goal  of  Beijing  Light  Source  is  listed 
as  follows: 

*  Energy:  2.2GeV  -  2.5  GeV 

*  Nature  horizontal  emittance:  <10nm,  better  less  than 

5nm 

*  Circumference:  <250m 

*  Number  of  straight  sections:  >  8 

*  Length  of  straight  sections:  two  long  straight,  ~1 5m 

>6.0m  for  the  rest 

*  Number  of  superconducting  dipole:  4  at  least 

*  Beam  current:  ~300mA 

The  figure  1  gives  a  comparison  of  the  spectrum  of  BLS 
to  that  of  two  existing  synchrotron  light  sources  in  China: 
BSRF(dedicated  synchrotron  radiation  mode  of  Beijing 
Electron-Positron  Collider,  2.2  GeV)  and  NSRL(0.8  GeV 
synchrotron  light  source) 


2.  FBA  LATTICE  DESCRIPTION 

We  have  chosen  the  achromat  structure  with  odd  number 
of  dipole  magnets(N=3,  5)  in  order  to  arrange  a 
superconducting  dipole  by  replacing  the  central  normal  dipole. 
FBA(Five  Bend  Achromat)  structure  can  leads  to  a  very  low 
nature  emittance  even  with  the  presence  of  superconducting 
bending  magnets.  Table  1  gives  the  main  lattice  parameters  of 
BLS  storage  ring  based  on  this  kind  of  structure. 

Each  FBA  cell  consists  of  5  bending  magnets.  The 
bending  angle  of  outer  dipoles  for  dispersion  suppression  and 
the  central  dipole  which  can  be  replaced  by  a  superconducting 
dipole  is  chosen  to  be  8°.  The  bending  angle  of  the  rest  2 
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dipoles  is  10.5°.  Such  a  distribution  of  bending  angle  is  to 
optimize  the  contribution  from  different  dipoles  to  emittance. 
The  combined  function  dipole  is  adopted  to  save  some  space 
therefore  make  it  possible  to  arrange  eight  FBA  cells  in  such  a 
rather  limited  circumference.  The  exception  is  that  the 
superconducting  dipoles  are  flat  type  to  avoid  some 
technological  complexities.  Two  extra  quadrupoles  for  each 
superconducting  dipole  are  added  to  provide  necessary 
focusing. 

The  circumference  of  storage  ring  is  fixed  to  240.4m 
which  is  equal  to  that  of  Beijing  Electron-Positron  Collider 
therefore  the  design  is  also  suitable  for  the  case  that  a  Tau- 
charm  Factory  is  built  at  IHEP  site(build  BLS  in  BEPC 
tunnel).[4][5]  However  we  found  that  a  little  bit  longer 
circumference(250m  or  260m)  is  more  comfortable  for  the 
matching  and  element  arrangement. 


Table  1  Main  lattice  parameters  of  BLS  storage  ring 


Nominal  Beam  Energy 

2.2  GeV 

Maximum  Beam  Energy 

2.5  GeV 

Circumference 

240.4  m 

Nature  Horizontal  Emittance 

3.3  nm  rad 

Number  of  Straight  Section 

8 

Length  of  Long  Straight 

15.0  m 

Length  of  short  straight  section 

6.4  m 

Number  of  S.C.  dipole 

4 

Field  Strength  of  S.C.  Dipole 

4.4  Tesla 

Momentum  Compaction 

0.00834 

Energy  Spread 

0.00105 

Qx 

18.38 

Qy 

7.15 

Energy  Loss  per  turn 

441KeV 

Jx/Jy/Jz 

1.21/1.0/1.79 

RMS  Beam  Size  at  ID 

0.162/0.036mm 

Chromaticities 

-47.2/-19.3 

Harmonic  number 

400 

RF  frequency 

498.83  MHz 

***:» 


Figure  2  Lattice  of  1/4  ring  of  BLS 


Table  2  The  effect  of  s.c.  dipole  on  nature  hori.  emittance 


Num.  of  SCB 

2.0  GeV 

2.2  GeV 

2.5  GeV 

0 

1.9  nm  rad 

2.3  nm  rad 

3.0  nm  rad 

4 

2.7  nm  rad 

3.3  nm  rad 

3.7  nmrad 

8 

3.3  nm  rad 

4.2  nm  rad 

5.2  nm-rad 

3.  CHROMATICITY  CORRECTION  AND 
DYNAMIC  APERTURE 

The  correction  of  chromaticity  with  two  families  (tf 
sextupoles  results  in  a  rather  small  dynamic  aperture(~7mm  in 
horizontal  direction  and  ~6mm  in  vertical  direction).  Having 
applied  two  harmonic  correction  sextupole  families  located  in 
the  dispersion-free  region  the  dynamic  aperture  is  doubled  in 
both  directions.  Further  studies  are  being  performed  to 
enlarge  the  dynamic  aperture  by  increasing  the  number  cf 
families  of  both  chromaticity  correction  and  harmonic 
correction  sextupoles. 


4.  TEA  LATTICE  CONFIGURATION 

As  a  comparison  to  FBA  structure  the  TBA(Triplet  Bend 
Achromat)  configuration  is  done.  A  small  nature  horizontal 
emittance  8.5nm  rad  at  2.2  GeV  with  4  superconducting 
dipoles  integrated  in  lattice  is  achieved  by  applying  strong 
focusing  strength.  This  configuration  gives  4  more  straight 
sections  than  FBA  lattice  though  the  adjustment  of  beta- 
functions  in  the  straight  section  is  not  very  flexible.  By 
using  8  sextupole  families  a  good  dynamic  aperture  is 
obtained(20  mm  in  horizontal  and  8  mm  in  vertical).  This 
configuration  also  has  two  15m  long  straight  sections  as  FBA 
configuration. 
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Fig.  3  Layout  of  the  storage  ring  of  BLS 


Fig,  4  Dynamic  aperture  of  on  momentum  particle 


Fig.  6  Qy  vs.  momentum  deviation 
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Abstract  IL  THEORETICAL  MODEL 

The  electron-proton  instability  of  a  long,  intense,  and  partially  We  consider  a  bunched  proton  beam  of  total  length  L  with 


neutralized  proton  bunch  is  studied  by  numerically  solving  the 
equations  of  motion  for  the  line  centroid  of  the  proton  beam  and 
the  line  centroid  of  the  trapped  electrons.  The  formalism  takes 
into  account  the  effects  of  variable  line  densities  and  alternating- 
gradient  (AG)  focusing.  Good  qualitative  agreement  between 
the  computational  results  and  experimental  observations  was  ob¬ 
tained  when  applying  the  theory  to  the  Los  Alamos  Proton  Stor¬ 
age  Ring  (PSR).  Both  the  case  of  a  clean  extraction  gap  and  the 
case  with  a  few  percent  of  protons  in  the  extraction  gap  were 
studied.  It  is  found  that  with  only  a  few  percent  neutralization, 
the  PSR  beam  can  become  unstable  in  both  cases.  The  same 
equations  and  method  were  used  to  study  the  stability  of  the  pro¬ 
ton  beam  in  the  accumulator  ring  of  the  proposed  LANSCE  II 
spallation-neutron  source.  The  results  indicate  that  the  e-p  in¬ 
stability  can  also  occur  in  the  LANSCE  II  accumulator  ring  for 
only  a  few  percent  neutralization. 

L  INTRODUCTION 

Coherent  transverse  instability  has  been  observed  in  the  PSR 
in  both  bunched  and  unbunched  beams.[l-3]  Spectrum  analy¬ 
ses  of  the  vertical  beam  position  monitor  (BPM)  signals  from 
unstable  beams  indicate  that  the  peak  of  the  frequency  distri¬ 
bution  may  vary  from  several  ten  MHz  to  about  three  hundred 
MHz.  The  fast  growth  of  the  instability  and  the  dependence  of 
the  frequency  spectrum  peak  on  the  beam  conditions  suggest 
that  the  instability  is  more  likely  caused  by  the  trapped  elec¬ 
trons  in  the  proton  bunch  instead  of  fixed-frequency  impedances. 
The  results  from  a  previous  injection-foil  biasing  experiment  and 
a  beam-shaking  experiment  on  stabilizing  the  marginally  sta¬ 
ble  beams  also  suggest  that  the  instability  in  the  PSR  could  be 
aroused  by  the  electrons  trapped  in  the  proton  beam. 

Since  the  e-p  instability  has  been  previous  observed  in  the  Be- 
vatron  at  LBL[4,5]  and  at  CERN[6-8]  and  now  appears  to  occur 
in  the  PSR,  precaution  must  be  taken  in  designing  the  next  gen¬ 
eration  spallation  neutron  sources  such  as  the  Los  Alamos  LAN¬ 
SCE  II  and  the  European  Spallation  Source  (ESS)  to  avoid  such 
kind  of  instability. 

This  report  documents  a  theoretical  investigation  on  the  e-p 
instability  in  a  long  proton  bunch  like  the  one  in  the  PSR  or  in 
the  proposed  LANSCE  II.  We  will  present  the  results  of  solving 
the  coupled  equations  of  motion  for  the  centroid  of  the  proton 
beam  and  the  centroid  of  the  trapped  electrons.  An  example  will 
be  given  for  PSR. 

•Work  supported  by  Los  Alamos  National  Laboratory  Institutional  Supporting 
Research,  under  the  auspices  of  the  US  Department  of  Energy. 


a  round  cross-section  of  radius  a,  propagating  with  a  constant 
speed  V  inside  a  perfect  conducting  pipe  of  radius  b.  Protons 
are  focused  in  the  transverse  direction  by  an  external  force  that 
depends  linearly  on  the  radial  distance.  A  Cartesian  coordinate 
system  is  adopted  such  that  the  2:-axis  is  in  the  direction  of  pro¬ 
ton  propagation  and  the  y-axis  is  perpendicular  to  the  ring.  The 
origin  of  the  coordinate  system  coincides  with  the  center  of  the 
beam  cross  section.  The  proton  bunch  is  partially  neutralized  by 
electrons  possibly  produced  by  secondary  emission,  gas  ioniza¬ 
tion,  or  the  charge-change  injection  process.  We  assume  that  in 
the  equilibrium  state,  electrons  are  trapped  in  the  proton  beam 
(no  electrons  between  beam  and  pipe),  and  both  species  of  par¬ 
ticles  are  distributed  uniformly  in  the  transverse  direction.  Both 
the  population  line-densities  of  protons  and  electrons,  Xp  and  Ae, 
can  be  functions  of  .sr  along  the  proton  beam.  We  also  assume  that 
the  proton  beam  is  unstable  against  the  perturbation  in  only  one 
transverse  direction,  so  we  need  to  concentrate  only  in  one  di¬ 
rection  of  the  transverse  motion,  say  the  y-direction.  The  axial 
motion  of  electrons  and  the  synchrotron  motion  of  protons  are 
neglected  for  simplicity.  The  study  of  the  e-p  instability  here  is 
based  on  the  investigation  of  the  motion  of  the  line  centroid  of 
the  proton  beam  Yp{z^t)  and  the  line  centroid  of  the  trapped  elec¬ 
trons  Ye{zy  t)  defined  as  the  averaged  displacements  of  the  elec¬ 
trons  and  and  protons,  respectively,  at  the  location  and  at  the 
timet. 

Taking  the  perturbation  into  account,  we  can  derive  the  fol¬ 
lowing  two  equations  for  Yp  and  Ye  by  averaging  the  equations 
of  motion  for  single  particles  and  adding  the  damping  terms(e.g. 
from  energy  spread,  tune  spread,  and  non-linear  forces): 


Cdp  and  Cde  are  the  damping  constants  for  the  proton  and  elec¬ 
tron  motions,  respectively,  cjpo  is  the  betatron  frequency  due  to 
the  external  focusing  force  only,  ^eo  = 
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IV.  CONCLUSIONS 


Figure  3.  The  simulated  the  scope  signals  corresponding  to  the 
displacement  shown  in  Fig.  2. 


T  ( =  z/v)  (ns) 


Figure  4.  A  BPM  signal  of  an  unstable  beam  in  the  PSR. 

(ii)  A  gap  empty  of  protons  does  not  always  ensure  the  beam 
stability,  and  the  multi-turn  trapping  of  electrons  is  not  a  neces¬ 
sary  condition  for  the  e-p  instability  to  develop.  If  a  proton  beam 
bunch  is  sufficiently  neutralized  (a  few  percent  in  the  PSR  and 
LANSCE II  cases),  the  e-p  instability  still  may  occur  even  when 
the  gap  is  empty.  ITie  instability  grows  slightly  faster  and  the  sta¬ 
bility  threshold  is  slightly  lower  when  there  are  a  small  number 
of  protons  in  the  gap. 

(iii)  The  wavelength  of  the  e-p  oscillation  varies  with  the  pro¬ 
ton  line-density  -  short  wavelength  in  the  high  density  region  and 
long  wavelength  in  the  low  density  region.  In  a  proton  bunch  of 
non-uniform  density,  the  frequency  spectrum  is  relatively  wide. 
This  is  a  distinct  characteristic  of  the  oscillations  that  involve 
more  than  one  species  of  particles. 

(iv)  The  e-p  instability  grows  both  in  time  and  space.  Therefore, 
most  of  the  oscillation  growth  occurs  in  the  later  part  or  in  the 
tail  of  a  proton  bunch. 

(v)  We  have  studied  the  situation  of  non-uniform  electron  pro¬ 
duction  around  the  ring.  Comparing  with  the  case  of  uniform 
electron  production,  we  found  that  for  the  same  number  of  elec¬ 
trons,  the  e-p  oscillation  is  slightly  more  unstable  when  the  elec¬ 
tron  production  is  concentrated  in  part  of  the  ring. 

(vi)  We  found  that  a  proton  bunch  is  more  unstable  and  has  a 
higher  growth  rate  in  an  AG  focusing  system  than  in  a  contin¬ 
uous,  uniform  focusing  system. 

(vii)  In  several  cases,  we  have  included  a  low-level  random  noise 
at  the  beginning  of  each  turn  to  check  its  effects.  We  observed 
that  the  noise  can  slightly  lower  the  instability  threshold  and  in¬ 
crease  the  growth  rate. 


We  have  studied  the  electron-proton  instability  in  a  long  pro¬ 
ton  bunch  by  solving  the  equations  of  motion  for  the  centroid  of 
the  proton  beam  and  the  centroid  of  the  trapped  electrons.  For 
PSR,  we  have  examined  both  the  cases  of  filled  gap  and  empty 
gap.  We  found  that  in  either  case  a  few  percent  neutralization  can 
lead  to  instabilities  of  fast  growth  rates.  We  found  that  the  thresh¬ 
old  is  lower  and  the  growth  rate  is  higher  when  the  gap  is  filled  in. 
In  the  numerical  solutions,  we  saw  the  wavelength  of  the  e-p  os¬ 
cillation  depends  on  the  local  proton  line-density.  Wavelengths 
are  long  (short)  in  the  low  (high)  density  region.  Therefore  the 
frequency  spectrum  can  be  wide-banded.  Our  numerical  results 
seem  to  agree  well  with  the  experimental  observations  qualita¬ 
tively.  We  have  also  found  that  both  the  AG  focusing  and  ran¬ 
dom  noise  can  lower  the  threshold  and  increase  the  growth  rate 
of  the  e-p  instability.  For  LANSCE  II,  we  also  found  that  the 
threshold  of  neutralization  for  the  e-p  instability  is  only  a  few 
percent. 
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Abstract 

A  fast  transverse  instability  has  been  observed  in  the  Los  Alamos 
Proton  Storage  Ring  (PSR)  when  the  injected  beam  intensity 
reaches  more  than  2x10^^  protons  per  pulse.  Understanding  the 
cause  and  control  of  this  instability  has  taken  on  new  importance 
as  the  neutron-scattering  community  considers  the  next  genera¬ 
tion  of  accelerator-driven  spallation-neutron  sources,  which  call 
for  peak  proton  intensities  of  10^"^  per  pulse  or  higher.  Previ¬ 
ous  observations  and  theoretical  studies  indicate  that  the  instabil¬ 
ity  in  the  PSR  is  most  likely  driven  by  electrons  trapped  within 
the  proton  beam.  Recent  studies  using  an  experimental  electron¬ 
clearing  system  and  voltage-biased  pinger-electrodes  for  elec¬ 
tron  clearing  and  collection  support  this  hypothesis.  Experi¬ 
ments  have  also  been  performed  to  study  the  instability  thresh¬ 
old  when  varying  the  electron  production  rate.  Theoretical  stud¬ 
ies  include  a  computer  simulation  of  a  simplified  model  for  the 
e  “  p  instability  and  the  investigation  of  possible  electron  con¬ 
finement  in  the  ring-element  magnetic  fields.  This  paper  reports 
some  recent  results  from  these  studies. 

1.  INTRODUCTION 

The  PSR  is  a  fast-cycling  high-current  storage  ring  designed 
to  accumulate  beam  over  a  macropulse  of  the  LAMPF  linac  1 
ms)  by  multi-turn  injection  through  a  stripper  foil  and  compress 
that  beam  into  a  short  single-turn  extracted  pulse  (~0.25  ps), 
which  drives  a  neutron  source.  Key  PSR  parameters  include  ki¬ 
netic  energy  of  797  MeV,  circumference  of  90.1  m,  revolution 
frequency  of  2.875  MHz,  betatron  tunes  and  z/y  «  3.17  and 
2.13,  respectively,  and  present  operation  with  N  «  2.35  x  10^^ 
stored  particles.  The  design  intensity  is  100  pA  on  target  at  12 
Hz,  which  implies  5.2x10^^  protons/pulse.  Average  and  peak 
intensities  have  been  somewhat  less  (80  p  A  at  20  Hz  and  4x10^^ 
maximum  pulse  size).  The  average  current  is  limited  by  slow 
beam  losses,  and  individual  pulse  intensities  are  limited  by  a  fast 
instability  [1-3]. 

The  instability  occurs  when  more  than  ~  2  x  10^^  protons  are 
stored  in  bunched  mode  (rf  on),  and  when  more  than  5  x  10^^ 
are  stored  in  unbunched  mode.  Transverse  oscillations  at  ^100 
MHz  are  seen,  and  grow  exponentially  at  time  scales  of  10-100 
/is,  causing  beam  losses.  Searches  for  a  possible  impedance 
source  were  unsuccessful.  Much  evidence  has  been  observed 
which  supports  the  theory  that  the  instability  is  caused  by  the 
coupled  oscillation  between  the  proton  beam  and  trapped  elec¬ 
trons  -  the  “e-p”  instability  that  has  been  previously  observed 
in  some  other  proton  facilities  [4-6].  Supporting  observations 
include  the  following:  degrading  the  vacuum  makes  the  beam 
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become  more  unstable,  biasing  the  foil  to  a  voltage  sufficient 
to  clear  electrons  in  the  vicinity  increases  the  stability  thresh¬ 
old;  and  moving  halo  scrapers  into  the  beam  pipe  to  produce 
more  secondary  electrons  decreases  the  threshold.  Theoretical 
calculations  have  also  shown  that  the  conditions  for  an  e-p  in¬ 
stability  may  occur  in  the  PSR.  However,  a  dominant  electron 
source  has  not  yet  been  identified.  Understanding  of  this  instabil¬ 
ity  and  methods  of  controlling  it  have  taken  on  new  importance 
as  the  neutron  scattering  community  considers  the  next  genera¬ 
tion  of  accelerator-driven  spallation-neutron  sources,  which  call 
for  peak  proton  intensities  of  ^  2  x  10^^  per  pulse  or  higher. 

A  theory  proposed  in  the  early  nineties  conjectured  that  a 
small  amount  of  the  beam  in  the  PSR  may  leak  into  the  gap  to 
form  a  smooth,  overall  density  distribution  and  an  electric  po¬ 
tential  sufficient  for  electron  trapping  to  cause  instability  [1,7]. 
A  later  computer  simulation  indicated  that  neither  the  multi-turn 
trapping  of  electrons  nor  the  gap-filling  is  necessary  for  the  e- 
p  instability  to  develop  if  there  are  sufficient  electrons  trapped 
in  the  proton  bunch,  but  the  instability  threshold  can  be  lowered 
by  having  electrons  trapped  for  more  than  one  turn  [3,8].  Ob¬ 
servations  did  show  that  the  instability  is  associated  with  bunch 
leakage;  with  bunched  beam  (rf  on),  we  observed  that  instabil¬ 
ity  occurs  when  the  inter-bunch  gap  has  filled  in.  Measurements 
taken  under  various  conditions  indicate  that  gap  filling  occurs  ei¬ 
ther  before  or  simultaneously  with  the  beginning  of  growing  os¬ 
cillations. 

In  the  recent  years,  experiments  were  performed  by  using  the 
“pinger”  to  sweep  the  leakage  out  of  the  inter-bunch  gap  during 
storage  and  by  lowering  the  machine  transition  gamma  to  pre¬ 
vent  protons  to  make  leakage  difficult  [3].  In  the  relatively  low- 
intensity  regime,  results  from  these  experiments  seem  to  confirm 
the  conjecture  that  the  gap  leakage  does  induce  the  instability  in 
the  PSR.  Yet  at  high  beam  intensity,  neither  the  gap  sweeping  nor 
the  low  transition  gamma  was  able  to  stabilize  the  beam.  One 
possible  explanation  is  that  keeping  the  gap  absolutely  clean  at 
high  beam  intensity  is  difficult.  However,  the  results  of  these  ex¬ 
periments  can  not  exclude  other  mechanisms  to  drive  the  insta¬ 
bility;  whether  the  beam  in  PSR  will  be  stable  with  a  clean  gap  at 
the  intensity  of  5.2  x  10^^  protons/pulse  remains  to  be  resolved, 
and  identifying  the  source  of  electrons  still  needs  further  study. 

Recently  experimental  studies  of  beam  stability  in  the  PSR 
were  carried  out  by  using  a  newly  installed  electron  clearing  sys¬ 
tem  and  by  bumping  the  beam  close  to  the  wall  to  create  electrons 
that  may  induce  the  instability.  Our  recent  theoretical  study  cov¬ 
ers  a  simple  simulation  of  the  e-p  instability,  a  study  of  possible 
electron  trapping  in  the  magnetic  field  of  the  focusing  elements, 
and  an  estimation  of  the  secondary  emission  of  electrons  from 
protons  lost  in  the  ring.  This  paper  reports  some  of  the  progress 
made  in  these  recent  studies. 
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II.  EXPERIMENTAL  OBSERVATIONS 

A.  Electron  Clearing 

Since  a  charge-change  injection  method  with  foil  stripping  is 
used  in  the  PSR,  we  believed  that  the  injection  section  should 
have  more  electrons  than  other  part  of  the  ring.  Recently  an  ex¬ 
perimental  clearing  system,  including  two  pairs  of  electrodes, 
two  bending  magnets  for  directing  the  convoy  electrons  from  the 
stripping  process,  and  an  injection  foil  biasing  capability,  was 
implemented  in  this  section  to  study  the  effect  of  electron  clear¬ 
ing  on  the  beam  stability.  The  system  setup  and  the  experimental 
details  are  reported  in  a  separate  paper  [9]. 

The  results  of  applying  this  clearing  system  to  the  beam  appar¬ 
ently  depends  on  the  machine  and  beam  conditions.  In  the  most 
effective  case,  we  have  observed  a  more  than  20%  increase  of 
the  instability  threshold  current  of  a  continuous  coasting  beam. 
In  this  case,  we  only  applied  moderate  biasing  voltages  on  the 
foil  and  clearing  electrodes.  For  bunched  beams,  we  have  tried 
higher  voltages  on  the  foil  and  the  clearing  electrodes;  we  found 
no  significant  effect  on  the  instability  threshold,  except  that  the 
growth  rate  of  the  instability  was  lowered.  A  lack  of  sufficient 
machine  development  time  did  not  allow  more  thorough  studies 
on  the  bunched  beam.  Nonetheless,  the  results  of  this  experiment 
do  provide  strong  support  to  the  e-p  assumption. 

B.  Electron  Collection 

We  performed  the  experiments  of  electron  collection  by  using 
the  plates  of  the  clearing  electrodes  in  the  injection  Section  and 
the  pinger  in  Section  3  as  electron  collectors.  Synchronized  sig¬ 
nals  from  the  collectors  and  the  wall  current  monitor  or  the  BPM 
were  recorded  and  studied. 

In  the  coasting-beam  experiments,  we  observed  a  large  cur¬ 
rent  collected  by  the  pinger  electrodes  during  the  later  stage  of 
the  storage.  When  the  stored  beam  went  unstable,  we  observed 
that  the  loss  of  beam  current  was  preceded  by  a  sudden  rise  in 
the  pinger  current.  In  the  bunched  mode,  when  the  stored  beam 
was  marginally  stable,  we  found  the  collected  currents  from  the 
pinger  and  from  the  clearing  electrodes  increased  with  the  ampli¬ 
tude  of  the  vertical  oscillation.  For  unstable  bunched  beams,  we 
observed  that  the  loss  of  beam  current  is  always  accompanied  by 
a  fast  increase  in  the  current  collected  on  the  pinger  electrodes. 

C.  Beam  Bump  Experiment 

The  purpose  of  this  experiment  was  to  prove  that  an  excessive 
amount  of  the  secondary  electrons  generated  by  the  protons  lost 
to  the  wall  can  induce  the  e-p  instability.  A  similar  experiment 
was  carried  out  some  years  ago  by  moving  a  beam  scraper  close 
to  the  core  of  the  beam  to  generate  secondary  electrons  to  induce 
the  instability. 

We  created  a  horizontal  beam  bump  in  Section  3  of  the  ring 
where  a  pinger  was  used  as  an  ion  chamber  to  collect  the  sec¬ 
ondary  electrons.  A  fast  instability  was  observed  when  the  or¬ 
bit  was  bumped  to  more  than  a  half  centimeter  toward  the  ring 
center.  When  we  bumped  the  orbit  away  from  the  ring  center, 
the  stored  beam  remained  stable  up  to  more  than  one  centimeter 
of  bump.  The  pinger  collected  a  substantial  amount  of  current 
when  the  beam  was  stable,  and  a  large  amount  of  current  when 


the  beam  was  unstable.  The  stability  property  of  the  beam  ob¬ 
served  in  this  experiment  is  consistent  with  results  of  the  beam 
scraping  experiment  before. 

III.  THEORETICAL  STUDY 

A.  Instability  Simulation 

A  simple  computer  simulation  of  the  e-p  instability  in  a  long 
proton  bunch  has  been  performed  by  numerically  solving  the 
equations  of  motion  for  the  centroid  of  the  proton  beam  and 
the  centroid  of  the  trapped  electrons.  A  preliminary  result  has 
been  reported  earlier.  Recent  studies  include  using  refined  line- 
density  models,  investigating  the  effects  of  the  AG  focusing  and 
noise,  and  a  study  of  the  BPM  signal.  Details  are  documented  in 
a  separate  paper  [8]  and  in  an  internal  report  [10]. 

B.  Electron  Trapping  Study  [II ] 

The  partial  success  in  stabilizing  the  beam  by  gap  sweep¬ 
ing  with  the  pinger  motivated  the  search  for  other  mechanisms 
besides  gap-filling,  for  multi-turn  trapping  of  electrons  in  the 
PSR.  A  recent  study  investigated  the  possibility  that  electrons 
could  be  trapped  in  the  field  of  lattice  quadrupoles.  Computer 
tracking  of  the  electron  motion  in  the  combined  quadrupole  and 
beam  fields  indicates  that  a  fraction  of  the  electrons  generated 
in  the  quadrupole  region,  including  the  gas  ionization  and  sec¬ 
ondary  emission,  can  be  trapped  in  the  quadrupole  field  over 
several  turns.  The  total  amount  of  electrons  trapped  in  all  the 
quadrupoles  can  possibly  reach  a  few  percent  of  the  amount  of 
the  protons  stored,  enough  to  trigger  the  e-p  instability  in  the 
PSR. 

C.  Study  on  Possible  Electron  Source  [12] 

We  have  studied  the  possibility  of  secondary  electrons  gener¬ 
ated  by  the  protons  lost  to  walls  as  an  electron  source  in  the  PSR. 
In  this  estimate,  we  applied  Stemglass’  theory  [13]  on  the  yield 
of  secondary  emission.  We  found  that  the  yield  for  the  secondary 
emission  in  the  PSR,  due  to  a  proton  lost  to  the  beam  pipe,  is 
about  200.  Using  the  experimental  data  of  beam  loss  in  the  PSR, 
and  the  theoretically  estimated  yield,  we  inferred  that  the  elec¬ 
trons  generated  in  one  accumulation  cycle  in  a  typical  PSR  pro¬ 
duction  condition  is  about  230  nC.  The  charge  collected  by  using 
the  pinger  as  an  ion  chamber,  ranges  from  90  to  550  nC,  Thus, 
the  estimated  electron  production  is  in  the  range  of  the  measured 
data.  This  implies  that  the  secondary  emission  due  to  the  lost 
proton  can  be  a  significant  electron  source  in  the  PSR. 

IV.  SUMMARY  AND  CONCLUSIONS 

Our  recent  experiments  included  electron  clearing  in  the  in¬ 
jection  section,  electron  collection,  and  beam  bumping  for  in¬ 
ducing  the  instability.  Our  recent  theoretical  study  covers  insta¬ 
bility  simulation,  a  study  of  multi-turn  electron  trapping  in  the 
quadrupole  filed,  and  a  study  of  secondary  emission  as  a  possible 
electron  source.  Results  from  our  recent  experimental  and  theo¬ 
retical  studies  further  confirm  that  the  observed  instability  in  the 
PSR  is  an  e-p  instability.  Based  on  these  observations  and  the  re¬ 
sults  from  other  experiments  as  well  as  theoretical  estimations, 
we  tend  to  conclude  that  secondary  emission  could  be  one  of  the 
major  electron  sources  in  the  PSR.  If  this  is  true,  a  hypothesis  for 
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creating  the  large  amount  of  electrons  collected  in  the  PSR  can 
be  conjectured:  Initially,  any  small  perturbation  can  start  a  rel¬ 
ative  oscillation  between  the  injected  protons  and  the  electrons 
created  due  to  injection,  gas  ionization,  and  secondary  electrons 
produced  by  lost  protons.  This  oscillation  together  with  the  in¬ 
creasing  beam  emittance  due  to  the  repetitive  scattering  by  the 
injection  foil  cause  proton  loss  and  the  production  of  more  sec¬ 
ondary  electrons  around  the  ring.  These  secondary  electrons,  in 
turn  can  increase  the  beam  oscillation  to  cause  more  proton  loss. 
Thus,  the  beam  oscillation  and  the  secondary  emission  of  elec¬ 
trons  due  to  the  lost  protons  mutually  enhance  each  other  to  in¬ 
crease  the  amount  of  electrons  in  the  ring  above  the  threshold  of 
the  e-p  instability. 

We  plan  to  upgrade  the  beam  injection  section  of  the  PSR  to 
improve  the  quality  of  the  injected  proton  beam  for  reducing  the 
proton  loss  and  machine  activation.  This  upgrade  may  change 
the  characteristics  of  the  beam  stability  in  the  PSR  and  lead  to 
a  better  understanding  of  the  instability.  Understanding  this  in¬ 
stability  and  methods  of  controlling  it  have  fundamental  impor¬ 
tance  in  both  the  future  operation  of  the  PSR  and  the  design  of  the 
next  generation  of  accelerator-driven  spallation-neutron  sources. 
Study  of  the  PSR  instability  will  be  continued  in  the  future. 
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Abstract 

Beam  halo  is  an  important  issue  for  accelerator  driven  trans¬ 
mutation  technologies  and  other  applications  of  CW  proton  ac¬ 
celerators.  These  projects  include,  for  example,  the  accelerator 
transmutation  of  waste,  accelerator-based  conversion  of  pluto¬ 
nium,  accelerator  production  of  tritium,  and  the  development  of 
a  next-generation  spallation  neutron  source.  To  keep  radioacti¬ 
vation  within  acceptable  limits  these  accelerators  must  operate 
with  a  very  low  beam  loss  (less  than  a  nanoampere  per  meter). 
Beam  loss  is  associated  with  the  presence  of  a  low  density  halo 
far  from  the  beam  core.  Understanding  the  physics  of  halo  pro¬ 
duction  and  determining  methods  to  control  beam  halo  are  im¬ 
portant  to  these  projects.  In  recent  years  significant  advances 
have  been  made,  both  analytically  and  computationally.  In  the 
following  we  describe  recent  developments  in  beam  halo  the¬ 
ory  and  simulation,  including  results  from  multi-million  particle 
simulations. 

1.  THE  BEAM  HALO  ISSUE 

Beam  halo  is  an  important  issue  for  many  proposed  projects 
including  the  accelerator  transmutation  of  waste  (ATW), 
accelerator-based  conversion  of  plutonium  (ABC),  accelerator 
production  of  tritium  (APT),  and  the  development  of  next- 
generation  accelerator-driven  spallation  neutron  sources.  All  of 
these  projects  utilize  proton  linacs  with  currents  of  order  100 
mA  and  energies  of  order  1  GeV.  Small  beam  losses  in  the  linac 
and  in  the  high  energy  beam  transport  section  following  the  linac 
can  produce  radioactivation  which  can  degrade  accelerator  com¬ 
ponents  and  hinder  or  prevent  hands-on  maintenance.  Much 
beam  loss  is  due  to  the  formation  and  interception  of  a  low  den¬ 
sity  beam  halo  at  a  large  radial  distance  (4  or  more  times  the  rms 
beam  radius)  from  the  beam  core.  At  1  GeV,  losses  must  be  kept 
below  1  nA/m  (preferably  0.1  nA/m)  so  that  hands-on  mainte¬ 
nance  can  be  performed  shortly  after  accelerator  shutdown.  To 
design  accelerators  in  this  ultra-low  loss  regime  we  must  under¬ 
stand  the  causes  of  beam  halo. 

IL  THE  PARTICLE-CORE  MODEL  IN  A 
CONSTANT  FOCUSING  CHANNEL 

Early  studies  of  mismatched  charged  particle  beams  showed 
that  such  beams  could  undergo  emittance  growth  and  develop  a 
large  halo  surrounding  the  beam  core  [1][2].  Beam  mismatch  is 
now  believed  to  be  a  major  source  of  halo  formation.  A  popu¬ 
lar  model  used  to  study  beam  halo  is  the  particle-core  model  of 
halo  evolution[3]-[8].  In  this  model  halo  particles  interact  with 
a  beam  core  that  is  assumed  to  oscillate  because  of  an  initial  ra- 
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dial  mismatch;  the  fields  inside  the  core  are  roughly  proportional 
to  r  (in  the  two-dimensional  case),  while  they  are  inversely  pro¬ 
portional  to  r  outside  the  core.  Thus,  a  halo  particle  moving 
in  and  out  of  the  core  sees  a  strongly  time-dependent  nonlin¬ 
ear  field  superposed  on  a  linear  external  focusing  field.  As  one 
might  imagine  such  a  system  exhibits  a  variety  of  dynamical 
phenomena  including  chaos.  In  the  particle-core  model  the  core 
is  assumed  to  have  a  radial  density  profile  that  does  not  change 
except  in  an  rms  sense.  In  other  words,  the  beam  is  always  a 
KV  distribution,  or  always  a  Gaussian,  etc.,  but  the  rms  size  of 
the  beam  is  allowed  to  change  in  accord  with  the  rms  envelope 
equations.  In  addition  to  this  approximate  treatment  of  the  core, 
the  model  is  not  self-consistent  since  the  halo  particles  do  not 
affect  the  motion  of  the  core.  However,  as  will  be  shown  below 
results  from  the  particle-core  model  are  in  excellent  agreement 
with  results  from  high  resolution  particle  simulations.  A  useful 
way  to  study  this  model  is  to  make  a  stroboscopic  plot,  in  which 
test  particles  are  plotted  once  each  cycle  of  the  core  oscillation. 
(This  technique  was  first  used  in  halo  studies  by  Lagniel  [4][5].) 
As  an  example,  consider  the  case  of  a  mismatched  KV  beam. 
Figure  1  shows  a  stroboscopic  plot  of  32  test  particles  that  were 
initialized  with  16  on  the  a?-axis  and  16  on  the  p^^-axis.  The 
main  features  of  the  plot  are:  (1)  a  central  region  that  has  an  ex¬ 
tent  somewhat  larger  than  the  core  radius;  (2)  a  large  amplitude 
region  where  particles  exhibit  betatron  motion  perturbed  by  the 
core  space  charge;  (3)  a  period-2  resonant  region  associated  with 
the  fixed  points  to  the  left  and  right  of  the  central  region;  and 
(4)  a  separatrix  with  an  inner  branch  that  encloses  the  central 
region  and  outer  branches  that  separate  the  period-2  resonance 
from  the  betatron-like  trajectories.  The  period-2  resonance  is 
a  parametric  resonance  corresponding  to  the  fact  that  resonant 
particles  have  an  oscillation  frequency  which  is  one  half  the  en¬ 
velope  frequency,  as  has  been  shown  analytically  by  Gluckstem 
[7].  In  Figure  1  the  separatrix  is  actually  a  narrow  chaotic  band, 
and  the  outer  edge  of  the  band  has  the  approximate  shape  of  a 
peanut.  This  “peanut  diagram”  provides  a  useful  picture  for  de¬ 
scribing  halo  formation:  if  particles  in  an  initially  well-defined 
core  reach  the  separatrix  (by  transport  mechanisms  not  included 
in  the  model),  then  they  will  be  carried  to  large  amplitudes  along 
the  outer  branch  of  the  separatrix.  Also,  since  a  real  beam  would 
not  have  an  exactly  uniform  core,  the  injected  beam  could  al¬ 
ready  have  a  low  density  tail  that  extends  into  the  resonance  re¬ 
gion,  and  under  the  dynamics  of  the  model  these  particles  would 
would  be  carried  to  large  amplitude  and  form  a  halo. 

Despite  its  simplicity,  the  particle-core  model  in  a  constant  fo¬ 
cusing  channel  predicts  a  maximum  halo  amplitude  that  is  in  ex¬ 
cellent  agreement  with  high  resolution  particle  simulations  run 
on  the  CM-5  massively  parallel  computer  at  the  Los  Alamos 
Advanced  Computing  Laboratory  [9].  Figure  2  shows  particle 
simulation  results  for  a  mismatched  KV  beam  having  the  same 
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Figure  1.  Stroboscopic  phase  space  plot  based  on  the  particle- 
core  model  with  a  tune  depression  of  0.5  and  an  initial  radius 
0.62  times  the  matched  radius.  The  location  of  32  test  particles 
is  plotted  every  time  the  beam  envelope  reaches  a  minimum,  for 
a  total  of  1000  oscillations. 

parameters  as  Figure  1  (a  tune  depression  of  0.5  and  an  initial 
beam  size  that  is  0.62  times  the  matched  value).  Though  the 
initial  distribution  has  the  property  that  it  is  uniform  in 
space,  it  is  unstable  for  the  parameters  chosen,  and  the  resulting 
phase  space  of  Figure  2  is  highly  nonuniform.  (The  threshold 
for  this  instability  has  recently  been  determined  analytically  by 
Gluckstem  and  his  colleagues  [10].)  The  first  curve  bounding 
the  chaotic  band  in  Figure  1  is  also  shown  in  Figure  2  for  com¬ 
parison.  The  CM-5  results  show  that  for  this  simple  configu¬ 
ration  (an  axially  symmetric  beam  in  a  constant  focusing  chan¬ 
nel)  the  maximum  particle  amplitudes  are  in  excellent  agree¬ 
ment  with  the  amplitude  of  the  separatrix  in  the  particle-core 
model. 

III.  THE  PARTICLE-CORE  MODEL  IN  A 
QUADRUPOLE  CHANNEL 

The  application  of  the  particle-core  model  to  a  periodic  fo¬ 
cusing  channel  is  much  more  complicated  than  in  a  constant  fo¬ 
cusing  channel:  In  a  constant  focusing  channel  there  is  one  fre¬ 
quency  driving  the  dynamics,  namely  the  frequency  of  the  os¬ 
cillating  core;  the  same  is  true  for  a  matched  beam  in  a  periodic 
transport  system.  But  a  mismatched  beam  in  a  periodic  chan¬ 
nel  does  not  normally  oscillate  at  a  single  frequency,  and  this 
means  that  stroboscopic  plots,  which  were  so  useful  in  illumi¬ 
nating  the  underlying  physics  in  the  constant  focusing  case  (e.g. 
the  period-2  resonance)  are  not  as  applicable  here.  It  should  be 
noted,  however,  that  if  one  linearizes  the  mismatch  then  it  is  pos¬ 
sible  to  excite  a  single  “even”  or  “odd”  mode  by  a  careful  choice 
of  initial  conditions.  This  has  been  done  by  Lagniel  [11]. 

In  the  case  of  a  matched  beam  with  little  or  moderate  tune 
depression,  i.e.  a  tune  depression  between  1  (no  space  charge) 
and  0.5,  the  envelope  flutter  does  not  appear  to  be  a  source  of 
halo  formation.  Consider  for  example  a  matched  KV  beam  in  a 
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Figure  2.  Beam  phase  space  from  a  2  million  particle  simula¬ 
tion  on  the  CM-5  (65536  points  are  plotted).  The  outer  peanut¬ 
shaped  set  of  points  were  obtained  from  the  particle-core  model. 
The  CM-5  results  show  that,  for  this  configuration  (an  axially 
symmetric  beam  in  a  constant  focusing  channel),  the  particle- 
core  model  provides  a  good  estimate  of  the  maximum  particle 
amplitudes. 

FODO  channel  with  a  zero-current  phase  advance  per  focusing 
period  of  70  degrees/cell  which  is  depressed  by  space  charge  to 
35  degrees/cell.  A  stroboscopic  plot  for  a  collection  of  test  par¬ 
ticles  in  such  a  system  is  shown  in  Figure  3;  the  data  points  are 
recorded  at  the  center  of  each  horizontally  focusing  quadrupole 
where  the  matched  horizontal  beam  size  is  a^edge  =  4.6mm  (i.e. 
ajrms  =  2.3mm).  It  is  clear  that  the  period-2  resonant  structure 
is  not  present  in  this  case.  Though  other  resonances  and  weak 
chaos  are  present,  they  do  not  provide  a  path  by  which  particles 
can  be  transported  to  large  amplitudes.  Figure  4  shows  particle 
simulation  results  for  an  initially  rms  matched  Gaussian  beam 
in  this  channel  after  22  periods.  A  large  amplitude  halo  is  not 
present.  In  contrast.  Figure  5  shows  the  situation  when  the  ini¬ 
tial  beam  has  the  horizontal  and  vertical  rms  envelopes  too  small 
by  a  factor  of  0.6.  Now  a  significant  halo  is  present.  It  is  worth 
noting  that  in  the  matched  case  the  emittance  growth  (due  to 
charge  redistribution)  is  only  6%,  while  in  the  mismatched  case 
it  is  approximately  a  factor  of  2. 

Since  most  of  the  projects  mentioned  previously  will  oper¬ 
ate  with  somewhat  modest  space  charge  (i.e.  tune  depressions 
greater  than  0.5)  envelope  flutter  in  matched  beams  is  not  ex¬ 
pected  to  cause  halo  formation.  However,  it  is  important  to 
note  that,  in  the  more  space  charge  dominated  regime,  matched 
beams  in  FODO  channels  can  in  fact  develop  halos  [12].  This 
has  important  ramifications  for  heavy  ion  fusion  drivers. 

IV.  NUMERICAL  MODELING  OF  BEAM  HALO 
USING  MASSIVELY  PARALLEL 
PROCESSORS 

For  many  of  the  projects  mentioned  above  the  fraction  of  par¬ 
ticles  lost  in  the  accelerator  must  be  kept  below  one  part  in  10^. 
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Figure  3.  Stroboscopic  phase  space  plot  based  on  the  particle- 
core  model  for  a  matched  KV  beam  in  a  quadrupole  channel. 
Zero-current  phase  shift/cell  and  depressed  phase  shift/cell  are 
(To  =  70  deg,  cr  =  35  deg,  respectively. 
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Figure  5.  Simulation  results  showing  the  beam  phase  space  af¬ 
ter  22  focusing  periods  in  a  FODO  channel.  The  initial  distri¬ 
bution  is  an  rms  mismatched  Gaussian  beam,  (ctq  =  70  deg, 
cT  =  35  deg) 
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Figure  4.  Simulation  results  showing  the  beam  phase  space  after 
22  focusing  periods  in  a  FODO  channel.  The  initial  distribution 
is  an  rms  matched  Gaussian  beam.  ((Tq  =  70  deg,  cr  =  35  deg) 

This  suggests  that  one  would  like  to  perform  numerical  simu¬ 
lations  with  at  least  10^  particles:  If  the  simulation  resulted  in 
there  being  100  particles  in  the  halo  (corresponding  to  a  frac¬ 
tional  loss  of  10”^),  then  the  error  associated  with  that  num¬ 
ber  would  be  roughly  l/\/100  =  10%,  which  is  adequate  for 
beam  halo  studies.  (Of  course,  one  has  to  question  whether 
or  not  the  codes  contain  all  the  relevant  physics  needed  to  ac¬ 
curately  predict  halo  formation.)  Such  large  scale  simulations 
are  well  suited  to  massively  parallel  processors.  Particle  sim¬ 
ulation  codes  that  are  used  to  study  beam  halo  have  been  de¬ 
veloped  for  the  CM-5  at  the  Los  Alamos  Advanced  Comput¬ 
ing  Laboratory  [13].  The  codes  perform  numerical  integration 


of  the  particles’  equations  of  motion  using  a  second  order  or 
fourth  order  symplectic  integration  algorithm  [14]  [15].  In  a  one¬ 
dimensional  (radially  symmetric)  version  of  the  code  the  space 
charge  field  is  found  using  Gauss’s  law,  and  it  involves  simply 
using  a  mathematical  library  routine  for  ordering  the  particles  in 
radius.  In  two-  and  three-dimensional  Particle-In-Cell  versions 
of  the  codes  an  area  weighting  scheme  is  used  for  the  charge 
deposition  and  field  interpolation;  for  performance  reasons  this 
is  implemented  using  a  somewhat  complicated  scheme  that  was 
originally  developed  for  cosmological  simulations  [16]. 

Besides  using  particle  simulations,  it  is  possible  to  solve 
the  Vlasov/Poisson  equations  directly,  and  this  has  also  been 
implemented  on  the  CM-5  in  one  and  two  dimensions.  A 
Vlasov/Poisson  code  solves  the  equation 

^  +  {p-ds)f-{VV-df)f  =  0,  (1) 

where  /(C,  t)  is  a  distribution  function  on  phase  space  (C  = 
{XjP)).  The  potential  is  a  sum  of  an  externally  applied 
potential  and  a  space  charge  potential  which  is  obtained  self- 
consistently  firom  Poisson’s  equation.  To  solve  this  equa¬ 
tion  on  the  CM-5,  we  utilize  a  spectral  method  coupled  with 
split-operator  symplectic  integration  algorithms  [14].  For  ex¬ 
ample,  a  second-order  accurate  stepping  algorithm  for  the 
Vlasov/Poisson  equation  is  given  by 

/(C,f)=M(i)/(C,^  =  0).  (2) 

where  the  mapping  M  is  given  by 

M{i)  =  (3) 

In  the  context  of  symplectic  integration  algorithms,  Yoshida 
showed  how  to  take  an  algorithm  of  order  2n  and  use  it  to  con¬ 
struct  an  algorithm  of  order  2n  -h  2  [  15].  For  example,  the  above 
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second-order  algorithm  can  be  used  to  construct  a  fourth  order 
algorithm, 

f{c,t)  =  M{zot)M{zit)M{zot)f{(:;,t  =  0),  (4) 

where 

21/3 


Output  from  a  two  dimensional  Vlasov/Poisson  code  is  shown 
in  Figure  6.  The  initial  distribution  was  a  Gaussian  in  four- 
dimensional  phase  space  that  was  mismatched  into  a  quadrupole 
channel.  The  simulation  utilized  a  128"^  grid  for  a  total  of  268 
million  grid  points. 


Figure  6.  Output  from  a  direct  Vlasov/Poisson  simulation  per¬ 
formed  on  the  CM-5  showing  the  beam  density  at  one  location  in 
a  quadrupole  channel.  The  four-dimensional  distribution  func¬ 
tion  was  integrated  over  momenta  to  obtain  the  beam  density  on 
a  128x128  grid. 


V.  THREE  DIMENSIONAL  MODELING  OF  RF 
LINACS 

Most  beam  halo  studies  have  previously  dealt  with  one-  and 
two-dimensional  systems.  In  the  future  it  will  be  important  to 
model  beam  halo  in  linacs  in  three  dimensions.  High  resolution 
simulations  should  utilize  a  few  times  10^  particles  and  a  three- 
dimensional  grid  (for  space  charge  calculations)  whose  size  is 
roughly  256^;  this  is  based  on  the  assumption  that,  if  the  beam 
occupies  some  reasonable  fraction  of  the  grid  points  (e.g.  one 
half)  then  there  will  be  a  few  particles  per  grid  point,  as  has 
been  found  to  be  adequate  for  modeling  intense  beams  with  PIC 
codes.  (It  is  interesting  to  note,  however,  that  for  gravitational 
N-body  codes  used  to  model  large  scale  structure  formation  in 
the  early  universe  one  normally  requires  only  1/8  particle  per 
grid  point.) 

Recently  there  has  been  much  progress  in  modeling  rf  linacs, 
including  accurate  treatment  of  the  dynamics  in  the  rf  gaps 
[18][19][20].  Also,  even  when  there  is  acceleration  it  is  still 
possible  to  use  split  operator  symplectic  integration  algorithms 
to  evolve  the  particles,  but  it  is  useful  to  perform  an  additional 
transformation  on  the  Hamiltonian  before  applying  the  algo¬ 
rithm.  For  example,  suppose  the  vector  potential  for  an  rf  gap  is 
given  by 

.  eUz)  .  . 

+  0) 

ZUJcx 

siii(w„<  +  e)  (9) 

£>(jJoc 

A.  =  -  J-{e(z)  -  Y[e"{z)  +  ^e{z)]}sm{o,,t  +  6), 

U/cK  ^  C 

where  e{z)  denotes  the  spatial  part  of  the  electric  field  at  r  =  0, 

Ez{r  =  0)  =  e{z)cos{cJat  +  0),  (10) 

and  where  a  prime  denotes  d/dz.  Then  the  transformed  Hamil¬ 
tonian  for  a  system  consisting  of  magnetic  quadrupoles  and  rf 
gaps,  paraxial  in  the  external  fields,  is  given  by  if  =  + 

-h  Hsc,  where 


Though  this  paper  emphasizes  modeling  beam  halo,  it  is 
worth  pointing  out  that  this  approach  can  be  applied  to  several 
other  classical  and  quantum  systems.  For  example,  the  Vlasov 
code  can  be  modified  to  study  gravitating  systems.  Also,  to 
model  the  Schrodinger  equation, 

a  second-order  algorithm  is  given  by 

f  =  0).  (8) 

In  fact,  this  is  precisely  the  algorithm  used  by  Feit  and  Heck 
to  study  a  variety  of  quantum  systems,  including  the  vibrational 
energy  levels  of  triatomic molecules  [17].  Using  Yoshida’s  tech¬ 
nique,  it  is  in  principle  possible  to  obtain  high  order  Schrodinger 
codes,  and  a  fourth  order  Schrodinger  code  has  already  been  de¬ 
veloped  for  the  CM-5.  Similar  codes  for  evolving  the  density 
matrix  and  the  Wigner  distribution  function,  both  in  the  absence 
and  presence  of  dissipation  and  noise,  have  also  been  developed. 


H^  = 

1  l^x  -.0 

^  ~  2 

+  o  ®  > 

2Po 

(11) 

Hy  = 

1-2  ,  i^~2 
2  ^ 

~J2 

9  y  y 

^Po 

(12) 

H^  = 

(13) 

(14) 

In  the  above  equations  gm  denotes  the  magnetic  quadrupole  gra¬ 
dient,  ^  denotes  the  space  charge  potential,  /  is  a  scale  length, 
and  po  is  the  momentum  of  the  synchronous  particle.  The  quan¬ 
tities  Qa;,  fij/*  ^4>  given  by 


Oj;  -  fiy 


{q/mc^){uj„/c) 
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where  /?©  and  7^  are  the  relativistic  factors  on  the  synchronous 
trajectory,  and  where  <t>s  =  iOa^oi^)  +  ^  is  the  phase  of  the  syn¬ 
chronous  particle.  The  above  single  particle  Hamiltonian  was 
used  as  a  starting  point  for  deriving  three-dimensional  envelope 
equations  in  rf  linacs,  and  this  was  in  turn  used  to  develop  a 
procedure,  based  on  a  Hamiltonian  formulation  of  the  envelope 
equations,  to  find  matched  beams  in  rf  linacs  [21].  The  con¬ 
cept  of  an  envelope  Hamiltonian  has  also  been  used  in  analytical 
studies  of  halo  formation  [22], [23]. 


[18]  R.  Ryne,  Los  Alamos  Report  LA-UR-95-1523,  April 
1995. 
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[22]  S.  Lee  and  A.  Riabko,  Phys,  Rev.  E  51,  p.  1609  (1995). 
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VI.  SUMMARY 

Much  has  been  learned  about  the  physics  of  beam  halo,  both 
from  a  theoretical  and  computational  viewpoint.  Most  impor¬ 
tantly,  beam  mismatch  has  been  identified  as  a  major  source  of 
beam  halo.  The  particle-core  model  predicts  a  maximum  halo 
extent  which  is  in  excellent  agreement  with  multi-million  par¬ 
ticle  simulations.  Also,  it  has  been  found  that  envelope  flutter 
associated  with  alternating  gradient  channels  is  not  a  significant 
source  of  halo  formation.  Previous  work  has  emphasized  one- 
and  two-dimensional  analysis  and  modeling  of  beam  halo.  In 
the  future,  more  difficult  three-dimensional  issues  will  have  to 
be  addressed. 
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Abstract 

The  acceleration  of  polarized  proton  beams  in  circular  acceler¬ 
ators  is  complicated  by  the  presence  of  numerous  depolarizing 
spin  resonances.  Careful  and  tedious  minimization  of  polariza¬ 
tion  loss  at  each  of  these  resonances  allowed  acceleration  of  po¬ 
larized  proton  beams  up  to  22  GeV.  It  has  been  the  hope  that 
Siberian  Snakes,  which  are  local  spin  rotators  inserted  into  ring 
accelerators,  would  eliminate  these  resonances  and  allow  accel¬ 
eration  of  polarized  beams  with  the  same  ease  and  efficiency  that 
is  now  routine  for  unpolarized  beams.  First  tests  at  lUCF  with  a 
full  Siberian  Snake  showed  that  the  spin  dynamics  with  a  Snake 
can  be  understood  in  detail.  We  now  have  results  of  the  first  tests 
of  a  partial  Siberian  Snake  at  the  AGS,  accelerating  polarized 
protons  to  an  energy  of  about  25  GeV.  These  successful  tests  of 
storage  and  acceleration  of  polarized  proton  beams  open  up  new 
possibilities  such  as  stored  polarized  beams  for  internal  target  ex¬ 
periments  and  high  energy  polarized  proton  colliders. 

L  INTRODUCTION 

The  acceleration  of  polarized  beams  in  circular  accelerators 
is  complicated  by  the  presence  of  numerous  depolarizing  reso¬ 
nances.  During  acceleration,  a  depolarizing  resonance  is  crossed 
whenever  the  spin  precession  frequency  equals  the  frequency 
with  which  spin-perturbing  magnetic  fields  are  encountered. 
There  are  two  main  types  of  depolarizing  resonances  corre¬ 
sponding  to  the  possible  sources  of  such  fields :  imperfection  res¬ 
onances,  which  are  driven  by  magnet  errors  and  misalignments, 
and  intrinsic  resonances,  driven  by  the  focusing  fields. 

The  resonance  conditions  are  usually  expressed  in  terms  of  the 
spin  tune  i/g  >  which  is  defined  as  the  number  of  spin  precessions 
per  revolution.  For  an  ideal  planar  accelerator,  where  orbiting 
particles  experience  only  the  vertical  guide  field,  the  spin  tune 
is  equal  to  where  G  =  1.7928  is  the  anomalous  mag¬ 

netic  moment  of  the  proton  and  7  is  the  relativistic  Lorentz  fac¬ 
tor.  The  resonance  condition  for  imperfection  depolarizing  res¬ 
onances  arise  when  =  G7  =  n,  where  n  is  an  integer.  Imper¬ 
fection  resonances  are  therefore  separated  by  only  523  MeV  en¬ 
ergy  steps.  The  condition  for  intrinsic  resonances  is  i/g  =  G7  = 
kP±i/y ,  where  is  an  integer,  i/y  is  the  vertical  betatron  tune  and 
P  is  the  superperiodicity.  For  the  AGS,  P  =  12  and  z/j^  «  8.8. 
For  most  of  the  time  during  the  acceleration  cycle,  the  precession 
direction,  or  stable  spin  direction,  coincides  with  the  main  verti¬ 
cal  magnetic  field.  Close  to  a  resonance,  the  stable  spin  direction 
is  perturbed  away  from  the  vertical  direction  by  the  resonance 
driving  fields.  When  a  polarized  beam  is  accelerated  through  an 
isolated  resonance,  the  final  polarization  can  be  calculated  ana- 
lytically[2]  and  is  given  by 

?r|gp 

P}/Pi  =  2e—^  -  1, 
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where  Pi  and  Pf  are  the  polarizations  before  and  after  the  reso¬ 
nance  crossing,  respectively,  e  is  the  resonance  strength  obtained 
from  the  spin  rotation  of  the  driving  fields,  and  a  is  the  change 
of  the  spin  tune  per  radian  of  the  orbit  angle.  When  the  beam 
is  slowly  (a  jel^)  accelerated  through  the  resonance,  the 
spin  vector  will  adiabatically  follow  the  stable  spin  direction  re¬ 
sulting  in  spin  flip.  However,  for  a  faster  acceleration  rate  par¬ 
tial  depolarization  or  partial  spin  flip  will  occur.  Traditionally, 
the  intrinsic  resonances  are  overcome  by  using  a  betatron  tune 
jump,  which  effectively  makes  a  large,  and  the  imperfection  res¬ 
onances  are  overcome  with  the  harmonic  corrections  of  the  ver¬ 
tical  orbit  to  reduce  the  resonance  strength  e[3].  At  high  energy, 
these  traditional  methods  become  difficult  and  tedious. 

By  introducing  a  ’Siberian  Snake’  [4],  which  is  a  180®  spin 
rotator  of  the  spin  about  a  horizontal  axis,  the  stable  spin  direc¬ 
tion  remains  unperturbed  at  all  times  as  long  as  the  spin  rotation 
from  the  Siberian  Snake  is  much  larger  than  the  spin  rotation  due 
to  the  resonance  driving  fields.  Therefore  the  beam  polarization 
is  preserved  during  acceleration.  An  alternative  way  to  describe 
the  effect  of  the  Siberian  Snake  comes  from  the  observation  that 
the  spin  tune  with  the  Snake  is  a  half-integer  and  energy  inde¬ 
pendent.  Therefore,  neither  imperfection  nor  intrinsic  resonance 
conditions  can  ever  be  met  as  long  as  the  betatron  tune  is  differ¬ 
ent  from  a  half-integer. 

Such  a  spin  rotator  can  be  constructed  by  using  either 
solenoidal  magnets  or  a  sequence  of  interleaved  horizontal  and 
vertical  dipole  magnets  producing  only  a  local  orbit  distortion. 
Since  the  orbit  distortionis  inversely  proportional  to  the  momen¬ 
tum  of  the  particle,  such  a  dipole  snake  is  particularly  effective 
for  high-energy  accelerators,  e.g.  energies  above  about  30  GeV. 
For  lower-energy  synchrotrons,  such  as  theFermilab  booster  and 
the  Brookhaven  AGS  with  weaker  depolarizing  resonances,  a 
partial  snake[5],  which  rotates  the  spin  by  less  than  180®,  is  suf¬ 
ficient  to  keep  the  stable  spin  direction  unperturbed  at  the  imper¬ 
fection  resonances. 

IL  lUCF  SIBERIAN  SNAKE  TESTS 

The  lUCF  Cooler  ring  operates  at  a  kinetic  proton  beam  en¬ 
ergy  between  AQ  MeV  and  500  M eV^  which  spans  two  spin  res¬ 
onances:  Gj  =  2  and  Gj  =  7  —  i/y.  The  low  energy  and  the 
availability  of  long  straight  sections  and  also  of  polarized  pro¬ 
ton  beam  made  this  ring  ideal  for  a  first  proof-of-principle  test  of 
Siberian  Snakes.  A  solenoidal  spin  rotator  was  installed  that  was 
capable  of  rotating  the  spin  by  180®  around  the  beam  direction 
and  a  internal  target  and  a  detector  with  full  azimuthal  coverage. 
Over  the  course  of  many  detailed  experiments  it  was  clearly  es¬ 
tablished  that  the  spin  dynamics  and ,  in  particular,  the  spin  tune 
of  a  stored  polarized  beam  can  be  manipulated  using  a  local  spin 
rotator.  Most  significantly  the  spin  tune  is  indeed  a  half-integer 
with  a  full  Siberian  Snake  as  is  shown  in  Fig.  1,  To  measure 
the  spin  tune  an  artificial  spin  resonance  with  adjustable  driving 
field  and  frequency  is  used.  Since  the  driving  field  for  the  ar- 
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Figure.  1.  Measured  beam  polarization  vs.  frequency  of  an  ar¬ 
tificial  spin  resonance.  The  depolarizing  resonance  indicates  the 
spin  tune  Vg. 

tificial  spin  resonance  was  in  fact  a  oscillating  horizontal  field 
it  simultaneously  produced  two  resonances  corresponding  to  the 
decomposition  into  two  counter-rotating  fields.  By  adjusting  the 
current  in  the  solenoid  Snake  the  spin  tune  can  easily  be  tuned  to 
be  exactly  a  half-integer.  However,  this  adjustment  is  not  critical 
as  long  as  the  betatron  tune  is  chosen  appropriately. 

The  ability  to  excite  an  artificial  resonance  is  also  very  use¬ 
ful  for  experiments  that  use  stored  polarized  proton  beams  with 
a  long  lifetime  such  as  internal  target  experiments  or  colliding 
beam  experiments.  In  these  cases  the  artificial  resonance  can  be 
used  to  reverse  or  flip  the  polarization  of  the  stored  beam  peri¬ 
odically  to  minimize  systematic  errors  of  the  experiments.  The 
team  at  lUCF  successfully  used  their  artificial  resonance  driving 
field  to  demonstrate  the  feasibility  of  reversing  the  polarization 
multiple  times  without  significant  polarization  loss[6].  Fig.  2 
shows  the  result  of  repeated  spin  reversals  of  the  stored  polar¬ 
ized  beam  which  was  accomplished  by  slowly  ramping  the  fre¬ 
quency  of  the  artificial  resonance  through  the  resonance  condi¬ 
tion.  In  a  ring  with  a  Siberian  Snake  and  therefore  with  a  half¬ 
integer  spin  tune  such  a  spin  flipper  resonance  would  need  to  be 
created  with  a  true  rotating  field  to  generate  only  a  single  reso¬ 
nance.  Designs  for  such  devices  that  can  be  used  in  high  energy 
accelerators  would  typically  consist  of  orbit  bumps  that  are  ex¬ 
cited  at  the  spin  precession  frequency [7]. 

III.  AGS  PARTIAL  SIBERIAN  SNAKE  TESTS 

Two  polarized  beam  test  runs  of  experiment  E-880  at  the  AGS 
have  recently  demonstrated  the  feasibility  of  polarized  proton  ac¬ 
celeration  using  a  5%  partial  Siberian  Snake.  During  the  first 
run[8]  in  April  1994  it  was  shown  that  a  5%  Snake  is  sufficient  to 
avoid  depolarization  due  to  the  imperfection  resonances  without 
using  the  harmonic  correction  method.  Fig.  4  shows  the  evolu¬ 
tion  of  the  beam  polarization  as  the  beam  energy  and  therefore 


Number  of  flips 


Figure.  2.  Final  maesured  polarization  as  a  function  of  spin 
flips[6]. 


Figure.  3.  Layout  of  the  AGS  accelerator  complex  showing  the 
location  of  the  Partial  Siberian  Snake,  the  pulsed  quadrupoles, 
and  the  AGS  internal  polarimeter 

Gj  is  increased.  As  predicted  the  polarization  reverses  the  sign 
whenever  Gj  is  equal  to  an  integer. 

Fig.  5  shows  the  achieved  polarization  as  a  function  of  beam 
energy.  It  shows  that  no  polarization  was  lost  at  the  imperfec¬ 
tion  resonances.  The  only  polarization  loss  occurred  at  the  loca¬ 
tion  of  the  intrinsic  resonances  for  which  the  pulsed  quadrupoles 
are  required  for  the  tune  jump  method.  During  the  first  run  the 
pulsed  quadrupoles  were  not  available.  During  the  second  run 
in  December  1994  it  was  shown  that  it  is  possible  to  use  the  tune 
jump  method  in  the  presence  of  the  partial  Snake.  A  new  record 
energy  for  accelerated  polarized  beam  of  25  GeV  was  reached 
with  about  12  %  beam  polarization  left.  Again  no  polarization 
was  lost  due  to  the  imperfection  resonances  and  depolarization 
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Figure.  4.  The  measured  vertical  polarization  as  a  function  of 
the  spin  tune  G7  for  a  10%  snake  is  shown  with  and  without  a 
snake.  Note  here  that  partial  depolarization  at  ([77  =  8  is  avoided 
by  using  a  10%  snake.  The  solid  line  is  the  predicted  energy  de¬ 
pendence  of  the  polarization. 

from  most  intrinsic  resonances  was  avoided  with  the  tune  jump 
quadrupoles.  However,  as  can  be  seen  from  Fig.  5,  significant 
amount  of  polarization  was  lost  at  G7  =  0  +  i/y,  12  -f-  i/y  and 
Gj  =  36  +  2/y,  The  first  two  of  these  three  resonances  were 
successfully  crossed  previously  and  it  will  require  further  study 
to  explain  the  unexpected  polarization  loss.  Ibe  strength  of  the 
tune  jump  quadrupoles  is  not  sufficient  to  jump  the  last  reso¬ 
nance.  We  attempted  to  induce  spin  flip  at  this  resonance  but 
were  only  partially  successful.  During  the  next  study  run  the 
method  of  inducing  spin  flip  at  intrinsic  resonances  will  be  fur¬ 
ther  investigated[9]. 

IV.  TOWARDS  A  POLARIZED  PROTON 
COLLIDER 

With  the  successful  tests  of  Siberian  Snakes  the  stage  is  set 
for  the  acceleration  of  polarized  proton  beams  to  much  higher 
energies  to  be  used  in  collider  experiments  to  explore  spin  ef¬ 
fects  at  the  highest  energies  attainable.  Two  efforts  are  presently 
underway  to  develope  Snakes  designs  for  high  energy  accelera¬ 
tors.  In  the  first  project  polarized  protons  from  the  Brookhaven 
AGS  will  be  injected  into  the  two  RHIC  rings  to  allow  for  up  to 
y/s  =  500  GeV  collisions  with  both  beams  polarized[10].  Fig, 
6  shows  the  lay-out  of  the  Brookhaven  accelerator  complex  high¬ 
lighting  the  components  required  for  polarized  beam  accelera¬ 
tion. 

Of  particular  interest  is  the  design  of  the  Siberian  Snakes  (two 
for  each  ring)  and  the  spin  rotators  (four  for  each  collider  ex¬ 
periment)  for  RHIC.  Proposed  by  V.  Ptitsin  and  Yu.  Shatunov 
from  BINP[11],  it  is  based  on  helical  dipole  magnet  modules 
each  having  a  full  360  degree  helical  twist.  Using  helical  mag¬ 
nets  minimizes  orbit  excursions  within  the  extend  of  the  Snake  or 
spin  rotator [  1 2]  which  is  most  important  at  injection  energy.  Fig. 


Figure.  5.  The  measured  absolute  value  of  the  vertical  polariza¬ 
tion  at  G7  =  n  -1-  -  up  to  G7  =  48.5  which  corresponds  to  an 
energy  fo  25  GeV.  The  partial  depolarization  is  due  to  intrinsic 
spin  resonances  at  G7  values  indicated  at  the  top  of  the  figure. 
The  results  from  the  Dec.  1994  run  are  preliminary. 


7  shows  the  aluminum  former  for  the  prototype  helical  dipole 
magnet  now  under  construction  at  Brookhaven.  The  construc¬ 
tion  of  a  large  bore  high  field  helical  dipole  presents  a  formidable 
challenge  for  present  superconducting  magnet  technology. 

The  second  project  consists  of  accelerating  polarized  protons 
in  the  Tevatron  replacing  some  of  the  Tevatron  dipole  magnets 
with  higher  filed  magnets  to  gain  space  to  install  the  six  required 
Siberian  Snakes[13].  The  project  focuses  on  single  spin  collider 
experiments  since  at  this  time  it  is  not  feasible  to  polarize  anti¬ 
protons,  although  the  results  discussed  in  the  following  section 
could  open  up  the  possibility  of  polarized  anti-protons  in  the  fu¬ 
ture. 

With  one  or  two  Snakes  all  depolarizing  resonances  should 
be  avoided  since  the  spin  tune  is  a  half-integer  independent  of 
energy.  However,  if  the  spin  disturbance  from  small  horizontal 
fields  is  adding  up  sufficiently  between  the  Snakes  depolariza¬ 
tion  can  still  occur.  This  is  most  pronounced  when  the  spin  rota¬ 
tion  from  all  the  focusing  fields  add  up  coherently  which  is  the 
case  at  the  strongest  intrinsic  resonances.  At  RHIC  two  Snakes 
can  still  cope  with  the  strongest  intrinsic  resonance  whereas  at 
the  Tevatron  six  Snakes  will  be  needed.  At  the  energies  of  these 
strongest  intrinsic  resonances  the  betatron  tune  has  to  be  adjusted 
very  carefully  to  avoid  the  accumulation  of  the  spin  rotation  of 
the  focusing  fields  over  more  than  one  turn  which  would  occur 
for  a  fractional  part  of  the  betatron  tune  of  Ai/y  =  ±k)/n, 

where  both  k  and  n  are  integers.  These  so  called  ’Snake  reso¬ 
nances’  conditions[14]  are  now  energy  independent  and  are  the 
same  as  the  location  of  the  stop-band  resonances.  Therefore, 
with  Siberian  Snakes  orbit  and  polarization  stability  conditions 
coincide. 
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Polarized  Proton  Collisions  at  BNL 


Figure.  6.  The  Brookhaven  hadron  facility  complex,  which  in¬ 
cludes  the  AGS  Booster,  the  AGS,  and  RHIC.  The  RHIC  spin 
project  will  install  two  snakes  per  ring  with  four  spin  rotators  per 
detector  for  achieving  helicity-spin  experiments. 


V.  POLARIZATION  BUILD-UP  IN  STORAGE 
RINGS 

Several  people  have  proposed  schemes  to  build-up  the  polar¬ 
ization  of  a  stored  beam  using  the  fact  that  a  small  spin  effect  can 
lead  to  a  sizable  polarization  if  it  accumulates  over  many  mil¬ 
lion  revolutions.  In  fact,  high  levels  of  electron  polarization  are 
being  achieved  routinely  using  the  very  small  spin  flip  probabil¬ 
ity  during  the  emission  of  synchrotron  radiation.  The  motivation 
for  such  schemes  is  two-fold:  by  polarizing  the  beam  after  accel¬ 
eration  the  depolarization  from  passing  through  the  many  spin 
resonances  can  be  avoided  and,  maybe  more  importantly,  such 
a  scheme  could  also  be  used  to  produce  a  polarized  anti-proton 
beam.  Now,  for  the  first  time,  a  positive  result  was  achieved  at 
the  Test  Storage  Ring  in  Heidelberg[15].  A  polarized  internal 
hydrogen  gas  target  was  inserted  and  the  polarization  of  the  cir¬ 
culating  proton  beam  started  to  build-up  reaching  a  maximum 
value  of  about  2%  after  about  90  minutes.  This  result  is  shown 
in  Fig.  8.  The  beam  polarization  was  measured  before  and  after 


Figure.  7.  Aluminum  former  for  the  helical  dipol  magnet  proto¬ 
type  under  construction  at  BNL 


Figure.  8.  Polarization  build-up  measurements  at  the  Heidelberg 
Test  Storage  Ring. 


the  build-up  process  using  proton-alpha  scattering  as  analyzing 
reaction.  Three  different  processes  contribute  to  the  polarization 
build-up.  The  first  process  is  spin  dependent  beam  loss  due  to 
proton-proton  scattering  out  of  the  storage  ring  acceptance.  The 
remaining  two  effects  are  due  to  polarization  transfer  from  ei¬ 
ther  the  proton  or  the  electron  to  the  beam  proton.  The  polariza¬ 
tion  transfer  from  the  electron  has  the  opposite  sign  of  the  other 
two  effects.  The  combination  of  all  three  effects  is  in  very  good 
agreement  with  the  measured  result. 

There  is  no  data  available  on  the  nuclear  spin  dependent  ef¬ 
fects  between  anti-proton  and  protons.  However,  the  polariza¬ 
tion  transfer  from  polarized  electrons  to  anti-protons  can  be  cal- 
culated[16].  For  the  first  time,  we  seem  to  have  a  realistic 
scheme  to  produce  polarized  anti-proton  beams. 

VI.  CONCLUSIONS 

Over  the  last  years  several  new  tools  have  become  available 
for  the  acceleration  and  manipulation  of  polarized  proton  beams. 
The  Siberian  Snake  concept  has  been  proven  to  be  correct  and  the 
first  partial  Snake  has  been  used  in  a  high  energy  accelerator.  Ar¬ 
tificial  spin  resonances  have  been  used  extensively  as  diagnostic 


3157 


tools  and  also  for  spin  flipping.  And,  in  the  more  distant  future, 
it  might  even  be  possible  to  create  polarized  anti-proton  beams 
for  use  in  high  energy  accelerators.  With  all  these  advances,  po¬ 
larized  beam  operation  should  become  more  of  an  integral  part 
of  future  high  energy  proton  accelerators. 
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BEAM  DYNAMICS  IN  HEAVY  ION  FUSION 

Peter  Seidl,  Lawrence  Berkeley  Laboratory,  Berkeley,  CA  94720  USA 


Abstract 

A  standard  design  for  heavy  ion  fusion  drivers  under 
study  in  the  US,  is  an  induction  linac  with  electrostatic 
focusing  at  low  energy  and  magnetic  focusing  at  higher 
energy.  The  need  to  focus  the  intense  beam  to  a  few- 
millimeter  size  spot  at  the  deuterium-tritium  target 
establishes  the  emittance  budget  for  the  accelerator. 
Economic  and  technological  considerations  favor  a  larger 
number  of  beams  in  the  low-energy,  electrostatic-focusing 
section  than  in  the  high-energy,  magnetic-focusing  section. 
Combining  four  beams  into  a  single  focusing  channel  is  a 
viable  option,  depending  on  the  growth  in  emittance  due  to 
the  combining  process.  Several  significant  beam  dynamics 
issues  that  are,  or  have  been,  under  active  study  are 
discussed:  large  space  charge  and  image  forces,  beam  wall 
clearances,  halos,  alignment,  longitudinal  instability,  and 
bunch  length  control. . 

L  HEAVY  ION  FUSION  SYSTEM  BASED  ON 
INDUCTION  LINEAR  ACCELERATORS 

A  standard  design  for  heavy  ion  fusion  drivers  under 
study  in  the  U.S.  is  sketched  in  Fig.  1.  An  ion  source  and 
injector  supplies  2-3  MeV  beams  to  an  electrostatically 
focused  induction  linac  section  (-64  beams).  This  is 
followed  by  a  -16  beam,  magnetically  focused  induction 
linac  section.  The  64,  later  16,  beams  are  accelerated 
inside  common  induction  cores.  Finally,  a  compression 
section  shortens  the  beams  to  a  pulse  length  appropriate  to 
the  constraints  of  target  ignition  physics,  and  the  last 
focusing  elements  bring  the  beams  to  a  r=2-3  mm  spot  size. 

Because  the  cost  of  the  induction  cores  necessary  for 
acceleration  to  10  GeV  is  substantial,  there  is  a  premium  on 
compact  transverse  packing  of  the  parallel  beams. 
Economic  and  technological  considerations  favor  a  larger 
number  of  beams  in  the  low-energy,  electrostatic-focusing 
section  than  in  the  high-energy,  magnetic-focusing  section. 
Combining  four  beams  into  a  single  focusing  channel  is  a 
viable  option,  depending  on  the  growth  in  emittance  due  to 
the  combining  process.  (Other  driver  designs  omit  beam 
combining,  and  some  of  those  use  only  electric  or  magnetic 
focusing,  rather  than  both. ) 

RF  based  accelerator  technology  is  the  alternative 
principal  heavy-ion  driver  approach.  Storage  rings  are  used 
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for  current  multiplication,  and  it  is  there  that  the  main 
challenges  of  beam  dynamics  are  found.  It  is  being  studied 
in  Europe,  Russia,  and  Japan,  and  is  discussed  in  ref.  [1]. 

II.  TARGET  CONSTRAINTS  ON  THE 
DRIVER  BEAM 

We  consider  here  indirect-drive  targets  [2],  which  have 
a  frozen  deuterium-tritium  fuel  shell  inside  a  radiation 
enclosure,  or  hohlraum.  The  beam  energy  is  deposited  in 
converter  material,  and  secondary,  soft  x-radiation 
propagates  through  the  hohlraum,  uniformly  irradiating  and 
imploding  the  fuel.  Direct-drive  targets  are  heated  by  the 
driver  beams.  In  the  latter  situation,  the  illumination 
uniformity  on  the  capsule  is  tightly  coupled  to  the 
geometry  of  the  incoming  ion  beams,  and  is  generally 
considered  to  be  a  less  conservative  target  design.  Target 
design  studies  show  that  the  driver  must  deposit  -400  TW 
for  -10  ns  with  a  -20  ns  prepulse  of  <100  TW  in  order  to 
achieve  an  energy  gain  of  10-100,  or  sufficient  to  make  the 
economics  work  out  favorably  for  commercial  energy 
production. 

Working  backwards  from  ballistic  transport  with  little 
or  no  neutralization  leads  to  -10  GeV  kinetic  energy  with 
an  ion  atomic  mass  of  200.  The  target  constraints  establish 
an  emittance  budget  in  the  transverse  and  longitudinal 
planes,  approximately  6  7C-mm-mrad  and  1  eV-s, 
respectively. 

Common  to  most  variants  of  this  ’standard’  design  are 
the  assumptions  of  conservatively  designed,  conventional 
focusing  systems  throughout  the  driver.  Another 
conservative  assumption  is  ballistic  transport  of  un¬ 
neutralized  beams  in  the  reactor  chamber. 

More  exotic  final  focusing  and  chamber  transport 
systems  that  rely  on  significant  charge  and  current 
neutralization  could  make  beam  quality  control  easier. 
They  are  being  investigated  mainly  for  application  near  the 
end  of  the  driver  as  a  means  for  transporting  the  beams  into 
the  reactor  chamber  and  to  the  target.  Because  these 
techniques  are  not  applicable  to  most  of  the  driver,  much  of 
the  accelerator  design  would  remain  unchanged  with  a 
neutralized  final  focus  at  the  end.  However,  the  constraints 
on  the  number  of  beams,  ion  kinetic  energy,  and  emittance 
could  be  relaxed.  Fewer  beams  would  simplify  the 
interface  between  the  driver  and  the  reactor.  The 
techniques,  which  are  beyond  the  scope  of  this  paper, 
include  plasma  lens  focusing  [3],  and  electron  co-injection 
using  a  grid  cathode  [4]. 
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Figure  1:  Block  diagram  of  a  heavy  ion  fusion  driver.  There  are  64  beams  in  the  electric  focusing  section,  and  16  beams 
in  the  magnetic  focusing  section. 


III.  BEAM  TRANSPORT 

The  characteristics  of  the  beam  in  most  of  the  driver 
are  shown  in  table  1.  The  most  current  is  transported  when 
the  space  charge  repulsion  of  the  beam  nearly  balances  the 
focusing  force.  The  choice  of  oq  <90  deg  avoids  well 
established  instabilities  of  highly  space  charge  depressed 
beams  for  higher  tunes.  The  line  charge  density  is 
relatively  uniform  for  most  of  the  pulse  and  quickly  drops 
to  zero  near  the  beam  ends.  Longitudinal  repulsion  at  the 
ends  is  balanced  by  confining  voltage  pulses  timed  to 
coincide  with  the  passage  of  the  ends  through  the 
acceleration  gaps. 


70-90  deg 

a 

<20  deg. 

^ebye 

mm 

beam  potential 

-3  - 120  keV 

X  (electric  section) 

0.20- 0.30  pC/m 

^.(magnetic  section) 

-1  pC/m  at  start 

10  pC/m  near  end 

Table  1;  Beam  characteristics  in  a  heavy-ion  fusion 
induction  linear  accelerator,  cq  is  die  single  particle  tune, 
or  phase  advance  per  lattice  period,  a  is  the  space-charge 
depressed  tune,  and  X  is  the  line  charge  density. 

The  electrostatically  focused  induction  linac  section 
has  many  parallel  beams  transported  in  a  common 
induction  linac  core  as  shown  in  Fig.  2.  Adjacent  beams 
share  electrodes  and  almost  purely  quadrupolar  fields  can 
be  made  from  cylindrical  electrodes  inside  much  of  the 
physical  aperture  by  judiciously  choosing  the  ratio  of  the 


Figure  2:  Schematic  of  part  of  a  multiple  beam  electrostatic 
focusing  array,  showing  the  elliptical  beams. 

diameter  of  the  physical  aperture  to  that  of  the  electrodes. 
The  docecapole  component  of  the  electric  field  can  be 
eliminated  with  an  7/8  ratio.  Because  such  electrostatic 
quadrupoles  should  be  cheaper  to  fabricate  than  magnetic 
quadrupoles,  and  also  because  the  focusing  elements  are 
closely  spaced  longitudinally  at  the  low  energy  end  of  the 
accelerator,  electric  quadrupoles  are  favored  over  magnetic 
ones.  The  number  of  beams  is  determined  by  the  high- 
voltage  breakdown  characteristics  of  the  electric  array  and 
the  need  to  transport  a  certain  amount  of  charge  in  a  pulse 
length  that  is  initially  -30  ps  long.  The  breakdown 
constraint  in  a  multi-beam  array  should  be  that  between 
adjacent  electrodes  of  opposite  polarity.  Based  on 
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breakdown  tests[5]  of  several  electrode  sizes  and  spacing 
(in  the  absence  of  beam),  the  estimated  optimum  is 
Rap=2.3  cm,  Rep2,6  cm,  Vq  =  ±70  kV.  Unacceptable 
emittance  growth  from  the  non-linear  image  force  occurs 
when  the  beam  radius  is  >80%  of  the  physical  aperture. 
The  beam-wall  clearance  should  be  increased  by  an 
additional  0.2  -  1  cm  to  accommodate  mismatch 
oscillations  that  accumulate.  They  are  caused  by 
machining  and  alignment  errors.  Thus,  with  these 
clearance  constraints,  the  maximum  envelope  radius  in  this 
part  of  the  accelerator  is  1.0  -  1.7  cm. 

For  higher  velocity  ions,  magnetic  focusing  is  stronger 
than  electrostatic  focusing.  Since  superconducting  magnets 
would  be  economical,  the  additional  space  required  for 
insulation  and  coils  lead  to  an  optimum  with  fewer  beams 
and  with  larger  transverse  dimensions  for  the  beams  and 
quadrupoles.  Another  advantage  of  magnetic  transport  is 
that  the  maximum  transportable  line  charge  density  is 
proportional  to  BPa,  where  B  is  the  pole  tip  field,  P  is  the 
relativistic  factor,  and  a  is  the  beam  radius.  Thus,  for  a 
constant  beam  radius,  the  pulse  length  may  be  reduced  in 
proportion  to  increases  in  P,  allowing  the  induction  cores  to 
be  used  more  efficiently.  System  studies  have  shown  that 
the  transition  from  the  electric  section  to  the  magnetic 
section  with  fewer  beams  should  occur  at  50-100  MeV. 
The  electrostatically  focused  section  is  a  few  hundred 
meters  long,  and  the  magnetic  section  is  several  km  long, 
with  an  average  acceleration  gradient  of  -1  MV/m.  The 
development  of  cost-effective  beam  sensing  and  steering 
systems  to  (infirequently)  compensate  for  the  machining 
and  alignment  imperfections  would  reduce  the  required 
beam  clearance,  lead  to  smaller  quadrupoles,  and  decrease 
the  required  core  material.  The  16  beams  in  the  magnetic 
section  are  consistent  with  the  beam  focusing  constraints 
near  the  target  and  in  the  last  focusing  elements.  Thus,  the 
merging  of  beams  into  fewer  transport  channels  is  one  of 
the  main  economically  relevant  beam  manipulations  in  the 
driver,  and  it  has  critical  beam  dynamics  issues  that  will  be 
addressed  below. 

A  slow  growing  longitudinal  instability  in  induction 
linacs  is  due  to  longitudinal  bunching  of  the  beam.  The 
seed  for  the  instability  may  arise  from  an  accelerating 
waveform  imperfection.  Then  the  perturbed  distribution 
acts  back  on  itself  through  the  e.m.f.  it  induces  in  the 
induction  cores,  creating  a  growing  wave  backwards  in  the 
beam  pulse  rest  frame.  The  growth  rates  are  predicted  to 
be  greatest  at  frequencies  below  30  MHz,  but  could  be 
corrected  by  feed-forward  control  of  the  accelerating 
waveforms  [6]. 

The  beam  pulse  spans  many  lattice  periods  near  the 
entrance  to  the  electrostatically  focussed  accelerator  (the 
lattice  period  is  0.45-0.6  m  and  the  pulse  length  is  ~25  m). 


Meanwhile,  the  increasing  lattice  period  allows  for  an 
increase  of  A,  by  a  few  percent,  and  a  corresponding  small 
bunch  compression.  This  implies  that  the  acceleration 
gradient  should  be  gentle  enough  so  that  the  velocity 
variation  along  the  bunch  length  at  a  fixed  point  in  the 
lattice  should  be  8v/v  <  0.2.  A  higher  initial  gradient 
would  introduce  intolerable  transverse  mismatches  for  parts 
of  the  beam. 

The  increase  in  X  can  be  controlled  by  setting 
acceleration  voltage  waveforms  to  put  a  smooth  head  to  tail 
velocity  variation,  or  tilt  on  the  bunch.  Compression  of  the 
bunch  by  a  factor  of  ~4  in  the  magnetic  focusing  part  of  the 
linac  can  be  done  in  the  same  way.  The  final  compression 
to  the  10  ns  pulse  length  (30  ns  including  the  pre-pulse) 
occurs  in  a  few  hundred  meters  and  requires  a  larger  tilt. 
This  part  of  the  lattice  is  designed  so  that  the  longitudinal 
compression  of  the  beam  is  overcome  by  the  space  charge 
repulsion  at  the  capsule.  This  last  compression  occurs 
while  the  beams  are  bent  towards  the  target,  and 
achromatic  designs  have  been  developed  to  maintain  the 
focal  spot  requirements,  in  the  presence  of  the  velocity  and 
current  variations  of  the  bunch. 

A  variation  on  the  linac  design  is  one  which  includes  a 
beam-recirculating  induction  linac.  It  potentially  could 
reduce  the  cost  of  a  driver  by  making  use  of  the  induction 
cores  of  the  ring  many  times  for  each  target  shot.  The 
induction  core  material  would  be  reduced,  and  the  total 
accelerator  length  would  decrease.  Unresolved  beam 
dynamics  issues  in  the  recirculator  are  emittance  growth 
and  beam  loss  at  injection  and  extraction  and  in  the  bends. 
The  large  space  charge  tune  shift  implies  the  crossing  of 
many  low-order  resonances,  but  this  is  mitigated  by  the 
rapid  variation  of  the  betatron  wavelength  due  to 
acceleration. 

IV.  MERGING  OF  BEAMS 

Beam  dynamics  issues  that  are  present  throughout  the 
accelerator  are  also  important  in  designing  a  beam 
combiner:  Space  charge,  image  forces  and  aberrations  of 
applied  fields  are  critical  in  a  lattice  with  little  beam-to- 
wall  clearance.  Beam  halo  should  be  suppressed  before  the 
beam  energy  makes  it  an  activation  problem.  The 
longitudinal  velocity  variation  required  for  beam 
compression  can  be  handled  by  designing  an  achromatic 
merging  lattice.  Another  strategy  would  be  to  remove  any 
tilt  on  the  beam  just  before  the  combiner,  and  apply  a  tilt 
appropriate  for  the  magnetic  focusing  lattice  downstream. 

Emittance  growth  and  beam  loss  are  the  primary  issues 
in  determining  the  feasibility  of  merging  beams  which 
bears  similarity  to  multi-turn  injection  in  high  energy 
physics  storage  rings.  However,  consideration  of 
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resonance  crossing  keeps  the  practical  space  charge  tune 
shift  lower  in  the  storage  ring  case  than  in  the  situation 
described  here.  Experience  with  large  contact  ionization 
and  alkali  emitting  alumno-silicate  sources  indicates  that  it 
is  technically  feasible  to  make  a  source  and  injector  with  a 
sufficiently  high  current  density  and  transverse  emittance 
limited  mainly  by  the  temperature  of  the  emitting  surface, 
or  0,15  7C  mm-mrad. 

The  contribution  to  emittance  growth  from  space 
charge  adds  in  quadrature  to  that  from  the  geometric 
configuration  of  the  beams  at  the  merging  point  [7],  or 

A(e')=fAE' +A8'  )  , 

SO  the  transverse  phase  space  finally  occupied  by  the 
merged  beams  is  larger  than  what  would  be  attributed  to 
single  particle  dynamics  filling  in  voids  between  beams 
(AEgeom)'  In  a  driver  AEgeom  <  due  to  the  large 
potential  energy  of  the  four-beam  configuration  that  is 
converted  into  transverse  thermal  motion. 

A  critical  issue  for  minimizing  the  emittance  growth  is 
the  allowable  clearance  between  the  beam  edge  and  the 
physical  aperture.  A  substantial  halo  on  the  beam  entering 
the  combining  hardware  would  necessitate  a  greater 
clearance  between  the  beam  and  a  septum  of  the  combiner 
elements,  and  ultimately  a  greater  emittance  dilution 
downstream. 

Beam  loss  in  the  merging  process  can  occur  directly  by 
beam  wall  interactions  in  the  combiner  hardware,  or  via 
halo  formation  downstream.  In  either  case  it  must  be 
compensated  by  accelerating  more  charge  initially.  At  50- 
100  MeV,  activation  is  not  a  concern  but  halo  that  forms 
after  the  combiner  should  be  scraped  before  the  particle 
kinetic  energy  reaches  the  Coulomb  barrier. 

The  lattice  elements  of  the  combiner  would  need  at 
least  two  dipole  elements;  one  to  displace  the  beams  from 
the  axes  of  their  original  transport  channels  and  the  second 
to  aim  the  four  beams  onto  a  trajectory  parallel  to  their 
common  transport  channel.  The  design  of  the  last  one  or 
two  elements  is  the  most  difficult,  due  to  the  spatial 
constraints  and  the  desire  to  bring  the  beams  close  together. 
The  envelope  angles  are  largest  when  the  beams  are  round, 
which  is  undesirable  for  the  last  element.  The  final 
element  should  bring  the  beams  together  when  they  are 
elliptical,  and  have  relatively  small  envelope  angles.  A 
combined  function  dipole  and  quadrupole  element  appears 
feasible,  by  approximating  the  desired  potential  distribution 
at  the  beam  boundaries  by  a  large  number  of  discrete 
conductors  or  electrodes. 

In  the  case  of  an  electrostatic  combined  function 
dipole-quadrupole  element,  the  unwanted  space  charge  and 
applied  fields  from  neighboring  beam  channels  can  be 


effectively  shielded  by  the  conductors.  Field  and  particle- 
in-cell  simulations  indicate  that  the  beam  edge  to  beam 
edge  separation  could  be  ~5  mm  by  using  1  mm  diameter 
electrodes.  On  the  other  hand  for  a  combiner  to  be  used  at 
the  50  MeV  point  of  a  driver,  the  difficulty  presented  by 
the  high  (-150  kV/cm)  fields  near  the  electrodes  is  serious. 

A  more  tractable  technical  solution  would  be  a  (pulsed, 
warm)  magnetic  version  of  the  combined  function  element. 
It  would  have  peak  fields  of  -1.5  T,  and  field  isolation 
between  adjacent  channels  could  be  achieved  with  1-2  mm 
of  iron  where  adjacent  beams  are  closest  to  one  another. 

A  small  scale  beam  combining  experiment  using 
entirely  electrostatic  focusing  and  dipole  elements  is 
underway  at  LBL  [8]. 

V.  OUTLOOK 

After  almost  twenty  years  of  theoretical  and 
experimental  research  into  heavy  ion  fusion  with  induction 
linacs,  there  are  no  dynamical  problems  that  do  not  have  a 
solution  that  fits  into  the  driver  scenario  described  here. 
Further  work  will  help  to  weigh  the  merits  among  various 
design  options.  In  all  cases,  the  impact  on  the  eventual  cost 
of  electricity  will  continue  to  be  an  important 
consideration. 

At  LBL,  the  ILSE  accelerator  [9]  will  be  built  to 
provide  the  beams  that  will  enable  testing  many  of  the 
elements  and  manipulations  of  a  fusion  driver.  Funding  for 
the  electric  focusing  section  of  ILSE  (called  Elise)  has  been 
approved,  and  a  full  engineering  design  will  commence  in 
1995.  The  purpose  of  building  ILSE  is  to  explore  the 
physics  and  engineering  questions  of  the  presently- 
conceived  driver.  The  results  will  help  determine  and 
adjust  the  accelerator  design.  The  ILSE  beams  will  be 
equal  to  a  driver  in  linear  charge  density,  so  a  number  of 
critical  beam  dynamics  issues  will  be  investigated  at  driver 
scale.  However,  to  minimize  cost,  ILSE  will  have  10  MeV 
beams  and  fewer  beams  than  a  driver.  It  will  consist  of  a  2 
MeV,  four  beam  injector,  followed  by  an  electrostatically 
focused  matching  section  and  induction  linac.  Each  beam 
will  initially  have  -0.25  |iC/m,  and  a  bunch  length  of  1.5 
[xs.  Except  for  bunch  length  and  the  number  of  beams,  this 
part  of  ILSE  is  driver  scale.  The  transition  to  the  single¬ 
beam  magnetic  focusing  section  will  occur  at  5  MeV.  A 
4:1  beam  combining  experiment  will  be  a  central  part  of 
the  ILSE  experimental  program.  Drift  compression, 
bending,  and  final  focusing  experiments  will  be  carried  out 
downstream  of  the  10  MeV  point.  A  possible  recirculation 
upgrade  would  increase  the  ion  energy  to  -100  MeV  and 
address  dynamics  issues  such  as  injection,  extraction,  and 
emittance  growth  due  to  bending. 
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A  beam  of  confined  charged  particles,  that  are  cooled 
to  the  extreme  of  the  space-charge  dominated  regime, 
where  the  relative  motion  of  particles  within  the  beam  is 
small  compared  to  their  Coulomb  potential  energies,  will 
crystallize  in  a  unique  form  of  condensed  matter  [1].  Such 
a  system  of  particles  can  be  simulated  using  the  method  of 
Molecular  Dynamics,  which  explicitly  includes  the 
interaction  between  all  pairs  of  particles  and  uses  repeating 
cells  to  simulate  the  effects  of  a  long  beam.  Within  the 
molecular  dynamics  simulations  typically  a  few  thousand 
particles  are  followed  in  time,  allowed  to  equilibrate,  and 
then  the  velocities  are  gradually  scaled  down  while  still 
allowing  the  system  to  maintain  equilibrium.  To  reach  a 
cold  equilibrium  value  requires  10-100  thousand  iterations, 
corresponding  to  real  times  on  the  order  of  a  few  thousand 
betatron  periods. 

1.  THE  BASIC  CRYSTALLINE  STRUCTURES 

The  configuration  of  ions  in  such  a  cold  beam  will  depend 
primarily  on  the  number  of  particles  per  unit  length  relative 
to  the  strength  of  the  average  confining  force  (whose 
magnitude  determines  the  betatron  frequency).  For  few 
particles,  the  Coulomb  repulsion  is  weak  and  at  low 
(transverse  as  well  as  longitudinal)  temperatures  the  beam 
particles  will  arrange  themselves  in  a  string  on  the  beam 
axis.  As  the  density  of  particles  is  increased,  at  a  critical 
density,  the  repulsion  between  the  ions  will  force  them  into 
a  two-dimensional  zig-zag  pattern,  and  then  at  a  yet  higher 
density  into  three-dimensional  arrays  on  the  surface  of  a 
cylinder.  The  radius  of  the  cylinder  grows  and  eventually  a 
new  string  forms  on  the  axis,  then  gradually,  more  and 
more  concentric  equally-spaced  cylindrical  shells  of 
particles  appear.  Such  a  system  is  illustrated  in  figure  1. 
The  number  of  shells  is  proportional  to  the  square  root  of 
the  number  of  particles,  each  shell  has  the  same  surface 
density,  and  the  particles  form  a  triangular  pattern  on  the 
mantle  of  the  cylinder  characteristic  of  two-dimensional 
Coulomb  solids  [2].  Thus  while  the  system  is  ordered,  it 
does  not  have  the  normal  type  of  crystallographic  order 
with  a  unit  cell  repeating  by  translation  along  the  crystal 
axes.  These  configurations  appear  to  be  close  to  the 
classical  'ground  states’  of  these  systems;  though  the  true 
quantum-mechanical  ground  states  (having  the  same 
configurations)  with  no  phonon  excitations,  are  at 
considerably  lower  temperatures.  This  type  of  order  was 
predicted  to  occur  in  all  cold  confined  ionic  systems  such 
as  in  laser-cooled  ion  traps,  where  the  confinement  is  three- 
dimensional  [3]  and  where  spherical  or  spheroidal  shells  of 
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Figure  1.  The  result  of  a  simulations  showing  a  segment  of 
beam  with  5  shells.  On  the  left  is  a  perspective  drawing  of 
the  beam  with  only  the  particles  that  appear  on  the  surface 
shown,  on  the  right  is  a  projection  of  the  beam  segment 
onto  a  perpendicular  plane.  Typical  spacings  between 
particles  and  shells  are  on  the  order  of  tens  of  microns. 

particles  have  been  observed.  At  some  point,  in  the  interior 
of  very  large  systems,  the  shell  structure  should  transform 
into  a  body  centered  cubic  lattice.  Shell  structure  has  been 
seen  in  a  special  "ring  ion  trap"  [4]  for  stationary  ions  with 
rf  quadrupole  focusing  which  has  the  "beam"  geometry,  and 
the  detailed  patterns  and  the  transitions  between  them  were 
quantitatively  confirmed. 

Unequal  Confining  Field 

In  the  case  where  the  focusing  forces  are  not  equal  in 
the  two  (vertical  and  horizontal)  directions,  the  above  shell 
structure  is  modified  and  the  shells  become  elliptical  in 
cross  section  instead  of  circular,  but  the  pattern  is 
otherwise  very  similar.  As  the  eccentricity  increases  it 
becomes  possible  for  the  innermost  structure  to  become 
planar,  larger  than  the  simple  zig-zag  for  the  cylindrically 
symmetric  case. 

IL  NORMAL  MODES  OF  THE  CYLINDRICAL 
LATTICE 

A  lattice  confined  by  a  force  field  that  is  constant  in 
time  is,  of  course,  a  idealized  simplification.  Before 
considering  a  more  realistic  focusing  lattice  it  is 
appropriate  to  discuss  the  simple  degrees  of  freedom 
associated  with  a  cylindrically  confined  beam.  While 
many  complex  modes  are  possible,  the  details  of  these 
modes  will  depend  on  particular  configurations.  The 
hydrodynamic  multipole  modes  that  are  characteristic  of  a 
charged  fluid  are  more  universal  and  of  these  two  that  are 
illustrated  in  figure  2  appear  to  be  dominant  for  all  but  the 
thinnest  (one-  or  two-dimensional)  beams. 

Monopole  Mode 

A  cylindrically  syummetric  volumne  oscillation  of  the 
beam  is  seen  at  the  plasma  frequency  (which  is  sqrt)2) 
times  the  betatron  frequency  for  a  single  ion  in  the  same 
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Figure  2.  Simulations  of  the  two  normal  modes  discussed 
in  the  text  followed  in  time;  the  left  shows  the  monopole 
mode,  the  right  the  quadrupole. 

focusing  field).  For  a  sufficiently  cold  beam  this  mode 
appears  to  be  a  true  eigenmode  —  with  no  mixing  into 
thermal  excitation,  as  is  illustrated  in  figure  2. 

Quadrupole  mode 

The  other  mode  that  is  readily  excited  is  a  volume- 
conserving  quadrupole  mode,  where  the  beam  oscillates 
between  elliptical  cross  sections,  elongated  alternately  in 
the  horizontal  and  vertical  directions.  The  frequency  of  this 
mode  is  equal  to  the  betatron  frequency  and  its  damping, 
also  shown  in  figure  2,  is  indicative  of  interactions  with 
more  complicated  excitations. 

III.  MORE  REALISTIC  APPROXIMATIONS  TO 
AN  ACCELERATOR  LATTICE 

Several  aspects  of  an  accelerator  need  to  be  considered 
in  order  to  approach  the  reality  of  a  storage  ring  or  similar 
device  in  which  a  moving  cold  beam  may  be  confined.  So 
far  no  effect  has  been  found  that  suggests  an 
insurmountable  obstacle  to  achieving  the  condensed  state 
of  the  beam  discussed  above. 

Focusing  Lattice 

The  fact  that  the  accelerator  lattice  consists  of  finite 
focusing  elements  means  that  the  confining  force  is  not 
constant  in  time.  However,  the  question  is  the  time  scale 
in  which  the  force  changes  and  whether  the  periodicity  of 
these  changes  is  at  a  harmonic  of  the  eigenmodes  of  the 
system.  While  the  periods  within  an  accelerator  lattice  are 
typically  shorter  than  the  normal  mode  frequencies, 
harmonics  of  the  lattice  frequency  may  excite  the  normal 
modes  and  thus  place  some  restrictions  on  particular 
lattices,  but  in  general  they  do  not  significantly  alter  the 
conclusions  for  a  static  confining  force  mentioned  above. 
The  ordered  system  does  undergo  a  slight  micro-motion: 
oscillations  with  the  periods  imposed  by  the  time- 
dependence  of  the  focusing  lattice  and  analogous  to  the 
’’micromotion"  in  rf  ion  traps.  The  ordered  system  is  a 
plastic  one  and  these  oscillations  do  not  seem  to  couple 
into  the  random  thermal  degrees  of  peaks.  The  question  of 
what  constitutes  a  random  "temperature"  and  what 
collective  motion  is  somewhat  fuzzy. 


Cooling  and  Longitudinal-Transverse  Coupling 

In  the  Molecular  Dynamics  simulations  cooling  is  a 
simple  matter,  applied  uniformly  to  the  beam  under  the 
most  favorable  circumstances.  In  a  real  accelerator, 
cooling  is  much  less  straightforward.  In  storage  rings,  where 
the  coldest  beams  are  obtained,  unidirectional  cooling  is 
applied  in  a  relatively  short  section  on  the  beam. 
Simulations  suggest  that  this  may  not  be  a  serious  problem 
—  what  matters  is  that  the  random  kinetic  energy  of  the 
beam  is  removed.  For  a  hot  beam  the  beam  radius  is  a 
function  of  the  transverse  temperature,  but  once  the 
temperature  of  the  beam  is  low  enough  such  that  the  beam 
radius  is  within  an  order  of  magnitude  of  the  space-charge 
limit  the  coupling  between  the  longitudinal  and  transverse 
degrees  of  freedom  is  sufficient  to  make  the  longitudinal 
cooling  effective,  as  long  as  the  number  of  particles  is 
sufficient  to  produce  multiple  shells  in  the  cold  limit. 
When  the  number  of  particles  is  low  (corresponding  to  a 
string  when  they  are  cold)  the  coupling  becomes  much 
weaker  and  it  is  perhaps  problematic  whether  present 
longitudinal  cooling  techniques  will  be  able  to  produce  an 
ordered  beam  in  the  string-like  regime. 

Bending 

The  bending  of  the  beam  in  dipole  elements  is  an 
inevitable  consequence  of  a  storage  ring.  The  co-moving 
coordinate  frame  thus  becomes  non-inertial  and  cooling  the 
beam  to  a  constant  linear  velocity  causes  an  apparent 
shear,  with  particles  on  the  inside  of  the  bend  moving 
forward  and  ones  outside  the  mean  ray  moving  backward. 
This  shear  presents  a  problem,  and  suggests  that  there  is  a 
limit  to  normal  cooling  techniques.  Whether  the  condensed 
state  of  a  particular  beam  cooled  to  a  constant  velocity  can 
withstand  the  forces  of  bending  in  a  particular  ring  depends 
largely  on  the  strength  of  the  focusing  as  compared  to  the 
bending  shear  —  and  is  thus  determined  by  the  betatron 
tune  vp  for  the  ring.  Simulations  summarized  in  figure  3 

indicate  that  with  a  small  betatron  tune  in  the  vicinity  of 
vp  =  2-3  only  a  single  or  two-shell  beam  will  withstand  the 

shearing  distortion,  but  with  larger  storage  rings  with 
betatron  tunes  of  30  or  more  many  shells  can  survive.  The 
details  of  the  accelerator  lattice  can  slightly  modify  these 
conditions  [5].  When  the  shear  is  overcome,  and  if  strong 
longitudinal  cooling  is  applied,  the  beam  separates  into  a 
set  of  strings  that  slip  past  each  other,  and  are  ordered  in  a 
triangular  pattern  with  respect  to  each  other  as  shown  in 
figure  4.  Such  ordering  is  characteristic  of  sheared 
colloids,  but  it  is  not  clear  whether  the  cooling  in  a  beam 
could  ever  be  sufficiently  strong  to  produce  such  a  system. 
Ideally,  one  would  like  to  have  a  beam  cooled  to  a 
constant  angular  velocity,  where  only  the  fluctuations  in 
discrete  bending  elements  would  cause  a  much  smaller 
problem  of  shear  oscillations.  The  stability  of  such  systems 
has  been  explored  in  simulations  for  relatively  modest 
beams  [5]. 
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Figure  3.  Limits  (in  1/vp)  at  which  an  ordered  beam  can 

withstand  bending  shear  as  a  function  of  the  linear  particle 
density  X.  A  beam  with  a  single  shell  would  be  in  the 
vicinity  of  X,  =  1-2.  The  points  with  error  bars  represent  the 
results  of  simulation. 


Figure  4.  The  projection  onto  a  perpendicular  plane  of 
particles  in  a  simulated  beam  beyond  the  shear  limit  with 
continuous  cooling. 

Ordering  in  Bunched  Beams 

In  a  storage  ring  it  is  also  possible  to  cool  a  bunched 
beam.  This  is  a  case  of  a  three-dimensional  confinement 
similar  to  ion  traps,  but  with  the  longitudinal  confining 
force  much  less  than  the  transverse  ones.  The  fact  that  the 
bunching  is  applied  in  perhaps  only  one  place  in  the  ring 
matters  even  less  than  the  periodicity  of  the  transverse 
focusing  lattice,  because  the  relevant  time  scale  is  much 
longer:  the  period  for  synchrotron  oscillations.  A  cold  beam 


bunch  is  a  very  elongated  spheroid  in  the  cold 
hydrodynamic  limit.  Simulations  show  that  for  discrete 
particles  the  beam  will  be  multi-shelled  in  the  center  of  a 
bunch,  as  before,  gradually  thinning  out,  and  eventually 
ending  in  one-dimensional  strings  at  the  ends  as  shown  in 
figure  5. 


Figure  5.  Simulation  of  a  beam  bunch,  roughly  20  cm  long 
and  0.2  mm  in  radius. 


IV.  EXPERIMENTAL  PROGRESS  AND 
FUTURE  PROSPECTS 

Considerable  progress  has  been  made  in  recent  years  in 
the  cooling  of  beams  in  small  storage  rings.  With  laser 
cooling,  work  at  the  TSR  in  Heidelberg  [6]  has  reached 
longitudinal  temperatures  in  the  fractional  Kelvin  regime, 
work  at  ASTRID  in  Arhus  in  the  milliKelvin  regime  [7] 
which  is  in  the  crystalline  regime,  however  the  transverse 
temperatures  are  not  known.  The  suppression  of  Schottky 
noise  has  been  observed  for  continuous  beams  at 
ASTRID  [8]  and  the  space-charge  limit  in  the  length  of 
cooled  bunched  beam  has  also  been  seen  [9],  along  with 
related  work  with  electron  cooling  at  Indiana  [10].  The 
transverse  temperature  and  thus  the  three-dimensional 
ordering  are  not  firmly  established,  some  simulations 
indicate  that  the  longitudinal-transverse  coupling  is  strong 
for  the  space-charge  limited  beams  that  have  apparently 
been  achieved,  and  then  the  transverse  temperature  could 
be  similar  to  the  longitudinal  one.  However  better 
diagnostics  on  the  transverse  properties  of  the  beam  are 
needed  and  with  these  more  quantitative  measurements 
will  become  possible. 
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I.  INTRODUCTION 

Recently  it  has  been  suggested  that  the  Kapchinskij- 
Vladimirskij  (KV)  distribution  [1]  may  be  of  practical 
interest  for  high  intensity  machines  in  that  it  may  provide 
the  maximum  space  charge  limit  for  such  a  machine.  One 
can  make  a  plausible  argument  that  the  maximum  beam 
intensity  is  obtained  for  a  distribution  for  which  all 
particles  have  the  same  tune,  at  least  when  the  resonance  is 
approached.  Therefore,  the  following  steps  should  be  taken: 
first,  reduce  the  chromaticity  of  the  accelerator  ring  as  much 
as  possible,  and  second,  make  the  betatron  frequencies 
independent  of  amplitude,  i.e.,  make  the  focusing  forces 
linear. 

One  way  to  make  the  focusing  forces  linear  is  to  start 
with  external  focusing  forces  which  are  linear,  and  then 
make  the  space  charge  forces  also  linear  by  using  a  KV 
distribution  [1].  Sections  II  and  IE  describe  two  injection 
scenarios  which  produce  a  KV  distribution  (if  we  neglect 
beam-beam  interactions  during  the  injection  process.) 
Simulations  of  these  injection  scenarios  verify  that  the 
resulting  distribution  produces  a  uniform  circular  beam  in 
xy-space. 

A  simulation  code  was  written  which  also  includes  the 
space  charge  interactions  between  the  500  injected  turns  in 
the  proposed  scenarios;  the  results  are  given  in  section  IV. 
The  space  charge  forces  have  a  substantial  effect  on  the 
resulting  distribution. 

IL  PAINTING  SCENARIO 


are  included  in  the  constants  Vx,  ^y.  The  independent 
variable  is  the  angle  0=s/R  around  the  ring.  To  simplify 
the  algebra,  Vjc,  are  assumed  to  be  constant.  (For  a 
more  complete  analysis,  including  a  derivation  of  the  KV 
distribution  for  the  alternating  gradient  case  with  an 
elliptical  beam,  see  Ref.  [2].) 

Introduce  angle-action  variables: 

x  =  (2JJvJ'^smy^  ,  p,  cosy^  , 

I/O  /  (2) 

y  =  {2jylVyi'^S\nyy  ,  Py=\2Vyjy)  COS  y  y  , 

where  the  actions  J^,  Jy  are  constants  of  the  motion. 

The  necessary  KV  distribution  can  be  written  in  the 
form 

D(J^,Jy,y,,yy)  =  A5C1J,  cos^  C  +  27,  C  -  -^o)  - 

(3) 

where  Jq  is  constant  and  ^  is  an  angle  which  may  be  chosen 
(almost)  arbitrarily  to  change  the  aspect  ratio  of  the 
elliptical  beam  boundary  in  xy  space.  If  C  =  then  this 
is  a  microcanonical  distribution.  If  the  distribution  in  Eq. 
(3)  is  written  as  a  function  of  x,y,px,py  and  integrated  over 
Px  and  py^  the  result  is  a  uniform  distribution  over  the 
spatial  coordinates  x,y  within  the  ellipse 

cos^  f  sin^  C 

Note  that  we  can  make  the  beam  cross  section  circular  by 
choosing 

tanf  =  (v^/v,)‘'^  .  (5) 


The  KV  distribution  is  essentially  a  microcanonical 
distribution  with  the  beam  distributed  uniformly  over  a 
three-dimensional  energy  shell  corresponding  to  a  fixed  total 
energy  in  the  four-dimensional  phase  space  of  the  x  and  y 
betatron  oscillations.  We  need  to  construct  a  scenario 
which  allows  us  to  paint  the  energy  shell  uniformly. 

Let  us  start  from  the  simple  Hamiltonian 


(1) 


Assuming  that  the  focusing  forces  are  linear,  the  space 
charge  forces  for  the  KV  distribution  will  also  be  linear  and 
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If  the  beam  is  injected  at  a  fixed  point  in  the  phase 
space,  the  betatron  oscillations  will  spread  the  beam  over 
the  YxYy  phase  plane.  In  order  to  spread  it  over  the  three- 
dimensional  energy  surface,  the  action  variables  need  to 
vary  in  an  appropriate  way.  To  this  end,  the  following 
variables  are  introduced: 

Jq  =  2cos^  C  A  +  ^sin^  ^  Jy  , 

(6) 

=  2cos^  f  A  “  ^sin^  ^  Jy  . 

The  Jacobian  of  this  transformation  is  constant,  so  if  area  is 
conserved  in  the  JJy  phase  plane  then  it  is  also  conserved  in 
the  JqJ^  phase  plane. 

The  total  action  Jq  is  to  be  held  constant  and  J^  is  to 
be  varied  slowly.  If  the  variation  of  J^  is  slow  con^ared 
with  the  betatron  frequencies,  then  near  each  value  of  7^  the 
betatron  motion  will  distribute  the  injected  beam  uniformly 
over  the  YxYy  phase  plane,  provided  there  is  no  rational 
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relation  with  small  denominator  between  ^tl  jy.  In 
order  to  paint  the  Jq  shell  uniformly,  dJJdt  is  required  to  be 
constant: 

(7) 

where  T  is  the  total  injection  time.  Note  that  we  want  to 
paint  both  positive  and  negative  values  of  J^.  Equation  (7) 
is  adjusted  for  the  case  in  which  initially,  i.e.,  the 

X  amplitude  is  maximum  and  the  y  amplitude  is  zero.  The 
injected  x,y  actions  are  given  by 

"  2sin'C  ■ 

This  scheme  is  easily  accomplished  using  stripping 
injection  into  a  proton  accelerator.  The  desired  distribution 
is  achieved  using  a  local  orbit  bump  to  control  the 
horizontal  amplitude  and  a  steering  magnet  in  the  injection 
beamline  to  control  the  vertical  amplitude. 

A  program  was  written  to  simulate  this  scenario  as 
applied  to  the  IPNS  Upgrade  [3].  The  injection  time  T 
corresponds  to  500  injected  turns.  The  maximum  injected 
amplitude  is  50  mm.  The  tunes  areVx=6.81,  Vy=5.73. 
Figure  1  shows  the  resulting  distribution  in  xy  space  at  the 
end  of  injection.  Each  of  the  small  circles  represents  one 
injected  turn.  The  spatial  density  is  fairly  uniform  and  has 
a  circular  cross  section.  Figure  2  shows  the  result  for  a 
scenario  in  which  the  painting  is  accomplished  by  using 
both  horizontal  and  vertical  orbit  bumps  at  the  stripper 
location.  Since  both  orbits  must  move  away  from  the 
stripper  during  injection,  the  resulting  distribution  cannot 
lie  on  the  energy  shell  and  is  neither  circular  nor  uniform. 


III.  COUPLING  SCENARIO 

Cho  [4]  has  suggested  an  elegant,  practical  way  to 
produce  a  KV  distribution.  He  proposes  making  the  x  and 
y  betatron  tunes  equal,  providing  a  small  coupling  between 
them,  and  then  injecting  with  zero  y  amplitude  and  at  a 
large  fixed  x  amplitude.  The  coupling  causes  the  y 
oscillation  energy  to  increase  at  the  expense  of  the  x 
energy.  This  has  two  effects.  First,  it  causes  the 
previously  injected  beam  to  move  away  from  the  inflector 
and  remain  away  for  one  beat  period,  thus  permitting  multi- 
turn  injection.  Second,  it  results  in  a  distribution  in  which 
all  particles  have  the  same  total  oscillation  energy. 

In  order  to  fill  the  entire  energy  shell  a  careful  analysis 
is  required  similar  to  that  in  the  previous  section.  A 
suitable  scenario  has  been  derived;  the  details  can  be  found 
in  Ref.  [2].  Simulations  again  show  that  this  scenario  can 
achieve  a  KV  distribution  with  a  uniform  spatial  density 
within  a  circular  beam. 

IV.  SIMULATIONS  INCLUDING  SPACE 
CHARGE  FORCES 

A  simulation  code  which  includes  the  effects  of  the 
forces  exerted  by  the  500  injected  turns  on  one  another  has 
also  been  written.  In  this  simulation  each  injected  turn  is 
represented  as  a  tube  of  charge.  Each  tube  exerts  forces  on 
all  other  tubes  that  are  present  in  the  machine  during  the 
injection  process.  The  forces  are  inversely  proportional  to 
the  distances  between  the  tubes  for  separations  larger  than 
the  tube  sizes.  For  separations  smaller  than  the  tube  sizes, 
the  forces  vary  linearly  with  the  separation.  If  one  first 
injects  the  beam  and  turns  on  the  space  charge  forces  after 
all  500  turns  have  been  injected,  the  resulting  distribution 
of  tune  shifts  is  in  good  agreement  with  the  expected  results 
and  shows  clearly  the  advantage  of  injecting  with  a  uniform 
spatial  distribution. 
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Fig.  1:  Spatial  distribution  resulting  from  the  painting 
scenario. 


Fig.  2:  Spatial  distribution  resulting  from  a  non-KV 
injection. 
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If,  more  realistically,  we  include  the  space  charge  forces 
during  the  injection  process,  we  do  not  reach  a  true  KV 
distribution.  This  can  be  seen  in  Fig.  3,  which  shows  the 
final  distribution  after  injection  with  the  painting  scenario. 
The  total  injected  current  is  about  half  of  the  calculated 
space  charge  limit  for  a  uniform  beam  cross  section.  The 
space  charge  forces  substantially  affect  the  resulting 
distribution.  (Compare  Fig.  3  with  Fig.  1 .)  However,  the 
distribution  is  still  fairly  uniform  over  the  nearly  circular 
cross  section.  Figure  4  presents  a  similar  calculation  with 
a  current  two  times  the  calculated  space  charge  limit.  The 
space  charge  forces  have  tuned  the  beam  to  the  half-integral 
resonance,  resulting  in  increased  beam  size  and  reducing  the 
beam  density  enough  to  prevent  the  tunes  from  remaining 
in  the  stop  band. 

With  a  beam  intensity  exceeding  the  space  charge  limit 
we  are  able  to  see  clearly  the  effect  of  the  approach  to  the 
resonance,  particularly  in  the  tunes  of  the  beam  particles 
which  tend  to  remain  near  the  edge  of  the  stop  band.  When 
the  magnet  error  which  drives  the  bump  is  small,  and  we 
inject  a  large  beam,  say  four  times  the  space  charge  limit, 
the  resonant  growth  rate  may  not  be  large  enough  to 
prevent  the  beam  from  crossing  the  resonance.  However 
the  resulting  beam  cross  section  is  not  much  different.  If 
we  turn  off  the  gradient  error  which  drives  the  resonance, 
the  tunes  cross  the  resonance  and  end  up  well  below  it,  but 
the  beam  cross  section  is  still  not  much  different.  We 
conclude  that  the  beam-beam  interactions  dominate  the  final 
beam  distribution. 

If  we  inject  using  a  non-KV  scenario,  the  effect  of  the 
approach  to  resonance  is  to  modify  the  distribution  so  as  to 
produce  a  beam  more  uniform  in  spatial  cross  section  than 
would  otherwise  result.  The  non-KV  scenario  differs  in  that 
the  tune  may  approach  resonance  much  sooner  during  the 
injection  process,  but  the  final  result  is  not  much  different 
from  the  KV  scenario.  We  conclude  that  after  almost  any 
injection  scenario  a  beam  exceeding  the  space  charge  limit 
will  tend  to  adjust  its  distribution  to  produce  a  fairly 
uniform  cross  sectional  distribution.  There  seems  to  be 
little  advantage  in  using  a  scenario  intended  to  produce  a 
KV  distribution. 
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Fig.  3:  Spatial  distribution  including  the  effect  of  space 
charge  forces  (painting  scenario). 
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Fig.  4:  Spatial  distribution  with  space  charge  forces  for  a 
beam  above  the  space  charge  limit. 
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ABSTRACT 

The  experimental  study  of  transverse  profile  of  the 
ELSA-linac  electron  beam  has  been  undertaken  in  order  to 
analyze  the  mechanisms  of  halo  formation  and  development 
in  the  generation,  acceleration  and  transport  of  a  high- 
intensity,  high-brightness  charged-particle  beam. 
Measurements  are  reported  in  which  the  beam  profile  is 
observed  over  four  to  five  decades.  They  were  performed 
using  an  imaging  technique  in  which  light  emitted  from  an 
optical  transition  radiation  (OTR)  screen  placed  in  the  beam 
path  is  transported  through  conventional  optics  to  an 
intensified  video  camera.  The  electron-density  distribution  is 
shown  to  be  dependent  on  the  beam  current,  through  space 
charge  effects,  initial  conditions  and  transport  configuration. 

1.  INTRODUCTION 

Technology  of  high-intensity  linear  accelerators  has 
progressed  so  rapidly  in  the  past  decade  that  they  are  now 
being  considered  for  use  in  a  number  of  applications.  Possible 
applications  are  isotopic  separation  or  plasma  heating  with 
high-power  free  electron  lasers  fed  by  electron  linacs,  or 
nuclear  waste  management,  production  of  tritium, 
transmutation  of  defense  and  commercial  plutonium  stocks 
with  intense  spallation-neutron  sources  driven  by  large  proton 
or  light-ion  linear  accelerators.  However,  experimental 
observations  and  multiparticlsimulations  indicate  that  high- 
intensity  beams  in  accelerators  develop  a  low-density  halo  at 
the  periphery  of  the  central  core  of  the  beam.  This  outer  part 
of  the  distribution  leads  to  particle  losses  in  the  accelerator 
which,  for  a  high-energy  beam,  may  induce  enough  activity  or 
radiation  damage  in  the  structures  to  complicate  considerably 
maintenance  and  operation  of  the  machine.  The  major 
challenge  is  to  control  the  beam  profile,  which  implies  a 
better  knowledge  of  the  phenomena  involved  in  halo 
formation. 

Several  theoretical  studies  and  numerical-simulation 
works  have  addressed  the  problem  of  beam  halo  formation 
and  development  in  high-intensity  linear  accelerators. 
However,  predictions  of  the  simulations  may  be  quantitatively 
incorrect  since,  because  of  computer  capabilities,  halo 
properties  are  described  by  only  a  few  particles.  Therefore, 
experimental  study  of  beam  halo  is  necessary  to  check 
theoretical  predictions  and  complement  simulations. 

Few  experiments,  to  date,  have  been  dedicated  to  precise 
determination  of  the  beam  structure  extending  in  the  very  low 
density  regions  constituting  the  halo.  We  have  undertaken,  at 
Bruyeres-le-Chatel,  an  experimental  study  of  the  transverse 


spatial  distribution  of  the  high-intensity,  high-brightness 
electron  beam  delivered  by  the  ELSA  linac.  The  objective  of 
this  study  is  to  analyze  the  beam  profile  over  a  very  large 
dynamic  range  under  varying  conditions  in  the  generation, 
acceleration  and  transport  of  the  beam.  An  experiment  is 
described  in  which  the  beam  profile  has  been  observed  over  at 
least  four  decades. 

11.  EXPERIMENTAL  TECHNIQUE 

The  ELSA  facility  has  been  described  previously  [1]; 
only  features  peculiar  to  our  halo  experiment  are  given  here. 
The  accelerator,  which  consists  in  a  photoinjector  cavity 
followed  by  three  accelerating  cavities,  delivers  a  high¬ 
brightness  space-charge  dominated  electron  beam.  The  2- 
MeV  photoinjector  cavity  and  its  anode  coil  are  shown 
schematically  in  Figure  1.  The  focusing  anode  coil  is  of 
particular  importance  since  it  counteracts  the  space-charge 
defocusing  effect  on  the  beam,  which  is  important  at  low 
electron  energy. 


The  experimental  apparatus  designed  for  the  halo 
measurements  was  installed  at  the  end  of  the  linac.  It  is  a 
modified  version  of  the  devices  used  to  diagnose  transverse 
profile  on  the  ELSA  facility  [2].  The  setup,  which  has  been 
described  in  detail  in  a  previous  paper  [3],  consists  of  an 
electron/photon  conversion  screen,  a  transport  optics  and  a 
video  camera.  The  converter,  which  is  moved  in  the  beam 
path  by  an  actuator,  is  an  optical  transition  radiation  (OTR) 
screen.  This  type  of  screen  is  suitable  for  accurate  halo 
measurements  since  it  has  an  excellent  linear  response  over  a 
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wide  dynamic  range,  good  spatial  resolution,  a  reasonable 
sensitivity,  and  does  not  suffer  saturation  effects  or  image 
smearing  induced  by  thermal  effects.  The  screen  plane  is 
oriented  at  45°  with  respect  to  the  beam  axis  so  that  the 
backward  lobe  of  radiation  is  observed  at  90°  to  the  beam 
through  a  quartz  window  and  conventional  image-transport 
optics  to  a  variable-gain  video  camera  coupled  to  a  data- 
acquisition  system.  The  optical  system  has  been  designed  for 
an  observation  field  of  16  mm  at  the  screen,  corresponding  to 
roughly  10  times  the  core  diameter  of  a  beam  of  207C- 
mm.mrad  normalized  emittance  transported  under  optimum 
conditions. 

IIL  THE  HOLE-BORED  SCREEN  METHOD 

The  hole-bored  screen  method  was  used  for  the  halo 
measurements.  The  experimental  procedure  consists  in 
moving  an  OTR  screen  into  the  beam  path.  The  screen  has 
the  form  of  a  stednless- steel  disk,  1-mm  thick  and  50-mm  in 
diameter,  with  a  hole  bored  in  the  center.  The  disk  is  polished 
to  optical  standards.  The  electron-beam  core  is  first  observed 
with  its  image  below  saturation,  by  appropriate  setting  of  the 
light  intensifier.  In  this  measurement,  the  beam  is  slightly  off- 
center  with  respect  to  the  hole  in  the  disk.  The  beam  is  then 
steered  toward  the  hole  through  which  most  of  the  core 
electrons  pass.  Then,  the  halo  can  be  properly  observed  by 
increasing  amplification  of  the  light  intensifier.  This  method 
yields  better  results  than  the  saturated-core  method,  described 
in  reference  [3],  since  undesirable  phenomena,  which  can 
spoil  observation  of  the  halo,  are  eliminated  and  background 
light  is  considerably  reduced. 

The  measurements  were  performed  with  three  OTR 
screens  having  hole  diameters  of  2.5,  4.0  and  6.0  mm.  They 
were  changed,  during  the  experiment,  to  fit  the  size  of  the 
beam  core  to  be  observed.  These  three  screens  together  with  a 
light  intensifier  with  7-decade  dynamic  range  permitted  the 
observation  of  density  profiles  over  five  orders  of  magnitude. 
The  electron  beam,  of  17.5  MeV  energy,  consisted  of 
macropulses  of  100-|is  duration,  at  a  repetition  rate  of  1  Hz. 
The  macropulse  train  was  composed  of  ~  20-ps  long  bunches 
spaced  69.2  ns  apart;  the  bunch  temporal  profile  was 
gaussian.  Bunch  charges  of  0.5  to  3  nC,  corresponding  to 
peak  currents  of  25  to  150  A,  were  obtained  by  adjusting  the 
drive-laser  beam  intensity.  The  laser  spot  at  the  photocathode 
was  circular  with  a  diameter  of  4  mm,  and  illumination  was 
almost  uniform  over  the  spot  surface. 

IV.  DATA  ACQUISITION  AND  PROCESSING 

For  each  setting  of  the  accelerator  parameters,  images 
were  taken  with  two  to  three  different  combinations  of  OTR 
screens  and  light  intensifier  gains  in  order  to  cover  the 
largest  electron-density  range.  Background  images  were  also 
taken  by  switching  off  the  drive-laser  light.  In  off-line  data 
processing  the  profile  images  were  normalized  one  to  the 
other,  by  using  the  precise  calibration  of  the  light  intensifier, 


to  finally  yield  the  electron-beam  transverse  distribution  after 
background  has  been  subtracted. 
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Figure  2:  Density  distributions  for  four  settings  of  the  couple  of 
parameters  Q  (Bunch  charge),  B  (Anode-coil  current)  which  are: 
a)  Q  =  0.5  nC,  B  =  16.0  A,  b)  Q  =  0.9  nC,  B  =  17.5  A, 
c)  Q  =  1.8  nC,  B  =  19.0  A,  d)  Q  =  2.8  nC,  B  =  19.7  A. 


Once  the  transverse  profile  has  been  reconstructed 
horizontal  or  vertical  cross  sections  of  the  electron-density 
distribution  can  be  deduced.  Beam  profiles,  which  were 
measured  for  different  values  of  the  two  parameters,  bunch 
charge  and  anode-coil  current,  are  presented  in  Figure  2  and 
will  be  discussed  below.  This  figure  shows  that  our 
experimental  setup  is  capable  of  measuring  density 
distributions  over  4  to  5  decades. 

V.  RESULTS  AND  INTERPRETATION 

In  the  present  work  we  have  investigated  the  influence 
on  the  beam  transverse  profile  of  the  electron-bunch  charge 
and  of  the  current  in  the  focusing  anode  coil  of  the  ELSA 
photoinjector. 

A.  Results 

The  transverse  profile  has  been  observed  for  bunch 
charges  (Q)  ranging  from  0.5  to  3.0  nC  and  anode-coil 
current  (B)  varying  between  15.0  and  19.7  A.  Data  were 
taken  in  four  separate  runs  for  20  sets  of  Q,B  values. 
Horizontal  cross  sections  of  the  transverse  density 
distribution  have  been  extracted  from  the  reconstructed 
profile  images.  Characteristic  spectra  are  displayed  in  Figure 
2,  showing  important  changes  in  the  beam  density  profile. 

Observation  of  the  data  leads  to  two  remarks: 

-  Beam  size  changes  strongly.  At  low  anode-coil  currents 
(~15  A),  there  is  a  linear  beam-spot  broadening  with 
increasing  bunch  charge,  while,  at  higher  anode-coil  currents 
(>18  A),  the  spot  size  is  large  and  almost  constant  with 
charge.  The  low-coil-current  behaviour  has  been  observed 
before  and  attributed  to  space-charge  effects  [3]. 

-  Profile  shapes  look  quite  different  with  the  anode-coil 
current,  i)  At  low  currents  (<16  A),  the  density  profile 
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decreases  almost  exponentially  from  the  center  of  the  beam 
towards  outside,  ii)  At  mid  currents  (~18  A),  the  density 
profile  seems  to  be  composed  of  two  gaussian  shapes,  as  if 
two  beams,  with  different  transport  properties,  were  travelling 
together.  The  more  dense  beam  could  be  called  the  "core",  the 
other  one,  the  "halo".  Curves  b)  and  c)  of  Figure  2  exhibit  this 
bi-gaussian  shape.  Hi)  At  high  currents  (>19.5  A),  the  core 
and  the  halo  seem  to  be  completely  mixed. 

B.  Interpretation 

The  density  profiles  have  been  processed  to  yield  an 
estimate  of  the  fraction  of  the  beam  that  extends  beyond  a 
given  distance  from  the  centroid  of  the  beam.  The  resulting 
data  have  been  used  to  deduce,  for  each  measurement,  the 
beam  radii  enclosing  90%,  99%,  99.9%  and  99.99%  of  the 
particles.  The  20  measurement  results  have  then  been 
analyzed  using  an  interpolation-extrapolation  technique  to 
yield  the  radii  variations  in  the  Q,B  space.  Variations  of  the 
beam  radius  enclosing  99%  of  the  particles  are  displayed  in 
Figure  3  as  a  3D  contour  plot;  the  data  are  labelled  as 
"EXPERIMENT". 


The  experiment  has  been  simulated  with  the  code 
PARMELA,  in  order  to  explain  our  results  and  to  try  to 
understand  the  physical  phenomena  involved  in  the  halo 
formation  and  development.  Because  of  the  limited  numerical 
capabilities  of  the  code  contour  plots  could  not  be  obtained  for 
beam  radii  enclosing  more  than  99%  of  the  particles.  The 
data  for  a  beam  radius  enclosing  99%  of  the  particles  are 
presented  in  Figure  3;  they  are  labelled  as  "PARMELA". 
Comparison  of  contour  plots  for  measured  data  and 
simulation  results  shows  good  qualitative  agreement,  but  the 
simulation  yields  radii  systematically  larger  than  the 
experiment  by  a  factor  of  roughly  2.  This  discrepancy  may  be 
explained  by  a  crude  simulation  of  the  photoinjector  or  an 
unrealistic  estimate  of  the  transverse  focusing  strength  of  the 
accelerating  cavities. 
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Rgune  4:  Experimental  curves  B  =  f(Q)  corresponding  to 
minimum  radii  enclosing  90%,  99%,  99.9%  of  the  particles. 


Both  plots  exhibit  a  valley  at  the  same  location  in  the 
Q,B  space.  The  bottom  of  this  valley  represents  the  optimum 
anode-coil  current  at  a  given  bunch  charge  for  transporting  an 
electron  beam  of  minimum  size.  The  curves  corresponding  to 
the  lowest  path  in  the  valley  have  been  estimated  for  both 
experimental  and  simulation  results,  and  they  compare 
satisfactorily.  The  experimental  B  =f(Q)  curves  corresponding 
to  minimum  beam-radii  enclosing  90%,  99%  and  99.9%  of 
the  particles  are  displayed  in  Figure  4.  It  indicates  that  the 
anode  current  should  be  higher  if  the  objective  is  to  optimize 
the  transport  of  the  beam  core  only,  and  relatively  lower  if  the 
objective  is  to  optimize  the  transport  of  the  core+halo. 

VI.  CONCLUSION 

The  hole-bored  OTR  screen  and  the  imaging  technique 
constitute  powerfull  tools  for  measuring  electron-beam 
transverse  distributions  over  four  to  five  orders  of  magnitude 
and  for  studying  the  halo  in  the  transport  of  a  high-brightness 
beam.  The  analysis  of  the  influence  on  the  beam  profile  of  the 
bunch  charge  and  the  focusing  strength  of  the  ELSA 
photoinjector  yields  interesting  results.  Further  work  is 
planned  to  investigate  the  role  of  other  parameters  controlling 
the  beam,  and  to  use  more  extensively  the  simulation  tools  in 
order  to  understand  the  physics  of  the  halo, 

VII.  REFERENCES 

[1]  R.  Dei-Cas  et  al.,  “Status  report  on  the  low- 
frequency  photo-injector  and  on  the  infrared  FEL  experiment 
ELSA”,  Nucl.  Inst,  Meth.  A296  209  (1990). 

[2]  G.  Haouat,  C.  Couillaud,  J.  Di  Crescenzo,  J. 
Raimbourg  and  S.  Seguin.,  Proc.  First  European  Workshop 
on  Beam  Diag.  and  Inst,  for  Part.  Acc.,  Montreux, 
Switzerland.  CERN  PS/93-35  (BD)  -  CERN  SL/93-35  (BI) 
(1993)  180. 

[3]  G.  Haouat,  N.  Pichoff,  C.  Couillaud,  J.  Di 
Crescenzo,  S.  Joly,  S.  Seguin  and  S.  Striby,  "Experimental 
study  of  the  ELSA  electron-beam  halo",  BIW94,  Beam 
Instrumentation  Workshop  -  Vancouver,  B.C.,  Canada,  2-6 
Oct.  1994. 


3172 


Studies  on  Halo  Formation  in  a  Long  Magnetic  Quadrupole  FODO  Channel 

First  Experimental  Results 

P-Y  Beauvais*,  D.Bogard*,  P-A  Chamouard',  R.Ferdinand*, 

G.  Haouat^,  J-M  Lagniel*,  J-L  Lemaire^,  N.  Pichoff,  C.  Ruiz^. 

1)  CEN  SACLAY-DSM/LNS  and  GECA,  BP  2, 91191  Gif-sur- Yvette.  France. 

2)  CEA-BIII/PTN,  BP  12, 91680  Bruyeres-le-Chatel.  France. 


ABSTRACT 

A  study  is  progress  to  prepare  an  experiment  on  the 
transport  of  an  intense  proton  beam,  with  high  optical 
qualities,  through  a  periodic  magnetic  quadmpole  FODO 
channel  (29  periods).  It  is  intended  to  provide  a  better 
understanding  of  how  halo  develops  and  can  be  controlled  as  a 
crucial  issue  for  the  design  of  high-intensity  linear  accelerators. 
Simulations  were  done  showing  that  this  experiment  can  be 
performed  with  a  high-brightness  proton,  beam  produced  by  a 
duoplasmatron  source,  with  an  energy  of  500  keV  and  a  current 
of  tens  of  mA.  Beam  pulse  length  will  be  less  than  1  ms  and 
normalized  emittance  better  than  l.Ti  mm.mrad  (90%  of 
total  beam).Thus,  transverse  tune  can  be  sufficiently  depressed 
in  the  transport  channel  to  allow  instabilities  to  grow  and  halo 
to  develop  or  stay  under  control. 

The  overall  experimaat  is  divided  in  two  phases.  Phase  1, 
the  subject  of  this  paper,  is  dedicated  to  precise  measurements 
on  initial  beam  conditions,  such  as  emittance,  for  the  beam 
entering  the  FODO  channel.  Phase  2,  concerning  the  halo 
formation  phenomena  will  be  canied  on  latter,  if  results  of 
phase  1  are  satisfactory. 

I.  INTRODUCTION 

For  many  years,  experimental  studies  on  emittance  growth 
of  beams  transported  under  space  charge  conditions  have  been 
done  at  different  laboratories [1].  The  aim  was,  and  is  still,  to 
test  the  calculations  and  the  simulations  made  for  long 
focusing  continuous  channels  and  alternating  strong  focusing 
quadrupole  channels  both  for  electron  and  heavy  ion  beams.  Of 
course,  the  cost  of  such  transport  lines  strongly  limits  the 
experiments  and  they  have  to  be  achieved  in  several  steps. 
Previous  results  seem  to  be  limited  by  the  sensitivity  of  the 
experimental  setups.  Therefore,  more  sensitive  diagnostics  are 
needed  for  these  tests.  With  the  growing  interest  for  dedicated 
high-intensity  CW-beam  linear  accelerators,  linacs  must 
achieve  very  low  beam  losses  to  insure  the  maintainability  of 
the  structure.  Instabilities  in  the  beam  that  lead  to  a  halo  are 
still  a  real  concern;  so,  understanding  of  halo  formation,  and 
controlling  its  development  is  a  key  issue  for  all  designers. 
Recently  new  insights  [2,3]  suggested  that  similar  experiments 
should  be  performed  again  with  better  beam  instrumentation. 
Efforts  have  to  be  put  into  diagnostics  better  adapted  to  the 
requirements  of  measuring  the  low  density  part  of  the  beam 


included  in  the  halo  along  with  the  optical  qualities  of  the 
initial  beam  (emittance,  profile,mismatching  and  missteering). 

Because  of  budget  constrainsts,  a  proposal  was  made,  early 
in  1994,  to  use  an  existing  quadrupole  channel  of  29  periods. 
This  system  consists  of  the  focusing  quadrupoles  of  the  LNS 
20.MeV  Alvarez  linac  not  powered  with  RF[3].  All  the 
existing  hardware  was  available  and  the  only  major 
modification  was  to  update  the  quadrupole  system.  The  power 
supplies  offered  all  the  flexibility  that  was  necessary  to  cover  a 
wide  range  of  tuning. 

IT  THEORETICAL  ASPECTS  -  BEAM 
SIMULATIONS 

The  FODO  channel  has  a  variable  period  because  spacing 
of  the  quadrupoles  increases  along  the  structure  due  to  the 
location  of  the  drift  tubes.  Matching  between  adjacent  cells  has 
to  be  done  to  obtain  the  stable  envelopes  for  different  phase 
advances  at  zero  beam  current  (Oq)  ^d  desired  transported 
current  (a^).  We  chose  Oq  =60°  and  100°.  The  core  envelope  is 
optimized  for  a  K.V  distribution.  Simulations  are  done  using 
the  particle  core  model  (PCM)  for  three  concentric  distributions 
of  2000  particles  each:  the  first  distribution  treats  the  core,  the 
second  one  the  border  part  and  the  third  one  the  outer  part  of  the 
beam.  These  test  particles  are  uniformly  distributed  in  the 
phase  space  and  tracked  along  the  structure.  It  is  expected  by 
many  authors  that  above  Gq  =  90°,  instabilities  develop  and 
emittance  grows.  This  is  very  well  demonstrated  in  our 
simulations[3].  It  is  observed  that  phase  space  deteriorates  and 
emittance  grows  with  increasing  beam  current.  The  envelope 
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starts  to  oscillate  and  a  halo  grows  around  the  core.  Studies  of 
these  phenomena  are  in  progress  but  it  is  beyond  the  scope  of 
this  paper  to  recall  all  the  theoretical  aspects. 

III.  EXPERIMENTAL  SET-UP 

The  experimental  set-up  corresponding  to  phase  1  is 
shown  in  Figure  2.  It  consists  of  a  duoplasmatron  source 
housed  in  a  high  voltage  terminal  1  delivering,  for  the  purpose 
of  the  experiment,  a  proton  beam  up  to  50mA  at  500  keV.  The 
pulse  duration  is  set  to  500|LIs  to  allow  for  transient  effects  to 
die  before  any  measurements  are  performed  on  the  beam.  In  this 
respect,  we  can  consider  that  we  are  dealing  with  an  equivalent 
DC  beam  for  both  simulation  and  Hasurement.  The 
intermediate  section  between  the  FODO  channel!  and  the 
beam  source  holds  all  the  instrumentation  required  for  beam 
diagnostics  during  phase  1.  It  will  become  the  matching 
section  for  phase  2.  At  present  time,  the  only  focusing  element 
is  a  quadrupole  triplet  3  used  to  form  the  beam  image 
dowstream.  A  dipole  magnet  4  allows  for  beam  analysis:  its 
diagnostic  is  put  in  viewing  box  5.  The  other  viewing  boxes 
house  the  main  beam  diagnostics: 

-  box  6  contains  a  Faraday  cup,  collimators  and  a  sanpling 

hole, 

-  box  7  contains  collimators,  sampling  holes,  and  a  slit, 

-  box  8  contains  a  pepper-pot  to  sample  the  beam 

-  box  9  holds  the  instrumentation  dedicated  to  emittance;  beam 
profile  andbeam  current  measurements. 

For  phase  2  experiment,  viewing  box  9  will  be  replaced 
by  a  set  of  magnetic  quadrupole  lenses  to  properly  match  the 
beam  to  the  FODO  channel. 


IV.  EXPERIMENTAL  METHODS 


A.  Beam  Instrumentation 

Usual  methods  are  applied  for  beam  current  and  beam 
centroid  measurements;  which  aire:  Faraday  cups,  current 
transformers  located  at  positions  6,  8  and  9  and  multi-wire 
profile  monitors,  sdntillcting  screen  located  at  position  9.  At 
places  6  and  7,  variable  apertures  allow  for  limitation  of  the 
transverse  emittance.  The  main  effort  was  done  to  achieve  a 
maximum  sensivity  on  beam  emittance  measurements.  Two 
methods  were  used  for  cross-checking  the  measurements:  i)  the 
hole-profile  method  (HPM)  which  gives  good  accuracy  on 
beam  brightness  and  on  beam  aberrations,  ii)  the  pepper-pot 
method  (PPM)  where  a  scintillating  screen  gives  a  full  video 
information  in  only  one  beam  shot.  Unfortunately,  the  HPM 
takes  a  long  time  (about  30  minutes  )  since  a  sampling  hole 
has  to  be  stepped  across  the  beam.  The  latter  method  is  inspired 
of  an  imaging  method  widely  used  on  the  ELSA  linac[4]  and 
should  be  capable,  for  phase  2,  of  measuring  density 
distributions  over  at  least  4  decades. 


B. Pepper-pot  Method 


The  300-|im  thick 
graphite  sampling  plate  with 
200  |rm  diameter  holes 
spaced  by  2  mm  is  used  for 
the  pepper-pot  method.  The 
scintillator  is  64  cm  behind. 
It  is  chromium  doped  alumina 
covered  by  a  300.  A  gold 
deposit  to  eliminate  the 
charges.  Beamlet  spots  are 
visualized  with  a  CCD 
intMisified  camera.  The 
measurement  integrates  over 
the  beam  pulse  duration. 
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Figure  3:  Pepper-pot  image  of 
beam  on  scintillating  screen. 


Fig  2:  Lay-out  of  the  experimental  set-up 
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C.  Profile-Hole  Method 

A  multi  wire  profile  monitor  is  placed  3m  behind  a  200*200 
[im  square  sampling  hole  [5].  This  monitor  is  made  of  64  wires 
(gold  covered  tungsten  of  30|im  diameter),  spaced  by  300  |im 
in  the  center  and  500|i.m  at  the  edges,  A  lOOV  bias  eliminates 
the  secondary-electron  emission.  The  sampling  step  size  of  the 
apparatus  is  .2  mm. 
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Figure  4a  shows  a  typical  emittance  contour  including 
90%  of  the  beam.  It  corresponds  to  a  30  mA,  500  keV 
beam  with  a  normalized  emittance  of  Sn/p=  .6  mm.mrad. 


Figure  4b  represents  the  brightness  curve  corresponding 
to  the  emittance  shown  on  figure  4a.  I/IO  is  the  relative 
intensity  of  the  beam  included  in  this  emittance  contour. 

V-.  EXPERIMENTAL  RESULTS 

We  measured  the  relative  amount  of  the  different  species 
produced  by  the  ion  source.  It  turned  out  that  H2-I-  and  H3+ 
represent  respectively  about  10%  and  1%  of  the  beam.  The 
highest  H+  percentage  was  reached  for  50  mA  total  beam 
current.  For  future  experiments  we  will  have  to  deal  with  these 
unwanted  species, 

Conparison  of  the  two  emittance-measurement  methods  was 
done  for  a  typical  full  beam  of  20  mA.  One  camot  use  the  trplet 
magiet  in  the  PPM  because  separation  of  the  species  produces  an 
unacceptable  background.  However,  without  the  triplet  magpet, 
the  beam  was  too  wicfe  on  the  scintillator,  so  it  was  dedded  to 
collimate  the  beam  with  a  04  mm  collimator,  in  orcfer  to  conpare 
the  emittance  measurement  methods  (  spa^e  charge  effects  due  to 
the  cifference  between  species  was  ne^ege^le). 

Figure  5  shows  the  collimated-beam  brigthness  obtained 
by  the  two  methods.  The  PPM  leads  to  a  measured  brightness 
2  times  greater  than  that  measured  by  the  HPM.  After  having 
corrected  the  data  from  diffusion  effects  in  the  scintillator,  we 


assume  that  this  difference  comes  from  the  fact  that  the  PPM 
data  are  integrated  over  the  whole  pulse  duration  even  though 
the  HPM  samples  during  only  5  |is  in  the  stable  part  of  the 
pulse.  Further  experiments  are  in  progress  to  verify  this 
hypothesis. 


VI.  CONCLUSION 

The  present  emittance  results  are  good  enough 
(  .6  mm.mrad  for  90%  of  the  particle  of  a  30  mA  beam)  to 
allow  experiment  of  phase  2  to  be  done  with  a  sufficiently 
large  excursion  of  the  tune  depression..  Nevertheless  some 
more  measurements  will  be  performed  to  find  the  best  sets  of 
source  parameters  which  minimize  the  transverse  emittance. 

The  chromium-doped  alumina  scintillators,  which  were 
used  for  the  present  experiment,  will  be  replaced  by  faster 
scintillators  in  order  to  measure  time-resolved  profiles  and 
emittances.  These  are  needed  to  explain  differences  between  the 
two  experimental  methods,  and  to  allow  measurements  of  the 
halo  evolution  during  the  beam  pulse. 

To  eliminate  the  undesirable  species  in  the  proton  beam  a 
Wien  filter  has  been  designed.  It  will  be  installed  before 
starting  phase  2  of  FODO  experiment. 

ACKNOWLEDGEMENTS 

The  authors  want  to  express  their  thanks  to  S.Joly  for 
encouraging  and  supporting  the  FODO  experiment.  It  is  also  a 
pleasure  to  acknowledge  the  help  of  P.Hardy,  S.Seguin  and 
S.Striby 

V.  REFERENCES 

[1] .see  for  example, D.Kehne,  M.Reiser  and  H.Rudd, 
"Experimental  studies  of  emittance  growth  due  to  initial 
mismatch  of  a  space-charge  dominated  beam  in  a  solenoidal 
focusing  channel",  PAC91  ConfProc;  p248. 

[2]  J-M  Lagniel,  "Chaotic  behaviour  induced  by  space 
charge",  EPAC94,  ConfProc,  pi  177 

[3]  J-M  Lagniel,  "Etude  experimentale  du  halo  cree  par  la 
charge  d’espace,  proposition",  LNS-SM-94-06,  int.rep. 

[4]  G.Haouat  and  al.,  "Halo  of  a  high-brightness  electron 
beam",  this  conference 

[5]  P-Y.Beauvais,  R.Ferdinand,  J-L.Lemaire,  "Mesure  fine  db 
remittance  d’un  faisceau  d’ions",  LNS/SM  93-08,  int.rep 


3175 


RADIAL  MODE  EVOLUTION  IN  LONGITUDINAL  BUNCHED  BEAM 

INSTABILITY^ 

S.  Y.  Zhang  and  W.  T.  Weng, 

Brookhaven  National  Laboratory,  Upton,  New  York  11973  U.S.A. 


1.  INTRODUCTION 

An  indispensable  aspect  of  the  bunched  beam  instability 
mechanism  is  the  variation  of  the  particle  distribution  with 
respect  to  the  beam  intensity.  This  density  variation  can 
be  shown  as  the  evolution  of  radial  modes.  The  radial 
modes,  which  are  determined  by  the  stationary  particle 
distribution  and  the  impedance,  represent  the  coherence  of 
the  particle  density  variation  governed  by  the  Vlasov 
equation.  Using  this  coherence  in  the  beam  instability 
analysis  gives  rise  to  not  only  the  computational  efficiency 
but  also  the  physical  insight  into  the  instability  mechanism. 
The  evolution  of  the  radial  modes  displays  several 
interesting  properties  for  the  cases  without  and  with 
synchrotron  frequency  spread.  If  the  azimuthal  mode 
coupling  cannot  be  neglected,  then  corresponding  to  each 
coherent  frequency  shift  there  exists  an  extended  radial 
mode  which  includes  the  interactions  from  other  azimuthal 
modes.  In  this  article,  the  radial  mode  evolution  and  the 
related  physical  implications  will  be  discussed,  which  are 
useful  for  the  understanding  of  the  beam  instabilities,  and 
also  useful  for  the  beam  diagnostics. 

IL  RADIAL  MODE 

If  the  azimuthal  mode  coupling  is  neglected,  then  the 
Sacherer  integral  equation  can  be  written  as  an  eigenvalue 
problem  [1-4], 

((W-mfi),)aW=Af('"y'”)  (1) 

where  co  is  the  coherent  frequency  shift,  m  is  the 
azimuthal  mode  number,  (Oj  is  the  synthrotron  frequency. 
The  system  matrix  represents  a  feedback  determined 
by  the  particle  distribution  of  the  beam  and  the  impedance, 
and  it  is  proportional  to  the  beam  intensity.  The  eigenvector 

^  where  k  denotes  truncation  and 
the  superscript  T  denotes  transpose,  represents  the  radial 
mode  defined  on  the  basis  of  the  normalized  orthogonal 
polynomials 

R^'"\r)  =  W(r)  (2) 

Note  that  the  weight  function  is  defined  as 
W{r)  =  -dy/Q/{dr-r),  where  \|/o  is  the  stationary  particle 

distribution.  The  radial  mode  together  with  the  rotation 
factor  determine  the  perturbation  particle  distribution  in 
the  phase  space, 

¥pir,0)=  (3) 


The  projection  of  this  perturbation  on  the  phase 
deviation  axis  is  the  line  density,  which  can  be  observed  to 
obtain  the  information  of  the  radial  mode  variation. 

Given  stationary  distribution  and  impedance,  the  radial 
modes  represent  coherent  particle  density  evolution, 
governed  by  the  Vlasov  equation.  This  coherence  implies 
the  discreteness  of  the  modes  and  the  corresponding 
frequency  shifts.  The  orthogonal  polynomials  used  in  [2,3], 
i.e.  for  a  Gaussian  distribution,  the  generalized  Laguerre 
polynomials,  and  for  a  parabolic,  the  Jacobi,  can  guarantee 
the  convergence.  In  Fig.  1,  the  weighted  orthogonal 
polynomials  for  aGaussian  distribution  and  the  Hankel 
spectra  of  these  orthogonal  polynomials  are  shown  for  the 
azimuthal  mode  m=l.  We  may  observe  that  the  spectra  of 
the  polynomials  cover  from  the  low  frequency  to  the  high, 
therefore,  the  larger  dimension  expansion  of  the  radial 
modes  implies  to  include  higher  frequency  components. 
For  some  impedances  such  as  the  RF  cavity,  the 
convergence  is  very  fast.  Usually  an  expansion  of  a  few 
dimension  gives  rise  to  a  good  approximation,  and  a  few 
radial  modes  represent  the  whole  system  well. 


VMghM  Orthogoral  Polynomiali  Ibr  Gnmian  Olitributfon 


Fig.  1  Orthogonal  Polynomials  and  Spectra 

Using  the  coherence  of  the  particle  density  evolution, 
solving  of  the  eigenvalue  problem  in  (1)  is  equivalent  to 
decoupling  the  system  into  several  independent 
subsystems,  each  one  with  its  own  inherent  frequency  and 
representation  of  its  radial  mode. 

In  general,  different  orthogonal  basis  can  be  chosen  for 
the  radial  mode  expansion,  the  convergence  will  however 
be  affected.  The  problem  will  be  discussed  in  Section  V. 

Several  properties  associated  with  the  radial  mode  are 
mentioned  at  this  point.  1)  For  a  non-zero  beam  intensity, 
the  coherent  frequency  shift  co  is  linearly  proportional  to 
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the  intensity.  2)  The  eigenvectors  and  therefore  the  radial 
modes  are  invariant  with  respect  to  the  intensity.  3)  The 
amplitude  of  the  radial  mode  is  arbitrary,  since  the  scaling 
of  the  eigenvector  is  arbitrary.  4)  The  damping  or 
antidamping  of  these  modes  are  independent  for  each  other. 

The  eigenvalue  problem  shown  in  (1)  is  the  simplest 
one  in  the  perturbation  problem,  it  also  has  a  most  popular 
application,  especially  in  a  regime  of  low  intensity.  It, 
however,  cannot  satisfy  the  situations  with  synchrotron 
frequency  spread,  or  if  the  radial  modes  are  affected  by 
other  azimuthal  modes,  i.e.  mode  coupling,  or  if  due  to  high 
intensity  the  potential  well  is  distorted.  Under  these 
conditions,  equation  (1)  needs  to  be  modified. 

III.  FREQUENCY  SPREAD 

For  the  synchrotron  frequency  spread  due  to  the  RF 
nonlinearity,  the  equation  (1)  is  modified  as, 

(ffl  =  m(Osc)cc^"‘^  =  (/nAK'")  +  (4) 

where  represents  the  frequency  dispersion,  which  does 
not  depend  on  the  beam  intensity.  This  matrix  introduces  no 
instability  mechanism,  and  it  is  dominant  at  low  intensity. 
At  high  intensity  the  dominance  is  transferred  to  the  matrix 
and  the  transition  process  shows  the  Landau  damping. 

We  note  that  some  properties  associated  with  the  radial 
modes  are  changed.  1)  The  eigenvalues  are  no  longer  li¬ 
nearly  proportional  to  the  beam  intensity.  2)  The  radial 
modes  are  no  longer  invariant  to  the  intensity. 


Mocto  Frvquancy  OMIbution 
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Fig.  2  Frequency  Spread  and  Radial  Modes 


An  example  of  the  m=l  mode  with  RF  non-linearity 
induced  synchrotron  frequency  spread  is  shown  in  Fig.  2, 
where  the  coherent  frequency  distribution  together  with  the 
corresponding  radial  functions  at  low  intensity  are  shown. 
In  Fig.  3  a  comparison  of  the  unnormalized  perturbation 
line  densities  with  and  without  frequency  spread  is  shown. 
It  can  be  shown  that  for  a  narrow-band  impedance  such  as 
the  RF  cavity,  an  antidamping  mode  involves  more  the 


particles  in  the  bunch  center,  and  a  damping  mode  involves 
the  bunch  edge  [5],  which  can  be  observed  through  the  line 
density  variation.  In  a  case  of  antidamping,  the  radial 
modes  responsible  for  the  instability  gradually  expand  from 
the  beam  center  to  the  edge,  as  the  beam  intensity  is 
increased,  which  can  be  used  to  interpret  the  Landau 
damping. 

No  Frtqutncy  Spraad  VWi  Ffi^itncy  SpfMd 


Fig.  3  Comparison  of  Line  Densities 

The  effect  of  frequency  spread  itself  generates  no 
coherent  distribution  density  evolution.  As  the  beam 
intensity  increases,  the  feedback  governed  by  the  Vlasov 
equation  becomes  effective,  and  coherence  is  taking  place. 
The  approach  used  in  (4)  is  to  approximate  the  system  by  a 
number  of  subsystems.  This  approach  is  convenient  for  the 
computation,  and  also  allows  physical  insight  into  Landau 
damping.  For  most  impedances,  such  as  resonators  with 
not  too  high  resonant  frequencies,  only  a  small  dimension 
of  expansion  is  needed  to  get  a  good  result  [5]. 

IV.  MODE  COUPLING 

When  mode  coupling  is  considered,  we  can  write. 


rtKOgl 

0  ■ 

0 

m'cosl 

where  only  the  coupling  between  the  mode  m  and  nC  is 
included.  The  equation  can,  however,  be  easily  extended  to 
multi-mode  coupling  and  to  the  case  with  frequency  spread. 
Comparing  (5)  with  (4),  we  find  some  similarities,  such  as 
that  both  are  different  from  (1)  with  an  inhsity 
independent  matrix  in  the  system  matrix.  There  are  also 
differences  such  as  that  the  matrix  M  in  (5)  is  not 
symmetric  as  is  the  case  in  (4). 

In  general  the  orthogonality  of  the  orthogonal 
polynomials  between  different  asimuthal  modes  is  not 
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necessarily  guaranteed.  To  quality  (5)  as  an  eigenvalue 
problem,  the  rotation  factors  e'"'^  has  to  be  included  in  the 
orthogonal  basis.  Therefore,  the  radial  modes  in  a  mode 
coupling  situation  are  implicitly  defined  by  the  following 
distribution, 

wt\r,e)=  (6) 

m'=-oo 

We  observe  that  the  radial  mode  in  a  mode  coupling 
lost  its  sole  dependence  on  r,  it,  however,  kept  the  most 
important  characteristic,  which  is  that  the  whole 
distribution  pattern  of  a  radial  mode  in  the  phase  space 
bears  an  identical  coherent  frequency  co  . 

Consider  coupling  between  the  modes  m=l  and  m=2. 
As  an  example,  as  the  intensity  increases  from  1  to  9,  the 
line  densities  of  the  two  responsible  radial  modes  in  the 
two  azimuthal  modes  are  shown  in  Fig.  4.  The  evolutions  of 
these  modes  can  be  observed. 


Fig.  4  Line  Density  Evolution  for  Mode  Coupling 

An  interesting  aspect  of  experimentally  observed  radial 
modes  is  reported  in  [6].  The  observed  modes  are  discrete, 
which  agrees  with  the  concept  of  the  radial  modes  applied 
in  this  article.  Also  reported  are  some  problems  in 
observing  these  modes.  We  note  that  below  the  instability 
threshold  often  the  radial  modes  responsible  to  the  coupling 
are  more  difficult  to  observe,  because  usually  before  the 
coupling  they  are  damped,  not  antidamped.  Meanwhile 
there  are  other  modes,  which  are  less  damped  or  not 
damped  at  all,  therefore  if  the  beam  is  excited,  these 
modes  are  easily  observed.  They,  however,  have  different 
coherent  frequencies  from  the  modes  responsible  for  the 
instability  thresholds.  This  can  be  shown  by  an  example  for 
the  coupling  between  the  m=l  and  m-2  modes.  The 
damping  is  especially  strong  for  the  m=±l  coupling,  which 
is  in  fact  the  first  Robinson  criterion. 


V.  POTENTIAL  WELL  DISTORTION 

With  potential  well  distortion,  two  things  happened. 
First,  the  stationary  distribution  may  depend  on  not  only  r 
but  also  6  .  For  a  Gaussian  distribution,  this  problem  can 
be  easily  treated.  Second,  the  synchrotron  frequency 
becomes  dependent  on  several  variables,  including  the 
stationary  distribution,  which  itself  is  nonlinearly  dependent 
on  the  beam  intensity.  Considering  that  the  stable  phase 
shift  can  be  corrected  by  the  RF  phase  feedback,  and 
assuming  that  the  distortion  is  not  so  severe  that  the 
original  orthogonal  polynomial  expansion  still  can  be  used, 
the  problem  can  be  formulated  similarly  to  equation  to  (4) 
as, 

{co  -  mcOsc)cc^'^^  =  (7) 

where  can  be  calculated  from  the  spectrum  of  the 
stationary  distribution.  Since  the  stationary  distribution  is 
distorted  by  the  beam  intensity  induced  feedback,  this 
matrix  is  no  longer  constant,  but  non-linearly  intensity 
dependent.  It  is,  however,  still  real  and  symmetric.  A 
radial  mode  evolution  can  be  studied  for  this  formulation. 

In  [7]  a  method  using  meshes  in  the  radial  direction  as 
the  orthogonal  basis  in  the  expansion  is  proposed,  which 
has  a  potential  to  include  perhaps  more  extended  instability 
mechanisms.  Although  the  general  convergence  is  not 
considered  as  a  problem  if  a  large  dimension  expansion  is 
used,  the  very  concept  of  the  radial  modes  is,  however, 
buried  in  the  large  amount  of  eigenvectors,  most  of  them 
represent  in  fact  incoherent  motions  [8]. 

By  using  well  established  orthogonal  polynomials  for  a 
non-distorted  stationary  distribution  and  using  (7),  the 
radial  modes  can  be  obtained  and  used  to  help  the 
understanding  of  the  mechanism  of  the  instabilities.  The 
convergence  and  the  efficiency  in  using  these  polynomials 
with  potential  well  distortion  should  be  studied  analytically 
and  experimentally. 
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Abstract 

Many  explanations  of  halo  formation  in  high  current  ion  beams 
require  the  existence  of  particles  which  are  outside  the  beams 
central  core.  We  propose  a  mechanism  which  is  capable  of  mov¬ 
ing  some  particles  outside  the  core.  Specifically,  we  consider  a 
2-D  KV  beam  which  is  started  into  a  uniform  density  breathing 
oscillation  by  some  mismatch  in  the  transverse  focusing  pattern. 
We  then  consider  perturbations  with  non-linear  space  charge 
density  and  find  that  they  can  be  unstable  against  small  oscil¬ 
lations  for  certain  ranges  of  mismatch  and  tune  depression.  The 
stability  limits  in  the  mismatch/tune  depression  space  have  been 
computed  for  the  first  three  azimuthally  symmetric  modes  with 
non-linear  charge  density.  It  appears  that  even  modest  values  of 
mismatch  and  tune  depression  can  lead  to  instabilities  which  are 
capable  of  moving  particles  outside  the  core  of  the  beam. 

1.  INTRODUCTION 

Interest  has  arisen  recently  in  using  ion  linacs  in  high  current 
applications.  In  order  to  keep  the  beam  loss  to  the  order  of  1  ppm 
to  avoid  serious  linac  activation,  it  is  necessary  to  understand 
emittance  growth  and  halo  formation  in  great  detail  in  order  to 
produce  an  acceptable  design. 

Accordingly,  recent  attention  has  been  focused  on  under¬ 
standing  the  mechanism(s)  by  which  halos  are  produced.  This 
includes  a  review  of  observations  and  related  simulations[l],  a 
variety  of  simulations  and  experiments [2],  [3].  Several  models 
have  been  constructed  to  explore  resonances  between  particle 
oscillation  frequencies  and  the  periodicity  of  the  focusing  sys¬ 
tem  or  core  oscillation  modes  [4],  [5].  Many  of  the  simulations 
show  the  onset  of  chaotic  motion  at  high  space  charge  levels. 

In  a  recent  publication [6],  we  proposed  a  simple  model  in 
which  a  K-V  beam,  excited  into  a  uniform  density  “breathing” 
mode  by  some  sort  of  mismatch,  interacts  resonantly  with  indi¬ 
vidual  oscillating  ions.  If  the  ions  find  themselves  outside  the 
core  for  part  of  their  oscillation,  the  resulting  non-linearity  of 
the  ion  oscillations  can  lead  to  a  phase  lock  with  the  breathing 
oscillation,  producing  a  halo  whose  parameters  can  be  predicted 
and  whose  appearance  matches  that  in  simulations  performed  by 
Wangler  and  by  Ryne  [7].  The  unanswered  question  is:  “What 
is  the  mechanism  by  which  ions  initially  escape  from  the  core  in 
order  to  participate  in  the  formation  of  the  halo?” 

Obviously,  any  unstable  longitudinal  or  transverse  collective 
modes  involving  the  core  are  capable  of  moving  particles  out¬ 
side  the  core.  Studies  of  the  transverse  stability  of  a  matched 
K-V  beam[8],  [9]  have  shown  that  instabilities  exist  for  tune  de¬ 
pressions  (ratio  of  ion  oscillation  frequency  with  space  charge 
to  that  without  space  charge)  of  0.4  or  less.  In  the  present  paper, 
we  analyze  the  instabilities  of  a  breathing  K-V  beam  for  various 
collective  modes  involving  non-uniform  charge  density  and  find 


that  modes  involving  a  significant  breathing  amplitude  will  be 
unstable  at  tune  depressions  as  high  as  0.7  or  0.8. 

IL  BREATHING  MODE 

The  envelope  equation  of  a  KV  beam  is 

a"  +  fc2a  =  -  +  4,  (1) 

a 

where  a  is  the  beam  radius,  the  prime  stands  for  d/dz,  k  is  the 
tune  due  to  the  external  linear  restoring  force,  I  is  the  perveance 
defined  by  /  =  and  where  ttc  is  the  transverse 

emittance  of  the  beam.  Here  =  1207r  ohms  is  the  impedance 
of  free  space,  /o  is  the  beam  current  and  vq  is  the  particle' s  axial 
velocity.  We  assume  that  is  independent  of  z  in  the  present 
work.  If  we  start  with  a(0)  =  ai,  a^(0)  =  0,  an  integral  of  Eq. 
(1)  gives 

a'^  =  2I£n—  -f  k’^{al  —  a^)  ,  (2) 

ai  ^  \a(  a?  J 

which  enables  us  to  obtain  the  other  value  of  a(=  02)  at  which 
a'  =  0,  as  well  as  the  period  of  the  breathing  motion. 

We  now  set  =  /?6,  and  change  the  independent  and 
dependent  variables  from  z^x^y  io  =  f  dz/^ju{(j>)  = 
x{z) / v{(l>)  =  y{z) / such  that 

ii  -|-  u  0  ,  i)  -1- =  0,  (3) 

where  the  dot  denotes  derivative  with  respect  to  (j>.  Thus  the 
breathing  mode  can  be  described  by  specifying  /?  as  a  function 
of  <l>,  with  period  (^o-  The  transformation  clearly  depends  on  the 
size  of  the  “mismatch”,  that  is,  on  the  relative  amplitude  of  the 
breathing  oscillation.  If  we  scale  (3  so  that  =  o-{(j>)/k  and 
define  a  =  Ifke^  The  envelope  equation  can  be  written  as 

—  =  1  +  Qfcr  -  cr^  +  -  (4) 

2(7  4  (7^ 

We  note  that  a  matched  beam  (zero  breathing  amplitude) 
has  the  matched  amplitude  (Tq  =  C(f2  +  y/1  -h  a^/4  and 
that  the  tune  depression  for  a  matched  beam  is  given  by  rj  = 
y/k^  -  r/^/k  =  l/(To=\/l  +  a2/4-a/2. 

III.  PHASE  SPACE  DISTRIBUTION 

We  now  wish  to  consider  small  perturbations  from  a  uniform 
charge  density  breathing  mode  in  the  phase  space  distribution. 
For  this  purpose,  we  use  the  variables  u{(f)),  v{(l>)  and  <l>  and 
write 

f{u,  V,  ii,  V,  (f>)  =  fo{u,  V,  ii,  i})  +  /i(w,  v,  it,  v,  (j>),  (5) 

where  the  unperturbed  distribution  (including  the  breathing 
mode)  is 

/o(u,  v,  u,  v)  -  {To/n^)S{u^  +  v'^  +  u^  +  v^-  1).  (6) 
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Here  To  =  la/ Vo  is  the  line  charge  density  of  the  beam.  The 
charge  density  (in  the  2:,  j/  space)  is  then 


with 


„  __{o_r  1  ,  u2+ 

°  TZVoPi  \  0  ,  V?  -\- 

and 

Pi  =  ^jdujdv  fi{u,  V,  u,  v,<l>).  (8) 

We  assume  that  the  electric  field  due  to  pi  is  derivable  from  a 
scalar  potential  G{uj  v,  <^)  such  that 


<1 
2>1 


V 


(7) 


V-£'i  = 


dE^  dEy\ 

du  dv  ) 
d^G  d^G\ 
du^  dv'^  ) 


Pi 

eo 


■^Jdujdih.  (9) 


The  equations  of  motion,  including  the  force  due  to  the  non- 
uniform  charge  distribution,  are 


F{u,v)  =  {u-\-iv)’^2Fi{-3,  m  +  j;  m+l;  u'^  +  v^) 


where  djm  =  i!  m!/(m  +  j  -  1)!.  Here  P{<j>)  is  a  function 
periodic  in  (f>  (with  period  (j)0y  the  same  as  that  of  the  breathing 
oscillation)  which  is  yet  to  be  determined.  The  corresponding 
charge  density,  according  to  Eq.  (9),  is 


Pl{u,V,<j)) 


A€oP{<j>)^  X-'  (-l)^(m  +  i +^)! 

(u  +  it;)^+'"(u- (17) 


with  m  and  j  - 1  being  the  number  of  azimuthal  and  radial  nodes 
in  the  perturbed  charge  density. 

Requiring  the  self-consistency  of  Eqs.  (9)  and  (14),  we  obtain 
an  integral  equation  for  P(0) 


ii  4-  M  =  — 


pdG 


2  ^  +  ^ 
mvi  €  ou 


e  pdG 
mvl  e  dv  ' 


(10) 


P{(f>)--aJ  (18) 


If  we  now  write 


where 


fi{u,v,u,v,<f>)  =g{u,v,u,v,<i>)fa{u^  +  v^  +  u'^  +  v^),  (11) 


keeping  only  terms  linear  in  fi  or  pi  (or  G),  the  Vlasov  equation 
becomes 


1-^3  dg  dg 

d^ 


where  the  right  hand  side  is 

2e  3 

R{u,  V,  Uj  i),  <f))  =  — 

mvn  c 


\dG  .dG 


(13) 


Equations  (9)  and  (12)  are  coupled  integro-differential  equa¬ 
tions.  Since  the  operator  on  the  left  side  of  Eq,  (12)  corresponds 
to  the  sinusoidal  orbits  inEq.  (3),  Eq,  (12)  has  a  formal  solution 
which  can  be  written  as 


g{u,v,u,v,<j>)=  f  d'>j;R{u',v',u',v’,il;),  (14) 

J  —  OO 


“  r!(m -h  r)!(j  —  r)! 

=  {-ly  [djm]~^  cos"^ {(i>  -  i;)  X 

2Pi{- jjrn  j;m  +  l;cos^  {(f)  -  ^)), 


{<t> 


if})  X 

(19) 


To  recapitulate,  we  have  confirmed  that  the  conjecture  for  the 
electrostatic  potential  in  Eq,  (15)  leads  to  a  perturbed  phase 
space  density  in  Eq.  (11)  which  reproduces  the  perturbed  space 
charge  density  corresponding  to  the  potential  in  Eq.  (15),  pro¬ 
vided  P{(j))  satisfies  the  integral  equation  in  Eq.  (18). 


IV.  DIFFERENTIAL  EQUATION  FOR  P((^) 

The  integral  equation  for  P{(j>)  in  Eq.  (18)  can  be  converted 
to  a  linear  differential  equation  with  periodic  coefficients.  As 
an  illustration,  we  consider  the  case  j  =  2,  m  =  0,  and  take 
successive  derivatives  of  Eq.  (18)  with  respect  to  0,  obtaining 
contributions  from  both  the  upper  limit  of  the  integral  and  the 
integrand.  And  then  we  construct  a  linear  combination  of  P{<t>) , 
P{(l>)  and  P‘^^{(f))  in  which  the  integrals  cancel.  Specifically 


where  u'  =  wc  —  iis^  v'  =  t;c  —  vs,  ii'  =  uc-\-  us,  P  =  vc-^vs, 
with  c  =  cos{<j)  —  -0),  5  =  sin(0  —  0). 

We  now  proceed,  as  in  the  analysis  for  a  matched  K-V 
beam[8],  to  guess  at  the  form  of  the  potential  G{u,  v,  0)  and  to 
determine  the  perturbed  phase  space  distribution g{u,  v,  ii,  v,  0) 
using  Eq.  (14).  Using  Eqs.  (11)  and  (9),  we  then  obtain 
&^G/ du^  +  S^GIdv^  and  require  that  it  agree  with  our  guess 
forG. 

Remarkably,  our  guess,  which  is  almost  identical  to  the  form 
used  for  the  matched  K-V  beam,  works  once  again. 

We  now  conjecture  that  G{u,  v,  0)  is 

G{u,  V,  0)  =  P{(i>)F{u,  v)  (15) 


(20  -h  2a(T)PFAadP^U  -  4acr  -f  2a^)P  =  0.  (20) 

Since  <7(0)  in  Eq.  (4)  is  a  periodic  function  of  0  with  period  0o, 
Eq.  (20)  is  a  Mathieu-like  equation  for  P(0).  If  we  let  V  be 
the  four-component  vector  (P,  P,  P,  p),  Eq.  (20)  can  then  be 
written  as  the  single  4x4  matrix  equation  V  =  TV  where  the 
matrix  T  depends  on  0  because  cr  depends  on  0. 

For  general  j  and  m,  by  taking  2j-l-m  or  2j-\-m-\-l  derivatives 
of  P(0),  it  is  always  possible  to  construct  a  linear  combination 
which  eliminates  dl  the  integrals,  as  we  did  in  Eq.  (20).  The 
order  of  the  resulting  differential  equation  is  2j  +  m  for  m  even 
or  2j  -f  m  +  1  for  m  odd,  as  is  also  the  dimension  of  the  vector 
V  and  the  matrix  T. 
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V.  NUMERICAL  STUDIES 

To  determine  the  stability  of  a  specific  mode  of  density  per¬ 
turbation,  we  first  need  to  solve  the  equation  of  the  envelope 
oscillation  shown  in  Eq.  (4)  numerically.  With  the  solutions 
of  (7(0),  we  can  numerically  integrate  the  matrix  form  of  the 
differential  equation  for  P{^)^  The  eigenvalues  of  the  transfer 
matrix  T  for  a  breathing  period  then  determines  the  stability  of 
the  mode  denoted  by  j,  m  for  the  space  charge  a  and  the  mis¬ 
match  parameter  ax.  Specifically,  the  mode  will  be  unstable  if 
the  absolute  value  of  any  of  the  eigenvalues  of  T  is  greater  than 
1. 

Starting  from  the  integral  equation  for  P{(j>)  in  Eq.  (18),  we 
can  also  make  the  transformation  to  differential  equations  for 
(jj  m)  =  (3, 0)  and  (4,0), and  thus  determine  their  stabilities 
with  respect  to  different  parameters. 

As  for  the  matched  beam,  i.e.,  cr  =  ctq  =  constant,  the  sta¬ 
bility  limits  of  the  modes  (j,  m)  =  (2, 0),  (3,  0)  and  (4,0),  are 
where  T^umit  =  0.2425,  0.3859  and  0.3985  respectively.  In  fact, 
m  =  0  is  the  most  restrictive  mode  for  all  m,  and  j  =  4  is  the 
most  serious  mode  that  gives  the  the  largest  threshold  value  of 
T],  i.e.  the  smallest  space  charge  limit,  for  all  (j,  0)  modes[8]. 
Therefore,  the  (4,0)  mode  is  the  least  stable  mode  for  the  space 
charge  limit  of  a  KV  beam.  In  Figs.  1 ,  we  show  the  stability  dia¬ 
gram  for  these  three  cases  in  the  //  —  ??  space,  where  //  =  ai  /ao* 
The  values  of  Tyumit  on  the  //  =  1  axis  for  each  case  is  confirmed 
in  the  figures. 

The  cusps  appearing  in  these  diagrams  are  caused  by  reso¬ 
nances  of  the  mode  frequency.  In  Fig.  1(a),  the  deep  fissure 
down  to  the  matched  parameter  //  =  1  is  where  the  phase  ad¬ 
vance  of  the  (2,0)  mode  oscillation  during  one  period  of  the 
breathing  mode  is  tt,  when  T^umit  =  0.5235.  Note  that  for  this 
resonance  the  breathing  frequency  is  twice  the  mode  frequency. 
We  believe  that  the  other  slits  appearing  in  the  stable  domains 
are  also  due  to  resonance  for  particular  parameters  of  tune  de¬ 
pression  and  mismatch.  As  for  the  higher  modes  (3,0)  and  (4,0), 
the  (j>  =  TT  resonance  occurs  outside  of  their  stability  limits.  That 
is  why  the  deep  fissure  that  meets  the  /i  =  1  axis  is  not  seen  in 
either  the  j  =  3  or  the  j  =  A  cases.  One  can  also  see  that, 
as  j  increases,  not  only  does  T/umit  moves  “backward”,  i.e.,  to 
smaller  space  charge,  but  also  the  stable  band  width  for  the  mis¬ 
match  parameter  fi  becomes  narrower.  This  implies,  at  least  up 
to  j  =  A  for  a  KV  beam,  that  the  area  of  stability  decreases  as  j 
increases. 

We  are  currently  using  numerical  orbit  simulations  to  confirm 
the  stability  regions  shown  in  Fig.  1. 
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Abstract 

Halo  formation  for  a  test  particle  in  a  mismatched  KV  beam  is 
studied.  Parametric  resonances  of  the  particle  Hamiltonian  due 
to  envelope  modulation  are  studied  with  particular  emphasis  on 
period  2  resonance  which  plays  dominant  role  in  Halo  forma¬ 
tion.  It  is  shown  that  the  onset  of  global  chaos  exhibits  a  sharp 
transition  when  the  amplitude  of  modulation  is  larger  than  a  crit¬ 
ical  value  which  is  a  function  of  a  single  parameter,  /c,  i.e.,  the 
ratio  of  the  space  charge  perveance  to  the  focusing  strength. 


Using  scaling  transformation,  we  obtain  the  following  expres¬ 
sion  for  the  envelope  Hamiltonian 

where  k  =  The  matched  beam  radius  Ro  and  the  fre¬ 
quency  of  small  amplitude  envelope  oscillations  z/g  are  given  by 

Ro  =  \/ V 1  +  (3) 


1.  INTRODUCTION 

The  interest  in  intense  charged  particle  beams  has  grown  in 
past  few  years  due  to  demand  in  high  brightness  and  high  inten¬ 
sity  ion  sources.  For  beams  dominated  by  the  self-space-charge 
force  Kapchinskij  and  Vladimirskij  have  constructed  a  self  con¬ 
sistent  equilibrium  distribution  function  which  obeys  the  KV 
equation  governed  by  the  external  focusing  field  and  the  self 
space  charge  force  [1].  In  order  to  understand  the  motion  of  a 
test  particle  in  KV  beam  simultaneous  numerical  integration  of 
envelope  and  particle  equations  of  motion  can  be  used.  The  as¬ 
sumption  is  that  the  envelope  evolution  will  affect  the  particle 
dynamics,  while  the  particle  motion  does  not  affect  the  enve¬ 
lope.  The  results  of  numerical  simulations  indicate  that  the  halo 
formation  arises  mainly  from  resonance  excitations  [2-5]. 

This  paper  is  organized  as  follows.  In  Sec.  II,  we  review 
properties  of  the  envelope  Hamiltonian  and  study  a  motion  of 
a  weakly  mismatched  beam  in  a  uniform  focusing  channel.  In 
Sec.  Ill,  the  particle  Hamiltonian  is  separated  into  autonomous 
Hamiltonian  and  time  dependent  perturbation;  the  condition  on 
existence  of  primary  parametric  resonances  is  obtained.  Condi¬ 
tions  for  global  chaos  and  estimation  of  halo  diameter  as  func¬ 
tion  of  modulation  amplitude  are  considered.  Conclusion  is 
given  in  Sec.  IV. 


Because  of  the  nonlinear  space  charge  force  the  envelope  tune 
Qe{Je)  varies  from  Q{Je  =  0)  =  Ue  to  Q{Je  oo)  2. 
When  AC  =  0,  the  envelope  dynamics  is  linear  and  Qe  =  2;  at 
the  infinite  space  charge  limit  z/g  =  ^/2. 


III.  THE  HAMILTONIAN  FOR  THE  PARTICLE 
PHASE  SPACE 


The  Hamiltonian  for  a  test  particle  is  given  by 


Pr^  K  (r^  -  R^) 

R 


0(R-r) 


(5) 


For  a  beam  with  mismatch  parameter  M  1  envelope  radius 
changes  harmonically  with  time  R{t)  ^  Ro  {1  —  M cos(z/e  f )); 
the  particle  Hamiltonian  can  be  separated  into  autonomous 
Hamiltonian  Hpo{prj  f)  (can  be  rewritten  in  terms  of  canon¬ 
ical  action-angle  variables)  and  time-dependent  perturbation 

AH{pr,r,t). 


II.  THE  HAMILTONIAN  FOR  THE  ENVELOPE 
PHASE  SPACE 

The  KV  envelope  Hamiltonian  for  a  uniform  focusing  chan¬ 
nel  is  given  by 


=  T  +  +  ^  (1) 


(where  p  is  the  external  focusing  field,  e  is  the  emittance  of  the 
beam  and  K  =  is  the  space  charge  perveance  parameter). 
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ffpo{Pr,r) 


K  (r^  —  Ro^) 

-2Kln{-^)e{r  -  Ro) 

iCq 


0iRo  -  r) 
(6) 


K(r^-  R  2) 

AH{pr,r,t)  = . . .  2  °  ^  M cos{i/ot)Q{Ro  -  r)  (7) 

Ro 

Below  we  consider  only  L  =  0  case  (we  replace  coordinate  r 
by  y).  For  a  beam  with  a  matched  envelope  radius  Ro  particle 
motion  inside  the  core  (\y\  <  Ro  or  equivalently  Jp  <  ^)  is 
linear  with 


=  \/k^  1  —  K 


(8) 
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Figure  1.  for  K  =  2.19.  Intersections  of  horizontal 

lines  with  ^  mark  locations  of  parametric  resonances. 


On  the  other  hand  in  the  limit  of  large  amplitude  oscillations  the 
space-charge  force  is  not  important;  particle  motion  is  almost 
harmonic  with  Qp  =  1.  Thus  the  tune  of  a  test  particle  outside 
the  core  lies  within  the  range  [j^p,  1) . 

Note  that  functional  dependence  of  particle  tune  vs.  action 
has  a  cusp  at  r  =  (see  Figure  1);  this  suggests  that  a  sim¬ 
ple  power  expansion  may  not  be  applicable.  On  the  other  hand 
the  sharp  rise  of  the  particle  tune  outside  the  core  will  bear  im¬ 
portant  implications  to  parametric  resonances  when  the  system 
is  subject  to  harmonic  perturbations  (such  as  wake  fields  or  en¬ 
velope  modulation). 

In  terms  of  action-angle  variables  the  particle  Hamiltonian  be¬ 
comes 


Hp  =  HpoiJ)-MKCOs{l/et)  Yj  (9) 

n=— CO 

where  the  strengths  of  primary  resonances  Gn{J)  are 

G„(J)  =  ^  (£2  -  1)  -  y)e-'”^drl;  (10) 


Because  the  Hamiltonian  is  symmetric  with  respect  to  y  —  y 
all  odd  harmonics  vanish.  The  location  of  primary  parametric 
resonances  for  particle  motion  can  be  found  from: 

nQpiJpp)  -  Pe-\-  nM kG^{Jfp)  =  0  (11) 

If  M  K  G'^{Jfp)  is  small,  the  threshold  of  existence  of  n-th 
order  primary  parametric  resonance  is  given  by  ^  There¬ 
fore  as  K  increases  more  high  order  resonances  appear  (see  Fig¬ 
ure  2).  In  general  n-th  order  primary  resonance  exists  only  if 


—  4 

>/8  (n^  -  2) 


(12) 


This  has  an  important  implication  for  Halo  formation  which 
is  enhanced  when  many  high  order  resonances  overlap  creating 
large  chaotic  area  in  the  phase  space.  Also  as  it  was  found  in  nu¬ 
merical  simulations  the  resonance  strength  will  increase  as  well. 
Finally  we  see  that  for  a  beam  with  a  very  large  space  charge  pa¬ 
rameter  many  resonances  appear  near  the  core  and  create  a  large 


Figure  2.  The  range  of  ratios  of  the  particle  tune  to  the  envelope 
tune  as  function  of  effective  space  charge  strength  k. 

region  of  stochasticity.  Though  motion  inside  the  core  is  stable, 
the  dynamics  of  the  particle  from  the  diffusive  tail  is  determined 
by  the  presence  of  this  chaotic  regions. 

A.  Halo  and  global  chaos 

We  examine  particle  motion  in  Poincare  surfaces  of  section 
at  the  minimum  envelope  radius  locations;  Poincare  energy  for 
particle  motion  is  defined  as  energy  calculated  at  the  minimum 
radius  locations.  The  Poincare  energy  of  a  test  particle  outside 
the  core  is  always  larger  than  Ep  =  n^aximum  energy 

of  core  particles.  We  now  consider  the  motion  of  a  particle  with 
Poincare  energy  E  =  rjEp.  For  a  given  mismatch  parameter 
M  and  k  there  is  a  critical  number  7]cr  such  that  all  test  particles 
with  7}  >  r}cr  will  orbit  about  the  2  :  1  resonance  (which  exists 
for  all  values  of  k)  and  thus  become  halo  particles.  Numerical 
simulations  indicate  that  rjcr  is  a  smooth  function  of  mismatch 
parameter  M  (Figure  3  a)  if  k  <  2.2  .  However  for  k  >  2.2, 
we  can  always  observe  very  sharp  transition  when  M  exceeds 
some  critical  value  Mcr(«)  (Figure  3  b).  When  k  is  small  there 
are  few  resonances  near  the  core.  Since  the  width  of  period  2 
resonance  and  width  of  stochastic  layer  varies  smoothly  with 
the  modulation  amplitude,  ijcr  will  decrease  smoothly  as  M  in¬ 
creases.  On  the  other  hand  when  k  is  large  there  are  many  pri¬ 
mary  and  secondary  resonances  and  local  chaos  is  formed  near 
the  core.  Once  the  stochastic  layer  layer  of  period  2  resonance 
overlaps  with  local  chaos,  global  chaos  occurs. 

B.  Period  2  resonance  and  Halo  diameter 

It  is  evident  from  numerical  simulations  that  Halo  diameter  is 
determined  mainly  by  period  2  resonance.  Though  the  location 
of  SFP  of  this  resonance  is  shifted  when  modulation  amplitude 
increases,  this  shift  is  linearly  proportional  to  M  (Figure  4)  and 
is  omitted  for  the  sake  of  simplicity.  So  we  can  estimate  the 
maximum  transverse  energy  of  Halo  particles  by  E{Jr)  + 
where  E{Jr)  is  the  energy  of  resonance  particle  and  A  E*  is  the 
energy  width  of  the  resonance  : 

AE  =  Qp{Jr)AJ  =  4:Qp{Jr)^j^^^  (13) 
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Figure  3.  a),  rjcr  as  function  of  M  for  k  =  2  (boxes)  and  2.5 
(circles),  b).  Mcr  vs  space  charge  parameter  k  obtained  from 
numerical  simulations . 

Taking  advantage  of  the  fact  that  dynamics  of  the  system  is  de¬ 
fined  by  a  single  parameter  k  we  can  use  the  following  approx¬ 
imate  formula  for  maximum  transverse  energy  of  Halo  particles 
(Figure  4) : 

Emax  =€pLEr{K)  +  €  U^{k)VM  /S  K  (14) 

where  /3  ^  2. b  obtained  from  numerical  simulations. 

IV.  CONCLUSION 


Figure  4.  Maximum  energy  of  Halo  particles  (boxes),  equation 

14(line)  and  location  of  SFP  of  period  2  resonance  (crosses)  as 

function  of  modulation  amplitute  M  for  /c  ==  1.25, 6.25, 12.5. 
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In  conclusion,  we  studied  the  beam  transport  problem  solving 
simultaneously  the  dynamic  equations  for  the  KV  envelope  and 
a  test  particle.  Parametric  resonances  for  particle  motion  can 
be  generated  by  a  mismatched  envelope  oscillations.  The  res¬ 
onance  condition  is  found  to  depend  only  on  a  single  effective 
space  charge  parameter  k.  Due  to  the  mismatched  beam  enve¬ 
lope  oscillations,  the  period  2  resonance  occurs  at  all  values  of 
space  charge  perveance.  From  our  numerical  simulations,  it  is 
observed  that  the  critical  Poincare  energy  for  the  halo  particle 
exhibits  a  sharp  transition  when  plotted  as  a  function  of  enve¬ 
lope  mismatch  parameter  what  is  related  to  the  onset  of  global 
chaos.  The  relation  between  the  critical  mismatch  parameter 
Me  and  the  effective  space  charge  parameter  k  is  obtained  from 
numerical  simulations.  Halo  diameter  is  estimated.  Effects  of 
angular  momentum  are  considered  in  other  publications  [6]. 

We  have  studied  the  halo  formation  for  a  space  charge  dom¬ 
inated  beams  in  a  uniform  focusing  channel.  This  method  can 
readily  be  applied  to  study  the  beam  transport  problems  in  a 
periodic  focusing  channel,  where  Floquet  transformations  is 
needed  before  analytic  solution  can  be  obtained  [6]. 
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R.  W.  Garnett,  E.  R.  Gray,  L.  J.  Rybarcyk,  and  T.  P.  Wangler 
Accelerator  Operations  and  Technology  Division, 

Los  Alamos  National  Laboratory,  Los  Alamos,  NM  87545  USA* 


1.  INTRODUCTION 

The  LAMPF  accelerator  consists  of  two  0.75-MeV 
injectors,  one  for  H  and  the  other  for  H  “  ,  a  separate 
low-energy  beam  transport  (LEBT)  line  for  each  beam 
species,  a  0,75  to  100-MeV  drift-tube  linac  (DTL) 
operating  at  201.25  MHz,  a  100-MeV  transition  region 
(TR),  and  a  100  to  800-MeV  side-coupled  linac  (SCL) 
operating  at  805  MHz,  Each  LEBT  line  consists  of  a 
series  of  quadrupoles  to  transport  and  transversely  match 
the  beam.  Each  LEBT  also  contains  a  prebuncher  and  an 
electrostatic  deflector,  but  share  a  common  main  buncher. 
The  deflector  is  used  to  gate  beam  into  the  linac.  The 
DTL  consists  of  four  rf  tanks  (modules  1-4),  each  driven 
by  a  separate  rf  amplifier,  and  uses  singlet  FODO 
transverse  focusing.  The  focusing  period  is  doubled  in  the 
last  two  tanks  by  placing  a  quadrupole  only  in  every  other 
drift-tube.  Doublet  FDO  transverse  focusing  is  used  in  the 
SCL.  The  SCL  tanks  are  bridge-coupled  together  into  rf 
modules  with  a  single  klystron  powering  each  module. 
Modules  5-12  consist  of  four  coupled- cavity  tanks  bridge- 
coupled  together  with  32-36  cells/tank.  Modules  13-48 
consist  of  two  bridge-coupled  tanks  with  49-61  cells/tank. 
The  TR  consists  of  separate  transport  lines  for  the  H  and 
H"  beams.  The  path  lengths  for  the  two  beams  differ,  by 
introducing  bends,  so  the  arrival  of  both  beams  is  properly 
phased  relative  to  the  rf  field.  Peak  H  ^  beam  currents 
typically  range  from  12  to  18  mA  for  varying  duty  factor, 
which  give  an  average  beam  current  of  1  mA.  The 
number  of  particles  per  bunch  is  of  the  order  10^ . 

The  work  presented  here  is  an  extension  of  our 
previous  work  [1].  We  have  attempted  to  do  a  more 
complete  simulation  by  including  modeling  of  the  LEBT. 
No  measurements  of  the  longitudinal  structure  of  the 
beam,  except  phase-scans,  are  performed  at  LAMPF. 
Transverse  measurements  include  slit  and  collector 
emittance  measurements,  and  wire  scans  to  determine 
beam  size  and  centroids.  Comparison  of  simulations  to 
beam  loss  data  suggest  that  the  primary  causes  of  beam 
spill  are  incomplete  longitudinal  capture  and  the  lack  of 
longitudinal  matching.  Measurements  to  support  these 
claims  are  not  presently  made  at  LAMPF.  However, 
agreement  between  measurement  and  simulation  for  the 
transverse  beam  properties  and  transmissions  serve  to 
benchmark  the  simulations. 


*Work  supported  by  Los  Alamos  National  Laboratory 
Directed  Research  and  Development,  under  the  auspices  of 
the  United  States  Department  of  Energy, 


11.  SIMULATION  TECHNIQUES 

The  LEBT,  DTL,  and  TR  were  modeled  using  the 
PARMILA  code  and  the  operational  set  points  obtained 
from  the  operations  group.  All  simulations  began  with  an 
initial  distribution  of  either  10,000  or  100,000 
macroparticles.  The  transverse  beam  was  generated  as  a 
Gaussian  distribution  in  4-D  transverse  space  and  was 
truncated  at  3  a.  A  uniform  longitudinal  distribution  was 
generated  with  zero  energy  spread.  Simulations  were  done 
separately  for  H  and  H  “ ,  and  were  started  with  a  dc 
beam  at  the  center  of  the  prebuncher  in  each  LEBT.  The 
beam  was  initially  propagated  to  the  center  of  the  endwall 
quadrupole  of  the  first  tank  of  the  DTL.  A  comparison 
was  then  made  between  the  simulation  results  and 
transverse  emittance  measurements  just  downstream  of  the 
prebuncher  and  just  upstream  of  the  first  DTL  tank.  The 
prebuncher  and  main  buncher  voltages  used  in  the 
simulations  were  estimated  for  the  actual  cavities  from  Q 
and  input  power  measurements,  and  SUPERFISH 
calculations.  The  prebuncher  and  main  buncher  voltages 
were  2.8  kV  and  8.2  kV,  respectively.  Because  the  level  of 
space-charge  neutralization  in  the  LEBT  is  unknown  and 
no  measurements  of  longitudinal  beam  parameters  are 
made,  there  is  some  uncertainty  in  the  conditions  in  the 
LEBT.  We  examined  the  effect  of  space-charge  in  the 
LEBT,  however,  the  best  agreement  between  simulations 
and  measurements  was  achieved  when  a  fully  neutralized 
beam  was  assumed.  An  iterative  procedure  to  determine 
the  initial  transverse-beam  Twiss  parameters  (a,P)  at  the 
prebuncher  center  gave  the  best  agreement  with  measured 
emittances.  In  general,  during  emittance  measurements, 
most  of  the  beam  is  stopped  in  the  deflector  beam  dump. 
We  believe  this  results  in  a  copious  source  of  electrons. 
Therefore,  it  is  not  unreasonable  to  assume  that  the  beam 
may  be  nearly  fully  neutralized  in  the  region  of  the 
deflector  during  these  measurements. 

At  LAMPF,  the  operators  generally  reduce  the  DTL 
tank  rf  amplitudes  below  the  design  values  to  reduce  beam 
spill  in  the  SCL  above  100  MeV.  The  1993  relative  rf 
amplitudes,  as  determined  from  power  measurements, 
were  estimated  to  be  0.93,  0.94,  0.90,  and  0.98  of  the 
design  amplitudes  for  modules  1-4,  respectively.  These 
settings  were  used  in  the  simulations  when  comparing  to 
measurements  taken  under  nominal  operating  conditions. 

The  output  distributions  from  the  PARMILA  DTL 
simulations  were  used  as  input  for  the  coupled-cavity  code, 
CCLDYN.  The  design  values  for  rf  amplitudes  and 
quadrupole  gradients  were  used  in  the  SCL  simulations.  It 
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was  assumed  that  the  effects  of  misalignments  of  tanks  and 
magnets  in  the  SCL  are  small  and  therefore  these  data 
were  not  used  in  the  simulations. 

III.  COMPARISON  WITH  MEASUREMENTS 

A.  Beam  Simulation 

Table  1  shows  the  results  of  both  measurements  and 
simulations  for  the  H  ^  beam  at  100  MeV,  The  measured 
rms  normalized  (true  rms  with  no  factor  of  4)  emittance 
values  were  obtained  by  the  slit  and  collector  method. 
These  measurements  were  made  at  the  entrance  to  the 
DTL  (0.75  MeV)  and  in  the  TR  (100  MeV).  Normally, 
emittance  measurements  are  not  recorded  at  800  MeV. 
The  simulated  emittance  values  agree  with  the 
measurements  to  within  46%  and  11%  for  e,.  and  , 

respectively.  The  simulated  transmission  through  the  DTL 
agrees  with  measurements  to  within  3%. 

Table  1  -  100  MeV  Measurement  and  Simulation 

Results.  The  initial  transverse  rms  normalized  emittance 
at  0.75  MeV  of  0.0063  7C-cm-mrad  was  used  in 
simulations. 


Measured 

Simulated 

£j^(k  -  cm  —  mrad, rms, norm) 

0.026 

0.038 

£y{%  —  cm—  mrad,  rms,  norm) 

0.020 

0.018 

^x~out  ^  ^x~in 

4.2 

9.7 

F  /  F  • 

^y~out  '  ^  y-m 

5.3 

4.7 

DTL  Transmission 

67% 

70% 

B.  H  Beam  Simulation 

The  two  LEBT  lines  (H  and  H  " )  converge  into 
one  single  line  with  the  two  beams  bent  by  a  common 
dipole  magnet.  There  is  an  aperture  restriction  in  the  H  " 
beam  line  just  before  the  convergence  point.  Downstream 
of  the  dipole  magnet,  there  are  four  quadrupoles  which  are 
adjusted  to  match  the  H  beam  into  the  DTL.  The  tuning 
of  the  H  ”  beam  is  a  compromise  between  maximizing 
transmission  through  the  aperture  restriction  and  its  match 
to  the  DTL.  This  is  accomplished  by  varying  the  settings 
of  quadrupoles  which  are  upstream  of  the  dipole  magnet. 
Simulations  suggest  that  some  of  the  observed  emittance 
growth  of  the  H  ”  beam  is  due  to  the  transverse  mismatch 
at  injection  to  the  DTL.  Table  2  shows  the  results  of  both 
measurements  and  simulations  for  the  H"  beam  at  100 
MeV.  The  measured  emittance  growths  are  larger  than 
that  determined  from  the  simulations  using  the  nominal 
operating  parameters.  However,  in  the  simulations,  a  3% 
variation  in  the  gradients  of  the  quadrupoles  just  upstream 
of  the  DTL  produces  good  agreement  with  the  measured 
emittance  growth.  Unfortunately,  this  sensitivity  was  not 
seen  in  a  later  experimental  test  on  the  machine. 


A  few  percent  variation  in  some  of  the  140 
quadrupole  magnets  of  the  DTL  from  the  nominal 
operating  gradients  was  required,  in  the  simulations,  to 
produce  an  output  beam  with  Twiss  parameters  matching 
the  measured  beam.  These  variations  in  the  quadrupole 
gradients  are  well  within  the  known  accuracy  of  their 
measured  values. 


Table  2  -  H  "  100  MeV  Measurement  and  Simulation 
Results.  The  initial  transverse  rms  normalized  emittance 
at  0.75  MeV  of  0.019  7C-cm~mrad  was  used  in  simulations. 


Measured 

Simulated 

£^(n  -  cm-  mrad,  rms,  norm) 

0.059 

0.038 

Eyin- cm-  mrad,  rms,  norm) 

0.042 

0.034 

^x-out !  ^x~in 

3.2 

1.8 

^y-out  ^  ^y-in 

2.2 

1.5 

C.  Beam  Loss  at  LAMPF 

Simulations  and  operational  data  both  show  that  the 
majority  of  beam  loss  after  the  DTL  occurs  at  three 
locations  along  the  linac:  1)  In  the  transition  region  (TR), 
where  the  beam  is  transported  from  the  DTL  to  the  SCL  at 
100  MeV,  2)  In  module  5,  at  injection  to  the  SCL  at  100 
MeV,  and  3)  near  module  13  (212  MeV),  where  the  SCL 
transverse  focusing  becomes  weaker  by  a  factor  of  two. 
The  simulations  give  1.2%  losses  in  the  SCL  for  the  H 
beam.  Experimental  results  based  on  activation 
measurements  predict  0.1%  losses  for  H  .  Better 
agreement  is  achieved  in  the  simulations  for  the  H  “  beam, 
where  the  simulations  predict  0.2- 1.0%  losses  depending 
on  the  assumed  initial  conditions.  Experimental  data 
predict  approximately  1%  losses  for  H“  .  We  believe  that 
magnetic  stripping  of  the  H  “  beam  can  be  ignored,  but  a 
contribution  to  beam  loss  from  residual  gas  stripping 
cannot  yet  be  ruled  out. 

Before  the  beam  from  the  ion  source  is  injected  into 
the  DTL,  it  must  be  bunched  and  matched  transversely. 
The  present  two-buncher  system  in  the  low-energy  beam 
transport  line  is  not  capable  of  100%  bunching  of  the 
beam.  The  fraction  of  the  beam  which  lies  outside  of  the 
longitudinal  acceptance  of  the  DTL  will  not  be  captured  or 
accelerated.  This  has  been  verified  in  the  simulations. 
Figure  1  shows  the  DTL  output  distributions  at  100  MeV 
from  the  H  simulations;  the  longitudinal  phase  space 
plot  is  in  the  lower-right  corner.  It  should  be  noted  that 
the  particles  which  populate  the  tail  of  the  longitudinal 
output  distribution  originated  from  the  outer  edges  of  the 
longitudinal  acceptance  at  injection.  Due  to  the  factor  of 
four  decrease  in  the  longitudinal  acceptance  at  injection  to 
the  SCL  (transition  from  201.25  MHz  to  805  MHz),  some 
of  these  particles  will  be  outside  of  the  longitudinal 
acceptance  of  the  SCL  and  will  be  lost  there. 

Simulation  studies  were  used  to  determine  the  effect 
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Figure  1 :  DTL  output  phase  space  and  xy  distributions  at 
100  MeV.  The  lower  right  plot  is  the  longitudinal  phase 
space.  Note  the  long  tail  in  the  distribution. 


of  the  DTL-module  amplitudes  on  the  DTL  output 
longitudinal  emittance  at  100  MeV.  It  was  found  that 
there  is  a  broad  minimum  in  longitudinal  emittance  near 
96%  of  design  amplitude  for  module  1.  This  module  was 
operated  near  0.94  times  the  design-amplitude  value 
during  the  1993  run  cycle.  The  result  from  the  simulation 
is  rather  dramatic,  A  6%  reduction  in  module- 1  amplitude 
reduces  the  transmission  by  30%  and  reduces  the 
longitudinal  emittance  by  60%.  The  transverse  output 
emittance  is  not  affected. 

Figure  2  shows  the  energy  spectrum  of  only  particles 
lost  in  the  SCL  from  H  simulations.  It  can  be  seen  that 
these  particles  have  energies  of  approximately  100  MeV. 
Figure  3  shows  the  energy  spectrum  of  particles  lost  in 
both  the  TR  and  the  SCL  from  simulations.  This 
distribution  has  a  low-energy  tail  with  particle  energies 
extending  down  to  approximately  15  MeV.  The  particles 
in  the  low-energy  tail  are  lost  in  the  first  two  dipoles  of  the 
TR  and  therefore  cause  structure  activation  in  the  TR  only. 
The  particles  in  Fig.  3,  with  energies  near  100  Mev,  are 
not  captured  longitudinally  in  the  SCL  and  are  lost  at  the 
SCL  entrance  provided,  they  oringinated  at  the  outer  edge 
of  the  transverse  distribution.  Otherwise,  these  particles 
drift  in  the  SCL  until  they  are  sufficiently  deflected  to  the 
beam  pipe  or  structure  wall  near  module  13. 


IV.  A  POSSIBLE  UPGRADE  PATH 


We  have  done  H  simulations  where  the  first  tank  of 
the  DTL  was  replaced  with  a  5.39-MeV  RFQ  and  a  bunch- 
rotator  cavity  was  placed  in  the  TR  for  longitudinal 
matching  into  the  SCL.  Fig  4  shows  the  DTL  output 
distributions  at  100  MeV  from  simulations  with  the  RFQ. 
The  longitudinal  phase  space  plot  is  shown  in  the  lower 
right  corner  and  should  be  compared  to  Fig.  1.  The 
longitudinal  tail  of  the  distribution  is  much  reduced. 

Because  the  beam  is  bunched  adiabatically  over  many 
synchrotron-oscillation  periods  in  the  RFQ,  the  bunching 
process  is  more  complete.  In  the  simulations,  the  DTL 


modules  were  at  full  design  amplitude  and  the  simulated 
DTL  transmission  was  found  to  be  100%.  The  simulated 
losses  in  the  SCL  were  found  to  be  1.4%  without 
longitudinal  matching  into  the  SCL  at  100  MeV. 
However,  simulations  including  the  effect  of  a  single 
multi-gap  bunch-rotator  cavity  in  the  TR  reduced  the  SCL 
losses  to  0.005%,  compared  to  1.2%  for  simulations  of  the 
existing  machine.  These  simulations  demonstrate  the 
importance  of  good  longitudinal  capture  and  matching. 


Figure  2;  Energy  spectrum  of  particles  lost  only  in  the  SCL 
as  determined  from  H  simulations. 


Figure  3:  Energy  spectrum  of  particles  lost  in  the  TR  and 
the  SCL  as  determined  from  H  simulations. 
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Figure  4:  DTL  output  phase  space  and  xy  distributions  at 
100  MeV  for  the  5.39-MeV  RFQ.  Note  the  lack  of  a  long 
tail  in  the  longitudinal  distribution  compared  to  Fig.  1. 
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Abstract 

In  evaluating  the  wakefield  effects  of  medium  energy  particles 
interacting  with  a  cavity,  the  integral  for  the  wakefunction  must 
be  carried  out  on  the  pipe  radius  in  order  to  avoid  an  infinity 
due  to  the  finite  space  charge  effect.  To  obtain  the  wakefunc- 
tions  at  other  radial  positions,  a  proper  extrapolation  algorithm 
is  needed.  This  paper  presents  the  extrapolation  method  for  cal¬ 
culating  wakefunctions  of  t;  <  c.  For  cases  with  low  energies, 
the  slippage  between  the  particle  and  the  fields  induces  longi¬ 
tudinal  smearing  of  the  wakefunctions,  and  the  wakefunctions 
inside  the  beam  pipe  are  found  to  be  weighted  averages  of  the 
wakefunctions  calculated  on  the  pipe  radius.  The  smearing  ef¬ 
fect  for  calculating  the  wakefunctions  on  the  axis  is  related  to 
R  =  with  the  smearing  effect  negligible  for  large  R.  The 
usual  ultrarelativistic  assumption  is  found  to  be  reasonable  for 
R  >  1.5.  For  cases  with  R  <  1.5,  a  weighted  average  must  be 
taken  to  calculate  the  wakes  inside  the  beam  pipe. 

I.  INTRODUCTION 

When  a  bunch  of  charged  particles  traverses  a  discontinuity  in 
an  accelerator,  electromagnetic  fields  are  excited.  The  particles 
experience  an  energy  loss  and  a  momentum  change  due  to  these 
fields.  The  longitudinal  and  transverse  wakefunctions  describe 
these  effects  and  are  defined  as 

1 

^  l‘=(-+*)A  (1) 

1 

i^x(s,r)  =  -  /  «f2(E  +  vxB)^(z,r,f)  (2) 

H  J—oo 

In  most  cases,  the  wakefunctions  are  calculated  under  the  as¬ 
sumption  of  t;  =  c,  which  is  a  good  approximation  for  high 
energy  beams.  However,  there  are  cases  of  interest  where  the 
ultrarelativistic  approximation  is  not  reasonable  although?)  «  c. 
For  example  in  some  FEL  scenarios  [1],  the  energy  of  the  elec¬ 
tron  beam  in  the  accelerator  is  in  the  order  of  10-10^  MeV,  and 
the  beam  bunch  length  is  very  short.  In  these  circumstances,  the 
effect  of  t)  <  c  can  be  important. 

For  this  medium  energy  range,  the  velocity  of  the  particle 
is  less  than  c  and  both  the  space  charge  and  wake  fields  exist. 
The  total  field  satisfies  the  inhomogeneous  wave  equation.  The 
solution  of  the  inhomogeneous  equation  can  be  separated  into 
two  parts  -  a  special  solution  that  satisfies  the  inhomogeneous 
equation  and  the  general  solutions  that  satisfy  the  homogeneous 
equation.  There  is  a  certain  freedom  of  choosing  the  special  so¬ 
lution.  It  is  preferable,  however,  to  chose  a  special  solution  that 
satisfies  the  E  boundary  conditions  at  the  beam  pipe  radius,  and 
the  solution  for  such  a  system  can  be  obtained  analytically  [2]. 

*This  work  was  supported  by  the  U.S.  Department  of  Energy,  under  contract 
No.  DE-AC05-84ER401 50. 


The  special  solution  then  represents  the  synchronous  part  (or  the 
space  charge)  of  the  field  and  the  general  solution  represents  the 
radiated  (propagating)  part  of  the  field.  For  cases  with  v  <  c, 
integrating  the  fields  within  the  beam  pipe  will  in  general  be 
infinite  since  the  space  charge  effect  is  finite  inside  the  beam 
pipe.  In  order  to  get  meaningful  results,  one  has  to  separate  the 
effects  of  the  synchronous  field  and  the  propagating  field.  The 
effect  of  the  propagating  fields  can  be  separated  from  the  syn¬ 
chronous  field  by  integrating  the  fields  at  the  pipe  radius.  The 
contribution  of  the  synchronous  fields  at  the  pipe  radius  is  zero. 
This  is  numerically  advantageous  in  using  codes  like  TBCI  [3] 
and  ABCI  [4].  In  wakefunction  calculations,  it  is  essential  to 
integrate  only  the  ^  component  of  the  E  field,  which  gives  the 
longitudinal  wakefunction.  The  transverse  wakefunction  is  re¬ 
lated  to  the  longitudinal  one  through  the  Panofsky-Wenzel  [5] 
theorem.  Since  the  Ez  field  is  nonzero  only  in  the  open  gap 
region  of  the  cavity,  the  integral  at  the  pipe  radius  need  only 
be  carried  out  within  a  finite  distance.  The  wakefunctions  at 
other  radii  can  be  extrapolated  from  the  one  integrated  at  the 
pipe  radius.  The  extrapolation  gives  the  functional  dependence 
of  the  wakefunction  on  the  integral  path  and  the  smearing  ef¬ 
fects  of  the  wakefunction  due  to  t;  <  c.  (The  dependence  on 
the  radial  position  of  the  source  particle  is  explicitly  calculated 
numerically  because  it  is  well  behaved)  The  total  effect  of  the 
fields  is  the  sunomation  of  the  extrapolated  wakefunction  and 
the  space  charge  effect  (within  the  length  of  the  structure).  The 
space  charge  effect  can  be  obtained  analytically,  and  we  will  not 
address  it  here.  Other  issues  related  to  the  numerical  calculation 
of  the  wakefunction  for  t)  <  c  include  open  boundary  condi¬ 
tions  at  the  beam  pipe  ends  to  simulate  an  infinitely  long  beam 
pipe  and  a  higher-order  finite-difference  algorithm  to  reduce  the 
frequency  dependent  truncation  errors  for  short  bunches.  These 
issues  are  discussed  in  Ref  [6].  In  this  paper,  we  focus  on  the 
extrapolation  of  the  wakefunction  from  the  pipe  radius  to  the 
inside  of  the  beam  pipe  and  the  smearing  effects  due  to  w  <  c 

II.  FUNCTIONAL  DEPENDENCE  OF  THE 
WAKEFUNCTION 

The  derivations  of  the  functional  dependence  of  the  wake¬ 
functions  presented  here  assumes  that  the  trajectories  of  the  par¬ 
ticles  be  straight  lines.  We  study  the  fields  that  satisfy  the  ho¬ 
mogeneous  wave  equation.  For  the  longitudinal  component  of 
the  E  field,  the  equation  is  [7] 

{Vl-{Cl-k^))Ez{r,<j,,z,t)  =  Q  (3) 

The  general  solution  of  Eq.  3  in  a  cylindrical  coordinate  system 
can  be  expressed  as  the  follows: 

Ez{r,(f>,z,t)  =J2  du)dCzA{Cz)Gm{krr)  ■ 

m—  —  cc>  *^“00 
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where 


k 

kr 

Gm{krr) 


UJ 

c 

x/icF^ 

llm{krr),  if  C^-k^>0 
\jm{krr),  if  Cz-k'^KO 


Ifn  and  Jm  are  the  modified  Bessel  function  and  the  Bessel  func- 
tion  of  the  first  kind,  respectively.  The  longitudinal  wakefunc- 
tion  of  the  mth  mode  at  (r,  (j),  s  ^  vi  —  z)  is 

wi,m{r,  <l>,  s)  =  dwA{-)I^{krr)e-^^‘e^"''^  (5) 

J  —  nn  ^ 


with 


At  the  pipe  radius  r  =:  a 

/+0O 

du>A{-)Im{kra)e-^^‘e^”^’^  (7) 

-CO  ^ 


Fourier  transforming  Eq.  (7),  we  have 


a; 

{2-K)^vIm{krO) 


/+O0 

-oo 


(8) 


By  substituting  Eq.  (8)  into  Eq.  (5)  we  have  the  wakefunction  at 
radius  r 


/+CX) 

ds'u>;,m(a,  4>,  a,r,s-  s') 

-OO 

(9) 


where 


s  (cm) 


s(cm) 


Figure  1.  Weight  functions  for  /?  =  0.9948,  a  =  1.74  cm. 


It  is  clear  now  that  the  wakefunction  at  radius  r  is  a  weighted 
average  of  the  wakefunction  on  the  pipe  radius.  The  weight 
function  has  finite  width,  which  means  that  there  is  smearing 
effect  along  the  s  direction  due  to  ?;  <  c.  The  profile  of  the 
weighting  function  is  independent  of  the  bunch  length  and  is  a 
function  of  r/a  and  a/7  only.  The  weight  functions  for  mode 
m  =  0, 1  for  /?  =  0.9948,  a  =  1.74  cm  are  shown  in  Fig.  1. 
The  halfwidth  of  the  weight  function  for  a  given  r/a  is  linear  on 
a/7- 

At  ultrarelativistic  limit,  the  Bessel  functions  in  the  weight 
functions  reduce  to 


r 

,ryn 


(15) 


The  longitudinal  wakefunction  is  independent  of  r  for  m  =  0 
and  scales  as  for  other  modes  whereas  the  transverse  wake- 
functions  scale  as  There  is  no  smearing  effect  along  the 

s  direction. 


III.  THE  SMEARING  EFFECTS  FOR  t;  <  c 


14^1 


- dq  (10) 

Im{q) 


From  Panofsky- Wenzel  [5]  theorem,  the  transverse  wake¬ 
function  is  related  to  the  longitudinal  one  as 

wj_{r,(f),s)  =  -  f  \/±wt{r,(f>,z')dz'  (11) 

J  —  OO 


We  have 


w. 


■,m{r,(f>,s)  - - /  dz'  ds'wi^rn.{a,<i>,s') 

®  J  —  OO  7  —  00 


-OO  ^  — OO 

W2,m{'y,a,r,s-s') 

r+oo 


(12) 


Tfl  r'T^ 

,m{r,<i>,s)  =  -j—  dz'  ds'wi^rn{a,<p,s')- 

^  J  —  OO  J  —OO 

Wi,m{7,a,r,s-s')  (13) 


with 


r 

W"2,m(7,  a,  r,  z'  -s')  =  ^  dq  |  f 


+ 


m  T  (n\ 


(14) 


Since  the  width  of  the  short  range  wakefunction  is  roughly 
proportional  to  the  bunch  length,  while  the  width  of  the  weight 
function  depends  only  on  the  energy  and  the  cavity  structure, 
the  smearing  effect  is  bunch  length  dependent.  If  the  width  of 
the  weight  function  is  much  smaller  than  the  bunch  length,  the 
smearing  effect  will  be  small,  but  if  the  width  of  the  weight  func¬ 
tion  is  larger  than  the  bunch  length,  the  smearing  effect  is  strong. 
Fig.  2  shows  the  wakefunctions  of  a  3  mm  (rms)  bunch  with 
/?  =  0.9948  in  the  CEBAF  5-cell  cavity  at  radii  r  =  1.74  cm 
and  r  =  0  cm.  The  halfwidth  of  the  weight  function  for  this 
case  is  1.2  mm,  which  is  smaller  than  the  rms  bunch  length,  and 
the  smearing  effect  is  negligible  in  this  case.  Fig.  3  shows  the 
radial  dependence  of  the  wakefunctions  of  a  pillbox  cavity  for  a 
short  bunch  with  bunch  length  of  0.5  mm  (rms)  and  P  =  0.9948 
at  radii  r  =  1  and  r  =  0  cm.  The  halfwidth  of  the  weight  func¬ 
tion  for  this  case  is  0.66  mm,  which  is  larger  than  the  rms  bunch 
length.  The  smearing  effect  is  significant.  The  peak  of  the  wake¬ 
function  becomes  wider  and  lower  at  r  =  0.  The  wakefunctions 
also  show  the  slippage  effects  between  the  charge  and  the  fields, 
which  results  in  none  zero  Wakefields  ahead  of  the  bunch. 

The  smearing  effect  of  the  short  range  wakefunction  for  a 
given  energy  depends  not  only  on  the  energy  (7)  of  the  beam, 
but  also  on  the  bunch  length.  The  ratio 

(Tzl 


Figure 2.  Wakefunctions for/?  =  0.9948 (5  MeV),(T^  =  3  inia 
CEBAF  5-cell  cavity. 


Figure  3.  Wakefunctions  for  P  =  0.9948.  cr^  -  0.5  mm 
Pillbox  cavity. 

provides  a  measure  of  the  smearing  effect.  Large  R  implies 
weak  smearing.  The  relative  difference  of  the  peaks  of  the  short 
range  w^efunctions  calculated  at  the  pipe  radius  and  on  the 
axis  of  a  pillbox  cavity  as  a  function  of  R  is  shown  in  Fig.  4. 
For  J?  =  1.5,  the  relative  difference  is  less  than  10%. 

The  R  value  of  Eq.(16)  can  be  used  to  determine  whether  the 
beam  can  be  treated  as  ultrarelativistic  in  the  wakefield  calcula¬ 
tion.  The  relative  difference  of  the  wakefunctions  as  a  function 
of  R  may  be  slightly  different  from  the  one  shown  in  Fig.  4 
for  different  structures  and  bunch  length.  It  is  found  from  the 
numerical  simulations  that  a  difference  of  the  peak  of  less  than 
10%  can  in  general  be  obtained  for  R  >  1.5,  and  the  beam 
can  be  assumed  ultrarelativistic.  For  <  1.5,  the  smearing 
effect  is  not  negligible,  and  wakefunctions  at  r  <  a  should  be 
calculated  by  use  of  the  weighted  average.  For  example,  con¬ 
sider  the  CEBAF  cavity  with  a  beam  pipe  of  a  =  1.74  cm.  For 
<Tz  =3  mm,  the  beam  can  be  treated  as  being  ultrarelativistic  for 
7  >  8.7  or  £"  >  4.5  MeV.  For  cr^  =  0.5  mm,  however,  the 
beam  can  be  treated  as  being  ultrarelativistic  only  for  7  >  52  or 
E  >  26.5  MeV. 


IV.  CONCLUSION 

The  effects  of  slippage  between  the  beam  and  the  fields  are 
important  in  the  cases  of  low  energies  and  short  bunches.  The 
R  value  defined  in  Eq.  (16)  provides  a  measure  of  the  smearing 
effect  on  the  wakefields  for  a  non-relativistic  beam.  The  particle 


can  only  be  assumed  ultrarelativistic  for  cases  with  large  R. 

References 

[1]  Proposal,“High-power  UV  and  IR  Free  Electron  Lasers  Us¬ 
ing  the  CEBAF  Superconducting  Accelerator,”  Vol.  1,  May 
1992. 

[2]  J.  A.  Stratton,  Electromagnetic  Theory,  McGraw-Hill,  New 
York,  (1941). 

[3]  T.  Weiland,  “Comment  on  Wake  Field  Computation  in  Time 
Domain,”  Nucl.  Inst,  and  Meth.  216,  p31-34, 1983. 

[4]  Y.  H.  Chin,  User's  Guide  for  ABCI,  LBL-35258. 

[5]  W.  K.  H.  Panofsky  and  W.  A.  Wenzel,  “Some  Consider¬ 
ations  Concerning  the  Transverse  Deflection  of  Charged 
Particle  Radio-Frequency  Fields,”  Rev.  Sci.  Instr.  27,  967 
(1956). 

[6]  Z.  Li,  Beam  Dynamics  in  the  CEBAF  Superconducting 
Cavities,  Ph.D.  thesis.  The  College  of  William  and  Mary, 
1995. 

[7]  J.  D.  Jackson,  Classical  Electrodynamics,  John  Wiley,  New 
York,  (1962). 


3190 
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Introduction 

During  a  normal  cycle  of  operation  of  CESR  there  are  three 
occasions  when  the  closed  orbit  is  deliberately  changed:  Elec¬ 
trostatic  separators  create  the  appropriate  pretzel  for  injection, 
pre-collision  and  luminosity  conditions.  At  the  same  time  the 
separator  voltages  are  varied  corrector  magnets  create  orbit  dis¬ 
tortions  that  help  reduce  radiation  sources.  In  addition  to  the 
deliberate  changes  there  are  occasional  undesired  closed  orbit 
alterations  due  to  separator  high  voltage  sparking  or  magnet 
power  supply  anomalies.  The  analysis  in  this  paper  shows  that  a 
rapid  change  of  the  closed  orbit,  whether  intentional  or  not,  gen¬ 
erates  betatron  motion.  The  amplitude  of  the  betatron  motion  is 
such  that  at  least  twice  the  aperture  is  required  to  make  a  rapid 
change  than  a  slow  one. 


Analysis 

For  clarity,  in  this  analysis  I  describe  the  motion  of  interest  as 
horizontal,  but  it  could  equally  well  have  been  vertical.  Imagine 
an  instantaneous  change  in  the  closed  orbit  caused  by  suddenly 
turning  on  and  leaving  on  a  angle  kick  A0  at  a  location  where 
the  betatron  phase  is  0  =  0(.s)  =  0,  and  the  beta  function  is 
P  =  fi{s)  =  Pi.  The  new  closed  orbit  measured  with  respect  to 
the  old  closed  orbit  is  constructed  by  finding  a  betatron  trajectory 
which  has  x(0i-|-27rv)  =  jc(0j)  andx'(0j -i-27rv)  =  ;r'(0/)  — A0. 
The  well  known  result  is: 

xM  -  <t>i)  =  -  (1) 

where  0  —  0/  is  evaluated  modulo  2nv,  and  v  is  the  phase 
advance  per  turn.  The  closed  orbit  is  then  periodic  in  0  with 
period  27rv.  It  has  a  ‘kink’  in  it  at  0  =  0/  +  InvN,  (N  = 
1,2,...)  where  the  kick  is  applied  but  otherwise  is  a  smooth  free 
betatron  orbit.  After  several  damping  times  a  particle  which 
had  no  betatron  amplitude  before  the  kick  was  turned  on  closely 
follows  the  new  closed  orbit  given  by  equation  1.  However, 
immediately  following  the  turn  on,  the  particle  is  not  on  the  new 
closed  orbit  and  instantaneously  gets  a  betatron  amplitude  about 
the  new  closed  orbit. 

When  the  angle  kick  is  first  turned  on  and  the  particle  has 
passed  the  kick  point  only  once,  the  motion  may  be  well  de¬ 
scribed  as  a  free  betatron  oscillation  about  the  original  closed 
orbit  In  this  case  the  net  about  the  original  closed  orbit  for  the 
first  turn  only  is, 

JC  =  AOy/i^i  sin(0  -  0/)  (2) 

Work  Supported  by  the  National  Science  Foundation 


Figure  1 :  The  closed  orbit,  betatron  motion  and  the  total  transient 
motion  are  plotted  as  a  function  of  0 — 0/  with  constant  p  —20  m 
assumed,  A  kink  occurs  in  x  and  Xc  once  each  turn.  Note  that 
the  peak  excursion  of  x  is  about  twice  the  peak  closed  orbit 
excursion.  The  fractional  part  of  the  tune  is  .58,  the  kick  angle 
is  0.001  radians,  and  the  initial  position  is  x(0/)  =  0. 


assuming  there  was  no  betatron  motion  present  before  the  kick 
was  turn  on.  Since  x  =  x^  Xc,  for  0  <  (0  —  0/)  <  27rv  the 
particle  motion  about  the  new  closed  orbit  is, 


Xfi  =  sin(^  -  (^i) 

Afl  ^cos((A-«A.  -7rv) 
2sinjrv 


(3) 


Here  I  have  dropped  the  modulo  operation  implicit  in  equation  1 . 
Nevertheless  equation  3  is  valid  for  all  0  >  0/ .  This  expression 
for  x^  has  been  constructed  to  give  the  correct  initial  value  and 
slope  at  the  kick  point.  It  clearly  solves  the  betatron  equations 
of  motion  for  all  0  “  0/  >  0  as  it  is  made  of  two  pieces  each  of 
which  is  a  valid  betatron  trajectory.  So  equation  3  must  be  valid 
for  all  0  —  0,  >  0,  not  just  the  first  turn. 

Now  we  can  easily  compute  the  net  position  of  the  particle 
for  all  0  “  0/  >0  using  equations  1  and  3  and  x  —  x^-\-  Xc,  but 
we  must  keep  in  mind  that  equation  1  is  evaluated  with  0  —  0, 
modulo  27tv.  An  simple  example  of  these  motions  assuming 
constant  p  is  shown  in  figure  1. 
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Amplitude  of  Transient  Motion 


To  calculate  the  effects  of  the  transients  it  is  useful  to  know  the 
size  of  its  invariant  betatron  amplitude.  Once  that  is  know  the 
maximum  excursion  at  any  point  in  the  ring  can  be  calculated 
quite  easily. 

In  a  constant  guide  field  and  with  no  radiation,  particles  follow 
trajectories  about  a  closed  orbit  of  the  form 

cos  -  </^o)  (4) 

where  a  and  <po  determine  the  particular  trajectory  and  a  is  the 
invariant  betatron  amplitude.  Under  these  conditions  atanypoint 
in  the  ring  the  peak  value  of  will  eventually  be  reached  when 
the  argument  of  the  cosine  happens  to  be  near  0.  The  peak 
amplitude  is  then  simply  a^. 

I  will  directly  calculate  the  invariant  amplitude  about  the  new 
closed  orbit  just  after  the  kick  is  applied.  As  before,  I  assume 
that  before  the  kick  is  turned  on  the  particle  is  on  the  design  orbit 
with  no  betatron  motion.  Just  after  the  kick,  we  have  at  0  =  (pi 
using  equation  1 


x(0/)  =  0, 

Xc((pi)  =  A^^COtTTV 

^^(0/)  =  xicpi)  -  Xc(<f>i) 

Pi 

=  — A^^COtTTV  (5) 


An  expression  for  .x^(0/)  may  be  derived  by  differentiating 
x^=  X  —  Xc>  The  algebra  is  somewhat  tedious  but  the  result  is 


A0 

=  -y  (1  “  y  cotjrv)  (6) 

Another  handy  formula,  borrowed  from  Sands  but  simple  to 
derive  is 

=  y  +  (7) 

Plugging  5  and  6  into  7  yields: 


|a|  = 


A6> 


csc;rv 


(8) 


This  result  can  also  be  obtained  with  less  algebra  if  one  imag¬ 
ines  turning  on  the  kick  just  after  the  passage  of  the  particle. 
Then  for  the  rest  of  the  turn  jc  =  0  so  This  leads 

to  |fl|  =  l^cl  where  Uc  is  the  invariant  betatron  amplitude  of  the 
closed  orbit  trajectory  equation  1. 

Equation  8  gives  the  invariant  betatron  amplitude  about  the 
new  closed  orbit  after  the  closed  orbit  has  been  suddenly  changed 
by  a  single  kick  of  A^  and  before  damping  or  feedback  have 
had  any  effects.  Note  I  have  also  assumed  that  the  there  was  no 
betatron  motion  before  the  closed  orbit  was  changed.  If  there 
were  no  further  changes  to  the  closed  orbit  after  the  kick  was 
applied,  at  each  point  in  the  ring  the  particle  position  would 
‘oscillate’  about  the  new  closed  orbit  eventually  approaching 
peak  values  of 


x^{s)  = 


AO  ! - 


csc;rv 


(9) 


s  [m] 


Figure  2:  The  original  pre-spark  pretzel  (solid  line)  and  the  dis¬ 
torted  post-spark  pretzel  (dashed  line)  are  plotted  with  the  result¬ 
ing  betatron  motion  represented  by  shading.  Here  the  separator 
at  45W  was  assumed  to  spark  during  e~  injection. 


Using  equations  1  and  9  we  have  the  ratio  of  peak  betatron  motion 
to  the  closed  orbit  at  every  point  in  the  ring: 


1 

COS0  —  0/  —  TTV 


>  1 


(10) 


Sox  >  2xc  in  general,  where  x  is  the  maximum  value  that  x  can 
reach  at  each  point  in  the  ring.  Near  a  closed  orbit  maximum, 
the  ratio  is  close  to  2. 

After  a  few  turns,  the  number  depending  on  the  choice  of  tune, 
the  phase  of  the  betatron  motion  and  that  of  the  closed  orbit 
distortion  combine  to  give  a  maximum  orbit  excursion  which  is 
at  least  twice  the  peak  closed  orbit  change.  This  means  that  a 
rapid  change  in  the  closed  orbit  at  requires  twice  the  aperture  of 
a  slow  change. 


Examples 

When  a  separator  sparks  in  CESR  the  voltage  goes  very  rapidly 
to  zero,  recovering  a  few  tens  of  milliseconds  later.  The  size 
of  the  transient  generated  depends  on  which  separator  sparks. 
To  calculate  the  transient  we  first  calculate  the  change  to  the 
closed  orbit  by  setting  one  separator  at  zero  voltage,  then  add  the 
betatron  transient  motion  from  equation  9,  (see  figure  2).  Note 
that  in  this  case  the  transient  amplitude  is  not  greater  than  or 
equal  to  the  original  pretzel  because  only  one  of  four  separators 
sparked.  Nevertheless  the  transient  still  brings  the  beam  center 
out  well  beyond  the  original  pretzel  maximum  to  over  30  mm 
in  the  region  of  the  north  interaction  point  (s  ~  384  m).  The 
vacuum  chamber  wall  is  at  45  mm. 

A  table  of  maximum  amplitudes  for  various  configurations  of 
CESR  undergoing  sparking  any  of  four  separators  is  shown  in 
table  1.  Electron  injection  conditions  are  the  most  dangerous  for 
the  beam.  A  spark  at  8E  would  swing  the  beam  center  within  7 
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Figure  3:  A  spark  in  the  separator  at  8E  would  cause  this  dis¬ 
tortion  of  the  pretzel  (dashed  line)  and  transient  betatron  motion 
about  the  distorted  pretzel  (shaded  region).  The  pre-spark  pret¬ 
zel  is  shown  in  solid  line.  The  interaction  point  is  marked  with 
a  0. 


Condition 

Location  of  spark 

8E  45E  45W  8W 

e~  injection 

38.6 

25.5 

29.9 

22.6 

pre-collision 

33.3 

22.6 

26.0 

27.8 

collision 

18.3 

20.2 

18.8 

25.3 

Table  1 :  The  maximum  excursion  in  millimeters  of  the  beam 
center  including  the  transient  from  a  separator  spark  at  various 
locations.  Note  that  magnetic  bumps  were  not  taken  into  account 
and  could  further  increase  the  maximum  excursion.  The  vacuum 
chamber  wall  is  at  45  millimeters. 


mm  of  the  vacuum  chamber  wall  near  the  east  IR.  This  is  shown 
in  figure  3. 

Beam  loss  is  also  likely  during  pre-collision  if  the  8E  separator 
sparks.  The  excursions  are  calculated  for  the  positron  beam. 

An  even  more  dangerous  situation  occurs  if  the  separator  volt¬ 
ages  rise  too  fast.  Then  the  amplitude  of  the  transient  is  indeed 
more  than  twice  the  amplitude  of  the  full  pretzel  and  the  peak 
excursion  will  be  at  least  32  millimeters.  However  the  high 
voltage  power  supplies  are  not  capable  of  raising  the  voltage  ar¬ 
bitrarily  fast  and  some  damping  reduces  the  maximum  excursion 
the  beam  reaches. 
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Abstract 

We  present  a  phenomenology  of  crystalline  beams  in  storage 
rings.  We  use  the  smooth  approximation  to  solve  the  equations 
of  a  test  particle  moving  in  the  focussing  potential  of  the  storage 
ring,  and  in  that  of  the  other  ions.  We  find  simple  confinement, 
and  stability  conditions. 

L  GENERAL  OVERVIEW 

When  ions  in  a  storage  ring  are  cooled  sufficiently,  they  un¬ 
dergo  a  phase  transition  to  a  crystalline  ion  beam.  These  crys¬ 
talline  beams  have  already  been  observed  in  Molecular  Dynam¬ 
ics  simulations  and  ion  trap  experiments  [1],  [2],  [3].  Among 
other  things,  crystalline  beams  provide  a  new  way  to  obtain  in¬ 
tense  ion  beams.  We  present  an  analytical  study  of  ground  state 
crystalline  beams.  We  examine  the  stability  of  the  motion  of  a 
test  particle  in  the  crystalline  beam  in  a  storage  ring  consisting 
of  linear  elements.  We  find  the  beam’ s  confinement  and  stability 
conditions.  Using  simple,  arguments  from  classical  dynamics, 
we  obtain  a  succession  of  beam  structures,  as  the  ion  denisty  is 
increased. 

We  start  with  a  collection  of  ions  with  mass  number  A,  and 
atomic  number  Q  already  near  zero-temperature  equilibrium  po¬ 
sition.  The  crystalline  beam  consists  of  a  bundle  of  substrings, 
with  ions  placed  a  distance  A  apart  in  the  longitudinal  direc¬ 
tion.  The  space-charge  force  on  a  test  particle  in  the  beam  is  in¬ 
cluded  as  a  perturbation  in  the  familiar  single  particle  equations 
of  motion  [4].  We  perform  a  “Gedanken  Experiment”  in  which 
we  systematically  increase  the  number  of  ions  in  the  crystalline 
beam,  and  hence  decrease  A.  At  each  step  we  determine  the  sta¬ 
bility  of  the  equilibrium  of  the  test  particle.  At  a  critical  value  A, 
the  focussing  forces  no  longer  balance  the  space  charge  and  the 
orbits  along  which  the  substrings  lie,  undergo  a  pitchfork  bifur¬ 
cation  [5].  Two  new  stable  orbits  with  the  same  period  originate 
out  of  the  unstable  orbit,  according  to  the  Poincare-Bendixson 
theorem  [6].  As  the  number  of  ions  is  increased  further,  the  pro¬ 
cess  repeats  itself:  each  stable  orbit  will  become  usntable,  and 
undergo  a  pitchfork  bifurcation,  doubling  the  number  of  sub¬ 
strings. 

Therefore,  the  specifics  of  the  ground  state  of  the  crystalline 
beam  is  a  function  of  the  ion  denisty,  and  focussing  properties 
of  the  storage  ring.  Each  crystalline  beam  is  characterized  by 
a  range  of  values  of  the  inter-ion  spacing  A.  The  upper  limit 
is  the  ion  spacing  when  the  structure  is  formed,  and  the  lower 
limit  is  the  ion  spacing  when  the  structure  becomes  unstable,  and 
undergoes  a  bifurcation.  In  this  bifurcation  picture,  the  lower 
limit  of  a  structure  corresponds  roughly  to  the  upper  limit  of  the 
next  structure. 

*Work  performed  under  the  auspices  of  the  U.S.  D.O.E. 
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IL  EQUATIONS  OF  MOTION 

We  use  a  curvilinear  orthogonal  coordinate  system  [7], [4], 
where  x  and  y  denote  the  horizontal  and  vertical  direction,  re¬ 
spectively,  (T  the  path  length  difference  and  S,  the  momentum 
error.  The  equations  of  motion  of  the  test  particle  are  derived 
from  the  quadratic  Hamiltonian  discussed  in  [7],  viz.: 


2/'  +  A^,(s)y  + 
x^'  -\-Kh{s)x  -f 


Q'^o  d  ^sc 
d  y 

Qrp  d  ^sc 
eAl3^^^  d  X 


5' 


0; 

(1) 

h[s)S-, 

(2) 

S  ^ 

(3) 

0  ^sC 

.(4) 

eAP"^^^  dcr 

The  derivatives  are  with  respect  to  the  curvilinear  longitudinal 
coordinate  s;  /?  and  7  are  the  usual  relativistic  factors,  h{s)  is  the 
curvature,  and  Ky^h{s)  the  focussing  functions  which  describe 
the  storage  ring.  ^ sc  is  the  space-charge  potential,  and  tq  is  the 
classical  proton  radius. 

We  expand  the  space  charge  potential  ^sc  to  second  order  in 
small  deviations  around  the  (conjectured)  equilibrium  position 
of  the  test  particle.  After  putting  these  expansions  in  the  equa¬ 
tions  of  motion,  we  obtain  two  sets  of  equations:  The  envelope 
equations  determining  the  equilibrium  position  of  the  test  par¬ 
ticle  in  the  storage  ring,  and  those  for  the  motion  around  this 
equilibrium. 

For  storage  rings  with  smooth  lattice  functions  and  smooth 
bending  we  may  use  the  smooth  approximation.  That  is,  we 
replace  the  local  focussing  forces  Kk,v{s)  with  their  averages 
around  the  ring.  The  average  value  of  the  amplitude  function 
is  I'h.xjlR-  In  addition,  we  replace  the  local  curvature  h[s)  by 
\/R,  i.e.  its  average  around  the  ring.  We  will  use  this  below  to 
obtain  estimates  of  the  tune  shift. 


III.  CONFINEMENT 

Confinement  in  the  transverse  direction  is  provided  by  the  fo¬ 
cusing  of  the  storage  ring.  The  crystalline  beam  has  to  be  closed, 
and  have  the  same  periodicity  as  the  storage  ring.  We  can  use 
this  closure,  or  isochonism  condition -cr'  =  0  -  to  aproximately 
integrate  Eq.  (3) .  We  find,  that  the  momentum  error  Si  of  the  test 
particle  varies  linearly  with  its  horizontal  displacement  from  the 
(dilute  beam)  reference  trajectory  xi.  This  approximation  is  ap¬ 
propriate  only  for  a  sufficiently  smooth  lattice  [7].  Substituting 
our  approximate  expression  for  Si  in  Eq.  (2)  gives  the  envelope 
equations: 

4A^ 

<  +  =  0,  (5) 
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+  =  0.  (6) 

The  kinematic  term  proportional  to  7^  is  entirely  due  to  the 
isochronism  condition  across  one  super-period.  Ac  is  the  char¬ 
acteristic  lenght  of  the  crystalline  beam: 


/ Q^rogo^\  ^ 

V  ’ 


(7) 


R  is  the  radius  of  the  storage  ring,  and  ^0  is  a  numerical  fac¬ 
tor,  approximately  equal  to  1.2.  Th  and  Tv  are  proportional  to 
the  first  order  derivative  of  the  space  charge  potential  around  the 
equilibrium.  These  equations  are  identical  to  those  of  a  test  par¬ 
ticle  perturbed  by  a  space  charge  force.  Because  the  period  of 
the  crystalline  beam  has  to  be  the  same  as  that  of  the  storage 
ring,  the  tune  shift  induced  by  the  space  charge  should  be  large 
enough  to  reach  the  integral  stopband  [7],  [4].  Using  the  smooth 
approximation,  together  with  the  familiar  incoherent  tune  shift 
estimate  to  impose  this  condition,  we  obtain  the  horizontal  and 
vertical  confinement  conditions: 


(8) 

■C  h,v 

with: 

^h,v  —  ^  j  (^) 

^  Np)  -  (10) 

2  ZUh 

=  \{'^v-mNp),  (11) 


Np  is  the  super-period  of  the  storage  ring,  and  m  an  integer.  Vh^v 
are  the  dilute  beam  tunes,  and  correspond  to  the  working  point 
of  the  storage  ring.  The  term  in  7^  is  subtracted  from  the  actual 
distance  of  the  horizontal  working  tune  to  the  nearest  stopband. 
Therefore,  for  the  appearance  of  a  horizontally  extended  “Crys¬ 
talline  Beam”,  the  following  condition  needs  to  be  satisfied: 


7  <  (12) 


This  generalizes  the  condition  obtained  by  Wei,  Li  and  Sessler 
[3],  and  in  particular  implies  that  the  storage  ring  has  to  be  op¬ 
erated  below  the  transition  energy. 

A  is  the  same  for  all  substrings,  and  we  can  combine  the 
horizontal  and  vertical  confinement  condition  into  the  envelope 
function  W: 


Th 


Kk 


=  —  =  —  =  1-  Aa  — 


Tv 


Kv 


(13) 


where  A  is  the  defocussing.  Furthermore,  this  implies  that  the 
solutions  of  the  envelope  equations  are  invariant  under  reflec¬ 
tions,  and  rotations. 

The  confinement  in  the  longitudinal  direction  is  provided  by 
the  repulsion  between  the  ions  in  the  “Crystalline  Beam”.  In  the 
absence  of  curvature,  there  is  no  net  longitudinal  force  when  the 
ions  are  in  their  equilibrium  position.  The  longitudinal  force 
between  the  different  strings  in  the  crystalline  beam  is  zero, 
when  the  logitudinal  shift  between  them  is  either  either  0  or  A/2. 
Right  after  a  bifurcation,  some  of  the  substrings  have  a  relative 
shift  of  A/4,  or  3  A/4.  However,  we  find,  that  as  these  substrings 
move  away  from  each  other,  their  final  shifts  will  be  0,  or  A/ 2. 


IV.  Stability 

A.  The  Stability  Equations 

The  motion  of  the  test  particle  around  the  equilibrium  is  de¬ 
scribed  by  the  equations: 


0, 


=  hS, 


=  hx  — 


S'  =  27^ 


T 

4A^ 

goR'^X^ 


(14) 

(15) 

(16) 
rie<r.  (17) 


7]h,v,e  proportional  to  the  second  order  expansion  of  ^sc 
around  the  equilibrium  of  the  test  particle.  The  space  charge 
force  of  the  crystalline  beam  perturbs  the  fi:ee-oscillation  mo¬ 
tion  of  the  test  particle.  Again,  we  can  use  the  smooth  approxi¬ 
mation  to  find  out  when  the  tune  crosses  the  stopband.  Only  an 
integral  stopband,  corresponds  to  a  pitchfork  bifurcation.  A  half 
integral  stopband  corresponds  to  a  period  doubling,  and  this  vi¬ 
olates  the  confinement  conditions,  since  crystalline  beams  need 
to  have  the  same  periodicity  as  the  storage  ring.  The  lower  limit 
A;  of  the  ion  spacing  in  the  crystalline  beam  is  given  by: 


i 

A/  =  T]^^y  Ac  Ch^V' 


(18) 


V.  Results  and  Discussion 

We  investigated  a  succession  of  crystaline  beams  for  weak  ( 
A  =  0.001),  and  moderate  (A  =  0.25)  defocussing.  To  obtain 
the  envelope  we  solved  Eqs.  (8)  and  (13).  The  stability  followed 
from  Eq.  (18).  Our  results  are  shown  in  Figs.  1,  and  2.  We 
consider  gold  ions  {Q  =  57,  A  =  157)  in  a  storage  ring  with  a 
magnetic  rigidity  of  1.2  Tm,  a  radius  of  6.46  m,  a  superperiod 
of  16,  and  tune  i/h  =  4.8.  Uv  =  4.8,  for  A  =  0.001,  and  5.54, 

2 

for  A  =  0.25;  Ac  =  47  fim.  ^  is  small,  so  we  have  ignored  it. 

In  our  analysis,  we  start  with  the  string.  There  is  no  upper 
limit  to  A;  the  string  is  formed  even  by  very  dilute  ion  clouds. 
In  the  smooth  approximation,  the  lower  limit  is  determined  by 
the  horizontal,  and  vertical  stopband  of  the  storage  ring.  Using 
transfer  matrices,  we  determined  however,  that  for  most  realistic 
storage  rings,  the  coupling  resonance  between  the  longitudinal, 
and  transverse  motion  in  the  horizontal  plane  is  quite  important. 

The  focussing  in  the  vertical  direction  is  the  largest,  and  the 
next  stucture  is  a  horizontal  zigzag.  Using  transfer  matrices  we 
determined  that  only  extremely  smooth  storage  rings  can  sup¬ 
port  horizontal  zigzags.  Therefore,  for  storage  rings  that  support 
higher  order  crystaline  beams,  the  smooth  approximation  must 
be  accurate. 

At  the  point  of  bifurcation,  we  find  that  the  ion  spacing  of  the 
zigzag  is  roughly  twice  that  of  the  string  from  which  it  origi¬ 
nates.  In  addition,  to  balance  the  longitudinal  forces,  the  two 
substrings  are  shifted  by  half  an  ion  spacing.  This  is  all  in 
agreement  with  the  bifurcation  picture.  For  large  defocussing 
(A  >  0.5),  the  zigzag  bifurcates  in  the  plane.  For  A  <  0.5,  the 
zigzag  bifurcates  in  the  vertical  direction,  and  goes  over  into  a 
helix.  Again  ,  the  ion  spacing  roughly  doubles  at  bifurcation. 
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Figure  1.  The  transition  from  string  (0),  to  horizontal  zigzag 
(AB),  to  helix  (CDEF),  and  to  shell(16)  (GHIKL  . . .)  using  the 
smooth  approximation,  for  A  =  0.001. 

To  balance  the  longitudinal  forces  ,  the  four  substrings  shift  a 
little  bit  longitudinally  as  they  move  away  from  each  other.  This 
transition  region  is  very  small. 

Eventually,  the  helix  will  become  unstable,  and  its  four  sub¬ 
strings  will  each  split  in  two,  to  form  a  shell  consisting  of  eight 
substrings.  We  call  this  structure  shell(8),  to  distinguish  it  from 
other  shells.  The  ion  spacing  doubles  again,  and  the  substrings 
shift  longitudinally  as  they  move  away  from  each  other,  in  order 
to  maintain  longitudinal  equilibrium. 

The  next  shell  structure,  shell(16),  is  formed  when  the  eight 
substrings  of  the  shell(8)  split.  It  is  unstable  right  from  the  start. 
Therefore,  a  shell  with  eight  substrings  is  the  largest  hollow 
crystalline  beam  we  obtained. 

Putting  a  string  in  the  middle  of  the  shell(16),  along  the  ref¬ 
erence  orbit,  stabilizes  it.  This  is  in  agreement  with  the  MD 
simulations  of  Wei  et  al.  [3]. 
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Figure  2.  The  transition  from  string  (0),  to  horizontal  zigzag 

(AB),  to  helix  (CDEF),  and  to  shell(16)  (GHIKL  . . .)  using  the 

smooth  approximation,  for  A  =:  0.25 
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BEAM  DYNAMICS  IN  THE  1.3  GeV  HIGH 
INTENSITY  ESS  COUPLED  CAVITY  LINAC 


M.  Pabst  and  K.  Bongardt,  Forschungszentrum  Jiilich  GmbH,  52425  Jiilich,  Germany 


The  700  MHz  coupled  cavity  linac  (CCL)  of  the  European 
Spallation  source  (ESS)  accelerates  H"  -  ions  up  to  1.334  GeV. 
The  bunch  current  is  214  mA  and  the  average  current  3.84  mA. 
Four  tanks  are  fed  by  one  4  MW  klystron.  The  phase  slip  of  4° 
at  injection  is  not  critical.  After  every  second  tank  a  doublet  is 
installed  for  transverse  focusing  providing  a  ’round’  beam.  The 
other  intertank  sections  are  used  for  beam  diagnostic  elements 
and  steering.  To  find  the  smallest  injection  energy  rms  and 
total  emittances  are  studied  by  multiparticle  calculations  and 
by  varying  the  injection  energy  between  70  and  150  MeV.  In 
addition  the  influence  of  field  and  phase  errors  is  considered. 
For  the  low  loss  injection  into  the  following  compressor  rings 
the  problem  of  partly  filled  bunches  is  examined. 

LAYOUT  OF  ESS  AND  LINAC 

The  need  for  a  future  pulsed  neutron  source  in  Europe 
has  led  users  and  machine  designers  to  propose  the  following 
parameters  for  the  ESS  [1,2]: 

•  An  average  beam  power  of  5.1  MW 

•  A  beam  pulse  at  the  target  less  than  3  //sec  long 

•  A  repetition  rate  of  50  Hz 

•  Two  target  stations,  one  operating  at  50  MHz,  5.1  MW  and 
a  second  one  at  10  Hz,  1  MW 

These  parameters  will  be  achieved  by  a  combination  of  a 
linear  accelerator  and  two  storage  rings.  The  linear  acceler¬ 
ator  accelerates  H"-  ions  in  pulses  of  1.2  msec  length  up  to 
1.334  GeV.  With  a  50  Hz  repetition  rate  the  beam  is  injected 
into  two  accumulator  rings  [3]. 

The  layout  of  the  linac  is  shown  in  Fig.  1.  To  achieve 
107  mA  peak  current  and  at  the  same  time  small  emittances, 
funneling  is  proposed  with  two  front  end  legs.  Each  leg  will 
deliver  54  mA. 


Fig.  1  ESS  linac  layout:  IS:  ion  source,  CH:  chopper, 

FU:  funneling,  BR:  bunch  rotator 

CCL  PARAMETER  AND  DESIGN 

Basis  of  the  700  MHz  CCL  design  are  the  805  MHz  side 
coupled  linacs  operating  successful  and  reliable  at  Los  Alamos 
and  Fermilab,  Table  1  lists  the  main  parameters  of  the  CCL. 


TABLE  1 


CCL  parameter 


Input  energy 

70  MeV 

Output  energy 

1334  MeV 

Frequency 

700  MHz 

Repetition  rate 

50  Hz 

duty  cycle 

6.0  % 

Bunch  current 

214  mA 

Effective  pulse  current 

64  mA 

Average  current 

3.84  mA 

Acc.  grad.  EqT 

2.8  MV/m 

Synchronuous  phase 

-25  deg 

Shunt  impedance 

29...41  Mfi/m 

Transit  time  factor 

0.83 

Peak  power  beam 

81  MW 

Peak  power  structure 

113  MW 

Average  CCL  power 

12  MW 

Eff.  peak  power  per  klystron 

3  MW 

Number  of  klystrons 

66 

Number  of  tanks 

264 

Tank  length 

1.3...2  m 

Cell  number  per  tank 

16...10 

Focusing 

doublets 

Quadmpole  gradient 

25...  15  T/m 

CCL  length 

<663  m 

Bore  hole  diameter 

4.4  cm 

The  design  of  the  CCL  is  ruled  mainly  by  the  minimiza¬ 
tion  of  costs  and  losses.  Costs  are  minimized  by  choosing  an 
accelerating  gradient  EqT  =  2.8  MV/m.  These  costs  include 
structure,  rf,  ten  years  of  operation  and  buildings  without  ex¬ 
tensive  shielding  [4].  Concerning  losses  one  has  to  be  aware 
of  ’matching’  losses  in  the  transverse  and  longitudinal  direction 
resulting  from  the  change  of  the  transverse  focusing  period  and 
the  accelerating  gradient  between  the  350  MHz  DTL  and  the 
700  MHz  CCL.  The  matching  losses  occur  mainly  after  injec¬ 
tion.  Therefore  the  input  energy  of  the  CCL  has  to  be  low  as 
possible,  here  70  MeV,  to  be  far  below  the  neutron  production 
threshold  of  about  120  MeV. 

As  power  sources  4  MW  multiple  beam  klystrons  can  be 
chosen  [6].  3  MW  are  for  beam  and  structure  and  1  MW  will  be 
foreseen  as  control  power  for  stabilizing  the  transient  behaviour. 
The  tank  length  is  determined  by  a  required  peak  power  of 
0.75  MW  for  the  chopped  pulse  mode.  One  klystron  feeds 
four  tanks  coupled  by  three  bridge  couplers.  The  tank  length 
varies  between  1.27  m  and  1.95  m  and  has  cells  of  constant 
length.  The  shunt  impedance  values  have  been  calculated  with 
SUPERFISH  [5].  The  maximum  phase  slip  is  4°  in  the  first 
tank.  Another  possibility  is  to  use  conventional  2  MW  klystrons 
feeding  two  tanks  only. 

Transverse  focusing  is  provided  by  doublets  located  after  ev¬ 
ery  second  tank  in  5^A/2  long  intertank  sections.  Doublets  are 
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favoured  over  singlets  giving  a  more  round  beam  with  smaller 
average  diameter  and  beam  envelope  oscillations.  Diagnostic 
equipment  and  steering  elements  are  placed  in  short  intertank 
sections.  The  length  of  those  is  3j3Xf2.  The  klystron  power 
will  be  coupled  into  bridge  couplers  at  long  intertank  sections. 
The  increase  of  the  intertank  sections  with  allows  to  install 
scrapers  at  the  high  jS  end  and  the  use  of  less  compact  doublets 
which  can  be  supplied  by  stable  dc  power  supplies.  For  this 
layout  the  total  length  of  the  CCL  is  663  m. 

Shortening  the  linac  is  possible  for  choosing  a  less  flexible 
layout.  By  skipping  the  short  diagnostic  intertank  sections  the 
tank  length  will  be  doubled.  To  get  reasonable  phase  slip 
the  length  of  cells  has  to  be  changed  within  the  first  tanks. 
Diagnostic  and  steering  has  to  placed  in  the  focusing  sections. 
This  reduces  the  CCL  length  by  about  60  m. 

BEAM  DYNAMICS  IN  THE  CCL  LINAC 

Due  to  the  frequency  of  700  MHz  which  is  twice  the 
frequency  of  the  DTL  a  bunch  current  of  214  mA  has  to  be 
accelerated  by  the  CCL.  At  input  the  normalized  transverse  rms 
emittance  is  0.6  tt  mm  mrad  and  the  longitudinal  rms  emittance 
is  1.2  TT  °  MeV.  Following  the  line  of  minimizing  losses  the 
tunes  have  to  be  set  in  a  way  avoiding  beam  resonances  and 
other  sources  of  emittance  growth. 


Fig.  2  Transverse  and  longitudinal  tune 
as  a  function  of  energy 

Several  designs  with  varying  injection  energies  between  70 
and  150  MeV  have  been  set  up  and  tested  by  multiparticle 
calculation.  For  setting  up  the  design  we  had  to  handle  several 
problems.  First,  a  constant  transverse  tune  is  not  possible 
along  the  CCL.  Due  to  a  decreasing  beam  radius  in  case 
of  a  constant  tune  space  charge  increases  at  higher  energies 
and  the  beam  becomes  unstable  longitudinally.  We  solve  the 
problem  by  decreasing  the  transverse  tune  at  with  /?  according 
to(Tf  =  ato  (70 / 7  is  the  relativistic  factor  and  70,  ato  are 
the  values  at  input  energy.  Second,  to  avoid  energy  exchange 
between  transverse  and  longitudinal  direction  the  beam  has  to 
be  equipartitioned  at  injection.  With  the  given  emittances  the 
transverse  tune  cr^  at  input  has  to  large  but  less  than  90°  per 


transverse  focusing  period.  The  large  tune  has  a  useful  side 
effect  of  a  fast  betatron  oscillation  which  favors  a  loss  of  halo 
particles  as  soon  as  possible  after  injection. 


Fig.  3  Ratio  of  transverse  to  longitudinal 
energy  (equipartition  ratio) 

In  all  cases  the  growth  of  normalized  rms  emittances  is 
less  than  10  %  transversely  and  longitudinally.  We  finally 
have  chosen  70  MeV  as  an  appropriate  input  energy  of  the 
CCL.  The  transverse  tune  at  injection  was  set  to  75°.  The 
energy  dependence  of  the  tunes  is  shown  in  Fig.  2.  The 
tune  depressions  are  moderate  and  stay  between  0.7  and  0.8 
along  the  CCL  for  the  transverse  and  longitudinal  direction. 
The  ratio  of  transverse  to  longitudinal  energy  (equipartition 
ratio)  Eto*t/Eio-i  is  shown  in  Fig.  3.  We  recognized  that  for 
having  no  energy  exchange  the  ratio  has  to  be  larger  than  0.5 
at  injection.  No  exchange  of  rms  emittances  is  seen  at  higher 
energies  even  if  the  ratio  increases  up  to  2.5  corresponding  to  a 
nonequipartitioned  beam.  As  an  counterexample  we  present 
a  beam  with  a  ratio  of  0.3  at  injection,  shown  in  Fig.  3. 
An  energy  exchange  is  seen  from  the  oscillations  of  the  rms 
emittances  plotted  in  Fig.  4. 


Fig.  4  Normalized  transverse  (x  and  y)  and 
longitudinal  (z)  rms  emittances  for  an 
nonequipartitioned  beam  at  injection 

For  the  total  emittance  the  input  distribution  of  the  multipar¬ 
ticle  calculation  is  important.  We  have  chosen  a  4-d  waterbag 
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transversely  and  a  2-d  waterbag  longitudinally.  As  a  result  for 
the  equipartitioned  case  the  total  emittance  increases  by  a  factor 
2.5  in  all  three  planes.  In  the  nonequipartitioned  case  we  have 
a  larger  growth  factor  of  about  3. 

Concerning  transverse  and  longitudinal  acceptance  for  the 
full  current  we  have  the  following  data.  The  average  beam 
radius  is  3  mm  while  the  bore  hole  radius  is  22  mm.  This 
gives  a  factor  7  between  rms  radius  and  aperture  and  a  factor 
50  between  rms  emittance  and  acceptance.  Longitudinally  the 
situation  is  somewhat  different.  Due  to  phase  damping  the 
rms  phase  width  decreases  from  6°  down  to  2®  and  the  rms 
energy  spread  increases  from  0.2  MeV  up  to  0.6  MeV.  The 
phase  acceptance  is  about  ±25°  and  constant  along  the  CCL. 
The  energy  acceptance  increases  from  about  0.5  MeV  up  to  6 
MeV.  The  resulting  acceptance  increases  from  12.5  tt  °  MeV 
to  160  TT  °MeV  giving  a  factor  10  between  the  longitudinal  rms 
emittance  and  the  acceptance  at  injection  and  a  factor  130  at 
the  linac  end. 

ERRORS  AND  PARTLY  FILLED  BUNCHES 

We  also  studied  field  and  phase  errors.  For  each  tank  a  field 
error  <1%  and  a  phase  error  <1°  is  assumed.  The  errors  are 
distributed  randomly  within  the  limits.  This  type  of  errors  will 
effect  mainly  the  motion  of  the  bunch  center  longitudinally. 
Fig.  5  shows  the  oscillation  of  the  bunch  center  around  the 
synchronous  energy.  At  the  end  of  the  CCL  the  amplitude  has 
grown  up  to  0.6  MeV  which  is  of  same  order  as  the  rms  energy 
spread.  If  no  errors  are  present  the  amplitude  is  by  a  factor  10 
smaller.  As  the  rms  energy  spread  is  reduced  by  a  factor  3  in 
the  transfer  line  after  the  CCL,  errors  of  1%  for  field  and  1° 
for  phase  are  the  upper  limit.  Rms  values  of  emittances,  radii, 
phase  width  and  energy  spread  do  not  differ  much  if  errors  are 
present  or  not.  An  effect  can  be  seen  for  the  total  emittances. 
Here  the  growth  factor  is  3.5,  larger  as  if  no  errors  are  present. 


Fig.  5  Energy  of  the  bunch  center  in  the  longitudinal 
phase  space  and  rms  energy  spread 

For  the  injection  into  the  compressor  rings  the  beam  pulse 
has  to  be  chopped  at  around  2  MeV.  During  switching  the 
chopper  can  create  bunches  carrying  less  current  than  the  design 
value.  Those  partly  filled  bunches  cause  problems  in  the 
transfer  line  between  the  CCL  and  the  compressor  rings  [7]. 


If  a  bunch  carries  not  the  full  current  the  bunch  is  mismatched 
mainly  in  transverse  direction.  However,  because  the  current 
is  less  the  average  beam  radius  is  somewhat  reduced.  We 
simulated  two  cases,  one  with  half  the  design  current  and 
another  one  with  1%  of  the  design  current.  As  a  result  we 
see  larger  oscillations  of  the  rms  radii  but  the  maxima  of  the 
rms  radii  decreases  with  the  current.  Also,  we  see  no  effect 
at  the  emittances.  Unfortunately  the  partly  filled  bunches  pass 
the  CCL  and  cause  problems  in  the  following  transfer  line. 
Therefore,  the  low  energy  chopping  system  has  to  avoid  partly 
filled  bunches. 

SUMMARY 

We  studied  the  beam  dynamics  of  the  700  MHz,  214  mA 
bunch  current,  1.334  GeV  coupled  cavity  linac  of  the  European 
Spallation  Source.  The  major  goal  is  the  minimization  of 
losses.  We  approach  this  goal  by  avoiding  all  known  sources 
of  emittance  growth.  For  the  CCL  mainly  two  conditions  have 
to  fulfilled: 

•  The  beam  has  to  be  equipartitioned  at  injection  to  avoid 
exchange  of  energy 

•  The  transverse  tune  has  to  be  decreased  with  increasing 
energy  to  avoid  longitudinal  instability 

As  a  consequence  of  those  conditions  the  increase  of  the  rms 
emittance  is  less  than  10%.  Total  emittances  grow  by  a  factor 
2.5.  Field  and  phase  errors  cause  mainly  an  oscillation  of  the 
longitudinal  bunch  center.  The  errors  should  not  be  larger  than 
1%  for  the  accelerating  field  and  1°  in  phase.  The  low  energy 
chopping  system  has  to  avoid  partly  filled  bunches,  because 
those  bunches  pass  the  CCL  and  cause  problems  in  the  transfer 
line  to  the  compressor  rings. 
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FINAL  BUNCH  ROTATION  AND  MOMENTUM 
SPREAD  LIMITATION  FOR  THE  ESS  FACILITY 

K.  Bongardt  and  M.  Pabst,  Forschungszentrum  Jiilich  GmbH,  52425  Jiilich,  Germany 


The  key  issue  of  the  accelerator  part  of  the  European  Spal¬ 
lation  Source  (ESS)  is  the  loss  free  ring  injection.  In  the  trans¬ 
fer  line  between  linac  and  compressor  rings  two  rf  cavities, 
phased  independently,  are  installed  followed  by  an  achromatic 
collimator.  This  two-stage  system  allows  an  optimum  energy 
spread  limitation  under  varying  beam  current  and  energy  ramp¬ 
ing  conditions.  The  system  aims  to  have  less  than  10"^  particles 
outside  an  energy  spread  of  ±2  MeV  at  ring  injection.  Longitu¬ 
dinal  space  charge  forces  are  still  present  and  cause  an  increase 
of  the  energy  spread  and  the  longitudinal  emittance.  Multipar¬ 
ticle  calculations  with  varying  beam  currents  are  presented  for 
the  130  m  long  straight  transfer  line  after  the  linac  end. 

INTRODUCTION 

The  most  critical  part  of  the  accelerator  of  the  European 
Spallation  Source  [1]  is  the  loss  free  injection  into  the  compres¬ 
sor  rings.  Due  to  the  5.1  MW  average  beam  power  at  1.334 
GeV,  particle  loss  above  10“^/m  forbids  unconstrained  hands 
on  maintenance  of  accelerator  components.  At  the  injection  of 
the  1.2  msec  long  linac  pulse  into  the  two  compressor  rings  the 
loss  must  be  here  at  the  10"^  level.  For  achieving  this  with  a 
1000  turn  H“  -  injection  scheme  the  linac  beam  has  to  be  trun¬ 
cated  in  both  transverse  planes.  The  mean  kinetic  energy  has  to 
be  varied  by  4  MeV  during  injection,  corresponding  to  2x  10”^ 
Ap/p  ramping.  Less  than  10“^  particles  above  an  energy  spread 
of  ±2  MeV  should  be  accepted  by  the  stripping  foil.  The  linac 
pulse  has  to  be  chopped  at  the  1.67  MHz  revolution  frequency 
with  60  %  chopping  efficiency  [2], 

The  longitudinal  halo  collimation  puts  stringent  conditions 
on  the  design  of  the  high  energy  transfer  line  between  linac 
end  and  compressor  rings.  The  layout  of  this  line  consists  of 
three  parts: 

•  a  straight  transfer  line  of  75  m  from  the  linac  end  up  to  a 
700  MHz  bunch  rotation  cavity 

•  a  42.5  TT  m  circumference,  180  deg  achromatic  collimation 
system 

•  a  75  m  final  matching  section  up  to  the  H"  -  stripping  foils 

At  the  stripping  foils  the  two  0.6  msec  long  linac  pulses 
are  separated  vertically,  with  a  final  vertical  separation  of  1.5 
m  for  the  two  accumulator  rings.  Longitudinal  halo  scraping 
is  obtained  by  a  two  stage  collimation  system.  First  are  two 
independently  phased  energy  ramping  and  bunch  rotating  cavi¬ 
ties  which  reduce  considerably  the  particle  number  outside  the 
wanted  ±2  MeV  value.  The  remaining  particles  are  stripped 
and  collected  in  an  achromatic  collimation  system. 

FINAL  BUNCH  ROTATION 

The  beam  motion  was  studied  for  a  130  m  straight  transfer 
line  including  a  bunching  cavity.  The  rms  values  of  the  energy 


spread  and  the  longitudinal  emittance  are  shown  in  Fig.  1 
and  2  for  the  ESS  linac  design  parameters:  214  mA  bunch 
current  at  700  MHz  and  1.334  GeV  [3].  For  the  multiparticle 
calculation  the  linac  output  phase  space  distribution  is  used  as 
the  input  distribution  for  the  transfer  line  simulation  [4].  The 
same  focusing  was  adopted  as  at  the  coupled  cavity  linac  end:  a 
quadrupole  doublet  every  5.4  m  resulting  in  an  initial  average 
transverse  radius  of  3.5  mm. 


Fig.  1  Rms  energy  spread  for  full  bunch  current  (214  mA) 
and  half  bunch  current  (107  mA)  in  the  transfer  line 


The  rms  energy  spread  and  the  longitudinal  rms  emittance 
are  not  constant  along  the  transfer  line  as  expected  in  a  simple 
drift  space.  Due  to  small,  but  still  not  negligible,  space  charge 
forces  the  particles  are  not  ’drifting’  longitudinally  but  moving 
instead  in  a  ’plasma  channel’  with  decreasing  strength.  The 
envelope  equation  for  the  dense  beam  core  with  its  mainly 
linear  space  charge  forces  is  space  charge  dominated  and  not 
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emittance  dominated  in  spite  of  the  high  kinetic  energy.  The 
rms  phase  changes  from  2  ®  to  6^  (10°  without  bunching 
cavities),  see  Fig.  3.  For  constants  quadrupole  gradients,  there 
is  a  reduction  of  the  transverse  beam  size.  The  shielding  of  the 
conducting  boundary  is  neglected,  as  the  initial  value  of  0.5  cm 
for  the  bunch  length  is  shorter  than  the  pipe  radius. 


bunch  rotation  cavity,  placed  after  75  m  at  6°  rms  phase  width, 
see  Fig.  1,  the  rms  energy  spread  is  reduced  to  0.2  MeV.  About 
1 1  MV  rotation  voltage  is  applied  to  a  4  m  long  700  MHz  cou¬ 
pled  cavity.  After  the  bunch  rotation  cavity  the  rms  energy 
spread  is  not  constant  for  a  50  m  long  transfer  line.  In  Fig.  4 
the  longitudinal  phase  space  is  plotted  at  the  linac  end,  before 
and  after  the  bunch  rotation  cavity. 
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Fig.  4  Longitudinal  rms  emittances  at  end  of  CCL,  before  and 
after  the  buncher  (upper  left,  upper  right,  lower  left) 

Along  the  130  m  long  transfer  line,  the  longitudinal  rms 
emittance  increases  by  the  same  amount  as  along  the  whole 
coupled  cavity  linac  [4].  This  increase  is  caused  by  the  lon¬ 
gitudinal  mismatch  along  the  line.  The  unexpected  situation 
cannot  avoided  easily  as  the  rms  energy  spread  of  0.6  MeV  at 
the  linac  exit  is  too  large  for  loss  free  ring  injection.  With  a 


LONGITUDINAL  HALO  COLLIMATION  BY 
ENERGY  RAMPING  AND  BUNCH  ROTATION 

As  pointed  out  before  the  main  task  of  the  bunch  rotation 
cavity  is  not  to  reduce  the  rms  energy  spread  to  its  smallest 
allowed  value,  but  to  limit  the  total  energy  spread  to  ±2  MeV 
at  the  H“  -  stripping  foils.  In  addition  the  mean  energy  has 
to  be  ramped  by  4  MeV  during  the  pulse.  The  energy  spread 
limitation  must  be  fulfilled  under  varying  beam  current  and 
ramping  conditions. 

In  Fig.  1  the  bunch  rotation  is  shown  also  for  a  ’partly’ 
filled  bunch  having  50%  of  its  design  current.  Those  bunches 
can  be  created  by  a  chopping  system  at  low  energies  [5]. 

As  there  is  only  a  20  %  tune  depression  at  full  current  for 
all  three  planes  along  the  CCL,  the  output  parameters  for  the 
50  %  current  value  will  not  differ  very  much  to  those  for  full 
current.  However,  due  to  less  space  charge,  the  phase  width 
and  energy  spread,  see  Fig.  1,  are  increasing  much  slower.  By 
keeping  the  rotation  voltage  unchanged  this  bunch  cannot  be 
rotated  properly. 

The  required  4  MeV  energy  ramping  can,  in  principle,  be 
done  with  bunch  rotation  cavity  by  changing  the  synchronous 
phase  by  21°.  But  as  the  95  %  phase  width  is  around  ±13° 
at  the  cavity  position,  see  Fig.  4,  this  would  result  in  a 
deformed  phase  space  boundary  which  could  lead  to  more 
particles  outside  the  ±2  MeV  limit  at  the  stripping  foil  for  the 
ramped  beam 

For  a  beam  at  the  design  intensity  and  emittance,  with  no 
ramping  and  field  errors  in  the  accelerating  structures,  only 
particles  with  emittances  above  100  times  the  rms  emittance  are 
outside  the  ±2  MeV  limit  directly  after  the  rotation  cavity,  see 
Fig.  4.  However,  5%  of  the  particles  are  outside  the  collimation 
limit  before  the  bunch  rotation  cavity.  For  the  partly  filled 
bunch,  see  Fig.  1,  the  safety  margin  is  64  only.  If  random 
amplitude  errors  of  1%  and  phase  errors  of  1°  are  present  in 
the  CCL,  the  mean  energy  of  the  bunch  center  could  be  shifted 
by  0.6  MeV  at  the  linac  end  [4].  This  would  drastically  reduce 
the  safety  margin  by  50%.  As  the  phase  width  of  the  outermost 
particles  is  smaller  than  60  °,  10  times  the  rms  value,  the  cavity 
can  operate  with  a  sinussoidal  field.  Placing  the  cavity  at  larger 
phase  values  will  increase  the  safety  margin  only,  if  higher 
harmonic  field  components  are  superimposed. 

In  order  to  keep  this  large  safety  margin  also  for  half 
the  beam  current  and  for  a  energy  ramped  beam,  a  second 
independently  phased  700  MHz  cavity  will  be  placed  after 
the  CCL.  E.g.,  this  allows  to  bring  the  107  mA  beam  to 
the  same  orientation  in  phase  space  after  the  bunch  rotation 
cavity  as  the  214  mA  beam.  At  the  new  100  MeV  transfer 
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line  at  Fermilab  two  bunching  cavities  are  synchronized  for 
routine  operation.  By  varying  amplitude  and  phase  of  both 
cavities,  there  are  four  independent  knobs  for  achieving  the 
longitudinal  halo  collimation  under  varying  beam  current  and 
ramping  conditions,  including  the  influence  of  field  errors  and 
mismatch  effects.  As  the  design  goal  is  the  particle  limitation 
outside  the  ±2  MeV  limit  and  not  the  smallest  possible  rms 
energy  spread,  it  could  well  be  that  the  bunch  has  to  be  under^ 
or  overrotated.  For  allowing  this  operational  flexibility  the  large 
safety  margin  (  100  for  a  matched  beam  at  full  intensity  )  is 
of  great  importance. 

ACHROMATIC  COLLIMATION  SYSTEM 

After  the  bunch  rotation  cavity,  the  75  m  long  line  for  ver> 
tical  beam  separation  could,  in  principle,  follow.  Due  to  the 
enlarged  rms  phase  width  of  about  6°  the  value  for  the  bunch- 
length  is  increased  to  1.5  cm,  comparable  to  the  pipe  radius. 
Then,  the  space  charge  forces  can  neither  be  approximated  by 
the  short  bunch  limit  for  direct  forces  nor  by  the  long  bunch 
limit  for  image  forces.  In  this  transition  region,  the  linear  part 
of  the  forces  is  smaller  than  predicted  by  the  direct  Coulomb 
force  assumption.  However,  the  nonlinear  part  is  larger  than 
the  Coulomb  part  [6].  The  effect  on  the  rms  energy  spread 
when  using  the  short  bunch  approach  is  shown  in  Fig.  1.  Here 
the  rms  energy  spread  is  increased  by  25%.  The  long  bunch 
approach  is  calculated  in  [7].  Both  calculations  agree,  that  af¬ 
ter  the  rotation  cavity  longitudinal  forces  are  present.  Therefore 
the  large  quoted  safety  margin  at  the  position  of  the  rotation 
cavity  cannot  be  easily  transformed  to  the  H"  -  stripping  foils 
position,  75  m  downstream. 

To  overcome  this  serious  difficulty  an  achromatic  collima¬ 
tion  system  has  been  designed  [8],  where  the  longitudinal  halo 
limitation  is  made  by  stripping  away  the  unwanted  particles 
at  a  position  of  large  normalized  dispersion.  This  two  stage 
longitudinal  beam  collimation  is  quite  superior  to  all  other  dis¬ 
cussed  possibilities.  With  the  ramping  and  rotation  cavity  the 
number  of  particles  outside  ±2  MeV  is  reduced  considerably. 
The  remaining  particles  are  stripped  and  collected  afterwards. 
For  5.1  MW  average  beam  power  scraping  away  10"^  of  the 


current  results  in  500  W  average  power,  to  be  collected  at  a 
small  spotsize.  Even  more  important  is  the  flexibility  of  the 
two  stage  system.  Here  it  seems  to  be  possible  to  find  optimal 
solutions  under  various  beam  current  and  ramping  conditions. 

The  transverse  beam  parameters  have  to  be  matched  care¬ 
fully  to  the  achromatic  conditions.  The  change  from  a  doublet 
focusing  system  with  small  ^-values  to  a  triplet  with  large 
/9-values  has  to  be  made  in  the  transfer  line  between  linac  end 
and  rotation  cavity.  A  current  dependent  matching  is  manda¬ 
tory.  As  the  transverse  particle  distributions  are  not  changing 
significantly  along  the  transfer  line,  horizontal  beam  scraping 
is  foreseen  before  the  rotation  cavity,  vertical  scraping  is  ap¬ 
plied  after  the  achromatic  collimation  section.  Long  low  field 
gradient  bending  magnets  are  used  in  order  to  avoid  unwanted 
Lorentz  dissociation  of  the  H“~  particles. 
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DESIGN  CRITERIA  FOR  HIGH  INTENSITY  H"  -  INJECTOR  LINACS 


K.  Bongardt  and  M.  Pabst,  Forschungszentrum  Jiilich  GmbH,  52425  Jiilich,  Germany 


All  proposed  pulsed  spallation  source  projects  include  a 
high  power  H“  —  linac  followed  by  one  or  more  compressor 
rings  [1]  or  a  rapid  cycling  cyclotron  [2]..  A  key  issue  for  the 
whole  accelerator  facility  is  the  loss  free  ring  injection  which 
can  be  achieved  by  H"  -  charge  exchange.  The  design  of 
an  H"-  injector  differs  remarkably  from  the  layout  of  an  high 
intensity  linac  [3].  At  the  low  energy  end  a  fast  chopper 
operating  at  the  ring  revolution  frequency  has  to  be  installed. 
No  partly  filled  bunches  are  allowed.  Funneling  of  two  beams 
is  preferred  as  it  relaxes  the  conditions  for  the  chopping  system. 
The  linac  itself  has  to  be  designed  for  no  emittance  growth  and 
small  halo  production.  In  order  to  ensure  a  loss  free  injection 
into  the  rings,  the  linac  pulse  has  to  be  limited  in  energy  and 
truncated  transversely.  The  energy  spread  reduction  is  made  by 
a  bunch  rotator  after  the  linac.  A  cost  saving  option  is  to  use 
pulsed  superconducting  cavities  for  the  high  ^  linac  [4]. 


INTRODUCTION 


All  proposed  pulsed  spallation  source  projects  consists  of  a 
high  power  H"  —  linac,  followed  by  one  (or  more)  compressor 
rings  or  rapid  cycling  synchrotrons.  In  Fig.  1,  as  a  typical 
example  the  layout  of  the  ESS  linac  is  shown  [5].  The  low 
energy  part  consists  of  two  H“—  ion  sources  with  70  mA  peak 
current  each,  a  2  MeV  bunched  beam  transfer  line  between 
two  RFQs  for  installing  a  fast  chopping  device  and  a  5  MeV 
funneling  line  afterwards.  The  drift  tube  linac  (DTL)  operates 
at  350  MHz,  the  coupled  cavity  linac  (CCL)  at  700  MHz.  The 
transition  energy  is  70  MeV.  In  the  1.334  GeV  high  energy 
transfer  line,  a  4  m  long  700  MHz  cavity  is  positioned  after  75 
m,  acting  as  a  bunch  rotator.  The  linac  operates  at  50  Hz  with 
6%  duty  cycle.  All  the  mentioned  parameters  are  more  or  less 
typical  for  high  intensity  H”-  injector  linacs. 


Fig.  1  ESS  linac  layout;  IS:  ion  source,  CH:  chopper, 
FU:  funneling,  BR:  bunch  rotator 


Different  from  high  intensity  proton  linacs  is  the  injector 
part;  two  H"-  sources  and  the  two  bunched  beam  transfer  lines 
and  the  bunch  rotation  cavity  at  the  linac  end.  For  achieving 
loss  free  ring  injection,  the  linac  pulse  has  to  be  chopped  at 
the  ring  revolution  frequency  and  the  energy  spread  has  to 
be  limited  [6].  Energy  ramping  of  the  injected  pulse  is  also 
foreseen  for  most  scenarios. 


FRONT  END  OF  THE  H“-  INJECTOR  LINAC 

For  any  loss  free  ring  injection  scheme  at  about  1.3  GeV, 
the  number  of  injected  turns  is  limited  to  about  1000.  As 


in  addition  the  linac  pulse  has  to  chopped  with  about  60% 
chopping  efficiency,  the  required  peak  current  from  the  H“- 
source  has  to  be  about  100  mA.  Even  at  50  mA  peak  current 
a  cesiated  source  is  not  available  at  this  moment  [7]. 

Due  to  the  strict  loss  limitation  in  the  following  rings,  a 
’clean’  pulse  has  to  be  provided,  including  sharp  voids  created 
by  the  chopping  system.  After  each  void  the  beam  current  is 
built  up  in  about  50  /lisec  depending  somewhat  on  the  source 
parameters.  The  leading  edge  particles  can  be  seen  at  ring 
injection,  even  with  an  RFQ  as  the  first  accelerator.  This  is 
absolutely  unwanted  for  a  typical  tolerable  loss  rate  of  10“^  at 
ring  injection.  Switching  on  the  RFQ  sometimes  later,  may 
not  remove  this  ’leading’  edge  problem  completely  due  to  the 
RFQ  filling  time.  A  similar  argument  holds  for  chopping 
the  ion  source.  For  a  clean  chopped  beam,  the  rise  and  fall 
time  must  be  shorter  than  the  RFQ  bunching  time,  typically 
about  5  nsec.  Large  distortions  of  the  beam  emittance,  due 
to  chopping  in  space  charge  neuralized  transport  system,  have 
been  observed[8].  Increasing  the  extraction  voltage  might 
overcome  some  of  the  problems,  but  it  is  not  in  favour  of  the 
required  energy  spread  limitation  at  the  linac  end,  as  it  increases 
the  longitudinal  emittance  drastically. 

An  achievable  solution  for  getting  a  beam  with  no  ’leading’ 
edge  particles,  sharp  edges  created  by  the  chopper  and  a  small 
longitudinal  emittance  is  the  design  of  a  bunched  beam  transfer 
line.  The  fast  chopping  element  [9]  and  the  mandatory  collector 
afterwards  are  located  in  drift  spaces,  obtained  by  a  triple  waist 
design  in  all  3  directions  [10].  Prechopping  of  the  ion  source 
reduces  the  heat  load  at  the  collector.  The  beam  is  kept  bunched 
in  order  to  maintain  the  small  output  RFQ-emittance.  The 
correct  phasing  of  independent  bunching  cavities  is  routine 
at  the  Fermilab  400  MeV  linac  upgrade  [11]  and  was  also 
demonstrated  successfully  with  beam  at  the  5  MeV  Los  Alamos 
single  leg  funnel  experiment  [12]. 

The  use  of  a  funneling  scheme  implies  a  second  bunched 
beam  transfer  line,  but  relaxes  the  constraints  of  the  chopping 
line  considerably.  The  peak  current  is  halved  and  the  first  RFQ 
operates  at  a  lower  frequency.  Both  bunched  beam  lines  are 
emittance  dominated  and  not  space  charge  dominated.  There¬ 
fore,  the  energy  spread  is  almost  constant  between  two  bunch¬ 
ing  cavities.  The  phase  width  must  be  limited  to  40°  in  order 
to  avoid  filamentation  in  the  longitudinal  phase  space.  This 
limits  the  free  drift  space  to  the  value  of  the  longitudinal  beta- 
function  at  the  buncher  position,  proportional  to  the  bunching 
wavelength.  Low  frequencies  and  high  energies,  obtainable  by 
using  segmented  RFQs  [13],  are  preferred  for  both  lines.  Due 
to  the  pulsed  operation,  the  thermal  layout  of  the  rf-deflector 
cavity  and  a  two  gap,  two  hole  bunching  cavity  is  quite  relaxed 
compared  to  cw  operation  [14]. 

As  both  bunched  beam  lines  are  emittance  dominated,  they 
are  very  insensitive  against  operation  at  reduced  current  lev- 
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els  during  a  start-up  period  [10,15],  Variable  electromagnetic 
quads  allow  current  depending  matching. 

NORMALCONDUCTING  HIGH  /?  LINAC 

The  most  cost  expensive  and  on  the  other  hand  most  sensi¬ 
tive  part  of  any  injector  linac  is  the  high  jS  one.  A  frequency 
jump  and  operating  at  higher  gradient  is  preferred  in  order  to 
reduce  the  capital  and  operating  costs.  But  this  can  cause  longi¬ 
tudinal  halo  production  due  to  mismatch,  absolutely  unwanted 
for  the  required  energy  spread  limitation  afterwards.  Both  con¬ 
flicting  requirements  can  be  overcome  by  an  almost  optimized 
layout,  emphasizing  the  high  quality  design  [16]. 

A  new  developed  cost  effective,  reduced  in  size,  high  ef¬ 
ficient  modulator  system  can  be  used  for  the  pulsed  operation 
[17].  This  modulator  has  delivered  10  MW  peak  power  for  2 
msec  with  85%  efficiency.  Together  with  a  cathode  modulated 
klystron,  this  results  in  a  high  overall  rf— efficiency  even  for 
pulse  length  up  to  2  msec.  Based  on  this  assumption,  in  Fig.  2 
the  investment  and  operating  costs  for  the  normal  conducting 
ESS  high  /?  linac  are  plotted  as  a  function  of  the  accelerat¬ 
ing  gradient.  For  50.000  h  or  10  years  operating  time,  about 
the  lifetime  of  a  pulsed  klystron,  the  cost  optimum  is  shifted 
considerably  towards  a  lower  gradient. 


Fig.  2  Costs  for  the  ESS  700  MHz  normalconducting 

coupled  cavity  linac.  Capital  costs  include  structures, 
rf  and  buildings  without  extensive  shielding 


The  rf-control  system  has  to  be  designed  for  beamloading 
parameters  up  to  3  and  an  abrupt  change  of  beam  current  due 
to  chopping.  About  30%  additional  power  of  the  generator 
power,  applied  for  reducing  the  cavitiy  filling  time,  seems  to 
be  adequate  to  control  1%  amplitude  and  1°  phase  stability 
[18].  These  are  the  upper  limits  for  keeping  the  fluctuation  of 
the  mean  beam  energy  below  the  rms  energy  spread  [16]. 

Operating  the  high  ^  linac  at  higher  frequencies  is  not  in 
favour  from  the  beam  dynamics  point  of  view.  It  increases  the 
bunch  current  without  substantial  gain  in  rf-efficiency,  as  the 
shunt  impedance  is  almost  constant  for  constant  aperture  radius. 
The  effective  longitudinal  emittance  is  increased  too,  absolutely 
unwanted  for  the  energy  spread  limitation  in  the  high  energy 
transfer  line. 


BEAM  COLLIMATION  IN  THE 
HIGH  ENERGY  TRANSFER  LINE 

In  order  to  ensure  a  loss  free  injection  scheme,  the  outcom- 
ing  linac  pulse  has  to  be  limited  in  energy  spread  and  truncated 
in  both  transversal  planes.  Energy  ramping  during  the  injection 
time  is  also  foreseen  for  most  scenarios. 

The  energy  spread  reduction  can  be  done  by  placing  a 
dephasing  section,  consisting  of  a  coupled  cavity  after  the  linac. 
Due  to,  still  present,  longitudinal  space  charge  forces  the  energy 
spread  is  not  constant.  We  have  a  space  charge  dominated 
motion  instead  of  a  emittance  dominated  one  in  this  high  energy 
transfer  line  [19]. 

Most  of  the  spallation  source  facilities  require  a  curved 
transfer  line  from  the  linac  to  the  rings.  The  dipoles  should  be 
placed  only  after  the  bunch  rotation  cavity,  where  the  energy 
spread  is  changing  slowly.  The  dipole  field  has  to  be  limited  in 
order  to  avoid  Lorentz  dissociation  of  the  H"-  particles.  Due 
to  the  increased  bunch  length,  image  forces  are  more  dominant 
than  the  direct  Coulomb  forces.  They  can  lead  to  an  increased 
number  of  particles  outside  the  energy  limit  at  the  stripping  foil. 
To  overcome  this  difficulty,  a  two  stage  collimation  system  is 
proposed  for  the  ESS  facility.  At  the  first  stage,  the  combination 
of  energy  ramping  and  bunch  rotation  cavity,  as  many  particles 
as  possible  are  brought  within  the  ±2  MeV  collimation  limit 
at  the  stripping  foil.  The  few  ones,  still  remaining  outside 
the  limit,  are  scraped  away  by  a  stripping  foil  at  a  position 
of  large  normalized  dispersion  in  an  achromatic  collimation 
section  [20]. 

SUPERCONDUCTING  HIGH  /?  LINAC 

Especially  for  accelerator  layouts  with  a  long  linac  and  com¬ 
pressor  ring,  superconducting  cells  are  a  very  interesting  option 
for  the  high  part.  In  the  normal  conducting  ESS  high  linac 
the  total  rf  power  is  2.4  times  the  beam  power  cw.  Supercon¬ 
ducting  cavities  are  now  being  routinely  used  in  many  acceler¬ 
ators.  Experience  gained  during  the  building  of  these  machines 
strongly  suggests  that  rf  superconductivity  is  approaching  al¬ 
ready  mature  technology,  even  if  it  is  still  from  its  limit. 

For  accelerating  a  high  intensity  pulsed  H"-  beam  from  100 
MeV  to  about  1.3  GeV  various  technical  and  physical  difficul¬ 
ties  have  to  overcome  which  aren’t  existing  in  the  acceleration 
of  low  intensity,  cw,  relativistic  electron  beams. 

Superconducting  iris  loaded  cavities  can  operate  at  the  low 
DTL  frequency  of  about  350  MHz  with  aperture  openings  of  5 
cm  radius  [21].  This  is  certainly  an  advantage  for  reduced 
activation  by  particle  losses.  The  accelerating  gradient  can 
be  substantially  higher  than  in  a  normalconducting  cell,  but 
the  available  space  is  used  less  effectively.  A  bunched  beam 
transfer  line  between  the  DTL  and  the  SC  linac  is  required, 
as  the  transverse  and  longitudinal  focusing  parameters  differ 
substantially  in  both  sections. 

Due  to  pulsed  operation,  the  rf  pulse  length  has  to  be 
increased  by  the  filling  time.  If  the  rf  input  coupler  is  matched 
to  have  no  power  reflections  during  acceleration,  then  the  filling 
time  is  proportional  to  the  accelerating  gradient/bunch  current. 
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A  higher  gradient  means  a  shorter  linac,  less  investment  costs, 
but  increased  operating  costs.  For  a  constant  average  current, 
the  increase  in  rf  pulse  length  is  independent  of  the  bunch 
current.  During  the  start-up  period  with  reduced  current,  and 
therefore  reduced  power,  the  filling  time  for  half  the  current  is 
30%  larger  than  the  filling  time  at  full  current.  For  an  optional 
ESS  350  MHz  superconducting  high  /?  linac  the  rf-pulse  length 
is  increased  by  50%  for  full  intensity. 

Due  to  the  high  effective  pulse  current  of  up  to  65  mA, 
the  input  coupler  requires  special  attention.  Peak  power  levels 
can  be  greater  than  400  kW,  exceeding  the  present  performance 
data  obtained  so  far  with  beam  [22].  The  multipactor  threshold 
is  proportional  to  the  4th  power  in  fi:equency  [23].  As  the 
filling  time  is  not  negligible  compared  to  the  pulse  length,  the 
behaviour  of  the  high  power  input  coupler  under  various  load 
conditions  must  be  studied,  including  the  start-up  period  with 
50%  current  only. 

The  arrangement  of  cells  and  rf  units  must  be  solved  for 
cell  length  varying  with  /?.  For  a  constant  number  of  cells/input 
coupler  and  a  constant  number  of  input  couplers/klystron,  the 
accelerating  gradient  must  be  ramped  down  with  /?.  This 
increases  the  linac  length  substantially.  By  operating  at  higher 
frequencies,  solutions  can  be  found  with  increasing  gradient, 
but  decreasing  number  of  cells/input  coupler  [24].  This  is  more 
favourable,  as  it  keeps  the  peak  surface  field  below  its  critical 
value  all  along  the  linac. 

Most  attention  has  to  be  given  to  the  dynamic  behaviour 
of  the  radiation  pressure  or  Lorentz  force  detuning.  With  a 
time  constant  of  1  msec,  measured  at  the  MASCE  accelerator 
at  Saclay,  the  caused  phase  deviation  is  not  constant  during 
the  beam  pulse  [25].  Even  for  stiffened  cavities,  where  the 
static  detuning  is  well  inside  the  loaded  cavitiy  bandwidth,  the 
dynamic  effect  must  be  examined  in  great  detail.  For  a  spal¬ 
lation  source  linac  with  energy  spread  limitation  requirements, 
the  accelerating  phase  has  to  be  stabilized  within  1°  over  the 
beam  pulse.  If  more  than  one  cryomodule  are  connected  to  a 
klystron,  microphonic  noise  must  be  considered  too. 

A  8  mA,  pulsed,  500  MeV  electron  linac  with  1,3  GHz 
superconducting  cells,  the  TESLA  test  facility,  is  under  con¬ 
struction  at  DESY  [26].  The  first  beam  is  expected  at  end  of 
95.  16  power  couplers  are  connected  to  one  klystron.  At  the 
design  gradient  of  25  MW/m,  the  peak  power  per  input  coupler 
is  200  kW.  As  a  SASE  FEL  is  foreseen  afterwards,  controlling 
the  dynamic  Lorentz  force  detuning  and  microphonic  noise  is 
of  great  importance. 
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Within  the  last  year  CESR  (Cornell  Electron  Storage 
Ring)  has  changed  its  mode  of  operation  from  7  nearly  equally 
spaced  bunches  in  the  two  counter-rotating  beams  to  9  trains 
of  2  bunches  in  each  of  the  beams  as  the  next  step  in  the 
upgrade  of  the  facility  toward  higher  beam  currents  and 
increased  luminosity.  The  upgrade  program  has  included  work 
to  understand  and  document  the  transverse  stability  of  a  single 
beam  composed  of  trains  of  bunches.  Initial  results  from  this 
work  will  be  reported  here. 

EIGEN  MODES  OF  OSCILLATION 
FOR  TRAINS  OF  BUNCHES 


One  of  the  most  common  methods  for  studying  single 
beam  collective  effects  consists  of  observing  the  change  of  the 
tune  and  of  the  damping  rate  for  each  of  the  eigen  modes  of 
oscillation  of  the  beam  as  a  function  of  the  beam  current.  To 
make  these  measurements  the  eigen  modes  for  trains  of 
bunches  and  the  eigen  mode  frequencies  must  be  known. 
Although  for  brevity  the  following  arguments  will  treat 
transverse  dipole  modes  of  oscillation,  these  arguments  can  be 
trivially  generalized  to  higher  transverse  head-tail  modes  as 
well  as  to  longitudinal  modes  of  oscillation. 

Following  the  formulation  by  Siemann[l],  we  may 
describe  the  betatron  motion  of  a  single  bunch  of  particles 
driven  by  a  sinusoidal  excitation  from  a  kicker  as  observed  at  a 
single  beam  position  monitor  (BPM)  in  the  ring.  On  time 
scales  much  longer  than  the  bunch  length,  the  position  signal 
from  the  BPM,  d(t),  can  be  represented  as  a  complex  phasor 
proportional  to  a  sequence  of  delta-functions  spaced  at  the 
revolution  period  T  and  modulated  by  the  average  position  of 
the  bunch  times  its  current, 

oo 

d(t)  =  xo  Qb  e-'“P‘  ^  5(t  +  nT) 

n=-oo 

where  xq  is  the  betatron  oscillation  amplitude  at  the  angular 
frequency  ©p  and  Qb  is  the  charge  in  the  bunch.  The 

frequency  spectrum  of  this  dipole  moment  d(©)  is  calculated 
by  Fourier  transformation  to  be 

oo  oo 

d(©)  =  Xo  Qb  ^  e^  =  Xo  Qb  tOr  ^  5(©-{©p  +  n©r}) 

n=-oo  n=-oo 

where  (Or  =  2  tc  /  T.  This  is  a  line  spectrum  with  the  lines 
occurring  at  the  upper  betatron  sidebands  of  the  rotation 
harmonics.  When  this  signal  is  connected  to  a  spectrum 
analyzer,  negative  frequencies  are  not  observed  directly  but  are 
reflected  about  zero  into  the  positive  frequency  domain  causing 
the  negative  frequency  part  of  the  spectrum  to  occur  at  the 
lower  betatron  sidebands  of  the  rotation  harmonics. 

For  the  case  of  Nt  trains  of  bunches  having  a  uniform 
spacing  in  time  of  T/Nt  between  the  lead  bunches  of 
subsequent  trains  and  a  spacing  of  Tbb  between  the  bunches 
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within  each  train,  the  time  domain  signal  will  be  the  sum  of 
dipole  moments  for  each  of  the  bunches  giving  us  Nt  times 
Nb  sets  of  these  delta- function  sequences.  The  eigen  modes  of 
the  betatron  oscillations  for  this  ensemble  of  bunches  (charge 
Qb  bunch)  will  be  occur  as  stationary  temporal  patterns  of 
displacements  having  the  same  maximum  for  each  bunch  in 
the  beam.  A  stationary  pattern  of  displacements  means  that 
each  eigen  mode  must  excite  the  bunches  in  an  oscillation 
pattern  that,  if  on  one  given  turn  the  kicker’s  excitation  was  in 
phase  with  one  of  the  bunches  in  the  ensemble,  a  change  of 
this  excitation  to  be  in  phase  with  some  other  bunch  would 
simply  translate  the  pattern;  this  implies  the  displacements 
must  satisfy  periodic  boundary  conditions.  The  lowest  eigen 
frequency  of  each  eigen  mode  must  then  have  a  constant  phase 
advance  between  lead  bunches  in  adjacent  trains  of  27C  (L/Nt) 
where  L  =  0,l,...,Nt-l  and  a  constant  phase  advance  between 
bunches  within  the  train  of  271  (K/Nb)  where  K  =  0,l,...,Nb- 
1.  Thus  the  dipole  moment  of  the  ensemble  of  bunches, 
^Nt,Nb(L,K,t),  driven  at  the  lowest  eigen  frequency  specified  by 
mode  parameters  (L,K)  is 

dN,N,(L,K,t)  =  xo  Qb  ^  8  t  +^T  +kbTbb  * 

it=o  kb=o  V  J 


exri 


+kbTbbj  +  27t j  ^  +  2jt  j 


kbK 

Nb 


where  the  last  two  tenns  in  the  exponential  arise  from  the 
phase  advances  from  train  to  train  and  from  bunch  to  bunch 
within  each  train.  The  Fourier  transform  of  dN,,Nb(L,K,t)  is 

dN„Nb(L,K,©)  =  S(©p,L)  I(©K) 

In  this  form  S(©p,L)  selects  the  spectral  lines  which  are 
associated  with  the  mode  parameter  L  and  these  identify  what 
we  will  call  "train  modes"  of  oscillation  since  there  is  a  phase 
advance  of  2jt  (L/Nj)  from  train  to  train.  In  this  equation 
I(©,K)  is  the  envelope  function  for  the  "bunch  modes"  of 
oscillation  which  have  phase  advances  of  2n  (K/Nb)  from 
bunch  to  bunch  within  each  train.  S(©p,L)  and  I(©,K)  are 

oo 

S(©p,L)  =  xoQb©rNt  y,5(©-©6-{nNt-hL)  ©r) 


I(cqk)  = 


sin-  [(©-  ©p)NbTbb  -  2jc  K] 


sin-  (©-  ©p)Tbb-27r 


JC 

Nb 


®p)  (Nb-l)Tbb-27C 


K(Nb-l) 

Nb 
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Notice  for  a  given  mode  L  that  S(cop,L)  selects  every  Nfth 
spectral  line  to  associate  with  this  mode  while  the  Nf  1 
intervening  lines  correspond  to  the  other  train  modes.  The 
form  of  I((0,K)  gives  an  interference  pattern,  whose  first 
global  maximum  occurs  at  co  =  27C  K/(Nb  T^b)  with  a 
periodicity  of  Aco  =  4n:/(Nb  Tbb)  in  the  frequency  spectrum, 
and  is  analogous  to  the  well  known  spatial  interference  pattern 
of  light  passing  through  an  array  of  multiple  slits.  This 
interference  envelope  function  also  has  the  property  for  mode 
K  that  betatron  sidebands  in  the  neighborhood  of  each  global 
maximum  will  have  zero  or  nearly  zero  amplitudes  for  all 
other  Nb“l  modes.  Therefore  to  find  a  spectral  line  for  mode 
(L,K),  which  has  minimum  coupling  to  other  modes,  select 
one  of  the  betatron  sidebands  that  satisfies 

<^L,K  =  (nNt  +  L)  (Oj- +  (Op 

where  n  is  an  integer  and  which  is  the  nearest  one  to  the 
interference  function's  global  maxima,  coj,  where 

(27cK  +  iNb) 

COT  =  - 

NbTbb 

where  i  is  an  integer.  So  it  is  possible  to  find  a  single 
betatron  sideband  for  each  eigen  mode  which  will  best 
represent  the  dynamics  of  that  eigen  mode. 

MEASUREMENT  TECHNIQUES 

Observations  of  dipole  coupled  bunch- train  modes  of 
oscillation  were  made  using  spectrum  analyzers  connected  to 
horizontal  and  vertical  processed  BPM  signals  that  were 
sufficiently  broadband  to  be  able  to  detect  bunches  with  a 
14  nsec  spacing.  The  tracking  generator  output  of  the 
spectrum  analyzers  were  connected  to  modulators,  which  can 
gate  the  generator  signal  on  continuously  or  on  for  a  pulse  of 
duration  one  to  a  few  milliseconds.  The  modulated  signals  are 
then  fed  to  broadband  drivers  (either  shaker  magnets  or 
stripline  kickers.)  To  observe  the  tune  shift  as  a  function  of 
beam  current  the  analyzers  were  set  to  scan  across  the  betatron 
sidebands  corresponding  to  each  bunch-train  mode  using  a 
continuous  excitation  for  the  drivers.  The  frequency 
corresponding  to  either  the  spectral  peak  or,  if  different,  the 
intensity  weighted  centroid  of  the  spectrum  were  recorded.  The 
damping  rate  measurements  were  made  using  the  spectrum 
analyzers  set  up  as  narrowband  receivers  tuned  to  the  same 
betatron  sidebands  with  the  drivers  modulated  on  to  excite  the 
beam  for  a  few  milliseconds  and  then  turned  off  to  measure 
decay  time  of  the  amplitude  of  each  mode.  If  there  were  no 
coupling  to  other  bunch-train  modes,  we  would  expect  this 
decay  to  be  exponential  over  a  few  orders  of  magnitude.  With 
the  spectrum  analyzer  set  up  as  a  tuned  receiver,  the  swept 
trace  displayed  the  amplitude  as  a  function  of  time  and  by 
recording  two  amplitude  readings  and  their  time  difference,  the 
damping  rate  could  be  calculated. 

OBSERVATIONS 

A  large  number  of  measurements  of  the  tune  shift  and 
damping  rate  vs.  positron  current  have  been  performed  at 
CESR.  The  accelerator  conditions  corresponded  to  routine 
High  Energy  Physics  operating  parameters,  i.e.  beam  energy 
of  5.3  GeV,  horizontal  tune  of  10.541,  vertical  tune  of  9.592, 
bunch  length  of  18  mm  and  a  spacing  of  28  nsec  between 


bunches  within  a  train.  During  these  sets  of  measurements 
the  bunches  which  were  populated  ranged  from  a  single  bunch 
(Itlb,  i.e.  1  train  1  bunch)  to  lt2b,  lt3b,  3t2b,  9tlb  and  9t2b. 
The  spacing  between  the  first  bunches  in  each  of  the  trains 
were  equal  for  3  trains  and  had  an  extra  42  nsec  between  the 
last  and  first  trains  for  9  trains  of  bunches. 

The  betatron  mode  spectrum  for  trains  of  bunches  has 
been  observed  for  these  cases  and  is  in  agreement  with  the 
predictions  above.  Figure  1  presents  the  example  of  1  train  of 
2  bunches  where  one  of  the  betatron  spectral  lines  was  excited 
and  the  resulting  beam  spectrum  was  observed  for  each  of  the 
bunch  modes.  The  nodes  of  the  frequency  spectra  are  visible  at 
18  MHz  for  the  K=0  mode  and  at  0  and  36  MHz  for  the  K=1 
mode  as  expected  for  a  28  nsec  spacing  between  2  bunches. 
The  roll  off  of  the  amplitude  at  higher  frequencies  is  due  to  the 
finite  width  of  the  BPM  signal  as  processed  for  the  spectrum 
analyzer. 


Figure  1:  Betatron  frequency  spectra  for  the  K=0  eigen  mode 
(upper  trace)  and  K=1  eigen  mode  (lower  trace)  for  1  train  of 
2  bunches  with  a  28  nsec  spacing.  Horizontal  scale:  0  to 
40  MHz,  Vertical  scale:  5  dB/division. 

Typical  results  for  the  measurements  of  tune  shift  and 
damping  rate  vs.  total  beam  current  are  presented  in  Figure  2A 
and  2B  for  the  vertical  eigen  modes  for  the  case  of  9  trains  of 
one  bunch.  The  vertical  tune  shift  data  in  figure  2A  is  plotted 
with  an  arbitrary  offset  for  each  of  the  eigen  modes  in  order  to 
separate  them  on  the  graph.  Notice  that  all  the  eigen  modes 
have  essentially  the  same  slope  vs.  current,  a  result  which  is 
typical  of  the  horizontal  and  vertical  tune  shifts  for  all  the 
cases  studied.  The  vertical  damping  rates,  tty,  in  figure  2B 
have  not  been  corrected  for  the  small  head-tail  damping  from 
chromaticity;  the  slopes  of  these  damping  rates  do  show  a 
significant  variation  over  the  set  of  modes.  Both  of  these  sets 
of  data  were  taken  with  the  distributed  ion  pumps  OFF  to 
eliminate  the  predominantly  horizontal  effect  known  as 
Anomalous  Antidamping  (AA)  [2],  Measured  with  the  beam 
stabilization  feedback  system  ON,  figure  2C  gives  the 
difference  in  horizontal  damping  rates  ah  for  pumps  ON 
minus  OFF  for  all  eigen  modes  again  for  9tlb.  Total  beam 
currents  in  the  range  of  40-50  mA  show  the  most  extreme 
difference  in  ah  from  mode  to  mode  and  in  this  range  the 
instability  is  strongest  becoming  weaker  at  higher  currents. 

Measurements  for  2  bunches  per  train  found  some  added 
features.  The  spectrum  of  each  eigen  frequency  is  split  into 
two  separate  peaks,  one  for  the  lead  and  one  for  the  trailing 
bunch;  this  was  easily  observed  in  the  vertical  spectrum  as 
these  peaks  are  sufficiently  narrow  that  the  splitting  can  be  a 
few  times  the  width  of  the  peaks.  In  the  damping  rate 
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Figure  2:  Vertical  tune  shift  vs.  total  .current  (2A),  vertical 
damping  rate  vs.  total  current  (2B),  and  horizontal  damping 
rate  vs.  total  current  (2C)  shown  for  each  of  the  9  coupled 
train  modes  of  oscillation  (L,0)  for  9  trains  of  a  single  bunch. 
Distributed  ion  pumps  are  OFF  for  figures  2A  and  2B  while 
figure  2C  is  the  difference  of  pumps  ON  minus  OFF. 


Figure  3:  Horizontal  damping  rate  difference  for  distributed 
pumps  ON  minus  OFF  vs.  total  beam  current  for  the  most 
unstable  eigen  mode  in  the  case  of  9  trains  of  2  bunches.  The 
circled  point  designates  an  upper  limit  for  ah  at  42  mA. 

measurements  one  observes  an  interference  beat  pattern  in  time 
at  the  difference  fi-equency  between  the  two  spectral  peaks 
which  modulates  the  expected  exponential  decay.  In  the 
horizontal  case  this  decay  rate  can  be  comparable  to  the 
decoherence  time  from  the  beating  of  the  two  betatron 
frequencies  making  damping  rate  measurements  difficult  and 
subject  to  larger  systematic  errors.  Figure  3  shows  ah  vs. 
current  for  9t2b  for  the  (L,K)=:(8,0)  eigen  mode.  Notice  that 
the  peak  of  the  instability  occurs  at  the  same  total  beam 
current  as  the  case  of  9tlb;  this  implies  that  AA  is  affected  by 
the  total  current  per  train  or  in  other  words  the  initial  decay  of 
the  Wakefield  for  AA  is  longer  than  28  nsec. 

All  the  measurements  thus  far  have  shown  that  AA  will 
be  the  dominant  mechanism  for  single  beam  instabilities  for 
trains  of  single  or  multiple  bunches.  Since  the  present 
feedback  system  is  able  to  stabilize  the  beam  during  filling  as 
the  current  passes  through  the  region  of  maximum  instability, 
we  can  expect  that  this  feedback  system  will  be  suitable  for  at 
least  5  bunches  in  9  trains. 
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INTRODUCTION 

Beam  halo  formation  in  high  intensity  linacs  is  now 
extensively  studied  due  to  the  problem  of  peirticle  losses  is  a 
critical  condition  for  design  of  high  current  cw  linacs  for 
nuclear  waste  transmutation  and  power  production  facilities. 
The  beam  losses  less  than  1  nAJm  for  high  energy  part  of 
linac  are  considered  now  as  acceptable  level.  It  is  clear  that 
requirement  of  such  low  level  losses  leads  either  to  beam 
current  limitation  or  such  set  of  linac  parameters,  which  can 
considerably  decrease  its  efficiency. 

As  it  follows  from  the  previous  and  recently  carried  out 
investigations  the  main  reasons  of  the  beam  halo  formation 
are  nonlinear  effects.  The  latest  review  of  these  works  is  given 
in  [1].  These  effects  have  their  origin  in  influence  of  the 
space  charge  forces,  mismatched  initial  distribution, 
nonlinear  external  focusing,  etc.  In  many  cases  as  this  takes 
place  Hamiltonian  becomes  time  dependent: 

H  =  HQ(I)^EV(IAt)  (1) 

where  Ho  -  Hamiltonian  of  nonperturbed  system,  e  - 
perturbation  parameter,  -time  periodic  function,  /,  6  - 

action  -  angle  variables,  t  -  time. 

This  leads  to  appearance  of  nonlinear  resonances  which 
makes  beam  dynamics  much  more  complicated.  The 
simulations  show  that  for  rather  big  perturbation  parameter 
(high  beam  current  for  example)  this  is  reflected  in  the  fact 
that  beam  emittance  grows.  Nevertheless  there  is  certain 
range  of  perturbation  for  which  simulations  do  not  show  any 
emittance  growth  but  appearance  of  the  beam  halo  is 
experimentally  observed. 

It  is  known  [2]  that  even  for  very  small  perturbation 
parameter  there  exist  stochastic  trajectories  which  correspond 
to  the  destroyed  tori  whose  measure,  however,  is 
exponentially  small.  To  clear  up  the  low  particle  losses 
problem  it  is  necessary  to  investigate  the  beam  dynamics  at 
rather  small  perturbation.  In  present  paper  the  using  of  the 
correlation  function  for  analysis  of  beam  dynamics  simulation 
results  is  discussed. 

SPECTRAL  PROPERTIES  OF  DYNAMICAL 
SYSTEMS 

The  consideration  of  some  specific  spectral  properties  of 


For  some  sequence  x^-  f  (I the  spectral  density  of 
the  correlation  function  is  determined  by  the  expression 


~~N<k<-N 
2  2 


1  I 

•  “m  =  2JC- 


In  this  expression  N  determines  the  maximum  of  map  steps. 

It  follows  from  given  in  [3]  qualitative  analysis  of 
spectrum  of  correlation  function  that  it  is  determined  by 
structure  of  the  phase  space.  Inside  it  one  can  see  the  stability 
islands  which  correspond  to  the  resonances  of  different 
orders.  They  point  out  in  spectrum  for  K  «1  the  local 
maxima  with  corresponding  resonant  frequencies.  As  K 
increases  the  spectrum  becomes  wider  and  nearly  uniform. 

There  is  one  more  universal  spectral  property  of  mapping 
(2).  Well  marked  peak  appears  for  zero  frequency  when 
K  « 1  (so  called  „central  peak“).  It  is  due  to  some  trajectories 
pass  the  vicinity  of  hyperbolic  point  of  the  separatrix  for  a 
very  long  time.  This  peak  is  a  good  indicator  of  stochastic 
motion  region  appearance. 


ANALYSIS  OF  THE  BEAM  DYNAMICS 
SIMULATION  RESULTS 


Let  us  consider  now  spectral  properties  of  particle 
trajectories  in  periodic  focusing  channels.  It  is  well  known 
that  trajectory  is  defined  by  expression 


where  -  complex  amplitude  of  oscillation,  L  -  length  of 
focusing  period,  -  Flouqet  function,  which  depends  on 
Coulomb  parameter  h  and  on  type  of  initial  particle 
distribution  in  phase  space,  p  -  phase  advance  of  Flouqet 
function  on  the  focusing  period.  Ex  -  emittance  in 
corresponding  plane  and  x  -  dimensionless  time. 

Coulomb  parameter  depends  on  phase  density  of  beam 


dynamical  systems  in  the  transition  region  from  order  to  current  and  on  focusing  channel  parameters  [4]: 
chaos  is  given  in  [3].  In  this  work  the  simplest  map  that  arises  j 

in  the  nonlinear  oscillation  theory  has  been  studied:  ^  =  7^  «  7  j  ~  * 

,  ,  ;  HoPY  ^ 

l„+i=h+Ksin'&^,  ^ 

"’^n+i  =  +  4+1  here  X,  -  wave  length  of  accelerating  field,  ^ 

where  K  is  parameter  of  the  problem  and  n  is  discrete  time.  current,  p,7  -  relativistic  parameters,  (to  -  phase  advance  for 
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7=0,  Jo  -  characteristic  current. 

It  is  shown  in  []  that  dependence  of  phase  advance  |X  on 
Coulomb  parameter  is  expressed  by 

+  -h^  (6) 


In  [5]  the  influence  of  structural  resonances  in  periodic 
focusing  structures  on  beam  dynamics  are  considered.  In  this 
work  the  analytical  study  has  been  carried  out  for  smooth 
approximation  and  for  uniform  distribution  of  particles  in 
phase  space.  Following  [5]  the  Hamiltonian  in  the  vicinity  of 
resonance  with  number  k  can  be  determined  by  expression 


+iLpcoi[2ifcf27t5T+ej] 

k 


(7) 


where  5  =  -^ - 7=-^,  -depended  on  h  width  of  the 

271  'Ik  ^max 

k-th  resonance,  -  linear  shift  of  the  transverse  oscillation 
frequency,  -  nonlinear  frequency  shift  for  particles  with 
maximum  amplitude  influenced  by  2n-th  nonlinearity  of 
potential 

Following  the  procedure  given  in  [2]  one  can  write  the 
mapping  for  (7): 

+2jr(vi  +V2l„)+gk2nlJ‘cos[2k(2nnd-Qj] 

(8) 

4+1  =  4  +^*471-7*  5in[2fe(2TO6)-'d„] 

The  described  above  correlation  function  can  be  applied 
for  analysis  of  the  results  of  computer  simulations  in 
different  accelerating  and  focusing  stmctures.  Simulations 
give  usually  particles  trajectories  as  some  discrete  sequence  of 
coordinates  of  particles  in  phase  space  In 

this  case  can  represent  any  coordinate  of  phase  space.  It  is 
the  most  convenient  to  choose  as  step  of  sequence  integer 
number  of  focusing  periods  of  structure  ).  It 

corresponds  to  averaged  over  focusing  period  trajectories  of 
particles.  If  initial  conditions  corresponds  to  the  case  4+j  =  /„ 
and  (zero  current  matched  beam)  the  expression 

(4)  becomes  a  sinusoid  with  constant  amplitude  and  initial 
phase  shift  i5o  *  The  appearance  of  space  charge  forces  leads 
to  determined  by  (8)  amplitude  and  frequency  modulation  of 
trajectories.  Modulation  rate  is  determined  by  mapping  (8). 

The  spectra  of  correlation  function  of  particle  trajectories 
are  shown  in  fig.  1.  The  trajectories  are  the  result  of 
simulations  of  the  beam  dynamics  in  the  test  focusing 
channel.  This  test  channel  corresponds  to  the  intermediate 
part  of  the  linac  for  nuclear  waste  transmutation  proposed  in 
[6].  The  parameters  of  the  channel  and  beam  are  the 
following: 


Type  of  focusing  structure  FODO 

Frequency  of  the  accelerating  field  300  MHz 

Relative  velocity  of  the  particles  0.4282 

Normalized  input  emittance  2  mm  mrad 

Phase  advance  0.9866 


The  represented  in  fig.l  results  have  been  obtained  by 
simulations  with  constant  longitudinal  particle  velocities  (no 
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Figure  1.  Spectra  of  correlation  function  calculated 

for  particle  trajectories  from  test  channel  simulations  at  h=0 
(a),  /z=0.05  (b),  fcO.124  (c),  /z=0,248  (d),  h=0A96  (e) 
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acceleration)  and  for  space  charge  forces  calculated  only  for 
transverse  planes.  The  simulations  were  carried  out  by  means 
written  in  ITEP  code  „PROTON“  [7].  Test  channel  consists  of 
100  focusing  periods  and  only  300  particles  were  used.  The 
spectral  densities  of  the  correlation  function  in  fig.l  have 
been  calculated  for  the  Coulomb  parameter  h=0,  0.05,  0.124, 
0.248,  0.496.  The  frequencies  of  the  correlation  function  co„ 
coincide  in  our  case  with  phase  advances  at  focusing  period. 

Fig.l  shows  that  mean  value  of  phase  advance  decreases 
due  to  linear  shift  and  spectra  width  increases  due  to  phase 
advance  modulation  with  increasing  of  parameter  h.  The  most 
noticeable  feature  of  the  spectra  is  the  appearance  of  the 
central  peak  even  for  very  small  value  of  Coulomb  parameter. 
This  effect  testifies  that  even  for  low  Coulomb  parameter 
there  is  the  noticeable  region  in  phase  space  where  the 
behavior  of  the  trajectories  becomes  chaotic. 

The  linear  shift  of  phase  advance  depending  on  h 
obtained  from  spectra  is  in  a  good  accordance  with  analytical 
formula  (6)  as  it  is  shown  in  fig.2. 


Figure  2.  The  phase  advance  dependence  onh.  a  -  calculated 
by  formula  (6),  b  -  mean  values  of  the  spectra  of  correlation 
function  Ri^((0„). 

The  analysis  of  the  results  shows  that  there  is 
considerable  range  of  the  parameter  h  where  simulations  did 
not  show  any  emittance  growth.  Nevertheless  the  relative 
power  of  the  central  peak  significantly  increases  with  h.  This 
value  allows  to  evaluate  a  relative  size  of  regions  of  phase 
space  with  stochastic  movement  of  particles.  By  assuming 
that  this  regions  are  responsible  for  beam  halo  appearance, 
the  relative  central  peak  power  can  be  considered  as  a  useful 
tool  for  comparison  of  different  accelerating  and  focusing 
structures  in  terms  of  low  level  particle  losses. 

The  dependence  of  central  peak  relative  power  and 
emittance  growth  in  the  test  channel  on  h  is  shown  in  fig.3.  It 
can  be  seen  that  there  is  no  threshold  for  appearance  of  the 
central  peak  whereas  the  emittance  growth  begins  at  h>0.24. 
When  comparing  the  emittance  growth  curve  with  spectra, 
one  can  notice  that  at  h  corresponding  to  the  beginning  of  the 
rapid  emittance  growth,  the  low  frequency  border  of  the 
spectrum  approaches  to  zero. 


OJt  0.3  0.4  0.5 


Figure  3.  The  dependence  of  the  emittance  growth  (a)  and 
the  central  peak  relative  power  (b)  on  h. 

CONCLUSION 

The  use  of  the  correlation  function  is  relatively  simple 
procedure  for  analysis  of  spectral  properties  of  parties 
trajectories  calculated  by  simulations  of  beam  dynaimcs  in 
linacs.  It  does  not  need  a  big  number  of  particles  and  can  be 
used  for  the  relatively  short  structures.  This  procedure  allows 
to  evaluate  the  influence  of  different  nonlinear  effects  on 
beam  dynamics.  The  relative  measure  of  phase  space  regions 
where  dynamics  becomes  stochastic  can  be  estimated.  It  can 
be  useful  for  the  analysis  of  low  level  particle  losses  in 
different  types  of  accelerating  and  focusing  structures. 
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L  Abstract 

Transverse  beam  sizes  were  measured  in  the  AGS 
prior  to  the  initiation  of  the  third  order  resonance  (  Vj^  =  8 
% ;  driven  by  sextupoles)  used  for  the  slow  extraction  and 
again  in  the  external  beam  lines.  The  measurements  were 
made  using  the  AGS  Ionization  Profile  Monitor  (IPM)  and 
an  External  Profile  Monitor  (EPM).  Both  of  these  monitors 
use  the  ionized  residual  gas  to  image  the  beam  on  arrays  of 
wires  that  are  aligned  parallel  to  the  direction  of  the  beam. 
The  effects  of  space  charge  on  the  IPM  are  significant  at  the 
intensities  measured,  but  the  EPM  measurements  are  not 
affected  by  space  charge.  Two  measurements  are  reported. 
First  is  the  intensity  dependence  of  the  resonant  beam  size, 
and  secondly,  an  indirect  measure  of  the  space  charge 
effect  on  the  IPM.  A  differential  comparison  of  the  two 
monitors  in  the  vertical  plane  allows  unfolding  the  effect  of 
the  space  charge  on  the  measurements.  These 
measurements  were  made  over  an  intensity  range  between 
15  X  10^^  and  36  x  10^^  protons  per  AGS  pulse. 

II.  Data  Collection 

The  AGS  IPM  is  located  in  the  AGS  ring  and 
measures  beam  profiles  of  the  circulating  beam.^^^  The 
EPM  is  located  in  the  transport  channel  after  beam  is 
extracted  from  the  AGS.  Both  instruments  work  on  the 
same  principle.  Residual  gas  ions  are  collected  on  wires 
which  are  aligned  parallel  to  the  direction  of  the  beam,  as 
the  beam  passes  between  two  planes  of  wires  at  some 
potential  difference.  The  major  difference  between  the  two 
instuments  is  that  one  measures  the  high  current  circulating 
beams  while  the  other  measures  the  low  current  extracted 
beam. 

The  AGS  IPM  has  a  dedicated  application  which 
interfaces  with  the  AGS  controls  system  to  control  the 
device  parameters  and  to  collect  data.  The  EPM  is  only 
available  as  an  analog  signal  which  can  be  displayed  on  an 
oscilloscope.  Using  a  Lecroy  9404  digital  oscilloscope 
and  capturing  the  data  via  GPIB  into  a  National 
Instruments®  Lab  VIEW®  virtual  instrument  running  on  a 
Sun  SPARC  station  IPX,  we  were  able  to  put  together  a 
simple  but  powerful  system  which  allowed  analysis  similar 

*Work  performed  under  the  auspices  of  the  U.S. 
Department  of  Energy. 


to  that  which  is  done  in  the  IPM  application  software. 
Since  we  were  only  interested  in  getting  accurate  width  and 
integrated  areas  of  the  EPM,  we  only  built  the  Lab  VIEW 
^PP^^^tion  to  do  simple  least  squares  analysis  of  a  gaussian 
distribution  on  the  profiles  captured  firom  the  Lecroy  9404. 
We  then  captured  profiles  from  the  EPM  at  the  same  time 
that  we  took  IPM  scans  for  a  series  of  different  intensities. 

The  beam  before  it  is  debunched  for  extraction 
has  peak  currents  of  as  high  as  30  A  while  after  beam  is 
extracted  the  currents  are  only  a  few  microampere.  The 
high  current  bunched  beams  cause  significant  space  charge 
effects  in  the  IPM  measurement,^^^  while  the  low  currents 
after  extraction  cause  no  space  charge  effects  in  the  EPM 
measurements. 


III.  Results 

Figure  1  shows  the  emittance  growth  in  the 
vertical  plane  on  the  EPM  versus  intensity.  Values  shown 
are  of  e  (E.G.;  area  =  0.15  u)  and  are  un-normalized.  To 
get  normalized  emittance  multiply  by  Py  =  25.7. 


Vertical  Emittance  at  EPM 


Figure  1:  Vertical  Emittance  vs  Intensity 


This  shows  the  emittance  increasing  linearly  at  a  rate  of 
1.71  X  10'^  K  mm-mr/TP  (RMS),  or  a  20  %  increase  over  a 
factor  of  two  in  intensity. 
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Beam  Size  at  IPM 


Figure  2  shows  the  emittance  growth  in  the 
horizontal  plane  at  the  EPM. 


Horizontal  Emittance  at  EPM 


Figure  2:  Horizontal  Emittance  vs  Intensity 

This  shows  the  emittance  increasing  linearly  at  a  rate  of 
3.33  X  10'^  K  mm-mr/TP  (RMS),  or  a  26  %  increase  over  a 
factor  of  two  in  intensity.  This  measurement  represents  the 
growth  of  the  horizontal  emittance  observed  after  the 
extraction  process.  This  growth  is  roughly  twice  that  seen 
in  the  vertical  plane,  although  the  percentage  increase  is 
about  the  same. 

The  uncertainty  in  the  above  emittances  from  the 
EPM  is  approximately  ±30  %.  This  uncertainty  is 
primarily  due  to  the  uncertainty  in  P  at  the  EPM.  What  is 
of  interest,  though,  is  the  relative  variations  with  intensity, 
which  can  be  measured  very  well,  as  seen  by  the  scatter  of 
the  points  around  the  straight  line  in  figures  1  and  2. 

The  IPM  shows  the  vertical  beam  size  changing  in 
the  process  of  debunching  the  beam  for  extraction.  The 
IPM  measurement  suffers  substantial  distortion  from  the 
space  charge  forces  of  the  beam  at  these  high  intensities 
and  small  beam  sizes.  It  is  believed  that  the  actual  vertical 
size  does  not  change  during  the  debunching  process,  and 
thus  the  size  difference  is  a  manifestation  of  the  change  in 
space  charge  distortion  in  changing  from  a  bunched  beam 
which  is  small  horizontally  to  an  unbunched  beam  which  is 
large  horizontally  (due  to  the  large  dp/p  attained  during  the 
debunching). 

Figure  3  shows  the  inferred  beam  size,  where  the 
correction  has  been  made  by  a  Monte-Carlo  simulation  of 
the  ion  collection  process  in  the  IPM.  At  this  small  beam 
size  and  high  intensity,  the  simulation  is  only  feasible  for 
the  unbunched  beam.  For  a  bunched  beams  this  narrow 
and  intense,  the  distortion  is  very  sensitive  to  several 
parameters  that  are  insufficiently  well  known  to  allow  a 
meaningful  unfolding  of  the  effect. 
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Figure  3:  Vertical  Beam  Size  for  Debunched  Beam 
versus  Intensity. 

IV.  Conclusions 

The  growth  in  the  emittance  observed  after 
resonant  extraction  is  approximately  20  to  30  %  over  a 
range  of  intensities  of  15  to  35  x  10^12  protons/AGS 
repitition  period,  both  vertically  and  horizontally.  The 
AGS  IPM  also  shows  a  modest  growth,  but  unfolding  the 
actual  beam  sizes  is  extremely  difficult.  In  general,  though, 
and  given  the  uncertainties  in  both  instruments,  the 
agreement  is  very  good. 
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REVIEW  OF  LONGITUDINAL  PERTURBATION  FORMALISM* 
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L  INTRODUCTION 

The  foundation  of  the  beam  perturbation  formalism 
was  established  on  the  Sacherer  integral  equation  [1].  The 
original  solution  was  obtained  by  using  simplified  radial 
functions,  and  the  results  can  be  used  to  explain  several 
important  beam  instability  problems.  To  solve  the  instabilities 
caused  by  high  beam  intensities  calls  for  more  complete 
solution  and  the  extension  to  the  formalism  as  well.  For  the 
non-coupled  perturbation  problem  without  frequency  spread, 
two  different  eigenvalue  type  solutions  were  proposed.  The 
formalism  is  also  modified  to  solve  the  azimuthal  mode 
coupling  instability  and  the  beam  instability  with  synchrotron 
frequency  spread,  where  both  dispersion  type  and  eigenvalue 
type  solutions  were  proposed.  In  this  article,  a  brief  review  of 
longitudinal  perturbation  formalism  based  on  Sacherer  integral 
equation  is  given.  Some  perspectives  will  also  be  discussed. 

11.  SACHERER  INTEGRAL  EQUATION 

At  the  low  intensity  regime,  the  azimuthal  mode 
coupling  can  be  neglected,  and  the  Sacherer  integral  equation 
is  written  as  [2-4], 

(o)  “ 

X  E  ^ 

p  -  00  P 

where  co  is  the  coherent  frequency  shift,  m  is  the  azimuthal 
mode  number,  cOg  is  the  synchrotron  frequency,  and  R  is 
the  radial  function  defined  on  the  amplitude  of  oscillation,  r. 
The  scaling  factor  ^  is  defined  as  ^=27cIo/(V  cos(t)g),  where  L 
is  the  average  beam  current,  (|)g  is  the  synchronous  phase  and 
V  is  the  total  RF  voltage.  The  weight  function  is  defined  as 
W(r)=-dv|/Q/(dr  r),  where  is  the  stationary  particle  distributio- 
n.  Z(p)  in  (1)  is  the  impedance  with  p  representing  the 
frequency  samplings.  The  Hankel  spectrum  A  ^”^\p)  is  related 
to  the  radial  function  by, 

A<“)(p)  =  (2) 

J  o 

where  Jjn(pr)  is  the  mth  order  Bessel  function. 

2.7  Sacherer' s  Solution 

The  equation  (1)  is  an  eigenvalue  problem,  which  has 
two  unknown  variables  co  and  R^^'^Cr),  and  therefore,  cannot  be 

*  Work  performed  under  the  auspices  of  the  U.S.Dept.  of 
Energy. 


solved  straightforwardly.  To  get  approximate  solutions, 
Sacherer  assumed  simplified  modes,  for  example  sinusoidal 
line  densities,  and  solved  the  equation  [1].  The  result  is  very 
useful  in  many  applications.  For  high  intensity  applications, 
more  exact  solution  is  needed,  which  appears  to  be  in  two 
different  forms  of  eigenvalue  problems. 

2.2  Solution  Using  Orthogonal  Polynomials 

Using  orthogonal  polynomial  expansion  of  radial 
modes  is  a  conventional  approach  in  treating  an  integral  equa¬ 
tion  such  as  the  Sacherer’s.  For  the  weight  function  W(r),  a  set 
of  normalized  orthogonal  polynomials  can  always  be 

found.  The  radial  function  can  be  expanded  on  these 
polynomials  as, 

i?  (-)(,)  =  Wir)  f  aPf^7\r)  (3) 

K'=  0 

and  the  Bessel  function  JJpr)  can  be  written  as, 

L(pr)  -  E  (4) 

k'=  0 

where  the  Hankel  spectrum  of  the  orthogonal  polynomial  is, 

Af  V)  =  nryt\ry„(pr)nir  (5) 

After  some  manipulations,  the  equation  (l)can  be  written  as  an 
eigenvalue  problem  [4], 

(w  -  mwj  (6) 

with  the  eigenvector  where  k  denotes 

truncation  and  the  superscript  T  denotes  transpose.  The  k,lth 
element  of  the  system  matrix  is, 

Mr-;>»«,5E  ^  Ar'wAf’w  (7) 

p  =  -00  P 

In  solving  lico-mcos)  I  -  |  =  0,  the  eigenvalues  can  be 

found.  A  similarity  transformation  can  be  applied  to  the  ma¬ 
trix  which  yields  both  the  eigenvalues  and  eigenvectors 
simultaneously.  If  we  take  only  the  first  orthogonal  polyno¬ 
mial,  then  (6)  becomes  a  scalar  equation.  The  solution  ob¬ 
tained  under  the  conditions  such  as  a  long  bunch  and  narrow- 
band  impedances  is  comparable  to  Sacherer’  solution  using  the 
simplified  model,  with  only  small  differences, 

2,5  Solution  Using  Handel  Samplings 

Another  eigenvalue  type  of  formalism  in  solving  (1) 
is  as  follows  [5], 

(o)  -  mo)^)  =  (8) 
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where  represents  Hankel  har¬ 

monic  samplings,  and  the  p,qth  element  of  the  system  matrix 
is, 

=  jm<^^^^fJW(ry^(pry^(qrydr  (9) 


To  find  the  relation  between  the  two  approaches,  we  write  the 
impedance  matrix  as, 

z  =  diag{  ^  }  (10) 

-p  -p+1  p 


and  the  Hankel  spectrum  matrix, 

-  ^^(P) 


AW  = 


(11) 


^T\-P)  Af^p+l)  ... 


then  we  get, 

(12) 

(13) 

Note  that  we  have  A^^  =  By  left  multiplying 

to  (6),  we  have, 


(a)-/nco^)A^"'^  =  (14) 

which  is  the  same  as  (8). 

To  compare  the  two  different  eigenvalue  problems,  we 
note  that  the  dimension  of  is  determined  by  the  number 
of  orthogonal  polynomials,  and  the  dimension  of  is 
determined  by  the  frequency  harmonic  number.  In  general,  the 
dimension  of  the  latter  is  larger  than  the  former,  but  the 
computational  load  is  about  the  same.  The  calculation  of 
Kp  of  (9)  does  not  require  the  truncation  in  k,  and  therefore 
it  can  be  more  accurate.  On  the  other  hand,  sometimes 
can  be  directly  calculated  on  the  line  densities,  avoiding  the 
truncation  on  p  [4]. 

III.  MODE  COUPLING 


When  the  beam  intensity  increases,  the  coupling 
between  the  azimuthal  modes  can  no  longer  be  neglected.  The 
equation  (1)  becomes, 


X  E  ^Pn,(pr)  E  j^'AT'ip) 

p  ^  ^  P  m'  =  -  00 


(15) 


This  equation  can  be  solved  as  either  an  eigenvalue  problem 
[6]  or  a  dispersion  relation  problem  [3]. 

3.1  Eigenvalue  Type  Solution 


To  be  not  overwhelmed  by  large  dimensions,  we  only 
consider  the  coupling  between  m  and  m', which  can  be  easily 
extended  to  include  any  and  all  necessary  modes.  Using 
orthogonal  polynomial  expansion,  the  following  equation  is 
obtained. 


(o)  -  mcOj)/  0 

0  (o)  -  m 

a 


(m) 


where  the  ^,/th  element  in  is, 

X  j;  ^  AfV)A<”V) 

p  =  ~oo  P 


(16) 


(17) 


The  equation  (16)  is  formally  an  eigenvalue  problem.  It  is 
noted  that  in  general  the  orthogonality  between  the  polynomi¬ 
als  of  the  different  azimuthal  modes  is  not  guaranteed.  Since 
the  polynomials  of  the  azimuthal  mode  m  is  further  modulated 
by  the  rotation  factor  which  itself  is  orthogonal  for  m,  the 
orthogonality  between  the  polynomials  in  different  azimuthal 
modes  is  implicitly  implied,  and  therefore  (16)  can  be  treated 
as  an  eigenvalue  problem. 

The  coupling  between  the  modes  m  =  ±1  in  fact  is  the 
same  problem  the  conventional  Robinson  approach  han-dled, 
which  leads  to  the  well  known  second  Robinson  criterion.  The 
following  is  a  brief  comparison  between  the  two  approaches. 
In  the  Robinson  approach,  only  the  fundamental  modes  are 
concerned,  the  impedances  are  considered  in  a  form  of  second 
order  transfer  function,  and  the  particle  distribution  is  only 
reflected  in  the  ratio  of  the  beam  DC  current  and  the 
fundamental  current.  In  the  mode  coupling  approach,  more 
than  fundamental  modes  are  included,  the  impedances  are 
considered  with  the  real  and  imaginary  parts,  and  the  particle 
distribution  is  used  in  the  calculation.  Examples  can  be  found 
to  show  that  the  mode  coupling  is  a  more  reliable  treatment  of 
the  problem. 


3.2  Dispersion  relation  Type  Solution 


The  following  equation  is  derived  from  (15),  similarly  to  (8), 

(0) -m(0,)y-'"A7‘>  =  Jf'"  j2  y^'Ajr'’  (18) 

m  '  =  -00 

Dividing  (18)  by  co-mco^  and  summing  over  m,  we  get  an 
equation  for  the  azimuthal  mode  coupling, 


(m) 


E  r^A'” 

m=-oo 

=  f  if W/Cco  -  mo),)  f:  y-'A'r'’ 


(19) 
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Because  of  the  denominator  on  the  right  side  of  the  equation, 
it  is  clear  that  (19)  is  a  dispersion  relation  type  equation.  To 
find  the  relation  between  the  dispersion  equation  (19)  and  the 
eigenvalue  problem(16),  we  move  the  factor  (co-mco^ )  in  the 
equation  (16)  to  the  right  side,  then  multiply  from  the  left  by 

y  y  ~m  'j^(m 

IV.  FREQUENCY  SPREAD  EFFECT 

Taking  the  synchrotron  frequency  spread  into  con¬ 
sideration,  we  write  G)^(r)  =  +  D(r),  where  is  the 

synchrotron  frequency  at  the  beam  center,  and  the  frequency 
dispersion  function  D(r)  represents  the  dependence  of  the  syn¬ 
chrotron  frequency  on  the  amplitude  of  oscillation. 

4,1  Eigenvalue  Type  Solution 

Substituting  (o^(r)  into  (1),  moving  D(r)R  the 

right  side,  and  using  orthogonal  polynomial  expansion,  we  get 

[2,7], 

(20) 

where  is  called  the  frequency  dispersion  matrix,  whose 
elements  are, 

iVi;>  =  /y  D{r)W(ryt\ryf'"\rydr  (21) 

Note  that  is  proportional  to  the  beam  intensity,  therefore, 
at  very  low  intensity,  the  system  is  dominated  solely  by  N^"*). 
This  matrix  is  real  and  symmetric,  which  decomposes  the 
original  system  into  several  lossless  resonators  with  slightly 
difference  inherent  oscillation  frequencies,  and  introduces  no 
instability  mechanism.  When  the  beam  intensity  increases,  the 
matrix  becomes  dominant,  and  the  system  shows  the 
stability  or  instability.  The  transition  of  the  two  different 
status  shows  the  property  of  Landau  damping.  The  equation 
(20)  can  be  used  for  study  of  Landau  damping  in  the  process 
of  antidamping,  damping,  and  the  combined  situation,  with  a 
reasonable  computational  load  [7].  To  include  mode  coupling,  0)^(r) 
is  substituted  into  the  equation  (15).  The  result  is  shown  to  be 
the  same  as  (16),  except  the  following  matrix  is  used  as  the 
system  matrix, 


[wAK'") 

0 

+ 

(22) 

[  0 

4.2  Dispersion  Relation  Type  Solution 

The  equation  (20)  can  also  be  solved  by  the  dispersion 
relation  [8].  Substituting  (0^(r)  into  (1)  and  moving 
a)-m<o^(r)  to  the  right  side,  we  get, 


where  the  elements  of  the  matrix  are, 

^  r  W(r)ft\ryi^'"\r)rdr  ^^4) 

This  matrix  shows  the  dispersion  relation.  By  carefully 
handling  the  singularity  problem,  the  solution  for  any  mode  of 
each  azimuthal  mode  can  be  obtained.  To  reach  a 
comprehensive  solution  including  all  necessary  modes  seems 
to  be  difficult. 

V.  DISCUSSION 

For  all  previously  treated  problems,  eigenvalue  type 
solutions  exist,  which  provides  convenience  in  the  calculation, 
and  also  physical  insight  into  the  problem.  The  synchrotron 
frequency  spread  alone  doesn’t  generate  coherent  motion,  when 
the  beam  intensity  increases,  however,  the  feedback  force 
becomes  effective  and  an  eigenvalue  equation  can  be  used  to 
approximate  the  system  by  several  subsystems.  The  conver¬ 
gence  is  guaranteed,  and  for  most  impedances  the  required 
expansion  dimension  is  not  large. 

If  the  effect  of  the  stationary  beam  distribution  cannot 
be  neglected,  the  formalism  has  to  be  revised.  One  approach 
[9]  is  to  use  the  meshes  in  the  r  direction,  which  itself  is  an 
orthogonal  basis.  This  method  is  straightforward  but  the 
computational  load  is  drastically  increased.  It  is  of  interest  to 
search  for  more  efficient  methods. 

Various  formalisms  and  the  related  solutions  of  the 
perturbation  have  been  briefly  reviewed.  All  formalisms  have 
applications  under  certain  conditions,  and  also  all  are  subjected 
to  limitations.  These  conditions  and  limitations  need  to  be 
clearly  specified. 
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Abstract 

A  useful  diagram  is  presented  and  used  to  study  rf  cavity  volt¬ 
age  regulation  in  a  damping  ring  or  other  circular  accelerator 
where  large  beam  currents  are  injected  and  extracted  rapidly. 
With  conventional  feedback  systems  and  high  particle  beam  cur¬ 
rents,  the  maximum  beam  current  can  be  limited  by  the  ability  of 
the  klystron  to  maintain  constant  gap  voltage  at  high  currents,  low 
currents,  or  in  the  absence  of  beam.  Techniques  for  storing  high 
current  beams  are  suggested  when  the  maximum  klystron  out¬ 
put  power  is  predetermined.  Alternately,  these  techniques  may 
be  applied  and  used  to  specify  the  performance  requirements  of 
the  klystron  if  the  desired  particle  beam  current  and  nominal  rf 
cavity  voltage  are  known. 

L  INTRODUCTION 

Experienced’^  with  high  current  beams  and  transient  beam 
loading  in  the  Stanford  Linear  Collider  (SLC)  damping  rings 
has  motivated  studies  of  the  rf  system  and  beam  stability  with 
a  nonlinear  power  source^.  As  beam  currents  in  fast  cycling 
accelerators  are  increased,  the  absence  of  beam  is  the  domi¬ 
nant  perturbation  to  the  rf  system,  where  slow  tuner  feedback 
loops  around  each  cavity  have  insufficient  bandwidth  to  track 
the  changes.  The  beam  may  be  absent  due  to  machine  repeti¬ 
tion  rate  changes,  due  to  time  required  between  fills,  or  due  to 
gaps  between  bunch  trains.  With  standard  feedback  and  direct  rf 
feedback^  for  regulation  of  the  cavity  voltage,  the  klystron  out¬ 
put  power  can  increase  substantially  when  the  beam  is  absent. 
While  the  behavior  without  beam  is  of  little  concern,  missing 
pulses  can  leave  the  rf  system  out  of  regulation  when  the  next 
pulse  arrives.  The  beam  can  then  become  unstable  with  both  the 
bunch  length  and  the  beam  phase  at  extraction  varying  with  time. 

The  phasor  diagram  corresponding  to  the  generic  circuit  model 
of  the  beam  cavity  interaction  is  shown  in  Fig.  1.  The  current 
used  in  the  equivalent  circuit^’"^  4  is  180°  out  of  phase  with 
the  actual  beam  current.  The  generator  current  Ig  is  summed 
with  4  to  give_the  total  cavity  current  4.  The  beam  current,  or 
magnitude  of  4,  is  twice  the  dc  beam  current:  4  =  24^.  The 
phase  of  the  beam  <t>b  is  measured  with  respect  to  the  crest  of 
the  rf.  The  equilibrium  value  of  4>b  is  the  synchronous  phase  (j)^. 
The  projection  of  4  onto  the  cavity  voltage  is  the  shunt  resistor 
current,  4  =  The  tuning  angle  is  the  angle  between  4  and 
the  cavity  voltage  Vc  '. 

4  =  a„-.(2Ql^!LZ±W>,, 

in  which  Q  and  coo  are  the  quality  factor  and  resonance  fre¬ 
quency  of  the  cavity,  respectively,  while  cOrf  is  the  accelerating 

*Work  supported  by  Department  of  Energy  contract  DE-AC03-76SF(X)515. 


Figure.  1.  Phasor  diagram  for  a  capacitive  cavity  and  a  beam 
above  transition. 

frequency.  The  angle  between  Ig  and  14  is  the  loading  angle,  <t>i. 

IL  PARAMETER  SPACE  FOR  VOLTAGE 
REGULATION 

A  relationship  between  the  beam  current  4»  generator  power 
Pg,  and  cavity  voltage  I4  can  be  derived  using  the  equations 
developed  in  reference  5.  The  result  is 

h  =  cos(</)2  -  <t>b) 

R  cos  (Pz  L 

±^COsH4>^  -  (pb)  +  y)  V'z  -  1  j ,  (2) 

in  which  is  the  cavity  coupling  coefficient.  This  expression 
remains  valid  in  the  presence  of  feedback  loops.  The  parameter 
space  for  voltage  regulation  in  the  steady  state  is  shown  in  Fig. 
2  for  the  SLC  damping  rings.  The  solid  curve  bounding  regions 
1,2,  and  3  shows  Eq.  (2)  for  a  60  kW  klystron  output  power. 
In  order  to  operate  outside  this  region,  either  the  klystron  power 
would  have  to  be  increased  or  the  gap  voltage  lowered.  The  curve 
with  circles  is  a  simulation^’"^  result  which  takes  into  account 
the  dynamics  of  the  beam-cavity  interaction  in  the  presence  of 
multiple  feedback  loops  and  a  nonlinear  power  source.  Region 
3,  which  is  bounded  from  above  by  Eq.  (2)  and  below  by  the 
simulation  results,  is  unstable  against  perturbations  to  the  system. 

The  vertical  line  separating  regions  1  and  2  represents  a  prac¬ 
tical  limit  associated  with  missing  pulses.  Consider  an  rf  current 
of  magnitude  4  =  4  or  4  =  4-  When  this  pulse  is  extracted, 
the  loading  angle  becomes  large  and  negative  as  the  slow  tuner 
feedback  loops  have  insufficient  bandwidth  to  track  the  change; 
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Figure.  2.  Parameter  space  for  voltage  regulation  subdivided  into 
three  characteristic  regions.  The  dotted  lines  indicate  contours  of 
constant  loading  angle  From  left  to  right  these  are  0/  =  —30°, 
-15°,  0°, +15°,  and  +30°. 


the  operating  point  moves  downward  (towards  h  =  0)  on  this 
vertical  line.  A  voltage  error  related  to  the  change  in  the  beam- 
induced  voltage  is  detected  by  the  feedback  loops  that  regulate 
the  cavity  voltage.  If  direct  rf  feedback  is  used  or  if  the  cavity 
and  amplitude  loop  bandwidth  are  fast  relative  to  the  time  during 
which  the  beam  is  absent,  then  the  klystron  is  driven  to  larger 
output  power  in  an  attempt  to  compensate  for  this  error.  Because 
the  gain  of  the  amplitude  feedback  loops  depends  on  the  local 
slope  of  the  klystron  saturation  curve,  as  the  feedback  drives  the 
klystron  harder,  the  gain  of  the  loop  is  simultaneously  decreas¬ 
ing.  In  particular,  if  the  klystron  is  improperly  limited,  then  a 
missing  pulse  or  current  jitter  can  lead  to  a  situation  of  positive 
feedback. 


III.  KLYSTRON  POWER  REQUIREMENTS 

Analysis  of  the  available  operating  space  for  voltage  regulation 
may  be  used  to  make  an  estimate  of  the  required  output  power 
from  a  klystron.  At  high  beam  current  and  high  cavity  voltage, 
however,  the  estimate  may  be  unrealistic.  Methods  of  optimizing 
the  stability  of  the  rf  system  at  high  currents,  while  minimize  the 
power  requirements  of  the  klystron  will  now  be  considered. 


A.  Power  Requirements  with  0/  =  0 

A  conservative  estimate  for  the  required  klystron  power  may  be 
determined  from  the  missing  pulse  limit;  for  a  properly  matched 
cavity  (0/  =  0)andknown  operating  voltage,  the  klystron  should 
deliver  as  much  power  as  required  such  that  the  beam  current  is 
less  than  Rewriting  Eq.  (2), 


^8  = 


VcHi  +  fic) 
SR^c  cos^  02 


COS^ 


H — ~  co&(p^  cos(<^j  -  <t>b)  +  1], 

Vc 

which  gives  the  required  generator  power  in  terms  of  the  rf  current 
4,  the  cavity  voltage  and  the  cavity  tuning  angle  0^.  The 
tuning  angle  at  0/  =  0  and  4  =  Im  is 

=  -  tan"‘  sin (pb) ■  (4) 

Substituting  into  (3)  and  putting  4=0  gives  the  klystron 
power  required  to  be  stable  against  missing  pulses  when  the  nom¬ 
inal  rf  current  is  Ifn  ' 

Pm  = 

With  beam,  the  klystron  output  power  in  the  steady  state  is  Eq. 
(3)  evaluated  at  /^,  which  is  less  than 


R.  Power  Requirements  with  Cavity  Detuning  (4>i  ^  Oj 

By  detuning  the  cavity  to  0/  >  0,  more  beam  current  can  be 
stored  stably  for  the  same  maximum  klystron  power  while  main¬ 
taining  stability  against  missing  pulses.  At  4  jnst  less  than  4» 
the  klystron  power  with  and  without  beam  is  approximately  the 
same,  however  much  of  the  output  power  however  is  reflected 
back  into  the  isolator.  From  Eq.  (2)  the  maximum  current  4  op¬ 
erable  while  maintaining  stability  against  missing  pulses  results 
when  the  two  terms  in  the  square  brackets  are  equal.  Then 


4  =  -  -z — V  ^ 

R  cos  02 

The  klystron  power  required  is  Eq.  (3)  evaluated  at  ==  1^. 

C.  Optimal  Use  of  Klystron  Power  by  RF  Conditioning  with 
0/  =  O 

To  achieve  higher  beam  currents  for  the  same  maximum 
klystron  output  power,  the  klystron  must  be  made  to  operate 
more  efficiently.  For  operation  in  region  2  of  Fig.  2,  the  hard 
limit  due  to  missing  pulses  or  absence  of  beam  must  be  overcome. 
This  may  be  accomplished  by  lowering  the  reference  to  the  di¬ 
rect  rf  feedback  loop  in  the  case  of  a  missing  pulse.  Highlighted 
in  Fig.  3  are  the  voltage  error  A  V  and  the  phase  error  A0  that 
result  from  an  absent  beam.  Ideally,  one  might  raise  Vg  when  the 
beam  is  absent  to  equal  the  steady  state  cavity  voltage  with  beam 
Vc>  If  the  klystron  is  power  limited,  however,  this  is  impossible. 
Alternatively,  the  output  of  the  amplitude  loop  can  be  lowered  by 
changing  the  reference  input  during  the  time  4  =  The  output 
of  the  amplitude  feedback  loop  is  the  reference  for  the  direct  rf 
feedback  loop.  Along  0/  =  0  the  change  in  the  cavity  voltage 
setpoint  required  for  correction  is 


AV  =  K  +  Vb 


sin(0fe  -  02) 

sin  02 


(7) 


The  change  in  the  phase  reference  setpoint  required  for  correction 
is  A0  =  02—0/,  The  corrections  should  be  disabled  at  injection 
of  the  next  pulse.  More  generally,  transients  arising  from  beam 
intensity  fluctuations  could  be  minimized  by  applying  voltage 
and  phase  corrections  which  depend  on  the  input  current.  In 
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Figure.  3.  Cavity  voltages  highlighting  errors  in  the  voltage  A  V 
and  phase  A4>  resulting  from  beam  extraction. 

practice  the  amount  by  which  to  lower  the  voltage  setpoint  would 
be  to  that  value  for  which  the  control  voltage  from  the  amplitude 
feedback  loop  is  unchanged  by  the  change  in  beam  current  at 
injection.  The  amount  by  which  to  change  the  phase  setpoint 
would  be  to  minimize  the  change  in  the  cavity  voltage  phase 
angle. 

Simulation  results  using  rf  conditioning  are  shown  in  Fig.  4  for 
the  case  of  a  missing  pulse.  Without  rf  conditioning,  the  klystron 
operates  well  beyond  the  knee  of  the  saturation  curve  during  the 
time  4  =  0.  When  the  beam  is  injected,  the  gain  of  the  amplitude 
and  direct  rf  feedback  loops  are  zero  and  the  cavity  voltage  does 
not  regulate.  Poor  regulation  is  also  evidenced  in  the  amplitude 
feedback  loop  control  voltage  which  exhibits  ranaway  during  the 
time  the  beam  is  missing.  With  conditioning  of  the  rf  voltage,  the 
voltage  reference  is  reduced  when  the  missing  pulse  is  detected. 
The  next  pulse  is  anticipated  and  the  reference  is  raised.  During 
the  time  in  which  the  beam  was  absent  the  klystron  is  brought 
out  of  saturation.  The  cavity  voltage  is  then  well  regulated  when 
the  beam  is  injected. 

IV.  RF  PARAMETER  OPTIMIZATION 
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Figure.  4.  Cavity  regulation  and  voltage  transient  reduction  in 
the  SLC  with  and  without  rf  conditioning  in  the  event  of  a  missing 
pulse.  Plotted  as  a  function  of  time  are  the  cavity  voltage  Vc,  the 
klystron  output  power  Pg,  the  reference  input  to  the  amplitude 
feedback  loop  the  amplitude  feedback  control  voltage  Vcon, 

and  the  rf  current  4.  The  dot-dashed  curve  in  4  indicates  the 
missing  pulse. 

[5]  P.  Wilson,  “High  Energy  Electron  Linacs;  Application  to 
Storage  Ring  RF  Systems  and  Linear  Colliders,”  in  Phys.  of 
High-Energy  Part.  Acc.,  AIP  Conf.  Proc.  No.  87  (AIP,  NY 
1982),  pp.450-563.  SLAC-PUB-2884  (1982). 


As  beam  currents  in  damping  rings  are  increased,  specifica¬ 
tions  for  the  klystron  power  and  feedback  loop  parameters  should 
involve  analysis  of  the  effects  of  transient  loading  on  the  rf  sys¬ 
tem.  Using  the  plot  of  the  parameter  space,  effects  arising  from 
the  largest  possible  transient,  that  of  pulse  extraction,  may  be 
analyzed.  Equation  2  shows  that  the  available  operating  area 
changes  as  a  function  of  cavity  voltage,  cavity  impedance,  cav¬ 
ity  coupling,  klystron  power,  and  synchronous  phase.  Tradeoffs 
between  klystron  output  power  and  these  other  parameters  can 
be  considered  in  the  design  of  the  rf  system. 
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TRANSVERSE  COMBINING  OF  FOUR  BEAMS  IN  MBE-4* 

C.M.  Celata,  W.  Chupp,  A.  Fallens,  W.M.  Fawley,  W,  Ghiorso,  K.D.  Hahn,  E.  Henestroza,  C.  Peters,  and 
P.  Seidl,  Lawrence  Berkeley  Laboratory,  University  of  California,  Berkeley,  CA  94720 


ABSTRACT 

Transverse  beam  combining  is  a  cost-saving  option 
employed  in  many  designs  for  induction  linac  heavy  ion 
fusion  drivers.  But  resultant  transverse  emittance  increase, 
due  predominantly  to  anharmonic  space  charge  forces,  must 
be  kept  minimal  so  as  not  to  sacrifice  focusability  at  the 
target.  A  prototype  combining  experiment  has  been  built, 
using  the  MBE-4  experiment.  Four  sources  produce  four  4 

mA  Cs"^  beams  at  200  keV.  The  ion  sources  are  angled 
toward  each  other,  so  that  the  beams  converge.  Focusing 
upstream  of  the  merge  consists  of  4  quadrupoles  and  a  final 
combined-function  element  (quadrupole  &  dipole).  All  lattice 
elements  are  electrostatic.  Due  to  the  small  distance  between 
beams  at  the  last  element  (~  2  mm),  the  electrodes  here  are  a 
cage  of  small  wires,  each  at  different  voltage.  The  beams 
emerge  into  the  30  period  transport  lattice  of  MBE-4  where 
emittance  growth  due  to  merging,  as  well  as  the  subsequent 
evolution  of  the  distribution  function,  can  be  diagnosed.  The 
combiner  design,  simulation  predictions,  and  preliminary 
results  from  the  experiment  are  presented.* 

MOTIVATION 

Transverse  beam  combining  is  an  important  cost-saving 
feature  of  standard  driver  designs  for  heavy  ion  fusion.  At  the 
low-energy  end  of  a  driver,  electrostatic  quadrupoles  are  used 
to  focus  each  beam  of  the  multiple-beam  array.  Voltage 
breakdown  and  economics  considerations  dictate  a  small 
aperture  for  these  quadrupoles,  and  thus  a  large  number  of 
beams.  At  higher  energies  it  is  more  economical  to  accelerate 
fewer  fatter  beams  through  large- aperture  magnetic 
quadrupoles.  Thus  at  some  energy  -100  MeV,  transverse 
beam  combining  occurs. 

Since  space  charge  dominates  beam  dynamics  for  these 
intense  beams,  the  interactions  between  particles  during 
merging  serve  as  a  source  of  emittance  growth,  along  with  the 
usual  "phase  space  filling"  seen,  for  instance,  in  beam 
stacking  in  storage  rings.  As  shown  in  previous 
work,transverse  emittance  growth  is  minimized  by  packing 
the  beams  as  tightly  as  possible.  Near  the  merge  point  the 
small  space  between  beams  makes  it  difficult  to  insert 
focusing  structures  with  good  field  quality.  The  experimental 
challenge  is  to  position  the  beams  to  sufficient  accuracy  to 
allow  tight  packing,  and  to  keep  them  focused  as  their 
centroids  converge. 

DESCRIPTION  OF  THE  EXPERIMENT 

At  Lawrence  Berkeley  Laboratory  an  experiment  to 
demonstrate  4-to-l  transverse  beam  combining  is  being 


installed  on  the  old  MBE-4  accelerator.  A  "combiner", 

consisting  of  a  Cs“*“  source,  200  keV  diode,  and  focusing 
transport  channel  for  each  of  the  four  4  mA  beams,  replaces 
the  old  MBE-4  diode  and  matching  system.  The  beamlines 
converge  with  angle  of  6  i  relative  to  the  combiner  centerline. 
A  diagram  of  one  of  the  beamlines  is  shown  in  Fig.  1.  Four 
electrostatic  quadrupoles,  followed  by  an  electrostatic 
combined-function  quadrupole  +  dipole,  are  used  to  focus 
each  beam  and  straighten  its  trajectory  so  that  the  beams 
emerge  from  the  combiner  almost  parallel  to  the  centerline. 
The  design  configuration  for  the  beam  cross  sections  as  they 
emerge  from  the  combiner  is  shown  in  Fig.  2.  As  can  be  seen, 
the  cross  section  is  x-y  asymmetric  to  allow  for  good  packing 
of  the  elliptical  beams.  After  the  combiner  the  merged  beam 
is  transported  (without  acceleration)  and  diagnosed  in  one 
transport  channel  of  the  remaining  30  lattice  periods  of  MBE- 
4. 


104  cm  - 


Figure  1 .  One  combiner  beamline.  Diagnostics  are  on 
paddles  marked  “D”. 


Due  to  length  restrictions,  matching  is  done  in  the 
combiner,  rather  than  in  a  separate  matching  system.  For  the 
same  reason,  the  need  for  an  initial  dipole  for  each  beam  has 
been  removed  by  aiming  the  sources  toward  a  common  point 
of  convergence. 

As  the  separation  between  beams  decreases  with  distance 
down  the  combiner,  the  design  of  the  lattice  elements  must 
change.  The  first  three  combiner  quadrupoles  are  of  standard 
design,  and  consist  of  circular  electrodes,  with  the  ratio  of 
electrode  radius  to  aperture  set  to  minimize  the  lowest  order 
2D  nonlinear  field  component-  the  dodecapole.  The  first 
quadrupole  is  half  the  length  of  succeeding  quads  to  facilitate 
matching.  At  the  fourth  quadrupole,  the  space  between  beams 
is  too  small  for  standard  electrodes,  so  that  small-aperture 
hyperbolic  electrodes  have  been  designed  which  both  shield 
the  beams  from  each  other  and  produce  minimal  nonlinearity. 
Taking  advantage  of  the  elliptical  shape  of  the  beam,  the 
electrodes  in  the  focusing  plane  have  also  been  moved  closer 
to  the  beam  to  allow  space  for  adjacent  quadrupoles,  thus 
making  an  asymmetric  aperture.  Voltages  on  the  first  four 
quadrupoles  are  all  less  than  5  kV. 


This  work  was  supported  by  the  Director,  Office  of  Energy 
Research,  Office  of  Fusion  Energy,  U.S.  Dept,  of  Energy, 
under  Contract  No.  DE-AC03-76SF00098. 
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FIELDS  OF  THE  SQUIRREL  CAGE 


MBE-4  Aperture  {5.4  cm) 


Figure  2.  Design  configuration  of  four  beams  as  they  emerge 
from  combiner.  Beam  radii  are  6.5  and  3.7  mm.  A=4  mm. 


The  small  spacing  between  the  beams  at  the  downstream 
end  of  the  fifth  lattice  element  does  not  allow  adequate  space 
for  solid  electrodes.  Quadrupole  and  dipole  fields  are  instead 
produced  by  surrounding  the  beams  with  an  elliptical 
"squirrel  cage"  of  1  mm  diameter  wires,  at  a  spacing  of 
approximately  1  mm,  approximately  parallel  to  the  beam  path. 
The  voltage  on  each  wire  is  set  so  that  the  wires 
approximately  produce  the  correct  Dirichlet  boundary 
condition  for  the  electric  field,  and  therefore  the  correct  field. 
Voltage  differences  of  up  to  1.5  kV  from  wire  to  wire  are 
needed.  Figure  3  shows  a  transverse  view  of  the  squirrel  cage 
element.  Note  that  the  cross  section  shrinks  in  a  self-similar 
fashion  as  the  beam  centroids  converge. 


The  3D  field  of  the  squirrel  cage  has  been  calculated  in 
order  to  evaluate  the  effects  of  fringe  and  anharmonic  interior 
fields  on  the  beams.  In  this  initial  calculation  the  wire  leads 
were  neglected,  but  no  extension  of  the  technique  is  needed  to 
include  them  at  a  later  time.  Fields  were  calculated  using  the 
capacitive  matrix  technique.  This  is  equivalent  to  modeling 
the  wires  (at  constant  voltage)  as  lines  of  charges.  The 
charges  were  spaced  at  intervals,  Az,  of  1 .25  mm  along  the  7 
cm  length  of  the  cage.  Elements  of  the  capacitive  matrix  can 
be  expressed  as: 


where  ri  and  rj  are  the  positions  of  two  of  the  charges,  and 
ro=Az/(41og2).  The  effective  size  of  the  charge,  ro,  is  chosen 
to  produce  as  little  variation  in  voltage  along  the  wire  as 
possible.  Once  the  capacitive  matrix  is  inverted,  the  charges 

can  be  determined,  since  V(ri)=!ECij"^Qj.  The  field  is  then 

determined  using  Coulomb’s  law. 

Figure  4  shows  the  results  of  a  multipole  decomposition 
of  the  field  about  a  parabolic  approximation  to  the  beam 
centroid  orbit.  The  decomposition  was  done  using  the  method 
of  Hahn.  The  dominant  nonlinear  component  through  most  of 
the  cage  is  a  sextupole.  Near  the  ends  of  the  cages  the 
pseudo-octupole  caused  by  the  second  derivative  of  the 
quadrupole  moment  becomes  significant. 

In  order  to  obtain  a  measure  of  the  emittance  growth 
expected  from  the  anharmonic  fields,  these  fields  were 
integrated  along  the  approximate  orbit  of  the  beam  centroid. 
When  appropriately  scaled,  the  gradient  of  this  integrated 
value  gives  the  net  impulse  in  both  x  and  y  velocities  as  a 
function  of  location  with  respect  to  the  beam  centroid.  The 
results  show  that  over  most  of  the  aperture  the  calculated 
impulse  in  dx/dz  and  dy/dz  is  small  when  compared  to  the 
dipole  deflection  angle  and  comparable  to  the  thermal  angles 
of  the  incoming  beam  particles.  Particles  that  come  within 
-1.5  mm  of  the  wires  can  receive  larger  impulses,  but  our 
calculations  are  less  trustworthy  in  that  regime  due  to  the  1.25 
mm  spacing  adopted  for  the  charges  used  to  simulate  the 
charged  wires.  The  changes  in  angle  noted  here  are  about  an 
order  of  magnitude  less  than  those  expected  during  merging, 
indicating  that  the  anharmonic  squirrel  cage  fields  are  well 
within  acceptable  tolerance  levels. 


Figure  3.  Transverse  view  of  squirrel  cage,  showing  wires 
converging  as  z  increases.  Dimensions  are  in  millimeters. 

Alignment  is  accomplished  with  sources  mounted  on 
gimbals  which  allow  them  to  rotate  about  their  centers, 
followed  by  articulation  in  x  and  y  of  the  second  quadrupole. 
Both  operations  can  be  done  in  vacuum.  Since  the  beams 
emerge  from  the  combiner  separated  by  about  4  mm,  their 
clearance  from  the  wires  within  the  squirrel  cage  is  only  about 
a  millimeter  near  the  exit  of  the  cage.  Thus  alignment  must 
be  correct  to  the  sub-millimeter  level. 


SIMULATION  RESULTS 

Transport  through  the  entire  combiner,  and  subsequent 
merging  and  transport  of  the  merged  beam  have  been 
simulated  using  the  2D  particle-in-cell  code  HIBEAM.  Four 

4  mA  beams  of  Cs"*"  with  initial  normalized  emittance  of  2  x 

10"^  m-rad,  and  energy  of  200  keV  are  assumed.  A  semi- 
gaussian  initial  distribution  function  is  used  for  each  beam- 
i.e.,  uniform  spatial  density  and  Maxwellian  velocity 
distribution.  One  beam  is  followed  where  the  beams  are  well 
separated  (up  to  8  cm  before  the  squirrel  cage),  neglecting 
effects  of  other  beams  and  quadrupoles.  Image  effects  of  the 
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focusing  structures  included  are  calculated  using  the 
capacitive  matrix  technique.  At  the  fourth  quadrupole  the 
surfaces  of  the  electrodes  are  modeled  as  hyperbolic,  as  in  the 
experiment,  and  the  fields  and  image  fields  of  adjacent 
quadrupoles  are  included,  due  to  their  proximity.  Because  of 
the  2D  nature  of  the  simulation,  wires  in  the  squirrel  cage  are 
modeled  by  dividing  their  length  into  16  equal  segments 
parallel  to  the  centerline  of  the  combiner,  but  with  aperture 
equal  to  that  of  the  real  combiner  wires  at  the  center  of  the 
interval. 


Z  (m) 

Figure  4.  Squirrel  cage  multipole  moments  as  a  function  of  z. 
At  z=0,  in  order  of  decreasing  ordinate  position,  those  shown 
are:  10  x  sextupole,  10  x  octupole,  10  x  pseudooctopole, 

10  X  dodecapole,  quadrupole,  0.1  x  dipole. 

The  resulting  normalized  emittance  as  a  function  of  z  is 
shown  in  Fig.  5.  Image  effects  of  the  electrodes  of  the  first 

three  quadrupoles  cause  emittance  growth  of  about  2  x  10“^ 
m-rad,  while  the  field  aberrations  in  the  squirrel  cage  increase 

the  emittance  to  approximately  3.5  x  10"^  m-rad.  Asymmetry 
due  to  adjacent  quadrupole  electrodes  at  the  fourth  quadrupole 
results  in  negligible  displacement  of  the  centroid.  During  the 
merging  process  the  emittance  grows,  to  finally  attain  a  value 
of  2.4  X  10"^  m-rad.  Beam  loss  is  negligible  (<0.02%). 
Without  space  charge,  the  expected  final  emittance  would  be 

approximately  1.1  x  10"^m-rad,  which  demonstrates  that  this 
experiment  is,  like  the  driver,  in  the  regime  where  both  space 
charge  and  phase-space  filling  contribute  to  the  final 
emittance  growth.  It  should  be  noted  that  because  of  the 
relatively  large  spaces  between  the  small  beams  in  this 
experiment,  emittance  growth  is  proportionately  bigger  than  it 
would  be  in  a  driver,  where  the  much  larger  beams  are 
expected  to  have  approximately  the  same  separation. 
Simulations  have  been  done  which  show  adequately  low 
emittance  growth  for  the  case  of  the  driver. 


z(m) 

Figure  5.  Normalized  emittance  as  a  function  of  z.  Vertical 
line  shows  the  end  of  the  combiner. 

STATUS  OF  THE  EXPERIMENT 

At  present  all  components  of  the  combiner  have  been 
fabricated  and  aligned  with  respect  to  the  combiner  center 
line,  except  the  squirrel  cage.  The  design  is  complete  for  this 
element  as  well.  One  of  the  sources,  which  are  porous 
tungsten  emitting  surfaces  saturated  with  an  aqueous  solution 
ofCsC03,  has  been  installed  in  MBE-4.  The  effects  of  heat 
from  the  1000°C  emitting  surface  on  alignment  and  on  the 
source  alignment  adjustment  motor  have  been  found  to  be 
acceptable,  but  water  cooling  will  be  added  to  the  driver 
motor  support  plates  to  improve  the  tolerance  margin  for  the 
motors.  A  beam  current  of  6.7  mA  at  198  keV  was  measured 
9.4  cm  downstream  of  the  source,  in  agreement  with  E-GUN 
calculations.  This  current  will  be  adjusted  using  aperture 
plates  just  downstream  of  the  diode  during  the  actual 
experiment. 

As  time  and  resources  allow,  the  diodes  and  first  four 
quadrupoles  for  each  beam  will  be  installed  in  MBE-4,  and 
experiments  will  be  performed  to  measure  the  distribution 
function  of  the  beams  at  the  entrance  to  the  squirrel  cage.  The 
squirrel  cage  will  then  be  added,  and  the  effect  of  the 
combiner  on  one  beam  measured,  followed  by  full  merging 
experiments. 
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Abstract 

Effective  m  ethods  of  decreasing  tfie  density  of  ions 
neutralizing  the  space  charge  of  dectron  beams  in  storage 
rings  are  improving  the  vacuum  conditions  and  application 
of  the  dearing  dectrodes.  There  are  presented  the  lesults  of 
both  theoretical  and  mmerical  studies  (rf  the  lelation  of  ion 
density  with  the  (teisity  and  composition  d  he  residual  gas 
in  the  vacuum  chamber.  Steady  state  of  he  ion  core  was 
investigated  for  he  case  d  he  dipole  magnetic  field  and 
electrostatic  c  1  earing  dectrodes.  Analytical  expressions 
describing  the  longitudinal,  he  vertical  and  he  horizontal 
shq)es  of  he  core  density  are  presented,  ft  is  hown  hat  he 
core  daisity  aid  ionizing  mtes  of  ions  is  determined  by  he 
gas-to-beam  density  ratio.  Transverse  density  of  ions  is 
much  s  harper  hen  he  beam  density,  and  he  ion  induced 
force  is  sufficiently  nonlinear. 


in  the  xy  plane.  The  dlipses  move  dong  he  beam  axis  (so- 
called  drift  in  he  crossed  fields)  and  finally  leach  he 
clearing  e  lectrodes.  The  outer  dlipses  ^^>0)  d  rift 
downstream  the  electron  beam,  he  inner  dlipses  (c^<0)  -- 
upstream.  During  t  his  drift  he  ions  impart  additional 
focusing  to  he  beam  particles. 

We  1  imit  our  consideration  to  he  case  d  low 
neutralization  when  the  density  of  the  ion  core  is  negligibly 
lower  than  hat  of  he  beam,  eg.  we  consider  he  case  of 
effective  dearing. 

Considering  t  he  dlipses  as  new  objects  we  find  he 
density  o  f  dlipse  centers  (EC)  he  distance  y 

downstream  he  clearing  station  [1],  which  leads  as: 

C25£as(i+D)^  (1) 

Tte 


1.  INTRODUCTION 

Positive  i  ons  captured  dectron  beams  cause 

limitations  in  performance  d  he  storage  rings.  The  most 
effective  method  o  f  extracting  ions  fi*om  he  beam  is 
insertion  o  f  he  dearing  dectrostatic  dectrodes  into  he 
vacuum  chamber  of  a  storage  ring.  This  dearing  is  effective 
if  here  exists  he  longitudinal  (along  he  beam  orbit)  stream 
of  ions,  because  he  dearing  jiates  covor  a  small  port  of  he 
ring  c  ircumference.  fti  his  p^er  we  preset  results  from 
both  t  heoretical  estimations  and  digital  calculations  of  he 
ion  core  parameters  in  dipole  magnet  of  he  dectron  storage 
ring  provided  with  dealing  dectrodes.  Mainly  we  deal  with 
the  number  cf  ions  in  he  beam  and  its  transverse  density 
shape. 

2.  MODEL 

Let  us  assume  he  dectron  beam  to  be  round  in  he  aoss 
seaion  o  f  radius  a  a  nd  have  homogeneous  density 
n^(jc,y,z)=n^=const,  ;c2+z2<a2.  T  he  frequency  of  bunches 
passing  i  s  much  greater  han  he  fiequency  of  ion 
oscillations,  so  he  beam  is  coasting  for  he  ions.  Thus, 
denotes  he  a/erage  beam  daisity. 

This  beam  passes  hrough  a  dpole  magnet  with  a  field 
strength  of  52=5=const,  and  he  orbit  length  in  he  magnet 
is  Y.  At  the  magnet  ends  here  are  installed  he  electrostatic 
clearing  electrodes.  The  vacuum  chamber  cf  he  storage  ring 
contains  neutral  g^s  with  a  density  of  Hq,  consisting  of 
molecules  of  mass  M  and  the  ionization  aoss  section  cr  q. 
The  positive  i  ons  produced  in  collision  of  drculating 
electrons  with  the  lesidual  gas  molecules  are  trs^ped  by  he 
electric  field  of  he  beam.  These  ions  oscillate  vertically 
(along  the  magnetic  field  lines)  and  drculate  aound  dlipses 


2kMc^ 


Integrating  (1)  over  the  beam  cross  section  we  obtain  the 
total  number  of  ions  per  unit  orbit  length: 


nQ(7QYBa{l  +  D) 
ne 


(2) 


a 

Here  is  he  minimal  cfistance  of  he  EC  from  he  beam 
axis  when  the  ion  is  considered  to  be  drifting,  Le.,  leaching 
the  dearing  station. 

The  key  point  in  our  analysis  is  he  determination  d  x^ 
value  because  he  ion  density  in  he  beam  is  fully  relevant 
on  t  hat  parameter.  The  basic  hypothesis  of  his  paper 
consists  in  considering  he  ion  core  separated  into  3  parts: 
the  central  rest  part  -x^<x<x^  and  two  streams  mentioned 
above.  The  density  of  he  central  part  is  supposed  equal  to 
the  average  beam  density  (full  neutralization  of  he  beam 
charge).  The  density  d  both  streams  is  matched  to  he 
central  part  at 

3.  FINITE  TEMPERATURE 

It  i  s  essential  to  take  into  account  he  initial  ion 
temperature  r  to  eliminate  divergence  in  he  vertical  density 
shape  of  he  core.  This  temperature  does  not  diminate 
divergence  in  he  radial  shape  but  decreases  the  core  density 
at  x^<x«a. 
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Finite-temperature  taking  into  account  does  not  change 
the  distribution  of  BC  (1).  Ihe  transverse  core  density 
related  to  the  EC  distribution  (1)  is: 

n^(x,z)~F^(x)F^{x,zX  (3) 

Fx(x)  = 


The  function  B  ^  defined  here  describes  the  ’track’  of  the 
thermalised  ion  assemble  produced  at  the  point  u  with  a  ’zero 
temperature’  amplitude  a  and  the  center  of  oscillation  Uq 


y  .2 


Examples  of  vertical  and  horizontal  shapes  are  depicted  in 
Fig.l. 
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Fig.l.  Transverse  ion  core  shapes  for  the  case:  beam  current 
/  =  50  mA,  radius  a  =  0.05  mm,  field  strength  B=1  Tesla. 


4.  SURVEY  OF  THE  RESULTS 

Based  on  the  approach  proposed  and  expressions  (1)  and 
(2),  the  computer  code  has  been  developed  which  computes 
the  longitudinal  density  (the  neutralization  factor  rj  )  and  the 
transverse  density  shape  of  the  ion  core  confined  by  the 
electron  beam  in  the  dipole  magnet  of  the  storage  ring  with  the 
clearing  electrodes. 

The  results  of  computing  are  as  follows: 

(i)  For  the  typical  beam  parameters  in  the  synchrotron 
storage  ring  (fl=0.05  cm,  7=1  meter,  B=1  Tesla,  residual  gas 
pressure  1  nTorr  of  Nitrogen)  ion  clearing  keeps  the 
neutralization  factor  below  the  5%  limit  (Fig.2).  Therefore  our 
assumption  of  low  neutralization  of  the  beam  space  charge  is 
proved  valid. 
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Fig.2.  Neutralization  factor  Tj  and  density  of  ions  n,  (in 
arbitrary  units)  versus  beam  current  I  (in  Amperes), 
a  =  0.05  mm,  B  =  1  Tesla,  F  =  1  m. 

(ii)  The  transverse  core  density  is  essentially  nonlinear 
because  the  main  part  of  ions  is  confined  in  the  near-to-axis 
region  ( Fig.3); 
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Fig.  3.  Relative  ion  core  density  in  the  beam  central  quarter. 
/  =  50  mA,  a  -  0.05  mm,  B  =  l  Tesla,  Nitrogen  molecules. 


(v)  The  core  density  decreases  when  the  magnetic  field 
strength  is  increased,  Fig.  5. 


RekJ  (Tesla) 


(iii)  The  density  of  ions  increases  very  little  when  the  beam 
current  is  increased  up.  So,  the  neutralization  factor  decreases 
as  it  is  depicted  in  Fig.2; 

(iv)  Response  of  the  ion  density  to  increase  in  the  residual 
gas  pressure  (as  well  as  the  distance  between  the  clearing 
stations  Y)  is  less  than  proportional,  see  Fig.  4. 
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Fig.5.  Neutralization  factor  versus  magnetic  field  strength. 
I  =  100  mA,  a  =  0.05  mm,  P  =  2  nTorr,  7  =  1  m. 

Thus,  considering  production  of  ions  and  their  drift  in  the 
dipole  magnets  of  the  electron  storage  rings  and  supposing  full 
neutralization  of  the  beam  charge  without  clearing  we  come  to 
the  conclusion  that  the  clearing  electrodes  can  de  a  help  in 
keeping  the  ion  density  in  the  beam  within  the  required  limits 
of  a  few  percents  of  the  average  beam  density.  Residual  ions 
are  located  in  the  near-to-orbit  region  adding  sufficiently 
nonlinear  focusing  forces  to  the  beam  particles  [2].  Process  of 
neutralization  in  the  near-to-axis  region  of  the  beam  needs 
thorough  studying  both  analytically  and  experimentally. 
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Fig.  4.  Neutralization  factor  versus  residual  gas  pressure 
(Nitrogen).  /  =  50  mA,  a  =  0.05  mm,  B=l  Tesla,  T  =  1  m. 
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1.  INTRODUCTION. 

Ion-driven  effects  in  electron  beams  impose  severe 
limitations  on  performance  of  storage  rings  [1].  These  effects 
are  much  similar  to  the  well- studied  effects  of  the  beam  space 
charge.  Most  effects  caused  by  the  entire  charge  of  the  beam 
can  be  calculated  by  commonly  used  codes,  e.g.,  BeamParam 
and  ZAP  [2].  We  make  an  attempt  to  survey  briefly  in  this 
report  the  scaling  coefficients  of  the  ion-driven  effects  related 
to  those  of  the  beam  charge.  The  ion  core  confined  by  the 
electron  beam  is  described  by  the  neutralization  factor  rj 
equal  to  the  relative  ion  core  charge: 

i^N, 


Here  is  the  number  of  ions  within  the  beam  per  its  unit 
length;  is  the  number  of  electrons  per  beam's  unit  length 
J  is  the  beam  current);  Z  is  the  charge  of  the  ion 

nucleus. 

Besides  we  use  the  relative  density  of  the  ion  core  C: 
z 


We  suppose  that  the  transverse  density  distributions  in 
both  the  beam  and  the  core  are  the  same  and  the  ion  core  is 
coasting  (the  core  density  is  homogeneously  distributed  along 
the  beam  orbit).  The  electron  beam  is  considered  consisting  of 
bunches  that  occupy  l/B  part  of  the  orbit  length  (B  is  the 
bunching  factor).  So,  the  main  ion-driven  effects  with  their 
scaling  to  similar  effects  of  the  beam  are  discussed  below. 

2.  TUNE  SHIFTS 

2.L  Incoherent  betatron  tune  shifts 

The  incoherent  shift  of  the  betatron  tune  caused  by  the 
core  is  positive: 

(Qu''Qu6)iorf^~(Qu^QuO)bean?l  Y  ^ IB j  (1) 

where  m=(a,z). 

While  the  tune  shift  induced  by  the  beam  space  charge  is 
negligible,  the  shift  caused  by  ions  is  significant  (rj  y  '^lb»\). 
It  is  worthy  of  note  that  this  shift  is  essentially  nonlinear.  For 
the  elliptical  beam  cross  section  with  the  normal  density 
distribution  the  shift  is: 


exp 


Qxo(^<^l+t)  <2zo(2o-z  +  ?) 


QuoY  0  + 


-dt 


Thus  for  the  round  gaussian  beam  it  is: 

1  \  ^  ( 
NjrpR^ _  2aH 


Gxo’^e'o 


QuOY  {hlQxo)'^{JzlQzo) 
Here  is  the  square  of  the  betatron  amplitude. 
Betatron  amplitude  vs.  its  tune  is  plotted  in  Fig.  1. 


(2) 


Fig.  1.  Q  shift  vs.  amplitude  (square  root  of  J  over  cr  ). 

As  it  can  be  seen  from  Fig.l,  the  ion  tune  shift  is 
sufficiently  nonlinear  at  large  aplitudes  of  oscillations. 
Therefore  the  periferal  beam  particles  will  experince  nonlinear 
oscillations.  The  maximum  in  the  tune  shift  at  the  beam  axis 
(7=0  in  (2))  is  equal  to  the  maximum  value  of  the  tune  spread. 
Major  part  of  the  tune  spread  in  electron  beams  causing  the 
Landau  damping  is  due  to  trapped  ions. 

2.2.  Tune  shifts  due  to  the  beam  environment 

These  shifts  are  much  smaller  than  the  beam's  and 
negligibly  smaller  than  those  described  in  2.1.  So,  the 
incoherent  tune  shift  due  to  reflection  in  the  conducting 
vacuum  chamber  walls  is  smaller  than  that  due  to  the  beam 
charge  by  a  factor  of -r]  IB,  Reflection  of  the  ion  current  in 
ferromagnetics  does  not  take  place  because  of  a  zero  average 
longitudinal  velocity  of  ions. 
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2  J,  Coherent  tune  shifts 

The  ion  core  is  at  rest  when  the  beam  experiences  small 
coherent  betatron  oscillations.  Hence  the  coherent  betatron 
shifts  are  equal  to  the  incoherent  ones  (2)  and  are  dominant. 

3.  INCREASE  IN  BEAM  LOSSES  AND 
EMITTANCE 

Trapped  ions  contribute  the  additional  density  to  the 
residual  gas.  The  results  in  the  increase  of  gas  pressure  in  the 
beam.  The  influence  of  the  ions  is  proportional  to  their  density 

Hi. 


1/2 


7tRce\e^e^  j 


(3) 


These  resonances  capture  the  peripheral  beam  particles. 
The  ’transverse  energy'  of  these  particles  is  the  constant  of 
motion: 

^1  =  (6) 

It  leads  to  the  occurence  of  halo  around  the  beam  and  can 
cause  the  'resonant'  increase  in  the  beam  losses  when  the  halo 
tails  reach  the  aperture  of  the  ring.  These  resonances  may  be 
harmful  for  the  machine  with  the  low-energy  multiple 
injection,  where  the  injected  beam  with  a  large  amplitude 
experiences  the  nonlinear  forces  due  to  the  ions  confined  by 
the  circulating  beam.  Especially  it  concerns  the  rings  with 
Qz^Qr  Iiicrease  in  a  value  of  the  relation 

,  Qx 
Qx 


where  £  „  is  the  beam  emittance. 

The  transverse  emittances  can  be  derived  from  the  set  of 
algebraic  equations: 

l^z  =  ^("0  +"()/Gz  + 

(4) 

12;rVo/?^Z^ln(l81.5-Z"‘/^) 

V  = - 5^^ - 

(4a) 

55  h  ,2  h 

32 VSm.c’'  hil-h/h) 

(4b) 

where  k  is  the  coupling  factor;  are  the  radiation  integrals  of 
the  ring. 

As  it  can  be  seen  from  (4a)-(4b)  the  radiation  part  of  the 
horizontal  emittance  increases  with  energy  as  while  the 
'gas'  part  decreases  as  y"^.  Therefore,  at  high  energies  the 
beam  emittance  is  not  increased  by  the  ions  and  the  residual 
gas  as  well.  The  trapped  ions  cause  increase  in  the  gas  density 
(3)  and  the  ensuing  losses  of  the  beam  particles. 

4.  ION-DRIVEN  TRANSVERSE 
RESONANCES 

The  forces  due  to  the  space  charge  of  the  ion  core  can  not 
only  shift  the  working  point  of  the  ring  towards 

resonant  stop-bands  but  also  drive  the  specific  resonances. 
These  resonances  are  similar  to  the  crossing  beam  resonances 
being  studied  intensively  .  The  resonances  due  to  the  ion  core 
forces  are  not  so  complicated  for  investigation  because  of  the 
coasting  nature  of  the  core.  As  it  has  been  shown  in  [3],  the 
ion  core  drives  the  nonlinear  difference  resonances 

2^Q^-nQ^<h  (5) 


will  lead  to  enlarging  of  halo.  A  sketch  of  the  beam  cross 
section  experiencing  the  difference  resonance  is  presented  in 


Fig.  2.  Solid  line  represents  the  beam  envelope,  dotted  line  — 
the  halo  envelope. 


6.  ELECTRON-ION  INSTABILITY 

This  instability  of  the  relative  oscillations  of  the  beam  and 
the  core  is  similar  to  the  proton-electron  or  the  antiproton-ion 
ones.  The  main  difference  between  them  consists  in  the 
bunching  of  the  electron  beams.  This  instability  is  the  only 
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known  ion  driven  effect  dependent  upon  the  longitudinal 
bunch  shape.  The  instability  of  the  space  modes  has  the  lowest 
threshold  [4].  The  hydrodynamic  theory  for  the  round 
homogeneous  bunch  shows  that  the  threshold  is  determined  by 
the  maximum  in  the  bunch  density: 

(7) 


p=\X-\  p>Q 


The  increment  has  its  largest  value  in  the  vicinity  of  the 
threshold  and  is  proportional  to  the  square  root  of  the  ion 
density: 


yc(/-e^) 

^^'’O'^bunch 


rpnj 

47iA 


n1/2 


(8) 


Here  n'bunch  Hunch  1^'^’  ’’ p  is  the  classical  proton 
radius;  A  is  the  ion  mass  number. 

This  phenomenon  is  poorly  known.  Experimental 
observations  show  pulsation  in  the  beam  dimensions  and  none 
additional  beam  losses  [4]. 


REFERENCES 

[1]  Baconnier  Y.,  Poncet  A.,  and  Tavares  P.F. 
Neutralization  of  Accelerator  Beams  by  Ionization  of  the 
Residual  Gas  Proc.  of  CAS  1992  /  CERN  94-01  (1994)  vol  2, 
p525 

[2]  Gyggi-Hanney  P.  M.,  Jovett  J.  M.  and  Keil  E. 
‘BeamParam’  A  program  for  computing  beam  dynamics 
CERN/LEP-TH/88-2,  (1987) 

[3]  Bulyak  E.  V.,  Gonchar  V.  Yu.,  Kurilko  V.  I.  Responce 
of  the  emittance  on  the  beam  current  in  electron  storage  rings 
Proc.  of  13  ICHEA  (Novosibirsk,  1987)  vol  2,  p  174  (in 
Russian) 

[4]  Bulyak  E.  V.  Theory  of  the  transverce  electron-ion 
instability  in  the  bunch  circulating  in  an  electron  storage  ring 
Ukrainian  Jum  of  Physics,  (1984)  vol,  N  5,  p  657  (in  Russian) 

[5]  Bulyak  E.  V.  and  Kurilko  V.  1.  Low-frequency 
transverse  charge  oscillations  in  an  eelectron  storage  ring 
Pis'ma  Zh.  Eksp.  Teor.  Fiz  (1981)  34,  No.9,  p.493 


5.  CONCLUSION 

The  most  harmful  ion-driven  effects  among  listed  above 
are  the  nonlinear  tune  shifts  and  resonances  especially  for  the 
rings  with  the  multiple  low  energy  injection.  The  tune  spread 
caused  by  ions  increases  the  Landau  damping  which  stabilizes 
the  coherent  transverse  instabilities.  It  is  essential  to  choose 
properly  the  working  point  and  strength  of  the  multipole 
lenses  such  as  the  octupoles.  Some  ion-driven  effects  need  to 
be  studied  more  extensively. 
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One  of  the  beam  loading  effects  in  linacs  is  limitation 
on  the  amount  of  number  of  particles  that  can  be  accelerated 
in  very  short  beam  pulses.  The  maximum  number  of  particles 
is  determined  the  correlation  between  the  external 
accelerating  field  amplitude  and  the  retarding  field 
amplitude  which  particles  radiate  passing  the  waveguide. 
For  increasing  this  value  we  suggested  to  use  disk-loaded 
waveguides  with  period  D  that  satisfies  the  condition:  X 
/2<D<X.,  where  X,  is  the  wavelength  of  accelerating  wave. 
Three  accelerating  sections  of  this  type  have  been 
manufactured  in  KFTI  and  installed  at  different  linacs. 

INTRODUCTION 

A  most  widely  used  technique  for  energy  loss  reduction 
is  enlargement  of  the  structure  geometric  sizes  with  an 
ensuing  decrease  of  the  accelerator  operating  frequency.  For 
similar  geometry  structures  the  accelerating  field  amplitude 
in  a  certain  cross-section  at  a  fixed  total  rf-flow  value 
depends  in  direct  proportion  on  the  operating  frequency 
oc  f^,  while  radiation  fields  for  similar  geometry  bunches 

vary  according  to  the  law  E^.  f q  •  After  decreasing  the 
operating  fi:equency  by  the  factor  of  n  the  ratio  of  the  energy 
loss  to  the  energy  gain  decreases  by  this  value.  Note  that  this 
inference  is  valid  only  for  similar  geometry  bunches. 

In  a  number  of  cases  the  radiation  loss  reduction  by  the 
way  of  operating  frequency  decrease  is  undesirable,  because 
it  entails  making  larger  accelerating  structure  sizes,  decreases 
the  breakdown  limit,  etc.  It  is  of  considerable  interest  to  seek 
out  other  ways  of  diminishing  the  slow-wave  structure 
electrodynamic  inhomogeneity  for  particle  acceleration.  We 


suggested  that  energy  losses  to  radiation  of  charge  particles  at 
constant  operating  frequency  be  decreased  by  the  making 
smaller  the  number  of  inhomogeneities  per  unit  length  of  a 
slow-wave  guide  [1,2].  For  a  disk-loaded  waveguide  it  was 
shown  that  in  case  of  acceleration  of  short-pulsed  beams 
containing  several  bunches  (N  >10),  when  energy  losses  are 
determined  by  excitation  of  the  fundamental  mode,  the 
increasing  of  inter-disk  spacing  causes  the  radiated  wave  to 
decrease  amplitude  faster  than  the  acceleration  gradient 
decreases.  Concurrently,  beginning  from  a  certain  inter-disk 
value  one  of  the  wave  spatial  harmonics  becomes  the 
accelerating  one,  i.e.  particle- synchronous.  This  conformity 
to  natural  laws  opens  up  a  possibility  to  increase  the  number 
of  accelerating  particles  at  a  constant  external  source  power. 
Besides,  such  structures  have  several  other  advantages, 
namely,  a  better  Q  and  presence  of  rf-focusing  [3,4]. 

However,  during  single-bunch  acceleration,  when  the 
exited  wave  spectrum  considerably  broadens,  the  possibility 
of  loss  decrease  owing  to  a  sparser  inhomogeneity  position 
becomes  obscure.  Really,  in  case  of  single  bunch  acceleration 
of  considerable  importance  are  both  excited  wave  amplitudes 
and  their  frequency  spectrum  "density”.  In  this  connection, 
we  carried  out  calculations  of  radiation  characteristics  of 
point  charged  particles  in  disk-loaded  waveguides  with 
different  inter-disk  spacing. 

BASIC  EQUATIONS 

As  a  main  parameter  chosen  to  be  constant  for  the 
structures  under  consideration  was  considered  the  group 
velocity  Vg .  At  constant  Vg ,  section  lengths  L  and  external 

source  power  P  one  and  the  same  value  of  rf-energy  W 
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(W  =  PTf,  Tf=L/Vg)  is  needed  to  file  them.  The 

accelerating  wave  amplitude  in  a  fixed  cross-section  of  the 
homogeneous  slow-wave  structure  is  known  to  be  determined 
by  the  expression 

(1) 

where  P(z)  is  the  electromagnetic  wave  power  in  the  given 
cross-section,  (z)/P(z)  is  the  consecutive 

impedance  of  the  accelerating  wave  synchronous  spatial 
harmonic.  The  longitudinal  radiation  field  component  in  the 
wake  of  axis-propagating  particle  without  consideration  of 
the  oscillation  terms  is  equal  to  the  sum  of  all  exited 
waveguide  eigen-waves  [5] 

**  Ip  I 

Er=-qcXRn| — ^^COS((0„(t— ^)-(0„to)  (2) 

n=0  Vo 

here  Pg  „  =  Vg  „  /c,  Vg  „  is  the  group  velocity  of  n-th  eigen 


developed  by  the  authors  of  this  technique  [6,7]  in 
consideration  of  20  eigen-oscillations  in  the  inter-disk 
spacing  and  101  spatial  field  harmonics  over  the  flight 
region.  Results  of  F(co) -function  calculations  for  various 
slow- wave  structure  geometries  are  shown  in  Fig.l. 

As  indicated  above,  the  value  of  accelerating  wave 
group  velocity  at  the  operating  frequency  (fQ  =2797,2  MHz) 
is  chosen  to  be  constant 
Pg  s  -0,01.  Geometrical 

dimen-sions  of  the 
waveguides  under 

consideration  are  given 
in  Table  1  (a  is  the  radius 
of  the  aperture  in  the  disk, 
disk  thickness). 

The  first- type  accelerating  structure  (Rg=2245  Q/cm^, 


Table  1 


Type 

a 

(mm) 

t 

(mm) 

D 

(mm) 

Bi 

11,8 

6 

35,73 

B2 

11,8 

6 

71,45 

B3 

50 

50 

71,45 

D  is  the  structure  period,  t  is  the 


wave,  particle-synchronous,  to  is  the  particle  flight  time  over 
the  cross-section  considered  as  a  start-off  count  marker  for 
the  longitudinal  coordinate,  q  is  the  particle  charge.  For  a 
value  characterizing  the  relationship  of  radiation  fields  vs. 
accelerating  field  is  taken  the  dimensionless  value  which  is 
equal  to  the  relationship  of  the  radiation  field  in  the 
frequency  range  cOj^<co(0<n<N)  in  the  immediate 
vicinity  of  point  particle  (t-z/Vo«to)  with  the  charge 
q*=l  nC  vs.  the  accelerating  wave  amplitude  that  has  in  the 
cross-section  under  consideration  the  total  power  flow 
P*=l  MW: 


F(co)  = 


(4) 


Since  the  eigen-waves  form  a  discrete  frequency  spectrum, 
then  the  function  F(a))  is  treated  as  a  step-by-step  one. 


RESEARCH  RESULTS 

The  calculations  of  eigen-wave  characteristics  for  disk- 
loaded  waveguide  were  performed  according  to  a  program 


ot=0,002  1/cm,  Pg  s=0,0101,  0=271/3,  0^=0  )  resembles  in  its 

average  waveguide  characteristics  that  a  constant  gradient 
section  at  SLAG  [8].  The  second-type  accelerating  structure 

(R^=878  Q/cm^,  0=0,0015  1/cm,  pg  ^=0,0096,  0=  -  271/3, 
ng=l)  is  analogous  to  the  structure  used  in  a  high-current 
section  of  the  linear  accelerator  LUE-300  at  KFTI  [1].  To 
date  two  accelerating  sections  of  this  type  have  been 
manufactured  with  the  length  L«160  cm  and  group  velocity 
Pg  =0,036  installed  with  the  fieldback  loop.  Electron 

acceleration  in  this  waveguide  is  performed  by  the  first 
spatial  harmonic  of  the  counter-propagating  wave.  Slow- 
wave  structures  of  this  type  were  designated  STRAM  which 
stands  for  STRucture  Accelerating  Modified.  The  third-type 

structure  (Rg=552  Q/cm^,  (X=0,0024  1/cm,  Pg  ^=0,0099,  0=  - 
271/3,  ng=l  ),  which  has  non-standard  parameters,  has  been 
developed,  and  on  its  base  an  accelerating  section  has  been 
manufactured  for  LIC- accelerator,  which  stands  for  Laser 
Injector  Complex  designed  to  accelerate  intense  electron 
bunches  [9]. 
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Fig.l 

As  follows  from  Table  1,  disks  in  the  waveguide  are 
spaced  twice  as  rare  the  in  the  waveguide  Bj .  Comparison  of 
the  F(co) -function  relationships  for  these  two  structures 
indicates  that  the  radiation  field  value  in  the  fundamental 
pass  band  decreases  faster  upon  increasing  the  inter-disk 
spacing  than  the  accelerating  field  amplitude  [1,2].  Yet,  upon 
frequency  increasing  the  F((o) -function  for  the  waveguide 
B2  rises  faster  than  for  the  waveguide  Bj.  This  is  accounted 
for  by  the  fact  that  owing  to  increasing  of  the  cavity 
longitudinal  dimension,  as  formed  by  two  adjacent  disks,  the 
frequency  spacing  between  excited  eigen-waves  decreases. 
As  a  result,  structures  of  this  type  are  no  better  for 
acceleration  of  single  bunches  than  standard  disk-loaded 
waveguides. 

The  third-type  structure,  designed  and  manufactured  at 
KFTI,  is  much  alike  in  its  operation  to  the  waveguide  B2. 
Particle  acceleration  in  it  is  also  done  by  the  first  spatial 
harmonic  of  the  counter-propagating  wave.  However,  as  can 
be  seen  from  Fig.l,  it  has  considerably  lower  losses  to 
radiation  across  the  entire  frequency  spectrum.  This  is 
achieved  due  to  three  reasons.  Firstly,  owing  to  the  increased 
structure  period  the  number  of  electrodynamic 
inhomogeneities  overflown  by  particle  per  unit  length  is 
decreased  by  a  factor  of  two.  Secondly,  resulting  from  an 
increase  disk  thickness  the  cavity  dimensions  remained 
practically  the  same  as  in  the  structure  B,,  leaving  the 
“spectrum  density”  of  eigen-waves  unchanged.  Thirdly, 
removal  of  inhomogeneities  off  from  the  axis  (increasing  the 


radius  of  the  flight-through  aperture)  led  to  an  additional 
decrease  of  the  amplitudes  of  particle-excited  waves..Thus, 
the  above  results  of  studies  on  charge  particle  radiation  field 
relationships  in  periodic  waveguides  show  that  without 
changing  the  operating  frequency  one  can  decrease  the  losses 
to  radiation  by  way  of  increasing  the  inter-spacing  between 
electrodynamic  inhomogeneities  both  in  the  fundamental 
band  pass  and  in  the  wide  frequency  spectrum. 

REFERENCES 

1.  N.l.Aizatsky,  E.Z.Biller,  E.V.Bulyak  et  al.  Voprosy 
attomnoi  Nauki  i  Tekniki.  VANT;  series.  Nuclear  Physics 
Research  (Theory  and  Experiment),  1991,  No.3(21),  p.16-18. 

2.  N.l.Aizatsky,  V.V.Volobuyev.  Voprosy  attomnoi  Nauki  i 
Tekniki.  VANT:  series.  Nuclear  Physics  Research  (Theory 
and  Experiment),  1991,  No.3(21),  p.43-44. 

3.  L.A.Makhnenko,  V.I.Pakhomov,  K.N.Stepanov.  ZhTF, 
1965,  V0I.35,  N0.4,  p.618-622. 

4.  N.LAizatsky,  E.V.Bulyak,  V.I.Kurilko.  Proc.  12th  All- 
Union  Seminars  on  Charged  Particle  Accelerators,  Dubna, 
1992,  Vol.l,p.412-415. 

5.  E.P.Burstein,  E.V .Voskresensky.  Intense  Beam  Electron 
Linacs,  Moscow,  Atomizdat,  1970. 

6.  V.I.Naidenko,  E.V.Guseva.  Radioteknika  I  Elektronika, 
1987,  Vol.32,  N0.8,  p.1735-1757. 

7.  V.I.Naidenko.  Doklady  AN  Ukr.SSR,  Ser.A,  Phis.-Math. 
and  Technical  Science,  1990,  No.9,  p.58-61. 

8.  Loew  G.A.,  Neal  R.V.  Accelerating  structures.//  "Linear 
accelerator"  edited  by  P.M.Lapostolle,  1970,  p.39-113. 

9.  N.LAizatsky,  E.Z.Biller,  V.N.Boriskin  et  al.  13th  All 
Union  Seminars  on  Chargrd  Particle  Accelerators,  Dubna, 
1992,p.l54. 


3231 


THE  DESCRIPTION  OF  HIGH  CURRENT  BEAM  DYNAMICS  USING  LIE 

ALGEBRAIC  METHODS 


A.LBorodich,  A.A.Khrutchinsky,  V.I.Stolyarsky 
Institute  of  Nuclear  Problems,  Belorussian  State  University 
220050,  Minsk,  Belarus 


Abstract 

A  scheme  to  describe  a  nonlaminar  beam  dynamics  in  the 
electromagnetic  field  is  suggested.  It  is  based  on  the  Lie  al¬ 
gebraic  methods  and  uses  the  quasi-equilibrium  plasma  model. 
Numerical  results  are  represented. 

L  INTRODUCTION 

U sing  of  the  paraxial  approximation  for  the  description  of  high 
current  beam  dynamics  leads  to  applying  the  Lie  algebraic  meth¬ 
ods  to  calculate  transfer  map,  that  relates  initial  and  final  coordi¬ 
nates  and  momenta  of  an  arbitrary  particle  in  the  sixdimensional 
phase  space  [1],  [2] .  The  main  difficulty,  when  dealing  with  a 
bright  beam,  is  to  take  into  account  the  influence  of  space  charge 
on  variation  of  beam  characteristics.  For  laminar  beams  it  was 
done  in  [3],  [4]  in  terms  of  charged  particle  optics.  In  this  pa¬ 
per  the  powerful  methods ,  mentioned  above,  are  used  to  describe 
high  current  (nonlaminar)  beam  dynamics,  when  space  charge  is 
altering.  A  beam  is  considered  as  a  statistical  system  of  charged 
particles.  The  results  of  numerical  simulations  for  a  beam  being 
focused  by  longitudinal  magnetic  field  are  given  as  a  simple  ex¬ 
ample  and  compared  with  known  facts  from  plasma  physics. 

IL  BACKGROUND  MATERIAL: 
COMPUTATION  OF  TRANSFER  MAP 

The  location  of  any  particle  of  a  beam 
in  six-dimensional  phase-space  is  characterized  by  the  vector 
y,  T,  Px)  Py ,  Pt)-  An  independent  variable  is  the  coor¬ 
dinate  along  the  reference  trajectory.  Variables  X  and  Y  denote 
transverse  displacement  of  an  arbitrary  particle  from  the  refer¬ 
ence  one,  T  fixes  the  difference  of  their  time  coordinates.  And 
the  least  three  variables  are  correspondingly  the  canonical  con¬ 
jugate  momenta.  Using  of  the  reference  trajectory  means  the  de¬ 
scription  of  a  beam  dynamics  in  paraxial  approximation. 

According  to  the  definition,  transfer  map  M  relates  initial  and 
final  generalized  coordinates  and  momenta  of  an  arbitrary  parti¬ 
cle 

^{z)  =  Mr{z), 

The  action  of  this  operator  can  be  considered  as  a  canoni¬ 
cal  transformation.  Taking  into  account  the  canonical  trans¬ 
formations  generate  a  symplectic  group,  we  can  factorize  M  , 
i.e.  write  it  as  an  infinite  product  of  Lie  transformations  of  Lie 
operators  associated  with  some  homogeneous  polynomials  fm 
[1],  [2].  Since,  for  the  first,  the  fundamental  Poisson  bracket 
defining  Lie  operators  is  invariant  in  canonical  transformations, 
for  the  second,  ten  symplectic  group  generators  realize  the  pre¬ 
sentation  of  Lie  algebra,  it  is  possible  to  express  fm  over  polyno¬ 
mials  Hm,  obtained  as  one-particle  Hamiltonian  decomposition. 
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Particle’s  Hamiltonian  is: 

H{X,  Y,  T,  Px,  Py,Pt;  z)  =  ~{{Pt  + 
-{Px  “  qAx)^c^  -  {Py  ~ 


(m  and  q  are  the  particle  rest  mass  and  charge,  c  —  speed  of  light; 
reference  trajectory  parameters  are  marked  by  subscript  0). 

Scalar  and  vector  potentials  of  the  electromagnetic  field  <j>  and 
A  consist  of  two  parts,  that  describe  the  influence  of  the  external 
field  and  space  charge  upon  a  particle: 

y;  z)  =  y;  z)  +  y;  z), 

X{X,  y;  z)  =  y;  z)  +  y;  z).  (2) 

It  is  assumed  and  are  known.  Their  structure  is 

determined  by  given  focusing  systems  that  are  used  to  form  or  to 
transport  abeam.  If  the  form  of  and  is  also  known 

and  the  decomposition  on  the  polynomials  have  been  done  for 
them,  we  can  apply  the  Dragt  method  [1],  [2]  to  express  poly¬ 
nomials  fm  over  Hm  and  write  down  transfer  map  M  in  obvi¬ 
ous  form.  To  find  out  M,  for  example,  through  the  fourth  order, 
the  system  of  three  matrix  differential  equations  must  be  derived 
(their  structure  is  adduced  in  [1],  [2]). 

III.  SPACE  CHARGE  CALCULATION 

Inasmuch  mapping  has  been  done  for  any  particle  of  a  beam  as 
we  will  use  one-particle  distribution  function  g{C,z)  to  calculate 
the  potentials  and 

The  Coulomb  interaction  dominates  in  comparison  with  mu¬ 
tual  collisions  between  the  particles  in  high  current  beam  [5]  and 
we  can  be  satisfied  by  zero  approximation  for  gas  parameter  rj 
(ratio  of  average  potential  energy  to  the  mean  kinetic)  to  calcu¬ 
late  an  alteration  of  z)  according  to  the  Liouville  theorem: 

(3) 

Now,  instead  of  solving  the  Landau-Vlasov  equation  and  the 
system  of  the  Maxwell  equations  jointly,  we  choose  another 
way.  Space  charge  structure  proves  to  be  invariable  along  2: 
within  some  length  /,  that  is  greater  than  the  Debye  radius,  but 
don’t  exceed  the  range  of  a  particle  without  collisions.  There¬ 
fore,  on  every  elementary  length  I  of  the  interaction  channel 
time-independent  space  charge  acts  to  any  particle  of  a  beam. 
Moreover,  the  distribution  function  satisfies  the  Liouville  theo¬ 
rem  (3).  Hence,  moving  high  current  beam  as  a  statistical  sys¬ 
tem  passes  through  the  consequence  of  equilibrium  states  only. 
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It  is  obviously,  the  volume  occupied  by  the  particles  is  slowly 
varying  parameter  for  given  adiabatic  process.  Thus,  z)  of 
the  quasi-equilibrium  system  under  review  assumes  to  obey  the 
Boltzmann-Maxwell  statistics  along  the  whole  interaction  chan¬ 
nel.  Only  the  shape  of  the  distribution  function  is  altering  on  ev¬ 
ery  length  L 

To  calculate  on  given  elementary  length  the  quasi— 

stationary  approximation  [6]  can  be  used: 

Ab^am^X,Y)  =  =  0, 

y^beam (X,  7 )  =  y) .  (4) 

The  electric  part  of  space  charge  assumes  to  be  only  transverse 
in  respect  to  the  reference  trajectory, 
the  magnetic  one  -  azimuthal. 

If  particles  are  distributed  according  to  the  Boltzmann- 
Maxwell  statistics  and  the  decomposition  of  is  limited  by 
the  polynomials  of  the  second  degree,  charge  density  of  a  beam 
p{X^Y)  has  the  Gaussian  shape  on  every  elementary  length  1. 
It’s  known  that  particles  of  a  beam  aren’t  in  equilibrium,  but  us¬ 
ing  of  the  Gaussian  distribution  is  often  suitable  for  its  descrip¬ 
tion  [5].  And,  as  it  will  be  shown  below,  such  simple  “step  by 
step”  scheme  to  calculate  space  charge  gives  positive  results. 

The  magnitude  of  on  given  elementary  length  at  some 
point  (a?o,  yo)  of  the  beam  cross-section  is  calculated  with  the 
help  of  the  Green  function  as  a  solution  of  the  two-dimensional 
Dirichlet  problem  for  the  Poisson  equation: 

=  J  j  dxdy^^ 

1  1 

=,  (5) 

y/{x  -  xo)^  +  {y  -  yoy 

where,  cq  is  a  dielectric  permittivity  of  free  space. 

IV.  ALGORITHM  TO  DESCRIBE  A  BRIGHT 
BEAM  DYNAMICS 

So,  the  general  scheme  to  describe  a  bright  beam  dynamics  in 
external  field  is  the  following.  The  initial  cross-section  of  a  beam 
is  being  represented  as  a  set  of  the  test  point  particles.  Their 
transverse  coordinates  and  momenta  satisfy  the  Boltzmann- 
Maxwell  distribution.  Time  coordinates  are  the  same  for  all  test 
particles  and  for  the  reference  one.  The  energy  of  an  arbitrary 
test  particle  differ  from  the  reference  particle  energy  on  the  quan¬ 
tity 


-4  =  cy/{p°)^  +  {P‘,y  +  {Pi.r  +  m^c^ 

According  to  (5)  we  find  numerically  values  of  at  the 
knots  of  a  spatial  net,  that  cover  the  cross-section  of  a  beam, 
computing  the  two-dimensional  integral  by  the  Gauss  method. 
Then  we  approximate  Y)  and  Y)  from  (4) 

by  the  homogeneous  polynomials  of  the  fourth  degree,  substitute 
them  into  the  Hamiltonian  (1)  and  receive  expressions  for  Hm- 
Solving  numerically  the  system  of  three  matrix  differential  equa¬ 
tions  by  the  Runge-Kutta-Merson  method,  we  determine  transfer 


map  M  in  obvious  form  for  every  test  particle.  These  operators 
are  used,  we  find  coordinates  and  momenta  of  the  test  particles  at 
the  end  of  the  first  elementary  length.  Computing  the  mean  val¬ 
ues  and  dispersions  of  the  transverse  coordinates  and  momenta, 
energy  spectrum,  we  obtain  the  initial  data  to  execute  test  par¬ 
ticles  on  the  next  elementary  length  of  the  interaction  channel. 
Repeating  the  procedure  for  calculating  space  charge  potentials 
and  transfer  maps  we  carry  out  computations  on  the  following 
steps. 

The  scheme  described  above  is  an  algorithm  for  computer 
code  TRLIE.  This  code  calculates  a  bright  beam  characteristics 
when  it  is  passing  through  a  set  of  magnetic  focusing  elements. 
Verification  of  this  code  was  carried  out  by  comparison  with 
the  results  of  the  tests  having  executed  by  codes  TRANSPORT 
(without  space  charge  effects)  and  CHARLIE4F  (with  space 
charge  effects)  [4]. 


V  EXAMPLE:  HIGH  CURRENT  BEAM  IN 
MAGNETIC  FIELD 

Let’s  consider  as  a  simple  example  the  results  given  by  TRLIE 
code,  when  the  beam  is  placed  at  the  homogeneous  longitudinal 
magnetic  field.  They  were  obtained  for  the  beam  with  current 
1  kA,  initial  radius  2, 5  cm,  initial  divergence  of  the  transverse 
momenta  of  1  %  from  the  reference  particle  momentum  at  the 
magnetic  field  induction  magnitude  100  Gs  for  the  different  ki¬ 
netic  energy  values  of  the  beam. 

On  fig.  1  the  beam  radius  evolution  is  shown.  Obtained  oscilla¬ 
tions  of  a  beam  boundary  can  be  identify  with  the  surface  waves 
in  plasma  with  the  parameter  of  inhomogeneity  ro  ,  that  is  re¬ 
strained  by  the  external  longitudinal  magnetic  field.  The  disper¬ 
sion  equation  for  axial  symmetrical  modes  [7]  gives  the  follow¬ 
ing  expression  for  spectrum  of  this  long-wave  oscillations  (fre¬ 
quency  LJ  is  not  exceed  plasma  frequency  lol)- 


2^2 


UJ 


=  k 


2  ^2^0 


In- 


kro 


(6) 


In  the  table  1  magnitudes  of  the  wave  number  k  and  the  fre¬ 
quency  w  of  the  surface  wave  obtained  by  the  code  and  the  fre¬ 
quency  UJ  calculated  according  to  (6)  are  represented.  It  is  ob¬ 
viously,  the  results  of  simulations  are  in  good  agreement  with 
known  facts  from  plasma  physics. 


VI.  CONCLUSION 

The  description  of  a  bright  beam  dynamics,  accomplished 
above,  can  be  applied  for  any  flows.  There  is  no  restriction  of  an 
energy  or  current  density  of  a  beam.  The  validity  of  suggested 
method  is  limited  by  the  paraxial  approximation  in  sense  of  the 
accuracy  to  decompose  one-particle  Hamiltonian  on  the  polyno¬ 
mials  close  to  the  reference  trajectory. 


References 

[1]  A.J.  Dragt,  J.M.  Finn,  “Lie  Series  And  Invariant  Functions 
For  Analitic  Symplectic  Maps,”  J,  Math.  Phys.,  vol.  17,  pp. 
2215-2227, 1976. 

[2]  A.J.  Dragt,  E.  Forest,  “Computation  of  Nonlinear  Behav¬ 
ior  of  Hamiltonian  System  Using  Lie  Algebraic  Methods,”  7. 
Math.  Phys.,  vol.  24,  pp.  2734-2744, 1983. 


3233 


Carvea  for  different  beam 
energy  values  are  marked  by: 

E=1  MeV  —  hollow  drde, 

E=500keV  —  full  rectangle, 

E=300keV  —  full  circle. 

length,  [meter] 


E  My 

/?  ,  m  ^ 

uj ,  sec  ^ 

w  ,  sec  ^ 

300 

3.98 

1.01  X  10® 

0.94  X  10® 

500 

2.86 

0.81  X  10® 

0.76  X  10® 

1000 

1.84 

0.57  X  10® 

0.53  X  10® 

Table  I 

Characteristics  of  the  surface  waves  in  a  beam  and  plasma. 
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Abstract 

A  signifirjint  breakthrough  in  the  understanding  of  the 
space-charge  dominated  beam  dynamics  has  been  achieved  with  Are 
introduction  of  the  Particle-Core  Model  at  the  previous  PAC 
(O’Connell,  Wangler,  Mills  &  Crandall,  May  1993).  Using  this 
model,  we  have  shown  the  chaotic  behaviour  of  the  particles  for 
mkmatf-hpft  beams  in  continuous  focusing  channels  (August  1993  & 
August  1994)  and  for  matched  beams  in  FODO  channels  (December 
1993  &  June  1994).  In  these  studies,  it  has  been  settled  that  the  recent 
theories  developed  for  the  analysis  of  nonlinear  d5mamrc  systems 
("chaotic  dynamics")  are  very  useful  to  understand  charge 
redistribution  and  halo  formation  phenomena  They  are  now  used  to 
describe  the  behaviour  of  mismatched  beams  in  FODO  charmels.  It  is 
shown  that  a  mismatch  adds  perturbing  forces  which  can  deeply 
modify  the  dynamics.  The  particle  diffusion  far  from  the  beam  core  is 
studied. 

1.  INTRODUCTION 

In  numerous  nonlinear  dynamical  systems  studied  in 
various  disciplines  (fluid  dynamics,  celestial  mechanics,  chemistry, 
biology,  economy,  ecology...),  chaotic  (stochastic)  motions  are 
gpnffl-atpfl  by  the  dynamics  itsdf  wheateas  no  random  force  is  present 
The  chaotic  behaviour  of  ttie  particle  trajectories  (already  studied  in 
*e  accelerator  field  to  understand  the  beam-beam  effect)  has  been 
observed  fixim  numerical  experiments  on  space-charge  dominated 
beams  [1-4].  This  significant  breakthrough  in  the  understanding  of 
the  mechamisms  leading  to  charge  redistribution  and  halo  formation 
in  file  new  generations  of  high-powar  linacs  has  been  achieved  thanks 
to  the  Particle-Core  Model  (PCM)  [5] . 

The  PCM  is  obviously  not  a  self  consistant  model  but,  as  it 
is  usualy  done  to  study  complex  systems,  it  is  a  simplified  model 
which  keeps  the  dominant  propalies  of  the  real  physical  system  and 
which  allows  an  analysis  of  flie  basic  phenomena.  For  flie  PCM : 

-  the  influence  of  the  halo  on  the  beam  core  is  neglected  because 
halo  particles  are  supposed  to  be  a  very  low  fraction  of  the  total 
beam, 

-  fire  "breathing"  mode  which  is  flie  main  oscillation  mode  exited 
by  the  quadrapoles  in  a  real  accelerator  is  tire  sole  mode  taken  into 
account.  All  the  other  modes  are  neglected. 

The  first  numerical  experiments  completed  using  the  PCM 
[5, 1 , 6, 2]  dealt  with  the  evolution  of  beams  in  a  continuous  focusing 
channel.  As  pointed  out  in  tef.[l,2],  when  the  envelope  of  a 
mismatched  beam  oscillates,  space  charge  can  be  assimilated  to  a 
nonlinear  periodic  perturbing  force  which  excites  resonances.  The 
resonance  overlap  mechanism  [7]  can  then  lead  to  the  formation  of  a 


halo  area  where  fire  particle  trajectories  are  stochastic.  This  chaotic 
behaviour  has  been  clearely  observed  using  the  Poincare  surface  of 
section  technique.  Sensitive  depaidance  on  initial  conditions  and 
intermittencies  which  charactmze  chaotic  systems  have  been  also 
shown. 

In  ref  [3, 4],  the  PCM  is  used  to  analyse  tire  behaviour  of  a 
matched  beam  evolving  in  a  FODO  channel.  Again,  tire  test  particles 
trajectories  are  studied  using  the  Poincare  section  technique  to  display 
the  chaotic  areas  prominently.  Here,  the  beam  envelope  oscillations 
are  naturally  "excited"  by  the  quadrupoles  then,  as  for  a  mismatched 
beam  in  a  continuous  focusing  channel,  several  resonances  can 
overly  and  form  a  halo.  Therefore,  it  seems  unportant  to  emphasize 
that  halos  can  be  generated  even  if  tire  beam  is  perfectly  matched,  not 
only  via  non-ideal  conditions  as  found  stated  in  some  recent  papers. 

In  a  FODO  channel,  both  order  and  number  of  the 
resonances  which  are  present  around  the  beam  core  are  determined 
by  the  choice  of  the  phase  advances  with  (0( )  and  without  (Oor ) 
space  charge.  Actually,  the  tune  of  the  test  particles  which  travel  near 
the  core  is  close  to  t)  =  (3,/2k  and  it  tends  towards  t)  =  aor/27t  when 
the  transverse  aiergy  is  increased  because  the  effect  of  space  charge 
becomes  more  and  more  negligeable.  For  K-V  or 
monotonically-decreasing  distribution  fiinctions  for  which  0(  is  the 
phase  advance  near  the  axis,  the  parametric  resonances  which  can  be 
excited  are  then  in  the  range : 

at/ln  <v<  aot/2% 


The  size  of  the  stochastic  areas,  consequently  the  particle 
diffusion,  is  limited  when  the  strong  resonances  t)  =  1/4  and '0  =  1/5 
are  avoided  (Oo/<72’^)  [3].  Thrs  can  be  done  using  modified 
octupoles  to  reduce  the  tune  spread  in  the  beam  core  vicinrty  [4]  or, 
singly  choosing  001-61.9°  and  o,~19.9°  for  exanqile.  The 
resonances  which  surround  the  K-V  beam  core  are  thrai  in  the  range 
l/18<o<l/6  with  tiie-o  =1/18  tesonance(o  =  20°)  vay  close  to 
flie  core  and  the  '0  =  1/6  resonance  (o  =  60°)  far  from  it  Figure  1 
gives  a  Poincare  section  for  uncoupled  (xX>  y^^)  test  particles 
showing  the  '0  =  l/6,l/7  and  1/8  resonances.  A  thin  stochastic  layer 
spears  around  each  resonance  (weak  chaos)  but  they  do  not  overlap, 
they  stay  isolated  by  KAM  surfaces.  The  poturbation  is  too  weak  to 
form  a  large  stochastic  sea  which  could  lie  down  up  to  the  -u  =  1/6 
resonance  area. 

In  Ref  [3],  it  has  been  shown  that  to  couple  tire  RF 
defocusing  effect  to  the  radral  motion  leads  to  the  formation  of  large 
stochastic  seas.  Therefore,  the  dynamics  is  deeply  modified  when 
"coupled  oscillators"  are  added  to  tire  system.  In  the  following 
sections,  the  effects  of  an  additional  source  of  paturbation  :  a  beam 
core  mismatch,  will  be  studied. 
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3.  RESONANCES  EXCITED  BY  A  MISMATCH 


Cx,  x') 


Fig.  1 :  Poincare  section  for  a  matched  beam. 

(uncoupled particles  with  Ooi~61.9"  anda,~  19.9") 

2.  MISMATCnED  ENVELOPES 
For  weak  mismatchs,  the  aivelope  equations  in  smooth 
approximation  can  be  linearized  When  ao  =  are  the  matched 
beam  mean  radii,  (he  envelopes  in  the  two  transv«:se  planes  can  be 
noted  ci  =  ao+  5a  and  b  =  bo+  5b .  The  two  mismatch  terms  ( 
5a  «  ao  and  5b  «  bo)  ate  then  detarmined  by  two  coupled  linear 
dififerential  equations : 

6a"  +  Gfl  5a  +  cli,5b  =  0  and  5b"  +  al5b  +  c\f,5a  =  0 
with  Glf,^2KI  {ao  +  bo)^ 

and  a2  =  o^  =  4  +  (3eVa^)  +  a2j 

where  AT  is  the  geneialized  perveance  and  e  =  e;c  =  Ey  is  the  beam 
emittance.  Following  I.  Hofinann  [8],  the  two  eigen  modes  can  be 
called  even  and  odd  they  ate  givai  by : 
cl  =  gI  +  gIi,  =  2(al  +  ah)  and  al  =  al- ah,  =  3a?  +  ah 
3116  K-V  oivdope  equations  have  been  numerically 
integrated  (without  smooth  approximation)  for  a  weak  initial 
mismatch  6a  =  0.  lao,  86  =  8a'  =  6^  =  0  and  a  FODO  channel 
with  aoi  ~  62°  and  at  ~  20°.  The  Fourier  spectrum  of  the  aivelopes 
(fig.2)  shows  that,  even  for  this  weak  mismatch,  the  anqrlitudes  of  the 
odd  and  even  modes  are  already  large  cotr^ared  to  the  one  of  the 
main  mode  (f=l).  The  eigen  frequencies  are  close  to  those  ralmlatpH 
using  the  theoretical  formulas  but,  for  larger  mismatchs,  the  envelope 
oscillations  become  rapidly  chaotic  leading  to  a  more  complicated 
fiequency  q)ectrura 


Fig.  2 :  Fouria:  spectram  of  a  mismatched  beam  envelope. 


Above  the  resonances  excited  by  the  natural  beam 
modulation  due  to  the  quadmpolar  focusing  system 
(at/2n  <v<  Oo,/27t),  new  resonances  are  excited  by  (he  two  eigen 
frequaicies  of  the  envelope  oscillations  when  the  beam  is 
mismatched.  These  additional  resonances  are  in  the  range 
Cflaefi  <  Ue.o  <  aotlCej)  tiioi,  witfa  r|  =  at/aoi  : 

■n/j2m^+i)  <x>e < yj2(n^+i)  for  the  even  mode 
and  Ti/^STl^  +  l  <  u<,  <  for  the  odd  mode. 

Figure  3  shows  the  range  of  resonances  which  can  be 
excited  by  tiie  two  modes  as  a  function  of  the  tune  spread  ir| .  As  in  the 
case  of  a  continuous  focusing  channel  [2],  the  strong  Ve,o  =  1/2 
resonance  is  definitively  always  present 


Fig.  3 :  Range  of  excited  resonances  versus  T| . 

4.  CHAOS  INDUCED  BY  A  MISMATCH 

The  simplest  way  to  analyse  the  test  particle  chaotic 
motions  is  to  use  the  Poincare  section  technique.  For  a  mismatched 
beam  in  a  FODO  channel,  it  is  therefore  necessary  to  choose  an  initial 
mismatch  such  as  only  one  mode  (even  or  odd)  is  excited,  and  also  to 
choose  the  channel  parameters  such  as  the  beam  core  oscillation  is 
pmodic.  An  optimization  code  has  been  written  to  find  these 
conditions,  the  case  aor  =  61.87659^  and  Gt=  19.9220(?  has  been 
choosen  for  the  numerical  experiments.  Using  these  parameters : 

-  the  main  resonances  which  are  present  around  the  K-V  beam  core 
are  1/18  <  t)  <  1/6  (see  section  1  and  figure  1), 

-  the  beam  core  oscillation  is  exactly  five  FODO  periods  for  an 
initial  mismatch  5a  = .  lao,  8b  =  lao,  5a'  =  5/?'  =  0  . 

-  Ti=  0.322  and  the  main  resonances  excited  by  the  odd  mode  are 
x>o  =  2/3, 1/2  and  1/3  (see  figure  3). 

Using  these  parameters,  a  Fourier  analysis  of  the  envelopes 
shows  that  the  amplitude  of  the  odd  mode  is  about  half  of  those  of  the 
fimdamental  mode.  In  a  Poincare  section  (fig.4)  a  large  stochastic  area 
which  is  created  by  the  overlaping  of  resonances  appears  around  the 
beam  core.  The  Vo  =  1/2  (easily  recognizable  in  figure  4)  and  theo^  = 
1/3  resonances  overlap  with  the  low  order  resonances  excited  by  the 
fundamental  mode.  For  uncoupled  particles,  this  chaotic  sea  stays 
isolated  fi*om  the  o  =  1/6  resonance  by  KAM  curves  which  are  not 
destroyed  by  the  weak  mismatch . 


3236 


Cx,  xM 


6.  CONCLUSION 


Fig,  4 :  Poincare  section  for  a  mismatched  beam, 

(uncoupled  particle,  Oot  =61.87659®  and  af=  19.92206®) 

5.  SEARCH  FOR  ARNOLD  DIFFUSION  AT  LARGE 
AMPLITUDES 

When  there  is  more  than  two  degrees  of  freedom,  the  KAM 
surfaces  no  longer  isolate  the  stochastic  areas  which  form  a  dense 
"Amol’d  web"  [7,4],  Diffiision  of  particles  toward  large  an^litudes  is 
tihen  possible  along  this  web  with  diffusion  rates  which  increase  when 
the  size  of  the  chaotic  areas  increases  (due  to  a  mismatch  for 
exan^le).  This  "Arnold  diffusion"  is  a  phenomenon  which  has  been 
studied  for  numerous  systems  (see  Ref  [4]  for  a  matched  beam  in  a 
FODO  channel),  but  the  random  behaviour  of  the  particle  motions 
along  the  web  highly  conplicates  the  calculation  of  low  diffiision 
rates. 

Regarding  the  preliminary  study  presented  here,  the  beam 
core  and  FODO  channel  parameters  are  those  of  the  previous  section. 
To  analyse  the  particle  diffiision,  2500  test  particles  have  been 
followed  over  200  FODO  paiods  in  order  to  analyse  the  maximum 
radius  (R^)  reached  with  a  given  initial  radius  (^).  Figure  5  gives 
the  values  of  (R^“Rq)/Ro  for  initial  conditions  (normalized  with 
respect  to  the  core  envelope)  in  the  range  0  <  x  or  y  <  6  and  x’  =  y'  = 
0.  The  large  stochastic  area  located  near  the  beam  core  and  the 
V  =  1/6  resonance  area  can  be  clearely  localized.  But  any  diffiision 
from  one  area  to  the  other  can  be  observed.  For  the  choosen 
parameters  (weak  mismatch),  the  diffiision  rate  seems  therefore  low 


Fig.  5  :  Maximum  an^litudes  reachedl^y  the  test  particles  versus 
their  initial  positions  (x,  y,  x’  =  y’  =  0). 


For  the  new  gena-ation  of  high-power  accelerators,  the  most 
important  aim  is  to  limit  the  beam  losses  to  an  extremely  low  fraction 
of  the  total  beam,  the  basic  phenomena  leading  to  emittance  growth 
and  halo  formation  must  then  be  understood.  In  this  paper  as  well  as 
in  ref.  [1-4],  we  have  tried  to  show  that  chaos  induced  by  resonance 
overlap  and  Arnold  diffiision  can  drive  particles  far  from  the  beam 
core.  Even  if  the  studies  are  far  from  beeing  exhaustive,  they  have 
shown  that  these  phenom^a  become  more  and  more  significants 
when  perturbations  such  as  beam  core  modulations  due  to  the 
quadmpolar  focusing,  synchrobetatron  coupling  or  mismatchs  are 
taken  into  account  Nevalheless,  the  random  character  of  the  particle 
motions  will  not  facilitate  the  studies.  As  far  as  we  know,  analytic 
calculation  of  the  diffiision  rates  will  be  practically  impossible  and 
several  questions  can  be  asked  on  the  numerical  experim^ts : 

-  What  is  the  number  of  test  particles  requested  to  obtain  a  true 
evaluation  of  the  diffiision  rates?  Can  a  judicious  choice  of  the 
initial  conditions  reduce  this  numba*? 

-  Can  the  diffusion  rates  for  some  focusing  periods  be  deduced 
from  a  tracking  over  a  large  number  of  pmods? 

-  Do  the  round  off  errors  allow  an  accurate  evaluation  of  the 
diffusion  rates? 

It  will  be  also  very  irrqiortant  to  take  into  account  the 
(nonlinear)  longitudinal  motions  because  Arnold  diffusion  can  drive 
particles  out  of  the  separatrix,  then  leads  to  unbounded  motions.  This 
study  is  in  progress. 

Acknowledgement. 

D.  Libault,  student  of  the  ESPQ,  would  like  to  thank  the 
support  provided  by  the  CEA-DSM-GECA. 

PREFERENCES 

[1]  J-M.  Lagniel,  "On  halo  formation  from  space-charge  dominated 
beams",  LNS/SM/93-35,  August  1993  and  NIM-A  Vol.345  No.l, 
1994,  p.46. 

[2]  J-M.  Lagniel  and  A-C,  Piquemal,  "On  the  dynamics  of 
space-charge  dominated  beams",  LINAC94  conf.  proc., 
August  1994. 

[3]  J-M.  Lagniel,  "Chaotic  behaviour  and  halo  formation  from  2D 
space-charge  dominated  beams",  LNS/SM/93-42,  Decemba*  1993 
and  NIM-A  VoL345  No.3, 1994,  p.405. 

[4]  J-M.  Lagniel,  "Chaotic  behaviour  induced  by  space  charge", 
EPAC94  proc.,  June  1994,  p.l  177. 

[5]  J.S.  OConneU,  TP.  Wangler,  R.S.  Mills  and  K.R.  Krandall, 
"Beam  halo  formation  from  space-charge  dominated  beams  in 
uniform  focusing  channels",  PAC93  proc..  May  1993,  p.365. 

[6]  T.P.  Wangler,  "Dynamics  of  beam  halo  in  mismatched 
high-current  charged-particle  beams",  LA-lJR-94-1 135,  March  1994. 

[7]  B.V.  Chirikov,  "A  universal  instability  of  many-  dimensional 
oscillator  systems".  Physics  reports  Vol.52  No.5,  May  1979. 

[8]  I.  Hofinann,  ’Transport  and  focusing  of  high-intensity 
unneutralized  beams",  in  Applied  charged  particle  optics  (C),  A 
Septier,  Academic  press,  1983. 


3237 


TRANSPORT  OF  A  PARTIALLY-NEUTRALIZED  ION  BEAM  IN  A  HEAVY-ION 

FUSION  REACTOR  CHAMBER* 

Debra  A.  Callahan  and  A.  Bruce  Langdon 
Lawrence  Livermore  National  Laboratory,  Livermore,  CA  94550  USA 


Abstract 

In  a  heavy-ion  driven,  inertial  confinement  fusion  power 
plant,  a  space-charge  dominated  beam  of  heavy  ions  must  be 
transported  through  a  reactor  chamber  and  focused  on  a  2-3  mm 
spot  at  the  target.  The  spot  size  at  the  target  is  determined  by 
the  beam  emittance  and  space  charge,  plus  chromatic  aberra¬ 
tions  in  the  focusing  lens  system  and  errors  in  aiming  the  beam. 
The  gain  of  the  ICF  capsule  depends  on  the  focal  spot  size.  We 
are  investigating  low  density,  nearly-ballistic  transport  using  an 
electromagnetic,  r-z  particle-in-cell  code.  Even  at  low  density 
(n  5  X  10^^  cm“^),  beam  stripping  may  be  important.  To  off¬ 
set  the  effects  of  stripping  and  reduce  the  space  charge,  the  beam 
is  partially  charge  neutralized  via  a  pre- formed  plasma  near  the 
chamber  entrance.  Additional  electrons  for  charge  neutraliza¬ 
tion  come  from  ionization  of  the  background  gas  by  the  beam. 
Simulations  have  shown  that  stripping  can  greatly  increase  the 
spot  size;  however,  partial  neutralization  can  offset  most  of  this 
increase. 

L  INTRODUCTION 


and  channel  transport  schemes  could  drastically  reduce  the  re¬ 
quirements  on  beam  quality  and  the  cost  of  electricity.  The 
physics  of  these  schemes  is  not  well  understood,  however.  An 
understanding  of  the  simpler,  nearly-ballistic  transport  will  give 
the  HIF  program  at  least  one  credible  scheme  for  chamber  trans¬ 
port. 

11.  THE  BICrz  PARTICLE-IN-CELL  CODE 

The  BICrz  (Beam  In  Chamber)  code  was  written  to  study 
HIF  chamber  transport.  BICrz  is  an  axisymmetric,  electromag¬ 
netic  particle-in-cell  code.  Beam  ions  and  energetic  electrons 
are  modeled  as  particles  to  preserve  kinetic  effects.  The  code  in¬ 
cludes  a  model  for  stripping  of  the  beam  ions  by  the  background 
gas  and  collisional  ionization  of  the  background  gas  molecules 
by  the  beam  ions. 

BICrz  uses  a  nearly  orthogonal  grid  which  converges  with 
the  beam.  In  a  typical  chamber  design,  the  beam  radius  de¬ 
creases  from  5  cm  to  3  mm  over  a  distance  of  3  meters.  The 
converging  grid  concentrates  resolution  near  the  target  where  it 
is  needed. 


In  a  heavy  ion  fusion  (HIF)  reactor,  a  space-charge  dominated 
beams  of  heavy  ions  must  be  focused  and  transported  through 
the  reactor  chamber  and  hit  a  2-3  mm  spot  on  the  inertial  con¬ 
finement  fusion  (ICF)  target.  The  gain  of  the  target  is  a  function 
of  the  spot  size  that  can  be  achieved  with  the  beams  and  ulti¬ 
mately  sets  the  requirements  on  allowable  beam  quality  in  the 
accelerator. 

The  beam  spot  size  at  the  target  is  influenced  by  four  factors. 
The  beam’s  transverse  emittance  and  space  charge,  chromatic 
aberrations  in  the  final  focusing  magnet  system,  and  errors  in 
aiming  the  beam  at  the  target.  Generally,  the  spot  size  at  the 
target  should  be  approximately. 


(^target)  ^  (^space  charge  -Remittance) 

H" (^chromatic  aberrations)  “I"  (^aiming  y  (1) 


where  target  is  the  final  spot  size  at  the  target  and  is  the 
spot  size  from  effect  x.  We  strive  to  achieve  rtarget  =  2-3 
mm.  The  target  is  injected  into  the  chamber  by  an  air  gun 
and  estimates  of  the  aiming  error  give  raiming  =  .4  mm[l]. 
A  final  design  for  the  final  focus  system  is  still  needed.  We 
assume  ^chromatic  aberrations  ^  1-1.5  mm.  For  a  3  mm  spot, 

^space  charge  -Remittance  ^2.8  mm. 

Our  studies  have  revolved  around  low  chamber  density, 
nearly-ballistic  transport.  We  feel  that  this  is  a  more  conserva¬ 
tive  option  than  pinched  or  channel  transport  schemes.  Pinched 


*  Work  performed  under  the  auspices  of  the  U.S.  DoE  by  LLNL  under  contract 
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III.  HYLIFE-II  REACTOR  DESIGN 

Our  simulations  are  based  on  the  HYLIFE-II  reactor  de- 
sign[2].  In  HYLIFE-II,  the  4  MJ  of  energy  in  the  main  pulse 
is  supplied  by  10  beam  of  mass  200  amu,  charge  state  +1  ions. 
Each  beam  carries  4  kA  current  and  has  a  10  nsec  pulse  duration. 
Two  additional  beams  are  used  to  generate  the  prepulse  (“foot”) 
required  by  the  target.  The  chamber  first  wall  is  located  3  meters 
from  the  target.  Each  beam  has  a  P  convergence  angle. 

The  chamber  wall  is  protected  by  a  liquid  salt,  (BeF2)(LiF)2, 
“Flibe.”  Moir’s  studies  [3]  show  that  .5  m  of  liquid  Flibe  (density 
2  g/cc)  will  protect  the  structural  material  from  neutron  damage 
for  the  full  30  year  lifetime  of  a  power  plant.  In  addition,  a 
thickness  of  .8  m  of  liquid  Flibe  will  allow  for  shallow  burial  of 
304  stainless  steel  upon  decommissioning  of  the  plant. 

The  chamber  gas  will  be  composed  of  BeF2  and  LiF 
molecules.  At  the  temperatures  of  interest  for  the  HYLIFE-II 
reactor  (600  -  700^  C),  the  gas  will  be  rich  in  BeF2  by  about  a 
factor  of  10  over  LiF.  For  650^,  the  density  of  the  chamber  gas 
will  be  about  5  x  10^^  cm“^. 

Our  simulations  use  a  10  GeV,  mass  210,  charge  state  +1 
beam  of  heavy  ions.  The  beam  has  a  parabolic  current  profile 
with  a  maximum  current  of  4.688  kA  and  duration  of  8  nsec. 
This  beam  is  shorter  than  that  used  in  the  reactor  (10  nsec)  for 
computational  convenience.  The  shorter  beam  requires  fewer 
particles  which  makes  the  calculation  faster.  With  these  beam 
parameters,  vacuum  transport  will  produce  a  reasonable  spot 
size  at  the  target.  We  hope  to  extend  the  nearly-ballistic  trans¬ 
port  mode  to  the  density  of  the  HYLIFE-II  chamber. 
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IV.  VACUUM  TRANSPORT 

Simulations  of  beam  transport  in  vacuum  can  be  compared 
with  the  beam  envelope  equation  to  verify  the  code.  Figure  (1) 
shows  the  beam  as  the  head  reaches  1,  2,  and  3  meters  along 
with  the  envelope  solution.  Ballistically  transporting  the  parti¬ 
cles  forward,  we  find  the  distance  at  which  the  root-mean-square 
radius  is  the  smallest.  For  the  particles  shown  in  figure  (1),  the 
best  focus  occurs  at  2.82  m  with  95%  of  the  particles  falling  in¬ 
side  a  2.6  mm  radius.  The  envelope  solution  agrees  well  with 
the  simulation  and  predicts  the  best  focus  at  2.83  meters  with  a 
spot  size  of  2.7  mm. 


^  (m) 


Figure  1.  Beam  at  3  times  and  envelope  solution  for  vacuum 
transport 

These  simulations  used  a  normalized  emittance  of  10.4  tt 
mm-mrad.  In  a  3  meter  chamber,  this  results  in  a  spot  size  of  2 
mm  from  emittance  alone.  This  value  of  the  emittance  was  cho¬ 
sen  for  computational  convenience  because  it  prevents  the  beam, 
and  hence  the  cell  size,  from  becoming  too  small.  To  achieve  the 
small  spots  needed  in  a  reactor,  an  emittance  of  about  half  this 
value  is  necessary. 

V.  BEAM  STRIPPING  AND  GAS  IONIZATION 

Even  at  the  low  densities  of  the  HYLIFE-II  chamber,  it  ap¬ 
pears  that  beam  stripping  will  be  important.  Cross  sections  for 
10  GeV,  Pb+^  ions  and  BeF2  gas  have  been  difficult  to  obtain. 
Estimates  of  the  cross  section  range  from  1 .2-4  x  10”"  cm^  [4], 
[5],  [6]  and  leads  to  a  range  of  mean-free-paths  (MFPs)  of  0.5 
-  1.6  m  at  650^  C  .  These  MFPs  are  smaller  than  the  chamber 
radius  (3  meters)  so  stripping  will  play  a  role  in  understanding 
beam  propagation. 

While  beam  stripping  makes  chamber  propagation  more  dif¬ 
ficult,  ionization  of  the  background  gas  by  the  beam  can  par¬ 
tially  neutralize  the  beam  and  aid  transport.  Cross  sections  for 
collisional  ionization  of  BeF2  by  the  beam  have  a  larger  uncer¬ 
tainty  than  stripping  cross  sections  because  calculating  molecu¬ 
lar  cross  sections  is  more  difficult  than  calculating  atomic  cross 


sections.  Estimates  of  the  MFP  for  ionizing  the  background  gas 
range  from  0.7  m  to  25  m[4],  [8],  [7]. 

Knowing  the  ratio  of  these  cross  sections  would  be  helpful 
because  there  is  some  flexibility  in  the  chamber  density.  Reduc¬ 
ing  the  temperature  from  650®  to  600®  C  reduces  the  density  by 
a  factor  of  4. 

A.  Beam  Stripping  and  Gas  Ionization  Sensitivity  Study 

Because  there  is  uncertainty  in  the  cross  sections,  we  did  a 
series  of  simulations  to  understand  how  these  processes  effect 
the  beam  spot  size  at  the  target. 

Currently,  BICrz  does  not  contain  an  actual  target.  Instead, 
we  run  the  simulation  until  the  beam  head  reaches  the  distance 
of  best  focus.  The  particles  are  then  ballistically  transported  to 
this  same  distance  and  the  radius  which  contains  95%  of  the 
charge  is  found.  This  radius  is  then  the  spot  size. 

We  found  a  stripping  MFP  of  1.2  meters  increased  the  spot 
size  from  2.6  mm  (vacuum  transport)  to  8  mm.  Using  the  same 
stripping  MFP,  but  adding  a  background  gas  ionization  MFP  of 
3.0  m  reduced  the  spot  size  from  8  mm  to  5.4  mm.  A  gas  ioniza¬ 
tion  MFP  of  .4  m  (which  is  outside  the  range  of  MFPs  discussed 
in  the  previous  section)  reduces  the  spot  size  from  8  mm  to  3,7 
mm. 

We  found  that  adding  electrons  to  the  system  causes  the  ra¬ 
dial  electric  field  to  become  nonlinear.  Figures  (1)  and  (2)  show 
the  radial  velocity  deflection  of  particles  near  the  beam  center 
as  a  function  of  radius  for  an  initially  cold  beam.  In  figure  (2), 
there  are  no  electrons  present  and  the  field  is  linear  with  radius. 
Figure  (3)  includes  electrons  from  both  beam  stripping  and  col¬ 
lisional  ionization  and  the  field  is  clearly  not  linear.  In  our  fo¬ 
cusing  system,  we  can  compensate  for  a  linear  electric  field  by 
increasing  the  focusing  angle,  but  we  cannot  compensate  for  the 
nonlinear  fields  in  this  same  way.  In  addition,  the  ions  have  a  ve¬ 
locity  spread  because  they  are  stripped  at  different  times.  Once 
the  ion  strips,  it  responds  more  strongly  to  the  electric  fields. 


Figure  2.  In  vacuum  transport,  the  radial  electric  field  is  linear. 
We  overfocus  the  beam  to  compensate  for  these  linear  fields. 
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Figure  3.  When  electrons  are  added  (from  beam  stripping  and 
gas  ionization  in  this  case),  the  radial  field  becomes  nonlinear. 
We  cannot  compensate  for  the  nonlinear  field  by  simply  overfo- 
cusing  the  beam. 

VL  NEUTRALIZATION  VIA  A  PREFORMED 
PLASMA  ANNULUS 

Neutralizing  an  ion  beam  is  more  difficult  than  neutralizing  an 
electron  beam.  If  an  electron  beam  passes  through  a  plasma,  the 
plasma  electrons  are  moved  out  of  the  beam  path  by  the  beam’s 
self  field  and  leave  the  immobile  plasma  ions  behind  to  neutral¬ 
ize  the  beam.  In  the  case  of  an  ion  beam,  electrons  must  be 
pulled  in  from  outside  the  beam  path  in  order  to  neutralize. 

An  electron  produced  by  ionizing  the  background  gas  only  re¬ 
duces  the  net  charge  after  the  beam  has  left  the  gas  ion  behind. 
As  a  result,  gas  ionization  neutralizes  the  beam  very  slowly 
and  radial  velocities  develop  before  neutralization  takes  place. 
These  radial  velocities  result  in  an  increase  in  spot  size  at  the 
target. 

To  neutralize  the  beam  quickly,  we  added  a  preformed  plasma 
annulus  near  the  chamber  entrance.  As  the  beam  enters  the 
chamber,  it  pulls  in  electrons  from  the  annulus  and  leaves  a  pos¬ 
itively  charged  plasma  behind.  We  found  that  this  was  quite  ef¬ 
fective  at  neutralizing  the  beam  initially.  However,  the  entrained 
electrons  are  hot  (vth  ^  -Sc)  and  do  not  compress  as  readily  as 
the  beam  ions.  Hence,  neutralization  is  not  as  good  near  the  tar¬ 
get. 

Our  simulations  used  an  annulus  that  was  .3  meters  long 
placed  5  cm  inside  the  chamber  entrance.  The  annulus  was  de¬ 
signed  to  fit  between  the  beams  in  HYLIFE-II  and  had  total  elec¬ 
tron  charge  of  4  times  the  beam  charge.  Adding  the  annulus  to 
a  simulation  with  a  stripping  MFP  of  1.2  m  decreased  the  spot 
size  fi:om  8  mm  to  3.5  mm.  Adding  gas  ionization  should  im¬ 
prove  the  spot  size  because  the  electrons  produced  by  gas  ion¬ 
ization  are  not  as  hot  as  the  electrons  from  the  plasma  annulus 
and  will  aid  neutralization  near  the  target.  Simulations  confirm 
this  prediction  and  the  spot  size  with  the  plasma  annulus  plus  a 
gas  ionization  MFP  of  3  meters  results  in  a  spot  size  of  3.0  mm. 


VIL  CONCLUSIONS 

Although  some  uncertainty  remains  in  the  cross  section,  beam 
stripping  seems  important  at  the  gas  density  of  the  HYLIFE-II 
chamber.  Simulations  have  shown  that  stripping  can  increase 
the  spot  size  considerably.  Stripping  causes  the  beam  ions  to 
respond  more  strongly  to  any  electric  fields  present.  In  addition, 
electrons  in  the  chamber  cause  nonlinear  electric  fields  which 
cannot  be  compensated  for  by  the  final  focusing  system. 

Charge  neutralization  of  the  beam  by  both  background  gas 
ionization  and  a  preformed  plasma  annulus  have  been  studied. 
Neutralization  via  gas  ionization  happens  slowly  since  the  beam 
must  ionize  the  gas  molecule,  then  leave  the  resulting  ion  be¬ 
hind  before  the  net  charge  is  reduced.  The  spot  size  is  reduced 
with  gas  ionization,  but  radial  velocities  develop  before  neutral¬ 
ization  can  occur. 

A  preformed  plasma  annulus  placed  near  the  chamber  en¬ 
trance  is  quite  effective  at  neutralizing  the  beam  early  on.  The 
beam  pulls  in  electrons  from  the  annulus  quickly,  before  radial 
velocities  develop.  However,  these  electrons  are  hot,  and  be¬ 
come  less  effective  at  neutralizing  as  the  beam  compresses  near 
the  target.  The  best  spot  size  was  found  with  a  combination  of 
gas  ionization  and  a  preformed  plasma  annulus. 

Future  studies  will  include  ionizing  a  larger  volume  of  the 
background  gas  surrounding  the  entire  beam  path.  We  hope  that 
this  will  result  in  better  charge  neutralization  which  may  allow 
the  use  of  higher  current  beams.  Higher  current  beams,  in  the 
form  of  either  multiply  charged  ions  or  lower  energy,  lighter 
ions  (Cs  for  example),  should  reduce  the  cost  of  a  heavy  ion 
driver  considerably;  however,  high  current  beams  must  be  par¬ 
tially  charge  neutralized  in  the  chamber  even  in  vacuum. 
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Abstract 

We  derive  a  set  of  moment  equations  which  incorporates  linear 
quadrupolar  focusing  and  space-charge  defocusing,  in  the  pres¬ 
ence  of  rotational  misalignments  of  the  quadrupoles  about  the  di¬ 
rection  of  beam  propagation.  Although  the  usual  beam  emittance 
measured  relative  to  fixed  transverse  x  and  y  coordinate  axes 
is  not  constant,  a  conserved  emittance-like  quantity  has  been 
found.  Implications  for  alignment  tolerances  in  accelerators  for 
heavy-ion  inertial  fusion  are  discussed. 


L  INTRODUCTION 

One  class  of  misalignments  of  interest  to  accelerator  design¬ 
ers  is  that  class  characterized  by  a  rotation  of  the  beam  optical 
elements  about  the  axis  of  propagation.  Rotated  dipoles,  for  ex¬ 
ample,  are  known  to  cause  the  centroid  of  aparticlebeam  to  wan¬ 
der  off  axis,  (since  the  rotations  will  result  in  momentum  im¬ 
pulses  in  the  positive  and  negative  y  [vertical]  direction.)  How¬ 
ever  rotated  quadrupoles  will  not  cause  an  initially  aligned  beam 
centroid  to  become  misaligned,  Quadrupole  rotations  do  how¬ 
ever,  create  a  linear  coupling  between  the  two  transverse  direc¬ 
tions,  X  (horizontal)  and  y,  in  the  equations  of  motion.  Since 
this  coupling  enters  linearly  in  the  equations  of  motion,  individ¬ 
ual  particle  oscillation  frequencies  can  be  shifted,  and  this  has 
implications  for  resonance  avoidance  in  synchrotrons,  (see  ref. 
[1]  and  references  therein).  In  this  paper,  we  are  interested  in 
the  effects  on  the  emittance  of  beams  with  non-negligible  space 
charge,  such  as  those  proposed  for  heavy  ion  inertial  fusion. 

We  derive  a  set  of  moment  equations  which  incorporates  this 
coupling,  and  which  serves  as  a  generalization  to  the  conven¬ 
tional  envelope  equations.  We  show  that  even  when  the  equa¬ 
tions  of  motion  are  linear  in  x  and  y,  the  beam  emittance  mea¬ 
sured  relative  to  fixed  x  and  y  coordinate  axes  is  not  constant, 
although  a  conserved  emittance-like  quantity  can  be  defined.  If 
not  corrected,  a  beam  will  acquire  a  finite  angular  momentum 
and  rotation  angle,  before  passing  through  a  final  focusing  lens, 
thereby  limiting  the  achievable  final  spot  size.  The  results  pre¬ 
sented  here  will  be  of  use  in  determining  alignment  tolerances  in 
heavy  ion  accelerators, 

11.  EQUATIONS  OF  MOTION 

To  obtain  an  estimate,  we  assume  that  the  force  on  an  ion 
comes  from  two  sources  only:  The  external  focusing  from  a 
purely  quadrupolar  field,  and  the  space  charge  of  the  beam  (im¬ 
age  forces  have  been  neglected).  For  the  purposes  of  this  calcu¬ 
lation  we  assume  that  the  space  charge  is  distributed  in  a  uniform 

*  Work  performed  under  the  auspices  of  the  U.S.  D.O.E.  by  LLNL  under  con¬ 
tract  W-7405 -ENG-48 


density  ellipse,  but  we  allow  the  semi-axes  and  the  rotation  an¬ 
gle  of  the  ellipse  to  evolve  as  a  function  of  the  axial  coordinate 
We  assume  that  a  quadrupole  is  rotated  by  an  angle  9  from 
the  ar-axis,  and  that  the  beam  is  rotated  by  an  angle  a  from  the 
a?-axis.  The  relation  between  the  coordinates  in  the  quadrupole 
frame  (indicated  by  subscript  0)  and  the  lab  frame  (no  subscript) 
are  given  by: 

X  =  xq  cos  ^  —  2/0  sin  9]  2/  =  2/o  cos  9  xq  sin  9  (1) 

Similarly,  the  relation  between  the  coordinates  in  the  rotated 
beam  frame  (in  which  the  beam  semi-axes  are  parallel  to  the  co¬ 
ordinate  axes  and  are  indicated  by  subscript  b)  and  the  lab  frame 
are  given  by: 

X  —  (x)  =  Xiy  cos  0  —  2/6  sin  o;  y  —  (y)  =  2/6  cos  a  +  x^,  sin  a 

(2) 

Here  ( )  indicates  a  statistical  average  over  the  distribution  func¬ 
tion.  For  a  non-relativistic  beam  moving  at  constant  velocity  pc 
along  the  axis,  the  paraxial  equations  of  motion  can  then  be 
written  as: 

X  ^qxyy  ^sxx{^  (^))  “I"  ^sxyiy  (l/))  (^) 

y"  =  KqyyV  +  Kqy^X+  K,yy{y  -  {v))  +  K ,yr{X  -  (x))  (4) 

Here  primes  (')  indicate  derivatives  with  respect  to  and  10 

Kqxx  =  ATqa^o  COS^  9  -j-  KqyQ  sin^  9  =  Kqxf^  cos  29 

^qxy  —  i^^qxO  Agyo)  (siu  ^  COS  ^)  —  Agj;osin!2^ 

^qyx  —  i^^qxO  (sm  ^  COS  ^)  ~  ^qxy 

^qyy  —  ^qyO  COS  9  KqxO  sin  9  —  f^qxO  COS  29 
Ksxx  =  Ksxb  cos^  a  -h  Ksyl)  sin^  a 
Ksxy  =  {Ksxb  -  Ksyb)  {sin  ocos  a) 

^syx  —  {^sxb  A.  5^5)  (sin  O  COS  o)  ^  i^sxy 

Ksyy  =  Ksyt  COS ^  o  K gxb  sm^  O 

and  where 


^qxO  —  i 


B' 

[Bp] 


or 


Pc[Bp]  ’ 


EqyO  —  EqxO  (5) 


K,xb  =  K/[2{AxI  +  {AxlAyD^f^)]; 

K,y,  =  K/[2{Ayl  +  {AxlAyin  (6) 

and  Axl  and  Ayl  are  the  moments  in  the  rotated  beam  frame: 


Axl  =  Ax^  cos^  a  -1-  Ay^  sin^  a  +  2Aa:2/cosasina  (7) 


Ayl  —  Ay^  cos^  a  Ax^^  sin^  a~2Axy  cos  a  sin  a  (8) 
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Here,  K  =  2qI/{/3^AIo)  is  the  perveance,  q  is  the  charge 
state  of  the  ions,  A  is  the  atomic  mass  of  the  ions,  /?  is  the  velocity 
of  the  ions  in  units  of  c,  Iq  =  AneorripC^/e  is  the  proton  charac¬ 
teristic  current  (=31  MA),  I  is  the  ion  beam  current,  and 
are  quadrupole  magnetic  or  electric  field  gradients  respectively, 
[Bp]  =  Auip/ic/qe  is  the  ion  rigidity,  nip  is  the  proton  mass,  e 
is  the  proton  charge,  eo  is  the  free  space  permittivity  and  the  op¬ 
erator  A  is  defined  (as  in  ref.  [2])  by  Aa6  =  {ab)  -  (a)(6)  (e.g. 
Aa?^  =  (a?^)  —  (a?)^),  where  ( )  indicates  average  over  particles. 

Note  that  the  space-charge  force,  is  just  the  force  obtained 
from  the  potential  of  a  uniform  density  ellipse  (ref.  [3]),  but 
where  the  semi-axes  a  and  6  have  been  replaced  by 
and  2(Ay^)^^^,  respectively,  and  where  the  location  of  the  cen¬ 
troid  determines  the  zero  point  of  the  space-charge  force. 

The  beam  rotation  angle  a  may  be  expressed  in  terms  of  sec¬ 
ond  order  moments.  From  eq,  (2),  Ax’^  —  Ay^  =  ~ 

Ayl)  cos  2o:  and  Axy  =  (1/2) (Aa?^  —  Ayl)  sin  2a,  so  that 


tan  2a  = 


2Axy 
Ax^  —  Ay^ 


(9) 


In  deriving  eq,  9  we  have  used  the  fact  that  Axyi^  =  0. 


III.  MOMENT  EQUATIONS 

Let  the  distribution  function  /,  be  the  number  of  particles  dN 
per  unit  transverse  phase  space  volume. 


f{x,x',y,y',z) 


dN 

dxdx^dydy^ 


The  evolution  of  /  is  described  by  the  Vlasov/Collisonless 
Boltzmann  Equation: 


dz  dx  dx^  dy  dy' 


(10) 


where  x^^  and  y"  are  determined  by  the  equations  of  motion  (eqs. 
[3]  and  [4] ). 

The  average  of  a  variable  ^  over  the  continuous  distribution  is 
given  by: 

«)(*) = j  /  /  j  J  ■ 

Using  integration  by  parts,  it  is  straightforward  to  calculate  the 
evolution  of  the  following  second  order  moments: 

^  =  2Aii;r' 

=  Ax'^  +  K^^Ax^  +  K^yAxy 
^  =  2K^^Axx'  +  2K^yAx'y 
^  =  2Aj/j/ 

^  =  Aj/2  +  KyyAy"^  +  Ky^Axy 
^  =  2KyyAyy'  +  2Ky^Axy' 

^^Ax'y  +  Axy' 

^  =  Ax'i/  +  K^^Axy  +  K^yAy^ 

-■^p-  =  Ax'y'  +  KyyAxy  +  Ky^Ax^ 

=  K^^Axy'  +  K.yAyy'+ 


KyyAx'y  d-  Ky^Axx'  (11) 

Similarly  the  evolution  of  the  first-order  moments  is  given  by: 

^  =  {^') 

^  =  {if) 

=  Kqxx{x)  +  Kqxy{y) 

=  Kqyy{y)  -f  Kqyx{x)  12) 

Ineq.  11, 

I^xx  ”  ^qxx  H"  ^SXX 

Kyy  =  Kqyy  -h  hgyy 

^xy  —  ^qxy  d~  ^sxy 

^yx  =  ^qyx  d~  f^syx  —  ^xy* 

Note  that  the  four  equations  for  the  first  order  moments  depend 
only  on  first  order  moments,  and  the  ten  equations  for  the  second 
order  moments  depend  only  on  second  order  moments,  so  that 
each  set  of  equations  forms  a  closed  set.  The  centroid  motion  is 
thus  decoupled  from  the  envelope  motion  calculated  with  respect 
to  the  centroid. 

The  rms  emittances  defined  along  the  x  and  y  lab  frame  axes 
are  defined  by: 

(x  =  4  (Ax^Ax'^  -  (Axx'y)^^^ 

€y  =  4  -  (Ayy')^)^^^ 

Using  eqs.  (11)  we  can  calculate  the  derivatives  of  and 
(again  assuming  constant  /?): 


dz 


^2Kxy{Ax^Ax^y  —  AxyAxx^) 


=  i2Ky:a{^y^A.x\/  -  AxyAyi/)  (13) 
az 

Since  the  rotated  quadrupoles  induce  finite  correlations  be¬ 
tween  X  and  y  the  rms  emittances  are  not  conserved. 

We  may  also  define  a  quantity  I  =  Axy^  —  Ax^y,  which  is  pro¬ 
portional  to  the  component  of  the  angular  momentum.  Again 
using  eqs.  (11)  and  some  manipulations  involving  the  defini¬ 
tions,  and  eqs.  (4),  (5)  and  (9),  we  find. 


^  =  {Kqyy  -  Kqxx)Axy  +  Kqxy{Ax^  -  A/)  (14) 

As  can  be  seen  from  eq.  14,  the  angular  momentum  is  not  nec¬ 
essarily  conserved  when  the  quadrupoles  are  rotated.  Physically, 
after  a  beam  has  passed  through  a  quadrupole  the  beam  will  in 
general  be  elliptical.  On  passing  through  a  quadrupole  rotated 
relative  to  the  first,  the  principal  axis  of  the  elliptical  beam  will 
not  align  with  the  quadrupole  axes  and  a  torque  will  be  applied 
to  the  beam,  causing  a  rotation  of  the  beam,  (Note  also  that  eq. 
14,  does  not  depend  on  the  self  space-charge  forces  of  the  beam, 
as  expected). 

Because  the  focusing  strength  is  a  function  of  2r,  the  effective 
external  potential  well  within  which  the  beam  travels  is  2r  depen¬ 
dent,  and  so  the  transverse  beam  energy  H  is  also  not  a  constant 
in  >2:.  However,  in  the  hard-edge  model,  within  each  quadrupole 
and  drift  section  the  focusing  strength  is  assumed  constant,  and 
therefore  the  transverse  energy  is  constant.  We  may  use  the  re¬ 
sult  of  ref.  [2],  adding  the  kinetic  and  potential  energy  terms  to 
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obtain  a  total  transverse  energy.  To  obtain  the  potential  energy 
of  the  beam  in  the  external  quadrupole  field,  we  transform  Axq 
and  Ayo  to  the  lab  frame.  The  result  is 
2H  =  +  At/'2_ 

Kgxo  ((Aa?^  —  Ay^)  cos  29  +  2Aa?ysin2^)  — 
A'ln((Aa:2)i/2  +  (A2/2)i/2)  (15) 

Here  Axl  and  Ay^  may  be  expressed  in  laboratory  quantities  us¬ 
ing  eqs,  (7)  and  (8). 

IV.  ‘‘EMITTANCEilKE”  CONSTANT  OF  THE 
MOTION 

Although  the  emittance  is  not  a  constant  with  respect  to  2^,  a 
quantity  which  is  related  to  the  emittance  is  conserved.  We  de¬ 
fine  a  generalized  emittance  Cg  by: 

el  =  ^el  +  ^el  +  l6{AxyAx'y'  -  Ax\/ Ax'y)  (16) 

cjg2 

It  is  readily  shown  using  eqs.  11  and  13  that  =  0. 

V.  EXAMPLES  OF  RESULTS 

A  code  was  written  to  integrate  eqs.  (11).  The  results  for 
and  €g  are  plotted  in  figure  1  for  a  singly  charged  potassium  beam 
(A  =  39)  with  a  current  of  2  mA,  an  energy  of  80  kV,  initial 
emittances  =  Cy  =  2.5  x  10“^  mrad,  Kg^yo  =  30.9  m“^, 
and  with  (9)  =  0.0234  and  A^^  =0.0156.  The  occupancy  of 
the  quadrupoles  was  0.33  and  the  half-lattice  period  was  0.36  m. 
The  integration  length  was  40  half-lattice  periods. 


Figure  1.  (oscillating)  and  €g  (nearly  constant)  vs  z  for  both 
integration  of  eq.  11,  and  particle-in-cell  results. 

Also  shown  in  Figure  1  is  a  2D  particle-in-cell  (PIC)  simula¬ 
tion  with  the  same  parameters,  for  an  initial  distribution  that  is 
KV  (ref.[3]),  propagating  through  a  pipe  with  circular  cross  sec¬ 
tion  and  6  cm  radius.  The  near  identical  overlap  of  the  curves 
suggests  that  if  the  initial  distribution  is  KV  the  assumption  that 
the  space  charge  field  remains  linear  is  at  least  a  good  approx¬ 
imation  and  possibly  an  exact  result.  The  small  increase  in  €g 
for  large  2;  is  probably  due  to  the  non-linear  image  forces  arising 
because  of  the  finite  pipe  radius  in  the  PIC  simulations. 

When  these  results  are  applied  to  the  small  recirculator  of  ref. 
[4],  we  find  that  with  2  mrad  rms  errors,  there  occurs  only  a  2% 


increase  in  emittance  for  a  beam  which  drifts  (rather  than  accel¬ 
erates)  the  nominal  15  laps.  When  the  rotation  errors  are  random 
over  all  15  laps  the  emittance  increases  by  about  50%.  An  ac¬ 
celerated  beam  will  presumably  show  behavior  somewhere  in- 
between.  A  generalization  of  the  theory  presented  here  to  in¬ 
clude  acceleration  is  in  progress. 

VI.  DISCUSSION  AND  CONCLUSION 

In  inertial  fusion  applications,  the  ultimate  goal  is  to  focus  the 
beam  onto  a  small,  2-3  mm  spot  at  the  target.  The  final  emittance 
is  one  of  the  important  parameters  needed  to  calculate  the  achiev¬ 
able  final  spot  size  (see  e.g.  ref.[5]).  When  quadrupole  rotation 
errors  are  present,  the  beam  will  in  general  have  a  finite  rotation 
angle  and  rotation  rate,  and  will  focus  down  to  a  more  elliptical 
shape  than  in  the  absence  of  errors,  reducing  the  power  level  that 
falls  within  a  given  spot  radius.  Analogous  to  the  case  of  centroid 
displacements,  it  is  conceivable  that  a  system  of  intentionally  ro¬ 
tated  quadrupoles  could  compensate  for  the  accumulated  errors 
if  the  ten  moments  in  eq.  11  are  known. 

In  summary,  we  have  used  a  formulation,  in  which  the  major 
assumption  is  that  the  space  charge  force  can  be  calculated  by 
assuming  that  the  beam  remains  a  uniform  density  ellipse  with 
a  shape  that  evolves  in  2r.  Under  this  assumption  we  have  a  de¬ 
rived  a  set  of  moment  equations  which  generalizes  the  conven¬ 
tional  envelope  equations.  We  have  found  the  misalignments 
cause  the  beam  to  acquire  an  overall  angular  momentum,  and  an 
increase  in  emittance  measured  relative  to  fixed  laboratory  axes. 
A  generalized  emittance  has  been  constructed  which  is  a  con¬ 
served  quantity  (when  the  forces  remain  linear).  Particle-in-cell 
results  have  shown  agreement  with  the  moment  equations,  and 
have  suggested  that  the  formulation  may  be  exact  if  the  initial 
distribution  is  KV.  We  have  applied  this  method  to  estimate  rota¬ 
tion  alignment  tolerances  in  the  small  recirculator  of  ref  [4],  and 
have  suggested  that  this  formulation  will  be  useful  when  setting 
alignment  tolerances  and/or  correction  methods  in  an  inertial  fu¬ 
sion  driver. 
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WAKEFIELD  EFFECTS  ON  THE  BEAM 
ACCELERATED  IN  A  PHOTOINJECTOR: 
PERTURBATION  DUE  TO  THE  EXIT  APERTURE 

J.-M.  Dolique*  and  W.  Salah,  University  Joseph  Fourier-Grenoble  I 
*and  CEA-Bruyeres-le-Chatel.  France 


The  influence  of  the  photoinjector  exit  aperture  on  the  wake- 
field  generated  by  the  strongly  accelerated  electron  beam,  has 
been  theoretically  studied  in  a  companion  paper  [1].  In  this 
communication  we  study  the  effects  of  such  a  wakefield  on  the 
beam,  in  that  propagation  stage  where  the  beam  approches  the 
hole  and  enters  it,  i.e.  the  propagation  stage  where  the  in¬ 
fluence  of  the  photoinjector  exit  hole  must  be  taken  into  ac¬ 
count.  First,  the  perturbated  wakefield  map  (E,B)(x,0  is  shown 
for  various  instants,  and  for  photoinjector  and  beam  parame¬ 
ters  corresponding  to  typical  values  on  ELSA  [2],  the  CEA- 
Bruyeres-le  Chatel  high-current,  high-brillance  electron  beam 
facility.  Then,  the  effects  on  the  beam  quality  are  studied  in 
terms  of  emittances,  when  the  beam  approaches  the  hole. 
These  effects  are  compared  to  the  corresponding  ones,  pre¬ 
viously  obtained  for  a  wakefield  map  where  the  exit  hole  per¬ 
turbation  had  been  neglected  [3]* 

L  INTRODUCTION 


In  a  companion  paper  [1],  we  have 
analytically  calculated  the  wakefield  map 
(E,B)(x,0  generated  by  the  accelerated 
electron  beam  in  a  photoinjector,  when  the 
effects  due  to  the  exit  aperture  (of  radius  r^: 
Fig.  1)  are  taken  into  account.  Let  us  recall 
that  the  term  wakefield  has  been  used  with  a 
rather  different  meaning  than  it  has  in  the 
most  usually  considered  case  of 
ultrarelativistic  coasting  beams.  The 
wakefield  has  been  defined  as  the  total 
electromagnetic  field  undergone  by  a  beam 
electron,  whether  this  field  is  generated  by  by 
the  conducting  walls  under  the  beam 
influence,  or  by  the  other  beam  electrons  (the 
space  charge  field  is  not  negligible). 

More  precisely,  in  [1]  analytical  expressions  of  the  wakefield 
scalar  and  vector  potentials  are  given,  which  depend  on  the 
propagation  phase  considered.  In  the  first:  t<g/c,  (where  t=0 
corresponds  to  the  photoemission  beginning),  the  beam¬ 
generated  electromagnetic  field  has  not  yet  reached  the  exit 
wall  (anode).  In  the  second:  g/c  <t<tg,  the  beam-generated 
electromagnetic  field  has  reached  the  exit  wall,  but  the  beam 
head  is  still  above  the  exit  aperture.  In  the  third:  tg  <t  <tgg 
the  beam  penetrates  the  exit  hole.  For  MV/m,T  =30  ps, 
g=6  cm  (typical  values  for  the  ELSA  photoinjector  [2]),  these 
three  phases  correspond  to:  t<200  ps,  200<t<250  ps,  and 
250</<280ps  respectively.  The  corresponding  expressions  of 
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and  Bq  as  a  function  of  r,z,L  result  from  these 
potentials, .  Their  numerical  calculation  for  a  given  set  of  pho¬ 
toinjector  and  beam  parameters  has  turned  out  to  be  a  particu¬ 
larly  difficult  venture  due  to  the  very  slow  convergence  of  the 
various  implied  series  or  improper  integrals.  It  is  the  reason 
why  the  results  presented  here  are  limited  to  phases  1  and  2. 
Calculations  concerning  phase  3  are  still  in  progress. 

It  is  also  a  reason  to  welcome  possible  checks  of  validity. 
Fortunately  there  are  two  of  these,  both  very  simple. 

IL  TWO  CHECKS 

There  are  two  cases  where  the  field  maps  obtained  by  the 
method  described  in  [1]  must  be  identical  with  those 
previously  obtained  [3]  for  a  closed  cavity:  a)  in  the  above 
"first  phase",  b)  when  the  aperture  radius  vanishes.  These 
two  tests  have  been  successfully  carried  out,  as  is  shown  in 
Fig.  2  and  3  given  as  examples  (but  the  excellent  agreement 
has  been  verified  in  many  other  cases). 


Z=HZ  (H=eE  Q/mc  2) 


Fig.  2.  E^(x)  on  the  beam  axis,  as  given  by  the  closed-  or  open  cavity 
modelling  respectively,  for  P=r  (first  phase) 


Fig.  1.  Sc  hematic 
of  an  RF  photo- 
toinjector  cavity 
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Fig.  3.  E^(z)  on  the  beam  axis,  as  given  by  the  closed-  or  open  cavity  Fig.  6.  B^r^)  for  r=a  and  r=a/5 ,  as  given  by  the  closed-  or  open 
modelling  respectively,  for  t=t^  (second  phase)  and  cavity  modelling  respectively,  for  t=t^  (second  phase) 


III.  SOME  SAMPLE  FIELD  MAPS 

These  correspond  to  the  following  beam  parameters:  7=100  A, 
Tta  =1  cm  ,  Eq=30  MV/m,  r^^SO  ps,  Kq-I  cm,  and  to  a  beam 
reaching  the  photoinjector  exit  aperture  (t=tg) 


Z=Hz 


IV.  CONSEQUENCES  OF  THESE 
APERTURE  EFFECTS  ON  BEAM  QUALITY 
(PHASE  2;  THE  BEAM  PULSE  APPROACHES 
THE  EXIT  APERTURE ) 

A.  Used  emittances 

Beam  quality  will  be  defined  by  normalized  whole-beam 
rms  emittances: 

e,  =  2  [<  X  >  -  <  r  A.  >2  ji/2 

me  me 

e,  =  4[< X >-<Az^ >^]V^ 
me  me 

where  <  >  means  an  average  taken  over  the  whole  beam: 

<G>=J  G(x,plr)  /(x,plr)  d^xd^p. 

X  is  the  position,  p  the  momentum.  The  distribution  function/ 
is  normalized  to  1.  Ax=x-<x>,  Ap=p-<p>,  where  <x>  and 
<p>  are  the  beam-center  position  and  momentum  respectively. 


Fig.  4.  E^(z)  on  the  beam  axis,  as  given  by  the  closed-  or  open  cavity 
modelling  respectively,  for  (second  phase) 
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Fig.  5.  Ej.(r,z)  for  r=a  and  r=a/5 ,  as  given  by  the  closed-  or  open 
cavity  modelling  respectively,  for  (second  phase) 


5.  Caleulation  of  the  radial  and  longitudinal  emittanees,  as  a 
funetion  of  time,  with  the  ATRAP^LIVIE  eode 

To  study  the  effects  on  beam  quality  of  the  previously  calcu¬ 
lated  Wakefield,  the  ATRAP-LIVIE  code  has  been  used. 

Taking  as  a  starting  point  theoretical  calculations  of  space- 
charge  effects  in  strongly  accelerated  beams,  based  on  the 
Lienard-Wiechert  formulae  (J.-M.  DOLIQUE  [5]),  this  code 
has  been  developed  by  J.-L,  COACOLO  [6].  The  use  of  the 
Lienard-Wiechert  formulae  to  describe  the  electromagnetic 
interaction  between  beam  electrons  provides  a  rigourous 
description  of  beams  where  (as  in  photoinjector  beams) 
momenta  are  very  spread,  with  important  relativistic 
retardation-  and  radiation  field  effects. 

The  ATRAP-LIVIE  code  gives,  at  each  time  /,  the  positions 
and  momenta  of  beam  electrons,  which  evolve  under  the  in¬ 
fluence  of  the  space-charge  field,  of  the  cathode  electromagne¬ 
tic  reaction,  and  possibly  of  other  external  fields  such  as  a 
magnetic  focusing  field. 
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If  axi symmetry  is  postulated,  the  beam  is  allowed  to  start 
from  the  cathode  with  arbitrary  radial  and  axial  profiles. 

In  order  to  isolate  the  wakefield  effects  of  the  anode  (with 
aperture  or  without)  by  comparaison  with  the  previously  ob¬ 
tained  analytical  field  map,  we  have  imposed  the  approxima¬ 
tions  of  the  analytical  model  in  question,  i.e.  a  purely  longitu¬ 
dinal  motion  witth  a  uniform  radial  profile,  on  ATRAP-LI VIE. 
The  subroutine  computing  the  space-charge  and  cathode- 
image  fields  is  disconnected,  and  the  wakefield  map  deduced 
from  the  previous  analytical  model  introduced  as  an  external 
field. 

To  emphasize  the  specific  effect  of  the  exit  aperture,  wake¬ 
field  maps  for  closed  or  open  cavity  have  been  successively 
introduced. 

A.  Whole-beam  radial  emittance 

This  is  shown  in  Fig.7  as  a  function  of  time  (t=0  corresponds 
to  the  beginning  of  photoemission),  between  t=glc  and 


Fig.  8.  Whole-beam  axial  emittance  as  a  function  of  time. 

It  appears  that  for  the  parameters  chosen,  the  influence  of 
the  exit  aperture,  in  terms  of  beam  quality,  is  slight  concerning 
the  transverse  emittance:  (Ae^^ / £j_  )(z) ~3%  at  maximum,  and 
negligible  concerning  the  axial  emittance. 
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Fig.  7.  Whole-beam  radial  emittance  as  a  function  of  time.  t=0  cor¬ 
responds  to  the  beginning  of  photoemission,  t=tg  to  the  time  when 
the  beam  head  reaches  the  exit  aperture. 

Taking  the  aperture  into  account  leads  to  a  small  radial  emit¬ 
tance  decrease,  of  about  3%  at  maximum. 

B  Whole-beam  axial  emittance 
This  is  shown  in  Fig.  8  as  a  function  of  time. 
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To  complete  this  paper,  we  recall  the  results  previously 
obtained  concerning  the  wakefield  of  a  closed  cavity  for  a 
beam  approaching  the  anode  [3].  They  had  quantitatively 
specified  the  expected  deep  dissymetry  between  the 
conducting  walls  regarding  their  contribution  to  the  total 
wakefield,  besides  the  space-charge  contribution.  (Given  that 
the  radial  walls  have  no  time  to  contribute,  these  conducting 
walls  are  the  cathode  and  the  anode). 

Thus,  concerning  the  effects  on  whole-beam  emittances,  the 
correction  (Ae^le^Xz)  entailed  by  taking  the  anode  contri¬ 
bution  into  account  had  been  found  to  be  less  than  5%  at 
maximum  (a  maximum  reached  for  t=t^,  and  for£Q=10  MV/m; 
for  Eq=30  MV/m,  the  maximum  was  of  the  order  of  1  %). 

The  field  map  perturbation  due  to  the  aperture  in  the  anode 
has  an  effect  of  the  same  order  of  magnitude,  i.e.  small,  on  the 
transverse  emittance  of  a  beam  reaching  this  exit  aperture. 

As  shown  in  Fig.  7,  this  correction  is  of  the  order  of  3%  for 
^0=30  MV/m.  It  could  be  of  the  order  of  10%  for  £q=10 
MV/m. 

Of  course,  one  can  expect  a  stronger  effect  when  the  beam 
enters  the  drift  tube:t>f^.  Calculations  on  this  point  are  in  pro¬ 
gress  with  the  theoretical  model  [1]. 
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INFLUENCE  OF  THE  PHOTOINJECTOR  EXIT  APERTURE 

ON  THE  WAKEFIELD 

DRIVEN  BY  AN  INTENSE  ELECTRON  BEAM  PULSE: 

A  THEORETICAL  APPROACH 


J.-M.  DOLIQUE,  Universite  Joseph  Fourier-Grenoble  I,  and  CEA-Bruyeres-le-Chatel.  France 


The  Wakefield  generated  in  the  cylindrical  cavity  of  an  RF 
photoinjector,  by  the  strongly  accelerated  electron  beam,  has 
been  analytically  calculated  [1]  under  the  assumption  that  the 
perturbation  of  the  field  map  by  the  exit  hole  is  negligible  as 
long  as  the  ratio:  exit  hole  radius/cavity  radius  is  lower  than 
approximately  1/3.  Shown  experimentally  in  the  different 
context  of  a  long  accelerating  structure  formed  by  a  sequence 
of  bored  pill-box  cavities  [2],  this  often  quoted  result  must  be 
checked  for  the  wakefield  map  excited  in  a  photoinjector  ca¬ 
vity.  Further,  in  the  latter  case,  the  empirical  rule  in  question 
can  be  broken  more  easily  because,  due  to  the  causality,  the 
cavity  radius  to  be  considered  is  not  the  physical  radius  but 
that  of  the  part  of  the  anode  wall  around  the  exit  hole  reached 
by  the  beam  electromagnetic  influence.  We  present  an  analy¬ 
tical  treatment  of  the  wakefield  driven  in  a  photoinjector  by 
the  accelerated  electron  beam  which  takes  this  hole  effect  into 
account,  whatever  the  hole  radius  may  be. 

L  INTRODUCTION 

Wakefields  are  usually  considered  for  ultrarelativistic  coas¬ 
ting  beams.  The  electromagnetic  response  of  a  discontinuous 
conducting  wall  to  an  exciting  charged  particle  is  only  expe¬ 
rienced  by  the  particles  located  downstream,  in  the  wake. 
Furthermore,  the  self-field,  or  space  charge  field,  is  negligible 
so  that  the  only  forces  acting  on  a  beam  particle  are  the 
wakefield  and  a  possible  focusing  force.  At  the  end,  the  beam 
is  assumed  to  be  coming  from  -  oo  and  going  to  +oo. 

For  a  photoinjector  beam,  the  situation  is  very  different.  It 
is  strongly  accelerated  from  thermal  to  transrelativistic  velo¬ 
city.  If  intense,  its  self-field  must  be  taken  into  account.  In 
addition,  beam  electrons  appear  at  the  cathode  surface  at  t=0, 
the  time  when  laser  illumination  begins,  so  that  causality 
governs  both  synchronous  and  radiation  fields.  If  it  is  agreed 
to  call  wakefield  once  again  that  field  experienced  by  a  beam 
electron  which  is  generated  by  other  beam  electrons  in  the 
presence  of  the  conducting  walls,  this  wakefield  includes  both 
the  wall  response  and  the  space  charge  field. 

Thus  defined  wakefield  has  been  analytically  calculated  for 
a  pill  box  photoinjector  model  [1].  Radially,  this  modelling  is 
relevant  because  the  only  parts  of  the  photoinjector  RF-cavity 
walls  that  the  beam  field  has  time  to  reach,  during  beam  acce¬ 
leration,  are  located  not  far  from  the  axis  on  both  cathode  and 
anode.  On  the  anode  however,  the  question  arises  of  the  exit 
hole  influence.  The  latter  has  been  neglected  in  [1]  by  putting 
forward  an  empirical  rule  [2]  according  to  which  hole  in¬ 
fluence  is  negligible  as  long  as  where  and  ^  are 

the  hole  and  cavity  radii  respectively.  Though  often  quoted, 
this  rule  is  based  on  a  single  experimental  study  worked  out 


on  an  ultrarelativistic  coasting  beam  crossing 
a  set  of  bored  cavities.  Its  validity  for  the 
low-  to  transrelativistic-  energy  beam 
accelerated  in  a  photoinjector  is  questionable. 

The  aim  of  the  present  work  is  to  investi¬ 
gate  theoretically  the  aperture  effects  on  the 
above  defined  wakefield. 


Fig.  1.  Schematic  of  an  RF-  photoinjector  cavity 


11.  EXPANSION  OF  THE  ZONE  OF  BEAM 
ELECTROMAGNETIC  INFLUENCE:  THE 
THREE  PHASES 


Before  trying  to  calculate  the  map  (E,B)(x,0  of  the  beam¬ 
generated,  time-dependent  electromagnetic  field,  in  the  pre¬ 
sence  of  the  cavity  conducting  walls,  one  has  to  know  what 
parts  of  these  cavity  walls  are  able  to  play  a  role  in  the  field 
map  building.  Owing  to  causality,  three  phases  have  to  be  dis¬ 
tinguished.  In  the  first:  t<g/c  (where  ?=0  corresponds  to  the 
beginning  of  photoemission)  the  beam- generated  elec¬ 
tromagnetic  field  has  not  yet  reached  the  exit  wall  (anode).  In 
the  second:  g/c  <t<tg,  the  beam-generated  electromagnetic 
field  has  reached  the  exit  wall,  but  the  beam  head  is  still  above 
the  exit  aperture.  In  the  third:  tg  <t  the  beam  penetrates 
the  exit  hole.  For  £'q=30  MV/m,  t=30  ps,  g=6  cm,  these  three 
phases  correspond  to:  r<200  ps,  200<t<250  ps,  and 
250<f<280ps  respectively. 

III.  FIRST  PHASE 


The  situation  is  schematized  in  Fig.  2.  The  (E,B)(x,t)  field 


map  is  that  already  calculated 
cavity  [1]. 


in  this  phase  for  the  closed 


Fig. 2.  First  phase:r<g/c, 
where  r=0  corresponds  to 
the  beginning  of  photoe¬ 
mission  (r<2CK)  ps  for  the 
above  parameters) 
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IV.  SECOND  PHASE 


The  question  is  of 
solving  Maxwell's 
equations  in  the 
unbounded  domain  of 
Fig.  3. 

There  is  no  rigourous 
2  analytical  solution  which 
would  take  into  account 
the  boundary  conditions 
of  the  first  step,  as  well 
as: 

0{rQ<r<iI(^,Z  =  gJ) 

=  0, 


A^(ro  <r<^,2  =  g,f)  =  0, 

and:  =  gj)=  0. 

dz 

But  a  good  approximation  is  obtained  by  assigning  these 
conditions  to  the  general  solution  in  the  domain  of  Fig.  4. 


O 


Fig.  4. 


This  general  solution  is  the  sum  of  a  syn¬ 
chronous  field  and  of  a  radiation  field. 

A.  Synchronous  field 
This  is  the  particular  solution  of 
Maxwell’s  equations  which  corresponds  to 
the  beam  right-hand  sides  p(x,0 
and  j(x,f)  (charge  and  current  densities), 
i.e.  in  terms  of  the  scalar-  and  vector-po¬ 


tentials  0  and  A,  and  in  Lorentzjauge: 

D0  =  p/eo,  □A  =  /ioj. 


For  an  axi symmetric  radially  uniform  beam,  transformation 
and  Green’s  function  techniques  lead  to: 


^  rrzt)=  .  7  smjhz) 


& 


t  r 
0 


l-cos[cJ/i2+(^)^(f-rQ] 


|sin[/i  (V 

-sin[fe(Vc^(J®-T)^  +  - A)]j  dtmh. 


+A^-A)] 


A  -  f)  Wg  y  7  cos(fe) 


inhdn)  0 

xj  Sin[c^/j^  +(^)2(f-fQ]{sin[/j(Vc^f^+A^  -  A)] 
~  sm[h -  A)]| 


dt<^h. 


where  a  is  the  beam  radius,  7  the  current,  A—mc^leEQ  ,  and 
Eq  the  accelerating  RF  field  (E^  )’  supposed  to  be 

constant  during  the  beam  photoemission  0<t<T ,  as  it  is  in  the 
144  MHz  cavity  of  the  ELSA  photoinjector  [3]. 

B.  Radiation  field 

This  is  a  general  solution  of  homogeneous  Maxwell’s  equa¬ 
tions.  Taking  the  boundary  conditions  into  account,  this  gene¬ 
ral  solution  can  be  written  under  the  form: 


^rad(r,z,t)°<=y^jQ(in-^)jsm(hz) 
^  0 


x|^<Pn(^)cos(J/i^  ct)+B^{h)smUh'^  ct)\  dh. 


with  a  similar  expression  for  A^^^^ ,  sin(fe)  being  replaced  by 
cos(fe),  A^(/i)andB^(/i)  by  Aj,^{h)mdB^^{h),  These  4 
latter  functions  of  h  are,  for  the  time  being,  arbitrary  dimen¬ 
sionless  integrable  functions,  only  related  by  the  Lorentz  jauge 
condition  which  gives: 

A^„  =  (1  /  ,  B^,  =  -(1  /  /ii^)A^. 

C.  Calculation  of  {h)  and  B^^  (h) 

At  first,  these  integrable  functions  (\\A^(h)\dh<oo\)  are 
expanded  in  Laurent  series,  taking  into  account  their  odd  pa¬ 
rity  (A0^(h)  and  B^^Qi)  are  sin-Fourier  coefficients) : 


A^{h)  =  (1  /  h^H)  X  . 

m=0 

To  calculate  A^„^  and  the  above  boundary  condition 
0{rQ<i<%,z-gd)  is  written  for  0^^^  =  0^^  +  and  inte¬ 
grated  on  r  in  its  validity  domain:  <r<%,  One  is  led  to  an 
infinite  system  of  linear  algebraic  equations: 


oo  oo 

rt=l  m=0 

where  are  known  functions  of  t,  A^^^B^^^  are 

the  sought  after  unknowns.  A  good  approximate  solution  is 
found  by  truncating  the  system  to  a  finite  size:  n<N,m^,  with 
A~100  and  M  <10.  The  2V(M+1)  unknowns  are  then  calcula¬ 
ted  by  numerically  solving  the  system  of  2A(M+1)  equations: 

N  M 

X  i€[l,2A(Af  +  l)]. 

/i=I  m=0 

A4,„„andB^„„  being  calculated,  0(r,z,t)snA  A^(r,z,t)  are 


3249 


deduced,  from  which  the  fields  result. 


V.  THIRD  PHASE 


V 

\ - ESU - 

f 

The  beam  now  penetrates  the 
exit  hole.The  electromagnetic 
field  is  obtained  by  adding,  in 
the  cavity  and  in  the  drift 
tube  respectively,  the  syn¬ 
chronous  field  and  a  radiation 
field  with  undetermined  coef¬ 
ficients. 

These  coefficients  are  de¬ 
termined,  according  to  the 
above  method,  by  writing  the 
boundary  conditions:  a)  on 
the  photoinjector  anode 
(z  =  g,ro  <r<!^)  for  the 
coefficients  relative  to  the  field  inside  the  photoinjector,  b)  on 
the  aperture  (z  =  g,0  <  r <  Tq)  for  the  radiation  field  coeffi¬ 
cients  inside  the  drift  tube. 


b)  Radiation  field 

This  has  the  same  form  as  in  phase  1 . 

B.  Wakefield  inside  the  drift  tube 
a)  Synchronous  field 

For  the  scalar  potential,  the  following  is  found: 


0 


3,  tube^syn 


{r,z,t)  = 


oo 

TCSocap 


'•q  fp 


Fig.5.  Third  phase:  t^  <t  <t^^ 


xJ.2-cxp[-^{z-g)]-exp[-^\z-g-pc(t-U\]\, 


and  a  similar  expression  is  found  for 
b)  Radiation  field 

The  boundary  conditions  to  be  satisfied  are  now: 

•  ^0,  =0  on  the  tube  wall 

•  a  radiation  condition  for  z  — > 

This  leads  to  adopting  for  the  scalar  potential: 


A.  Wakefield  inside  the  cavity 
a)  Synchronous  field 

The  techniques  used  are  the  same  as  in  phase  2.  Again,  in 
Lorentz  jauge,  one  finds  for  the  scalar  potential: 


0 


3yphotoinj,syn 


(r,z,t) 


xj  sin(te)  sin[c  I 

i  ^ 

h  . - 

X  J  sin[^  +A^  -  A)]  dt"  dmh, 

t©-T 


n=l  ''O 

oo  I  2  ^ 

X  z)]  d(0, 

0  V  '"o 

with  m>0  (wave  propagating  in  the  positive  z  direction). 

The  unknown  functions  expanded  in  Laurent  se¬ 

ries,  are  calculated  by  writing  the  field  continuity  on  the  aper¬ 
ture:  (z  =  g,0  <  r  <  Tq).  After  integration  on  r,  in  the  interval 
0  <  r  <  Tq  ,  one  is  led  to  an  infinite  system  of  linear  algebraic 
equations: 

«=l,m=l 

Here  again,  a  good  convergence  is  reached  by  truncating  at 
nmax^^  and  =  with  A -100  and  M  <10. 


and  for  the  vector  potential: 

A.-  .  (a =  ^ 


^  3,photoinj ,syn  ' 


j  cos(/zz) 
0 


J  sin[c^lh^+(p^(t^O] 


X  |sin(/i,?)  -  siD[h  -  A)] j  dmh. 


Sample  field  maps  are  given  in  a  companion  paper  [4],  in 
which  Wakefield  effects  on  beam  quality  are  studied. 
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INVARIABILITY  OF  INTENSE  BEAM  EMITTANCE  IN  NONLINEAR 

FOCUSING  CHANNEL 

Y.K.Batygin,  The  Institute  of  Physical  and  Chemical  Research  (RIKEN),  Saitama  351-01,  Japan 


Abstract 

New  approach  to  keep  emittance  of  a  high  current  beam  in  a 
uniform  focusing  channel  is  presented.  The  matching 
conditions  for  a  beam  with  arbitrary  distribution  function  in  a 
nonlinear  focusing  channel  are  examined.  To  obtain  proper 
matching,  it  is  necessary  to  accept  that  the  potential  of  the 
external  focusing  field  contains  higher  order  terms  than 
quadratic.  The  solution  for  external  potential  is  obtained  from 
the  stationary  Vlasov's  equation  for  beam  distribution  function 
and  Poisson's  equation  for  electrostatic  beam  potential.  An 
analytical  approach  is  illustrated  by  results  of  a  particle-in-cell 
simulation. 


L  INTRODUCTION 

The  nonlinear  space  charge  field  of  a  beam  is  a  serious 
concern  for  beam  emittance  growth  in  the  low  energy  part  of 
an  accelerating  facility.  This  effect  is  most  pronounced  in  the 
injection  region  where  particles  are  slow  and  space  charge 
forces  are  significant.  The  problem  of  beam  emittance  growth 
due  to  nonstationary  beam  profile  in  a  focusing  channel  with  a 
linear  focusing  field  was  treated  in  many  papers  (see  ref.  [1-9] 
and  cited  references  there).  The  general  property  of  space 
charge  dominated  beam  behavior  is  that  a  beam  with  an  initial 
nonlinear  profile  tends  to  be  more  uniform  and  this  process  is 
associated  with  strong  emittance  growth  and  the  appearance  of 
beam  halo. 

The  beam  emittance  is  conserved  if  the  beam  is  matched 
with  the  channel.  The  problem  of  matching  of  the  nonlinear 
density  profiled  beam  with  linear  uniform  focusing  channel 
was  studied  in  detail  in  ref.  [9-12].  The  analytical  approach  is 
based  on  the  fact  that  the  Hamiltonian  of  the  matched  beam  is 
a  constant  of  motion,  and  therefore  the  unknown  distribution 
function  can  be  expressed  as  a  function  of  the  Hamiltonian.  A 
general  property  of  the  solution  to  problem  is  that  with 
increasing  beam  current,  the  profile  of  the  matched  beam  has 
to  be  more  and  more  flat  while  the  phase  space  projection 
(beam  emittance)  has  to  be  more  and  more  close  to  a 
rectangle. 

Laboratory  beams  are  usually  far  from  the  above  solution 
and  suffer  serious  emittance  growth.  The  purpose  of  this  paper 
is  to  check  whether  it  is  possible  to  match  the  beam  with  a 
given  distribution  function  with  the  uniform  focusing  channel. 
As  is  shown  below,  it  is  possible  if  we  assume  that  the 
focusing  field  includes  higher  order  terms  than  quadratic  [13]. 

IT  MATCHED  CONDITIONS  FOR  THE  BEAM 
WITH  GIVEN  DISTRIBUTION  FUNCTION 

The  procedure  to  find  the  matching  conditions  for  a  beam 
with  an  arbitrary  distribution  function  was  discussed  in  ref. 
[13].  Let  us  assume  that  the  beam  is  matched  with  the  channel. 


Hence,  the  Hamiltonian  is  a  constant  of  motion  but  no 
assumptions  about  linearity  of  focusing  forces  are  adopted: 

2  2 

^  _  Px  Py —  ^  qU(x,y  =  const  (1) 

2m 

The  total  potential  of  the  structure  is  a  combination  of  the 
external  focusing  potential,  Uext,  space  charge 

potential  Ub  of  the  beam,  U  =  Uext  +  U).  The  time- 
independent  distribution  function  of  a  matched  beam  obeys 
Vlasov's  equation: 

df  =  ^vx  Ay-q(^— +  =  (  (2) 

d  t  3x  dy  opx  3x  3py  3y 

where  the  partial  derivative  of  the  distribution  function  over 
time  is  omitted  due  to  initial  matched  conditions.  The 
distribution  function  of  the  beam  is  supposed  to  be  given  from 
the  source  of  particles  of  the  beam.  Therefore,  the  self 
potential  of  the  beam  Ub  is  also  a  known  function  derived 

firom  Poisson’s  equation: 

1  9  (r^Ub  )  -  P(r)  (3) 

r  3r  3r  ^o 

where  p(r)  is  the  space  charge  density  of  the  beam.  Combining 
solutions  of  Vlasov’s  equation  for  total  potential  of  the 
structure,  U,  and  space  charge  potential  of  the  beam,  Ub  , 
obtained  from  Poisson’s  equation,  the  external  potential  of  the 
focusing  structure  can  be  found: 

Uext  =  U  -  Ub.. 

The  solution  of  this  problem  is  unique  for  every  specific 
particle  distribution. 

III.  EXAMPLE  OF  THE  MATCHED  BEAM 
WITH  NONLINEAR  SPACE  CHARGE  FORCES 


Let  us  consider  a  z-uniform  beam  with  a  "parabolic” 
distribution  function  in  four  -dimensional  phase  space: 


f=foa 

(5) 


x^+  y^ 

2r2 


Pj  +  Py  . 

2p2 


This  distribution  makes  an  elliptical  phase  space  projection  at 
every  phase  plane  and  produces  a  decrease  function  of  space 
charge  density  from  axis  which  is  close  to  experimentally 
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observed  beam.  The  normalized  root-mean-square  (RMS) 
beam  emittance  is: 

£  =  V  <X^>  <Px^>  -  <Xpx>2  =  ^  (6) 

Substituting  the  distribution  function  (5)  into  Vlasov's 
equation  yields  an  expression  for  the  total  unknown  potential 
of  the  structure: 

^(xpx  +  yPy)=Sl[p^|U^ 

^  ox  dy 

Vlasov’s  equation  can  be  separated  into  two  independent  parts 
for  X-  and  y-  coordinates  respectively: 


linear  part  depends  on  the  values  of  beam  emittance  and  beam 
current  while  the  nonlinear  part  depends  on  beam  current  only. 
This  means  that  the  external  field  has  to  compensate  the 
nonlinearity  of  self-field  of  the  beam  and  produce  required 
linear  focusing  of  the  beam  to  keep  the  elliptical  beam  phase 
space  distribution.  Fig.  1  illustrates  the  relationships  between 
space  charge  field  of  the  beam,  total  field,  and  focusing  field 
of  the  structure.  The  external  focusing  field  obtained  from  the 
above  consideration  is  a  complicated  function  of  radius  which 
is  linear  near  the  axis  and  becomes  nonlinear  far  from  the  axis. 
One  of  the  ideal  ways  to  create  the  required  focusing  potential 
is  to  introduce  inside  the  transport  channel  an  opposite 
charged  cloud  of  heavy  particles  with  the  space  charge 
density: 


m<?  ^  .  §U_m^_e?.y 

qR4  ’  qR4 


(8) 


Pext  - 


Ic 

2jccR^ 


r2  Pic 


(14) 


Combining  solutions  of  eq.  (8),  the  total  potential  of  the  ^  charged  particle  density  of  the  transport  beam  and 

structure  is  a  quadratic  function  of  coordinates  which  creates  external  focusing  beam  are  presented, 

linear  focusing: 


U(x,y)  =  el  ( ) 

q  r4  2 


(9) 


The  appearance  of  quadratic  terms  in  the  total  potential  of  the 
structure  is  quite  clear  because  phase  space  projections  of  the 
beam  have  elliptical  shape  and  an  ellipse  is  conserved  in  a 
linear  field.  The  space  charge  field  of  the  beam  E],  is 
calculated  from  Poisson’s  equation  using  a  known  space 
charge  density  function  of  the  beam  pb: 


Pb  = 


31 


2ncPR^ 


(1  - 

2r2 


Eb  = 


31  r 


47teo  pcR 


[1  -  ^  X 


.  -)  +  (- 

V2R  3  V2R 


T] 


(10) 

(11) 


where  I  is  the  beam  current  and  P  is  the  longitudinal  velocity 
of  particles.  Subtraction  of  the  space  charge  field  from  the 
total  field  of  the  structure  gives  the  expression  for  the  external 
focusing  field  of  the  structure  which  is  required  for 
conservation  of  beam  emittance: 


Eext=-m^  +-2J-  (1--^  +  -^..  )] 
qR  r2  IcP  2R2  12  R4 


(12) 


where  Iq  —  4jteomc2/q  _  A/Z  3.13'  10^  amp  is  a  characteristic 
value  of  the  beam  current.  The  relevant  potential  of  the 
focusing  field  is  given  by  the  expression: 


UexP 


m  c?  r  /e2 

q  2R^  r2 


+  1X 
IcP 


31 


8  IcP  R"*  9R^ 


)](13) 


r/R 

Fig-1.  Space  charge  field  of  the  beam,  external  focusing  field, 
and  total  field  of  the  structure. 


Let  us  note  that  the  external  potential  of  the  structure  consists  r/R 

of  two  parts:  quadratic  (which  produces  linear  focusing  )  and 

higher  order  terms  which  describe  nonlinear  focusing.  The  Charged  particle  density  of  the  transport  beam  and  the 

external  focusing  beam. 
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conservation  of  all  beam  characteristics  and  does  not  suffer 
any  serious  emittance  growth. 

IV.  CONCLUSIONS 

Conservation  of  beam  emittance  was  treated  as  a 
problem  of  proper  matching  of  the  beam  with  a  uniform 
focusing  channel.  Matched  conditions  for  the  beam  with 
elliptical  phase  space  projections  but  nonlinear  space  charge 
forces  in  a  uniform  focusing  channel  require  the  focusing  field 
to  include  nonlinear  terms  of  higher  order  than  quadratic.  The 
solution  for  the  external  potential  is  attained  from  the 
stationary  Vlasov's  equation  for  beam  distribution  function 
and  Poisson's  equation  for  electrostatic  beam  potential.  The 
focusing  field  produces  linear  focusing  near  the  axis  of  the 
structure  but  has  to  change  non-linearly  away  from  the  axis. 
Example  of  the  beam  with  "parabolic"  distributions  in  4D 
phase  space  was  considered.  Results  of  a  particle-in-cell 
simulation  confirms  the  conservation  of  beam  emittance  in  a 
nonlinear  external  field. 
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Fig.  3.  Halo  formation  of  the  beam  in  focusing  channel  with 
linear  focusing  forces  (left  column)  and  perfect  matching  of 
the  same  beam  with  nonlinear  focusing  channel(right  column). 
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which  corresponds  to  the  matched  conditions  for  an  equivalent 
KV  beam  with  the  same  RMS  beam  emittance,  £,  and  RMS 
beam  size,  R.  In  the  case  of  nonlinear  focusing,  the  external 
potential  is  represented  by  eq.  (13).  Let  us  note  that  quadratic 
terms  in  potentials  (13)  and  (15)  are  different. 

From  results  of  simulations,  it  is  seen  that  in  both  cases 
the  sizes  of  the  beam  in  real  space  (beam  envelopes)  are  close 
to  constant  which  is  typical  for  matching  of  the  beam,  taking 
into  account  RMS  beam  sizes.  But  in  the  case  of  linear 
focusing,  the  beam  is  mismatched  in  the  phase  plane  which 
results  in  25%  emittance  growth  accompanied  by  halo 
formation.  At  the  same  time,  the  beam  is  completely  matched 
with  the  nonlinear  focusing  channel,  and  this  results  in 
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Proposed  high-intensity  ion  accelerators  required  for 
Accelerator  Driven  Transmutation  Technologies  (ADTT)  and 
the  International  Fusion  Materials  Irradiation  Facility  (IFMIF) 
demand  careful  control  of  beam  shape  and  distribution  on  tar¬ 
get;  for  example,  uniform  irradiation  of  a  rectangular  area. 
Nonlinear  magnetic  elements  can  yield  the  desired  beam  on 
target;  however,  nonlinear  space  charge  forces  also  play  a 
significant  role.  We  consider  the  importance  of  boundary 
conditions  used  when  modeling  space  charge  effects  in  such  a 
transport  line.  Simple  analytical  criteria  are  derived  for  deter¬ 
mining  when  nonlinear  space  charge  forces  will  be  significant 
and  for  when  proper  treatment  of  boundary  conditions  is 
required.  Two  computer  codes  employing  different  boundary 
conditions  for  their  respective  space  charge  models,  the  PIC 
code  BEAMPATH  [1]  and  the  high-order  optics  code 
TOPKARK  [2],  are  used  to  simulate  an  example  transport 
line  in  order  to  demonstrate  our  results. 

1.  BEAM  INTENSITY  REDISTRIBUTION 


We  consider  a  cylindrically-symmetric,  unbunched  beam  of 
particles  with  charge  q,  mass  m  and  current  I,  which  propa¬ 
gates  along  the  z-axis  with  velocity  v=Pc  and  relativistic  fac¬ 
tor  We  assume  the  beam  is  space  charge  domi¬ 

nated,  so  that  finite-emittance  effects  can  be  neglected. 

In  general,  the  space  charge  forces  are  nonlinear,  so  the 
density  profile  of  the  beam  is  changed  nonlinearly  along  the  z- 
axis.  However,  there  is  a  distance  where  the  different  layers  of 
the  beam  do  not  cross  each  other:  the  radial  motion  of  the 
particles  is  nonlinear,  but  the  beam  flow  is  still  laminar. 
Space  charge  forces  distort  the  x-px  phase  space  of  a  zero- 
emittance  beam  into  an  S-shape.  The  assumption  of  laminar 
flow  holds  as  long  as  px(x)  remains  a  single-valued  function. 

For  laminar  flow,  the  number  of  particles  contained  in  an 
arbitrary  cylinder  with  initial  radius  ro  remains  constant.  Use 
of  Gauss'  theorem  yields  the  result: 

1 

rEr(r)  =  —  Jr'  p(r')  dr’  =  const.  (1) 

Bo  0 


Here,  r  is  the  radius  of  our  hypothetical  cylinder,  which  ex¬ 
pands  as  the  beam  drifts;  thus,  r=r(z)  and  r(z=0^o- 

We  suppose  the  initial  beam  distribution  to  be  Gaussian 
and  define  Ro^2xniis=2<x^>l^^: 


pfro)  - 


21 

tcRoPc 


exp 


f  ,2  \ 

-2-% 


(2) 


Use  of  Eq.'s  (1)  and  (2)  yields  the  radial  space  charge  force  at 
any  location  in  z: 


Er(r)  = 


I 

27l8opc 


r  ’ 


f(ro)  =  1  -  exp 


>1 

J 


(3) 


We  note  that  for  a  uniform  distribution,  one  would  obtain 
ffro)  =  Rq  would  be  the  initial  beam  radius. 

The  equation  of  motion  for  a  single  particle  in  a  drift  re¬ 
gion  under  the  influence  of  space  charge  forces  has  the  form: 

dz2  IqP^Y^  r 

where  Io=47c£omc^/q  is  the  characteristic  current.  Eq.  (4)  is 
the  well-known  envelope  equation  for  a  zero-emittance  beam 
spreading  in  a  drift  region  due  to  space  charge  [3],  but  here  we 
apply  it  to  the  motion  of  a  single  particle  within  the  beam. 

If  we  define  the  following  dimensionless  variables 


R  = 


JL  .  7  ^  z  ^/  4If(ro) 

ro  ’  ro  \  lop^yS 


(5) 


then  we  can  write  the  first  integral  of  Eq.  (4)  in  the  form 

Assuming  the  Z  derivative  of  R  vanishes  initially,  and  for  1  < 
R<3(0<Z<3.2),  Eq.  (6)  has  the  approximate  solution  [4] 
R(Z)  -  1  +  0.25  Z2  -  0.017  Z3  .  (7) 


This  result  is  valid  for  a  single  particle,  and  it  also  describes 
how  the  radius  of  our  hypothetical  cylinder  evolves  with  z. 

The  number  of  particles  dN  inside  a  thin  ring  (r,  r+dr)  is 
constant  during  the  drift  of  the  beam;  hence,  the  particle  den¬ 
sity  p(r)  =  dN  /  (27C  r  dr)  at  any  z  is  connected  with  the  initial 
density  p(ro)  by  the  following  equation  [5]: 

P(0  =  PW  ’ft  -  ® 

Using  Eq.’s  (2),  (7)  and  (8),  we  can  write  the  beam  distribu¬ 
tion  at  any  z  location  in  the  form 

P(r)  =  (2I/7rRo2pc)exp(-2^2) 

ao  +  ai  F  +  a2  F^  +  F^  +  a4  F^  +  a5  F^  +  a6  F^  ’ 
where  the  following  notation  has  been  used: 

^0  =  ^;  F^o)  =  V  [l-exp(-2^o^)]/^o^  ;  (lOa) 

ai  =  -0.102  t|3/2 exp(-2^^);  a.2  =  ^r\^ exp(-2^^)  ;  (10c) 

a3  =  0.017  -  0.0425  exp(-2^Q)  ;  (lOd) 

04  =  1.734  X  10-3  exp(-2^^)  *  ^  ;  (lOe) 

35  =  0.01275  ti5/2  ;  =  -5.78  x  lO'^  1^3  .  (iQf) 


The  distribution  is  most  uniform  for  T|=4.  For  larger  values 
of  T),  the  distribution  becomes  progressively  more  hollow. 
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Figure  1 :  Initially  Gaussian  2-D  beam  that  has  drifted  under 
the  influence  of  nonlinear  space  charge  forces,  with  ti=3.8; 
computer  simulation  above  and  analytical  result  below. 


Figure  2:  Same  as  Fig.  1,  but  for  Ti=10;  hollowing  of  the 
beam  due  to  nonlinear  space  charge  forces  is  shown. 


Figures  1  and  2  show  good  comparison  between  theory 
and  numerics  for  35  MeV  with  1=4.7  A,  Ro=1.3  cm  and 
two  values  of  T|.  BEAMPATH  was  used  for  the  simulation, 
with  10^  particles  on  a  grid  256  x  256.  Treatment  of  bunched 
beams  requires  the  use  of  an  equivalent  peak  beam  current:  1= 
Ibunch*27c/A(|),  where  A(|)  is  the  phase  length  of  the  bunch. 

11.  GENERAL  FEATURES  OF  THE  CODES 

BEAMPATH  [1]  is  a  PIC  code  advancing  macroparticles 
on  a  3-D  rectangular  grid  of  fixed  dimensions  with  area- 
weighted  charge  distribution,  using  a  combination  of  leap-frog 
and  2nd-order  implicit  methods.  Space  charge  forces  are  found 
by  solving  Poisson's  equation  with  FFT,  imposing  Dirichlet 
conditions  at  the  transverse  boundaries  and  longitudinal  peri¬ 
odicity.  For  the  simulation  below,  BEAMPATH  used  10^ 
particles  and  an  x/2,  y,  z  spatial  grid  of  128  x  256  x  128. 

TOPKARK  [2]  is  a  ray-tracing  code  using  a  4th-order 
Runge-Kutta  integrator  to  advance  an  ensemble  of  particles. 
The  Garnett  and  Wangler  [6]  ellipsoidal,  Fourier-expansion 
space  charge  model  is  used  to  solve  Poisson's  equation  with 
free-space  boundary  conditions.  For  the  simulation  below, 
TOPKARK  used  10"^  particles  and  kept  10  Fourier  modes. 

III.  LATTICE  USED  FOR  CODE  COMPARISON 

The  lattice  considered  here  is  one  which  bounces  the  beam 
first  in  y,  and  then  in  x.  Octupole  and  duodecapole  fields  are 
applied  at  these  waists  in  order  to  appropriately  introduce  non- 
linearities  into  the  two  transverse  phase  planes  with  a  mini¬ 
mum  of  x-y  coupling.  These  nonlinearities  result  in  a  folding 
of  the  transverse  phase  plane  distributions  such  that  the  final 
beam  distribution  f(x,y)  on  target  is  approximately  constant 
with  sharp  boundaries.  See  Table  I  for  details. 


Table  I.  Nonlinear  lattice  for  code  benchmarking 
ELEMENT  LENGTH _ SETTING 


quadrupole 

drift 

0.2  m 

0.4  m 

-10.16958 

T/m 

multipole 

0.2  m 

11.65657 

T/m 

octupole 

-150.0 

T/m^ 

duodecapole 

drift 

0.4  m 

35000.0 

T/m5 

quadrupole 

drift 

0.1  m 

0.4  m 

0.91613 

T/m 

multipole 

0.2  m 

-11.90051 

T/m 

octupole 

-80.0 

T/m^ 

duodecapole 

drift 

0.4  m 

0.0 

T/m5 

quadrupole 

drift 

0.2  m 
17.5  m 

10.78634 

T/m 

The  design  of  such  beamlines  has  been  previously  studied 
in  some  detail  [5],  [7].  Our  primary  objectives  here  are  to  1) 
consider  the  effects  of  nonlinear  space  charge  forces  on  beam 
transport  through  lattices  of  this  type  and  2)  benchmark  two 
codes  with  very  different  approaches  to  the  problem  of  model¬ 
ing  space  charge  and  with  different  boundary  conditions.  The 
distribution  of  the  initial  bunch  was  chosen  to  be  Gaussian, 
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truncated  at  5  RMS.  The  FWHM  and  maximum  excursion 
beam  envelopes  are  shown  in  Fig.  3. 


Figure  3:  The  FWHM  (solid  line)  and  maximum  (dashed)  x/y 
envelopes  plotted  above/below  the  axis. 

IV.  BOUNDARY  CONDITIONS  AND  RESULTS 

Consider  a  particle  bunch  in  the  beam  frame  with  length 
Zb  and  radius  r^  inside  a  perfectly  conducting  pipe  of  radius  rp. 
The  impact  of  EC’s  on  the  space  charge  fields  can  be  parame¬ 
terized  in  terms  of  the  geometry  factor  g  [8].  Table  I  of  Ref. 
[8]  shows  that  for  short  bunches  (zb  <  rb)  g  in  the  presence  of 
a  perfectly  conducting  pipe  differs  significantly  from  the 
freespace  g-factor  go  only  when  rb  is  comparable  to  rp. 
However,  for  long  bunches  (zb  »  rb)  g  can  differ  signifi¬ 
cantly  from  go  even  when  rp»rb. 

In  the  region  containing  magnetic  lenses,  the  grid  used  in 
BEAMPATH  is  10  cm  in  x  and  y  (rp~5  cm)  and  8  cm  in  z. 
In  this  region,  the  transverse  bunch  width  is  typically  4  cm  or 
less  (rb~2  cm),  and  the  bunch  length  is  short  (zb'-l  cm).  The 
resulting  difference  in  the  g-factors  for  the  two  codes  should 
thus  be  at  most  a  few  percent.  However,  the  maximum  beam 
excursion  does  reach  -5  cm  in  x  during  the  first  multipole 
magnet  and  in  y  during  the  second  multipole,  so  significant 
BC  effects  could  arise  in  these  two  locations.  In  the  long 
drift,  the  BEAMPATH  grid  is  20  cm  in  x  and  y  (rp~10  cm) 
and  32  cm  in  z.  The  bunch  radius  grows  to  rb~5  cm  and  the 
bunch  length  to  zb«10  cm,  so  the  maximum  difference  in  the 
two  g-factors  should  be  -20%.  Differences  resulting  from  the 
two  types  of  longitudinal  EC’s  have  not  yet  been  assessed. 

In  fact,  the  agreement  between  these  two  codes  is  remark¬ 
ably  close  for  this  long,  high-order,  space-charge-dominated 
beamline.  The  beam  phase  space  and  space  charge  fields  have 
been  compared  in  detail  at  several  critical  points,  showing 
only  minor  differences.  We  only  have  space  to  show  the  final 
x-y  distribution  in  Fig.  4,  TOPKARK  was  used  to  design  the 
beamline  and  shows  a  very  uniform  beam.  BEAMPATH 
shows  a  slightly  hollow  beam,  which  indicates  slightly  more 
nonlinear  space  charge  fields  due  to  differing  BCs. 

We  chose  a  long  lattice  with  high  current  to  provide  a 
rigorous  comparison  of  the  two  codes,  and  applying  the  above 
analysis  at  the  end  of  the  last  quadrupole  yields  t)  >  20  »  4. 
This  beam  is  initially  diverging  and  has  finite  emittance,  so 
the  assumptions  of  Section  I  do  not  hold;  nevertheless,  one 
would  expect  the  final  distribution  to  be  hollow.  TOPKARK 
simulations  with  no  octupoles  or  duodecapoles  do  in  fact  yield 
a  hollow  beam.  For  this  beamline,  the  nonlinear  elements  are 
required  to  partially  counteract  the  space  charge  nonlinearities 
in  order  to  obtain  a  uniform  distribution  on  target. 
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We  present  a  numerical  study  of  beam  transport  through  a 
FODO  HEBT  typical  of  proposed  large  current  ion  linear 
accelerator  systems.  Previous  studies  of  this  problem  have 
usually  assumed  uniform  and  linear  focusing  forces.  In 
contrast,  our  study  includes  non  uniform  focusing  as  well 
as  nonlinearities  associated  with  space  charge  forces, 
fringe  fields  and  RF  gaps.  We  examine  current  limits, 
beam  mismatch  and  emittance  growth.  These  simulations 
are  conducted  with  the  high  order  Northrop  Grumman 
Topkark  code,  which  implements  the  Garnett  and  Wangler 
3-D  space  charge  model.  We  compare  our  results  to  the 
analytic  studies  of  Hofmann[3],  Reiser[4]  and  others. 

1.  INTRODUCTION 

We  have  used  the  Northrop  Grumman  Topkark  code  [1]  in 
a  preliminary  study  of  the  transport  of  high  current 
intensity  beams  through  a  periodic  high-energy  beam 
transport  (HEBT)  lattice.  Such  beam  transport  lattices,  as 
opposed  to  accelerating  Linacs,  form  part  of  proposed 
(AXY)  systems  for  the  study  of  fusion  materials,  the 
accelerator  production  of  Tritium  (APT)  and  the 
accelerator  transmutation  of  radioactive  waste  (ATW). 
Some  previous  studies  of  this  problem  have  assumed 
uniform  and/or  linear  focusing  forces.  In  contrast,  our 
simulation  includes  non  uniform  focusing  as  well  as  non 
linearities  associated  with  space  charge  forces,  fringe 
fields  and  RF  gaps.  Our  principle  aims  are  to  benchmark 
the  Topkark  code  in  these  well  studied  circumstances  and 
to  examine  the  effect  that  non  uniform,  non  linear,  fiilly 
3D  focusing  and  3D,  bunched-beam  space  charge  effects 
have  on  high  energy  beam  transport. 

IT  TOPKARK 

The  Topkark  code  used  in  this  study  is  a  general  optics 
and  particle  tracking  version  implementing  essentially 
exact  dynamical  applied  field  models  along  with  restricted 
models  of  space  charge  effects.  The  Garnett  and 
Wangler[2]  (G&W)  space  charge  model  used,  implements 
a  general  distribution  of  ellipsoidal  symmetry  based  on 
particle  positions.  Conducting  wall  boundary  conditions 
are  not  presently  implemented.  The  code  contains 
combined  function,  i.e.,  including  quadrupole,  sextapole, 
octupole,  etc.  field  moments,  dipole  bend  and  straight 
magnetic  elements,  hard  and  soft  edge  fringe  field  models 
and  general  misalignments[6].  The  code  uses  both 
Symplectic[7]  and  Runge-Kutta  type  integrators.  Topkark 
has  been  previously  compared  with  Trace  3D  in  the  linear 
limit  and  with  Parmila,  obtaining  reasonable  agreement. 
Most  recently,  in  a  paper  by  D.  Bruhwiler  and  Y.  Batygin 
at  this  conference,  Topkark  is  compared  to  a  PIC  code. 


F  Quad  D  Quad  F  Quad 

Fig.  1  -  Simple  FODO  Lattice 


For  this  study,  we  concocted  a  simple  ~  one  meter  cell,  10 
MeV,  proton  FODO  lattice  in  which  the  drift  spaces 
between  the  10  cm  focus  and  defocus  quadrupoles  are  of 
equal  length,  the  focus  and  defocus  quadrupoles  are  of 
equal  strength  and  an  RF  cavity  is  inserted  between  every 
quadrupole  pair.  This  lattice  treats  the  X  and  Y  planes  on 
an  identical  footing.  The  zero  current  transverse  phase 
advance  is  normally  arranged  to  be  72  degrees.  The  phase 
advances  versus  matched  beam  current  with  a  linear  space 
charge  model  are  given  in  Fig.  2. 


Currant  mA 

Fig.  2  -  Phase  advance  vs  current  for  a  linear  space  charge 
model. 

We  confirm  a  number  of  expected  phenomena  in  a  FODO 
lattice  with  the  code.  The  linear  space  charge  model 
shows  close  agreement  with  Trace3D  and  exhibits  very 
little  emittance  growth.  With  non  linear  space  charge 
models,  mismatched  beams  grow  rapidly  in  emittance,  as 
do  unstable  beams  in  a  lattice  whose  zero  current  phase 
advance  exceeds  90  degrees. 

No  precise  upper  limit  for  current  is  found  in  quiescient 
transport.  Instead,  a  practical  limit  is  provided  by  aperture 
as  the  matched  beam  size,  for  fixed  transverse  focusing 
strength,  grows  with  current. 

Figures  5  through  8,  show  the  rms  local  transverse 
emittances  when  a  matched,  100  mA  beam  with  2000 
particles  is  propagated  through  100  periods  of  this  lattice. 
This  is  enough  current  that  the  transverse  phase  advance  is 
depressed  by  a  factor  of  one  half  and  the  longitudinal  by  a 
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factor  of  one  third.  We  compare  simulations  with  a  thin, 
quasi-linear  RF  gap.  Figs.  5  and  7,  and  a  more  realistic 
thick,  single  mode  RF  cavity,  Figs.  6  and  8. 

The  simulation  includes  the  non  linear  effects  of  space 
charge,  quadrupole  fringe  fields  and  RF  cavity  focusing. 
Importantly,  the  emittance  growth  of  Figs.  6  and  8  is 
almost  entirely  due  to  the  thick  RF  cavity  and,  in 
magnitude,  is  in  rough  agreement  with  an  analytical 
estimate  [8]. 


Fig.  5  Transverse  Emittance  vs  Cell  No,  FODO  with  thin 
RFgap. 


y '^V 

J  “ 

Fig.  6  -  Transverse  Emittance  vs  Cell  No,  FODO  with 
thick  RF  cavity. 


.Fig.  7  -  Longitudinal  Emittance  vs  Cell  No.  FODO  with 
thin  RF  gap. 


Fig.  8  -  Longitudinal  Emittance  vs  Cell  No.  FODO  with 
thick  RF  cavity. 

Multipole  components  in  the  fringe  fields  of  the 
quadrupoles  make  very  little  contribution  to  the  emittance 
growth  suggesting  that  geometrical  aberrations  may  not  be 
significant  in  such  HEBTs.  However  as  more  current  is 
transported  the  matched  beam  size  grows  causing  these 
non  linearities  to  become  more  important. 

Interestingly,  in  the  thin  gap  model  (Fig.  6)  the  transverse 
emittances,  after  tracking  each  other  for  a  while,  become 
slightly  different.  The  reason  for  this  transverse  emittance 
asymmetry  is  not  yet  understood.  It  occurs  in  either  plane 
depending  on  initial  statistics  and  is  not  affected  much  by 
fringe  fields  or  octupole  strength  in  combined  function 
magnets. 


IV.  BEAM  MATCHING 

Ordinarily  an  initial  upward  transient  of  as  much  as  100% 
occurs  in  the  emittance  as  a  linearly  matched  beam  is 
introduced  into  a  non  linear  lattice.  This  initial  transient 
may  be  regarded  as  spurious  or  not  according  to  supposed 
initial  conditions.  However,  this  transient,  if  allowed, 
obscures  sensitive  dependencies. 

The  lack  of  initial  emittance  growth  in  the  above  figures 
has  been  arranged  by  performing  a  heuristic  rematching 
procedure.  In  its’  simplest  form,  the  beam  is  propagated 
repeatedly  through  a  lattice  period.  The  emerging  beam  is 
phase-space  culled  of  particles  beyond  4  sigma.  New 
particles  are  randomly  introduced.  The  phase  space  is 
multiplicatively  adjusted  to  preserve  emittance.  This 
preparatory  ’’non  linear  matching"  minimizes  initial 
emittance  growth.  It  allows  the  beam  to  adjust  to  a  more 
or  less  self-consistent  state. 

With  the  G&W  model,  this  matching  method  yields  beams 
with  spatial  distributions  that  are  neither  Gaussian  nor 
uniform,  but  something  in  between,  as  shown  in  Fig.  9. 
As  the  current  is  doubled  from  100  mA  to  200  mA,  for 
constant  emittance,  there  is  little  change  in  the  beam 
distribution. 
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Fig.  9  -  Transverse  beam  distributions  at  100  and  200 
mA. 


Figure  10  gives  the  "tune  shift"  with  amplitude  for  an  100 
mA  beam  using  the  G&W  model.  The  tunes  have  been 
deduced  from  an  approximate  transport  map  that  has  been 
obtained  through  the  judicious  placement  of  test  particles 
and  a  finite  difference  procedure.  The  highly  non  linear 
G&W  space  charge  model  emphasizes  replusive  space 
charge  forces  near  the  bunch  center  over  the  equivalent 
linear  model.  In  consequence,  particles  near  the  bunch 
center  may  see  an  unstable  lattice. 


FODO  Tunt  mu  wflh  AnpMud* 
Gmytf  MocW 


mm 

Fig.  10  '  Tune  shift  with  amplitude,  G&W  space  charge 
model  at  100  mA. 


V.  CONCLUSIONS 

A  preliminary  study  of  HEBT  transport  and  emittance 
growth  has  been  carried  out  with  the  tracking  version  of 
the  Northrop  Grumman  Topkark  code.  Results  tend  to 
agree  with  previous  work  encouraging  the  belief  that 
Topkark  will  prove  useful  in  future  studies  of  transport 
lines.  A  non  linear,  emittance  preserving,  matching 
method  was  discussed  that  eliminates  initial  transients  in 
bulk  beam  properties.  With  the  G&W  model,  this 
matching  method  yields  beams  with  spatial  distributions 
that  are  neither  Gaussian  nor  uniform,  but  something  in 
between, 
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Abstract 

A  new  analytic  model  is  presented  which  accurately  estimates 
the  radially  averaged  axial  component  of  the  space-charge  field 
of  an  axisymmetric  heavy-ion  beam  in  a  cylindrical  beam  pipe. 
The  model  recovers  details  of  the  field  near  the  beam  ends  that 
are  overlooked  by  simpler  models,  and  the  results  compare  well 
to  exact  solutions  of  Poisson's  equation.  Field  values  are  shown 
for  several  simple  beam  profiles  and  are  compared  with  values 
obtained  from  simpler  models. 

L  INTRODUCTION 

Longitudinal  confinement  of  space-charge-dominated 
beams  in  induction  accelerators  requires  detailed  knowledge  of 
the  beam  space-charge  field.  Unlike  radio-frequency  acceler¬ 
ators,  the  accelerating  fields  of  induction  accelerators  provide 
no  longitudinal  focusing,  so  time- varying  electric  fields  must  be 
added  to  the  acceleration  field  in  at  least  some  induction  mod¬ 
ules  to  balance  the  space-charge  force.  For  the  ion  beams  con¬ 
sidered  for  heavy-ion  fusion  (HIF),  which  are  typically  meters 
long  and  only  a  few  centimeters  in  radius,  these  longitudinal- 
control  fields,  referred  to  here  as  “ears,”  are  highly  non-linear 
and  must  be  calculated  from  the  measured  beam  quantities  like 
current  and  radius. 

In  HIF  experiments  [1]  and  some  analytic  work  [2],  the 
beam  space-charge  field  has  been  calculated  from  a  simple  one¬ 
dimensional  model.  By  assuming  axisymmetry  and  a  uniform 
charge  density  p,  it  can  be  shown  that  neglecting  the  axial 
derivative  in  Poisson's  equation  leads  to  the  simple  result,  in 
SI  units,  that 


is  evident,  for  example,  for  a  beam  with  a  uniform  charge  den¬ 
sity,  For  this  case,  a  vanishes  at  the  beam  ends,  and  both  {Ez) 
expressions  unphysically  become  singular  there. 

In  this  paper,  a  Green's  function  is  used  to  derive  a  more  gen¬ 
eral  expression  for  the  radially  averaged  axial  space-charge  field 
(Ez)  of  a  nonrelativistic  ion  beam  centered  in  a  perfectly  con¬ 
ducting  cylindrical  pipe.  The  expression  is  specialized  to  beams, 
like  those  in  induction  accelerators,  that  are  much  longer  than 
their  radius,  and  a  closed- form  approximation  to  {Ez)  is  ob¬ 
tained  for  the  class  of  beams  with  a/R  ^  0.05  at  all  points. 
This  calculation  is  done  in  the  beam  frame,  but  since  HIF  beams 
are  nonrelativistic,  {Ez)  is  effectively  the  same  in  the  laboratory 
fi:ame.  The  importance  of  beam-radius  variation  is  illustrated 
by  plotting  the  space-charge  field  for  several  beam  profiles,  and 
results  of  the  new  model  are  compared  with  predictions  of  the 
simpler  g-factor  models. 

IT  DERIVATION 

A  general  expression  for  (E'^)  is  derived  from  a  Green's  func¬ 
tion  equivalent  to  that  in  Ref.  [3].  The  Green's  function  G  for 
the  potential  of  a  ring  of  charge  with  unit  magnitude  centered  in 
a  perfectly  conducting  pipe  of  radius  R  is  obtained  from  Pois¬ 
son’s  equation,  given  in  SI  units  for  this  case  by 

V^Gir,  z;  r',  z')  =  —S{r  -  r')5{z  -  z%  (3) 

Cor 

where  the  primed  coordinates  denote  the  source  location,  and 
unprimed  coordinates  are  field  points.  A  straightforward  solu¬ 
tion  gives 

G{t,z-v\z') 


1 

47reo 


(1) 


Here,  A  =  is  the  beam  line-charge  density,  2:  is  axial  dis¬ 
tance  in  the  beam  frame,  and  the  angle  brackets  denote  aver¬ 
aging  over  the  beam  cross  section.  The  logarithmic  factor  in 
Eq.  (1)  is  call  the  “geometry  factor”  or  “g-factor,”  and  a  and  R 
in  the  term  denote  the  radii  of  the  beam  and  the  beam  pipe  re¬ 
spectively.  A  slightly  more  sophisticated  treatment,  including 
the  possible  axial  variation  in  a  gives 


1 

47reo 


dz 


a  dz  f 


(2) 


These  simple  expressions  are  not  expected  to  be  valid  at  the 
beam  ends  because  neglecting  the  axial  derivative  in  Poisson's 
equation  is  clearly  invalid  there.  The  failure  of  qs.  (1)  and  (2) 


*The  research  was  performed  under  the  auspices  of  the  U.  S,  Department  of 
Energy  by  Lawrence  Livermore  National  Laboratory  under  Contract  No.  W- 
7405-ENG-48. 


1 

“is 


n  =  l 


^n^l(o^n) 


exp 


where  Jq  and  Ji  are  Bessel  functions  of  the  first  kind,  and 
denotes  the  nth  zero  of  Jo*  The  potential  (j>  for  any  axisym¬ 
metric  charge  distribution  with  density  /?(r,  z)  is  then  found  by 
integrating  G  over  all  r'  and  ,  and  the  corresponding  axial 
space-charge  field  is  given  by  Ez  (r,  z)  =  -30(r,  z) /dz.  When 
p  is  assumed  to  be  independent  of  r  within  some  radius  a{z), 
then  the  Ez  expression  is  trivially  averaged  over  r,  giving 


1  ^(A!o)A(4„a) 


Lb/2 

j  dz'sgu{z  -  z')^Ji{Ana')QX-p{-An\z  -  z'\)  . 

-Lbl2 

(5) 

Here,  the  notation  An  =  an/ R  has  been  introduced,  and  z  has 
been  assumed  to  be  zero  at  the  beam  midpoint,  so  that  the  ends 
of  a  beam  of  length  Lt,  are  at  ±Lf,/2. 
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The  integral  in  Eq.  (5)  cannot  in  general  be  evaluated  in  closed 
form.  However,  for  typical  beams  from  induction  accelerators, 
the  axial  scale  lengths  of  a  and  A  are  much  longer  than  the  expo¬ 
nential  scale  length  A~^  for  all  n.  This  short  exponential  scale 
length  allows  us  to  expand  the  integrand  linearly  about  the 
value  where  the  integrand  magnitude  is  maximum.  Equating 
the  derivative  of  the  integrand  with  respect  to  z'  to  zero  gives 
a  transcendental  equation  for  this  integrand  extremum.  Rather 
than  solve  this  equation  numerically,  we  simplify  the  equation 
by  assuming  that  the  Bessel-function  arguments  are  small,  as 
is  appropriate  when  Ana'  £  1.  The  resulting  equation  for  the 
location  of  the  integrand  peak  is 


that  vanishes  smoothly  at  the  beam  ends.  For  the  equilibrium 
axisymmetric  beams  considered  here,  a.  A,  and  the  normalized 
edge  emittance  6//  are  related  approximately  by  the  steady-state 
envelope  equation 


”772®  H - 

4L^  a 


2^2 

N 


I3^e 


0, 


(10) 


Here,  ao  is  the  phase  advance  per  lattice  period  2L  in  the  ab¬ 
sence  of  space-charge  effects,  and 


-  1  2eA  ^ 

Atteq  13'^Mc^  ” 


(11) 


1  -  sgn(^  -  z^)AnC  «  0,  (6) 


where  ({z)  =  {Lb/2)~\z\  is  the  axial  distance  from  the  nearest 
beam  end.  Examination  of  Eq.  (7)  shows  that  the  integrand  peak 


is 


C'?:^max(C,A„^)  =Cn. 


(7) 


The  significance  of  Eq.  (7)  is  that  the  integrand  is  expanded 
about  the  exponential  maximum  except  very  near  the  ends.  The 
approximation  leading  to  Eq.  (7)  proves  to  be  excellent  in  cases 
where  a{±Lb  j2)  ^  R,  and  it  still  is  usable  for  larger  beam-end 
radii  because  a  varies  slowly  near  the  beam  ends,  so  errors  in  Cn 
have  little  consequence. 

After  linear  expansion  of  the  integrand  about  Cn»  the  integral 
in  Eq.  (5)  is  evaluated  in  a  straightforward  manner  and,  after 
some  algebra,  gives  the  following  Bessel-series  expression  for 

{E.y. 

7  .  - 

TTCo 


1 

(E.w>  =— E 


n=l 


,A„ 


sgn{z)  —  Ji(>l„a„)exp(-A„C) 
an 


[Anadz  '  adz 

where  a„  and  A„  are  values  at  and 
1 


fn{z)  =  !--[!  +  max(l,  A„C)]exp(-A„C). 


(8) 


(9) 


Here,  the  fact  that  An  7^  1  has  been  used  to  discard  exponen¬ 

tially  small  contributions  from  the  farther  of  the  two  beam  ends. 
This  expression  is  found  to  be  in  excellent  agreement  with  the 
exact  expression  Eq.  (5)  for  every  case  examined. 

Eq.  (9)  is  an  important  result  of  this  paper,  but  the  summation 
in  general  requires  laborious  numerical  evaluation.  In  the  fol¬ 
lowing  section,  however,  it  is  shown  that  the  expression  may  be 
approximately  evaluated  for  beams  with  sufficiently  large  radii 
at  the  beam  ends. 


III.  SPECIAL  CASES 

A.  Beam  Profiles 

The  radius  a  of  the  axisymmetric  beam  and  the  line-charge 
density  A  in  Eq.  (9)  are  in  general  independent  quantities  re¬ 
lated  by  the  beam  transverse  emittance  and  the  accelerator  lat¬ 
tice.  In  this  work,  A  is  taken  to  be  any  non-negative  function 


is  the  beam  perveance,  with  /?  being  the  beam  axial  velocity 
scaled  by  c.  Four  cases  are  studied  here: 

(1)  Uniform  radius.  Here,  is  obtained  directly  fromEq.  (10) 
and  increases  toward  the  beam  ends  to  balance  the  decreasing 
transverse  space-charge  force. 

(2)  Uniform  normalized  emittance.  For  this  case,  Eq.  (10)  is 
solved  trivially  for  a^,  giving 


A 


(k^—+ 

V  13^  ^  L2 


(12) 


(3)  Uniform  “transverse  temperature”.  Even  though  the  enve¬ 
lope  equation  Eq.  (10)  is  derived  under  the  assumption  that  the 
beam  is  cold  in  the  transverse  plane,  the  transverse  tempera¬ 
ture  of  a  bean  is  in  general  proportional  to  T  If  this 

temperature-like  quantity  is  treated  as  uniform  along  a  beam, 
Eq.  (10)  gives 


a 


(13) 


(4)  Uniform  charge  density.  If  the  charge  density  p  is  assumed 
uniform  along  the  beam,  then 


and  the  normalized  emittance  from  q.  (10)  vanishes  at  the 
beam  ends  along  with  A  and  a. 

Although  these  simple  profiles  are  unlikely  to  match  that  in  an 
experimental  beam,  they  illustrate  the  sensitivity  of  the  space- 
charge  field  to  the  beam  radial  variation.  Fig.  1  shows  field 
values  calculated  for  beams  with  identical  parameters  and  line- 
charge  profiles,  but  differing  radial  profiles.  The  parameters  are 
those  of  a  small  recirculating  induction  accelerator  being  built 
at  the  Lawrence  Livermore  National  Laboratory  [4],  except  that 
the  midsection  of  the  beam  has  been  shortened  to  highlight  field 
changes  near  the  ends.  As  expected,  one  finds  that  the  peak 
space-charge  field  increases  for  profiles  that  have  smaller  end 
radii.  It  is  also  evident  that  {Ez)  for  the  uniform-density  is 
qualitatively  different  from  the  others.  For  the  cases  with  a  fi¬ 
nite  beam-end  radius,  the  field  magnitude  is  seen  to  drop  sig¬ 
nificantly  in  a  narrow  region  at  the  beam  end.  In  this  region, 
which  has  a  characteristic  length  of  /i/ai ,  the  absence  of  charge 
outside  the  beam  reduces  the  axial  field,  and  at  the  endpoints, 
the  field  is  reduced  by  approximately  half.  In  contrast,  {Ez) 
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Figure  1.  Radially  averaged  space-charge  field  for  beams  with 
various  radial  profiles  but  the  same  line-  charge  density. 


Figure  2.  Radially  averaged  space-charge  field  for  a  constant 
emittance  beam  calculated  using  various  approximations 


for  the  uniform-density  case  varies  monotonically  near  the  end 
due  to  the  rapidly  decreasing  radius.  Another  distinction  of  the 
uniform-density  case  is  that  about  250  terms  are  required  for 
convergence  of  the  Bessel  series  in  Eq.  (8),  whereas  the  other 
cases  require  between  20  and  40  terms.  This  difference  arises 
because  the  beam  radial  profile  is  poorly  fit  by  a  Bessel  series 
when  a/ R\s  small,  and  many  terms  are  needed  for  an  adequate 
representation. 


B.  Analytic  Approximations 

Since  the  series  Eq.  (8)  converges  rapidly  when  a/ R  ^  0.05 
for  all  it  is  sensible  to  approximate  the  {Ez)  expression  by 
setting  n  =  lin  fn  and  in  the  exponential  factor.  Also,  since  a 
varies  only  slightly  between  the  ends  and  (“i  for  such  beams, 
leading  Bessel  factor  and  the  derivatives  of  a  and  A  can  all 
be  evaluated  at  Ci  with  negligible  error.  These  approxima¬ 
tions  leave  two  Bessel  series  that,  remarkably,  can  be  exactly 
summed.  Expressed  generally,  these  Bessel  sums  have  been  ver¬ 
ified  numerically  over  the  range  1  >  x  >  0: 


CO 

n=l 


(15o) 

(15t) 


Outside  the  specified  range,  these  sums  either  fail  to  converge 
or  give  other  values.  Substituting  Eq.  (15)  into  the  approximate 
form  of  Eq.  (8)  leads  to  the  expression 


{E.{z))  =  - 


47reo 


i+i„ 


exp(-A„C) 


0] 

-AW 


dX 

dz 


r  A  da 
a  dz 


(16) 


JCi 


This  expression  is  a  numerically  tractable  generalization  of 
Eq.  (2)  and  is  a  very  good  approximation  to  the  Bessel-series 
expression  Eq.  (8)  for  most  experimental  beams.  As  expected,  it 
gives  an  inaccurate  but  non-singular  result  for  uniform-density 
beams. 

Sufficiently  far  from  the  beam  ends,  the  exponentials  in 
Eq.  (8)  vanish,  and  Cn  =  C-  this  case,  the  Bessel  sums  in 


Eq.  (15)  can  be  used  to  evaluate  Eq.  (8)  without  further  approx¬ 
imation,  and  the  result  exactly  recovers  the  general  g-factor  ex¬ 
pression  Eq.  (2).  It  follows  that  Eq.  (2)  gives  {Ez)  accurately  in 
the  interior  of  any  beam  in  which  A  and  a  vary  on  length  scales 
that  are  long  compared  with  R/ai.  The  expression  only  fails 
within  a  region  a  few  times  R/ ax  in  length  at  each  end. 

The  various  approximate  expressions  for  {Ez)  are  compared 
in  Fig.  2  for  a  beam  with  a  uniform  normalized  emittance  and 
the  same  lattice  and  beam  parameters  as  the  beams  shown  in  Fig. 
1.  The  Bessel-series  approximation  has  been  compared  with 
the  exact  integral  expression  Eq.  (5)  at  selected  points  along  the 
beam  and  is  found  to  agree  within  1%  everywhere.  The  new 
analytic  expression  Eq.  (16)  deviates  from  the  Bessel-series  re¬ 
sult  by  a  few  percent  near  the  peak  magnitude  of  {Ez),  but  it 
nonetheless  reproduces  the  main  features  of  the  more  exact  ex¬ 
pression.  Both  curves  overlay  the  general  g-factor  model  away 
from  the  ends,  as  expected.  The  curve  generated  from  the  simple 
g-factor  expression  Eq.  (1)  deviates  from  the  other  approxima¬ 
tions  in  the  beam  interior,  underlining  the  fact  that  variation  of 
the  beam  radius  cannot  in  general  be  ignored. 
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Abstract 

In  a  recent  paper[l],  we  constructed  a  variational  form  to  cal¬ 
culate  both  the  longitudinal  and  transverse  impedance  of  a  thick 
iris  in  a  beam  pipe.  Implementation  of  this  calculation  led  to 
rapidly  converging  and  accurate  values  for  these  impedances 
for  a  circular  beam  pipe  and  iris.  We  have  now  constructed  an 
analogous  variational  form  for  the  longitudinal  and  transverse 
impedance  of  periodic  irises  in  a  beam  pipe,  with  similar  con¬ 
vergence  and  accuracy  properties.  In  this  case  the  numerically 
calculated  impedance  is  imaginary,  except  for  isolated  narrow 
resonances  corresponding  to  modes  propagating  with  the  veloc¬ 
ity  of  light.  The  real  part  of  impedance  is  obtained  by  using 
causality.  Analysis  and  numerical  results  are  discussed  and  pre¬ 
sented. 

L  Introduction 

In  a  previous  publication[l],  we  calculated  both  the  longitu¬ 
dinal  and  transverse  coupling  impedance  of  an  iris  in  a  beam 
pipe.  In  particular  we  constructed  a  variational  formulation  for 
the  impedance,  where  the  trial  function  was  the  transverse  elec¬ 
tric  fields  at  the  two  junctions  of  the  beam  pipe  and  the  iris. 
The  numerical  implementation  of  this  formulation  proved  to  be 
extremely  well  convergent  for  a  circular  beam  pipe  and  iris,  re¬ 
quiring  only  a  few  terms  in  the  expansion  of  the  trial  functions 
in  terms  of  TM  and  TE  transverse  modes  in  the  iris  region. 

In  this  work,  we  construct  a  corresponding  variational  formu¬ 
lation  for  the  longitudinal  and  transverse  impedance  of  a  beam 
pipe  loaded  with  periodic  irises.  The  numerical  implementation 
for  a  circular  beam  pipe  with  periodic  circular  irises  is  again  well 
convergent.  The  numerically  calculated  impedance  in  this  case  is 
imaginary,  except  for  isolated  narrow  resonances  corresponding 
to  modes  propagating  with  the  velocity  of  light.  However,  the 
real  part  of  the  impedance  is  retrieved  from  the  information  the 
imaginary  part  carries,  in  the  form  of  a  sum  of  delta  functions. 

IL  Analysis 

We  will  consider  a  beam  pipe  of  arbitrary  cross  section  loaded 
with  periodic  irises  of  arbitrary  cross  section,  both  homogeneous 
in  the  axial  direction.  The  planes  involving  the  iris  side  walls 
are  perpendicular  to  the  beam  pipe  axis.  We  denote  the  period  of 
irises  as  L,  and  the  width  of  irises  as  g.  We  consider  the  mth  iris 
and  its  following  pipe  cavity  as  the  mth  cell  of  length  L.  We  set 
the  coordinate  origin  at  the  center  of  the  zeroth  iris  and  the  axis 
of  the  pipe  as  the  z  axis.  The  cross  sectional  area  of  the  iris  hole 
is  denoted  by  S\  while  S2  represents  the  side  walls  of  the  iris. 


Both  in  the  iris  hole  and  in  the  pipe  cavity,  the  electromagnetic 
fields  are  superpositions  of  source  fields  and  pipe  fields  which  can 
be  expanded  as  sums  over  the  normal  modes  in  relevant  regions. 
We  use  Latin  letters  as  the  subscripts  of  the  quantities  defined 
in  the  pipe  cavity,  and  Greek  letters  for  those  defined  in  the  iris 
hole.  The  time  dependent  factor  expijcot)  attached  to  all  fields 
is  omitted  for  simplicity. 

In  the  pipe  cavity  region,  the  source  fields  are  generated  by 
the  ultrarelativistic  charged  particle  beam  moving  near  or  along 
the  axis  of  a  smooth  pipe.  Specifically,  in  the  frequency  domain 
we  have: 

E  0  =  ZqH  0  X  z  =  V±  X,  (1) 

where  Zq  is  the  free-space  impedance,  Aq  is  a  constant,  and 
z  is  unit  vector  in  positive  z  direction.  V-L  is  defined  as  v±  = 
+y^  •  The  source  field  potential  x  is  a  function  of  transverse 
coordinates  which  satisfies  the  boundary  conditions  on  the  pipe 
surface. 

The  pipe  fields  contain  both  left  and  right  traveling  waves  with 
wave  number  Pn  •  Floquet’s  theorem  says  that  in  a  periodic  struc¬ 
ture  the  electromagnetic  fields  in  the  mth  cell  must  be  identical 
to  those  in  the  (m  +  l)th  cell  except  for  a  constant  phase  factor. 
We  then  write: 

^  vx  X  + 

Ao  „ 

+  (2) 

Vx  X  +  E 

Ao  V 

-B„ej^Az-mL)-^  (3) 

Here,  ^  are  the  transverse  electric  normal  modes  defined  on  the 
cross  section  of  the  pipe  region  (Its  area  is  Si  +  S2.),  that  means 
fsi+S2  ^  expansion  coefficients, 

and  Xn  is  k/Pn  for  TM  modes,  Pn/k  for  TE  modes. 

In  the  iris  hole,  the  source  field  potential  is  replaced  by  a 
which  satisfies  the  boundary  conditions  on  the  hole  surface,  and 
we  write: 

^  Vx  +  y] 

(4) 
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(5) 


Here,  are  the  transverse  electric  normal  modes  defined  on  the 
cross  section  of  the  iris  hole(Its  area  is  Si,),  that  means  • 
e^'dS  =  Cfj^  and  are  expansion  coefficients,  is  the 
wave  number  in  the  iris  hole,  and  is  for  TM  modes, 
for  TE  modes. 

By  introducing  two  unknown  fields  U  and  V  defined  as  the 
transverse  electric  fields  on  5i,  which  can  be  expanded  in  terms 
of  and  matching  electromagnetic  fields  at  the  junctions  of 
irises  and  pipe,  we  eventually  get  two  integral  equations: 

I  Kii.U^5+/  Ki2’VdS:=^Gu,  (6) 

JSi  Jsy 

/  K  12  -UdS  +  f  K22-VJ5  =  Gv.  (7) 

7^1  Jsi 

Here,  K  n,  K  12  and  K  22  are  tensor  integral  kernels: 


IIL  Numerical  Results 

As  an  example,  we  use  the  formula  to  calculate  the  longitudinal 
and  transverse  impedance  of  a  circular  pipe  loaded  with  circular 
irises.  We  obtain  results  for  a  wide  range  of  structure  param¬ 
eters.  We  find  that  our  computer  code  is  well  convergent  over 
a  large  range  of  frequency  for  those  structures.  The  calculated 
impedance  is  imaginary,  except  for  isolated  narrow  resonances. 
The  positions  of  the  resonances  are  the  intersections  of  dispersion 
curves  with  the  light  line.  These  are  the  resonant  modes  propa¬ 
gating  with  the  velocity  of  light  in  the  periodic  structure.  Fig.  1 
presents  the  longitudinal  impedance  for  a  sample  structure(The 
radius  of  beam  pipe  is  a,  the  radius  of  iris  hole  is  b.  In  our  ex¬ 
ample,  the  ratios  of  h/a  =  0.45,  Lja  —  1.1,  and  gja  =  0.35.). 
The  resonant  modes  and  loss  factors  obtained  from  our  calcula¬ 
tion  agree  well  with  those  from  the  well  known  computer  codes 
KN7C  and  TRANSVRS  [2]. 


^  ^  2Ai 

K  1 1  =  E  ^  a - T  -  cos  {L  -  g)] 

„  j^mPniL-g) 

+  E  j  sin  [cos  kg  -  cos  (8) 

^  ,2XnSmk{L-g)  ^  ,2Xf^sinkg 

K  12—  7.^^ : — o  /T - ^ - 1“  /  ^ 

^  Sin —  (t'i  M  s,. 


smfi„(L-g) 

2X. 


(9) 


X — '  / 

K  22=  2^^^  ■  ■  o  rr - r[cos^:(L  -  g)  +  cosi8„(L  -  g)] 

+  — -V  tcos  kg  +  co%fi^g].  (10) 

/A  7  sm  p^g 

And  G  u  and  G  v  are  respectively: 

/-i  ^^niPn  “b  Xn)  r  r/r  \  o/t  \t 

G  f/  =  2^  ^  ^  [cos  k(L  -  g)  -  cos  pn  (L  -  g)], 


T'  j  sin Pn(L-g) 

2kr^(Pn  +  Xn)  -  g) 


G  V  “  en 


sin  pn(L-g) 


(11) 

(12) 


where  Xn  =  fs^  V±X  *  ^dS,  ViP  •  e^dS,  and  p  is 

defined  as  yO  =  x  -  cr. 

Finally,  the  impedance  of  one  cell  of  this  periodic  structure 
can  be  expressed  as 


Z(k)  =  Go(k)-\-Z,ar(k),  (13) 

where  the  explicit  term  Go(k)  is  a  sum  over  the  indeces  of  the 
normal  modes  in  the  pipe  region,  and  Z^arik)  has  been  put  into 
the  variational  form: 

[L  Gu  L  Gv  •  V  dS]2 

Z.ar  (k)  =  ^ (14) 

M 

where  M  is 

M=l  dS  I  (75'U- K  11  -U +2  /  dS  f  dS'U^Kn  -V 
Jsi  Jsi  Jsi  Jsi 

-\-  f  dS  f  ds'v-  K  22  -V.  (15) 


IV.  Discussion 


The  missing  real  part  of  the  impedance  can  be  retrieved  from 
the  imaginary  part  by  using  causality.  Taking  the  longitudinal 
case  as  an  example(Note:  Z  —  R  jX.), 


-^11  (k)  ^  Unk 


(16) 


where  all  UnS  are  greater  than  zero  to  satisfy  Foster’s  Reactance 
Theorem[3].  If  we  now  move  the  poles  to  a  position  slightly 
above  the  real  axis,  we  can  write  the  impedance  for  very  small 
€,  We  use  the  relation  Z\\  {—k)  =  Zj*  (/:)  and  write  the  imaginary 
part  in  the  form: 


^|[(^)  ^  JClnk 

Zo  ~^kl-k^  +  j€' 

By  using  linif^o[e/(e^  +  x^)]  =  7r5(x),  we  get 

^11  ^k)  _  a„k€ 

Zo  .-o4"(it2_fc2)2  +  e2 

=  nY^ankn&ik^  -  kl). 

n 

We  can  therefore  use  the  computed  behavior  of  X\\  (k)  near  each 
resonance  3.tk  =  kn  to  determine  Un  by  fitting  Zo/X\\(k)  as  a 
linear  function  of  k  —  kn  near  k  ^  k^,  and  from  these  UnS  to 
obtain  the  real  part  of  the  impedance  as  a  sum  of  delta  functions 
with  specified  coefficient.  Clearly  these  delta  functions  will  be 
broadened  if  the  wall  conductivity  is  finite.  Fig.  2  presents  the 
delta  functions  of  real  part  longitudinal  impedance[4].  The  first 
10  resonances  out  of  the  60  shown  in  Figs.  1  and  2  are  identified 
in  Table  1. 

It  appears  that  the  resonances  aik  ^  kn  correspond  to  the  fre¬ 
quencies  at  which  propagation  of  azmuthally  symmetric  modes 
through  the  structure  produces  a  phase  advance  of  kL  per  period 
of  length  L,  in  order  to  be  in  synchronism  with  the  particle  mov¬ 
ing  with  velocity  c.  This  is  confirmed  from  the  dispersion  curves 
calculated  with  our  geometry,  using  the  program  KN7C. 

The  total  longitudinal  impedance  is  therefore 


(17) 


(18) 


Z||(/c) 

Zo 


=  nJ2^„k„S(k^-kl)+jkY^ 

n  n 


an 

kl-k^' 


(19) 


3264 


where  the  sum  is  over  all  values  of  n  corresponding  to  positive 
kn.  Clearly  Z\i(—k)  =  Z*^(k) ,  as  required. 

A  similar  situation  exists  for  the  transverse  impedance,  where 
we  find, 


Figure.  1.  The  imaginary  part  of  longitudinal  impedance  for 
bja  =  0.45,  Lja  =  1.1,  gja  =  0.35. 


Figure.  2.  The  real  part  of  longitudinal  impedance  for  hja  = 
0.45,  L/a  =  1.1,  g/a  ==0.35. 
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an(Zo) 

1 

1.16131 

3.75845E-1 

2 

2.23213 

9.99812E-2 

3 

2.47150 

1.21422E-6 

4 

3.10663 

4.22596E-6 

5 

3.91728 

3.2798  lE-2 

6 

3.94055 

3.18982E-2 

7 

3.99824 

3.14555E-2 

8 

4.48055 

2.16335E-2 

9 

5.02304 

5.50932E-2 

10 

5.33543 

2.46804E-4 

Table.  1.  The  first  10  resonances  of  longitudinal  impedance  for 
b/a=  0.45,  L/a  =  l.l,g/a  =  0.35. 


kb 

bniZo) 

1 

1.57045 

7.10124E-1 

2 

1.75736 

3.14108E-2 

3 

2.31282 

1.23584E-1 

4 

2.79476 

2.20642E-2 

5 

2.98274 

1.13804E-2 

6 

3.24850 

6.87317E-3 

7 

3.66906 

4.27322E-2 

8 

3.91339 

3.63055E-3 

9 

4.08240 

9.94933E-3 

10 

4.21653 

8.24202E-3 

Table.  2.  The  first  10  resonances  of  transverse  impedance  for 
b/a  =  0.45,  Lla  =  1.1,  g/a  =  0.35. 


■^0  n  n  '^n 

This  time  we  satisfy  Z±{-k)  =  -Zj_(k),  and  the  resonances 
correspond  to  the  propagation  of  modes  proportional  to  cos  9, 
sin  9 ,  with  a  phase  advance  of  per  period.  We  present  the  first 
10  resonances  of  the  transverse  impedance  in  Table  2. 
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Abstract 

We  calculate  a  generalized  polarizability  and  susceptibility  of  a 
circular  hole  in  a  thick  metallic  plate  as  a  function  of  hole  di¬ 
mensions  and  wavelength.  In  particular,  we  construct  a  varia¬ 
tional  form  which  allows  us  to  obtain  accurate  numerical  results 
with  a  minimum  of  computational  effort.  Numerical  results  are 
obtained  for  a  variety  of  hole  dimensions  relative  to  the  wave¬ 
length.  In  addition,  analytic  results  are  obtained  and  shown  to 
be  accurate  to  second  order  in  the  ratio  of  the  hole  dimension  to 
the  wavelength  for  a  vanishingly  thin  wall. 


where  r  stands  for  the  transverse  coordinates  x  and  y ,  and  where 
the  modes  may  be  either  TM  or  TE.  Here  (3^  =  P  - 
7^,  where  7^  are  the  eigenvalues  of  the  two  dimensional  scalar 
Helmholtz  equation  in  the  cavity  region  with  the  appropriate 
boundary  conditions.  We  use  Latin  subscripts  (n,  m,  A,  •  •  •)  for 
the  cavity  region,  and  kc/27r  is  the  frequency. 

The  transverse  electric  field  in  the  iris  region  can  similarly  be 
written  as 


1/ 


COS  /3iyZ2 

cos/?^y/2’ 


(2) 


1.  INTRODUCTION 

The  penetration  of  electric  and  magnetic  fields  through  a  hole 
in  a  metallic  wall  plays  an  important  role  in  many  devices.  In  an 
accelerator,  such  holes  in  the  beam  pipe  serve  to  allow  access  for 
pumping,  devices  for  beam  current  and  beam  position  measure¬ 
ment,  coupling  between  cavities,  etc.  In  much  of  the  early  work 
the  hole  dimensions  were  considered  to  be  very  small  compared 
to  the  wavelength.  The  purpose  of  this  paper  is  to  extend  the  cal¬ 
culation  to  include  the  effects  of  finite  wavelength,  although  we 
still  confine  our  attention  to  wavelengths  no  smaller  than  the  hole 
dimensions. 

We  redefine  the  conventional  static  treatment  of  polarizabil¬ 
ity  and  susceptibility  in  terms  of  the  cavity  detuning,  defining  a 
new  generalized  polarizability  and  susceptibility.  In  this  way,  we 
include  the  frequency  dependence  of  the  polarizability  and  sus¬ 
ceptibility  as  well  as  the  contributions  of  higher  multipole  mo¬ 
ments  of  the  hole.  But  these  generalized  polarizability  and  sus- 
ceptibilites  should  only  be  seen  as  intermediate  vehicles  to  relate 
the  coupling  integrals  of  interest  to  the  detuning  of  the  cavity  by 
the  hole.  We  will  obtain  an  expression  for  the  detuning  of  the 
modes  of  the  symmetric  cavity  structure  due  to  the  presence  of 
the  hole.  The  symmetric  cavity  structure  consists  of  two  identi¬ 
cal  cavities,  each  of  the  length  L  and  radius  6.  Clearly  the  modes 
will  be  either  symmetric  or  antisymmetric  in  the  axial  coordi¬ 
nate.  Our  analysis  will  be  limited  to  the  modes  near  the  TMqn/, 
TMin^  and  TEin^  modes  of  the  unperturbed  pillbox. 


IL  GENERAL  ANALYSIS 

Our  analysis  can  be  generalized  to  include  cavity  regions  and 
irisregions  of  arbitrary  cross  section.  Taking  .2:1  =  0  to  be  the  left 
end  of  the  left  cavity,  we  can  write  the  transverse  electric  field  as 


Ef\r,zr)  =  J^ane„{r) 

n 


sm/?nZi 

sin/?nL  ’ 


(1) 


where  ;2r2  —  0  is  now  the  center  of  the  iris  region,  and  where  we 
use  Greek  subscripts  (2/,  /i,  cr,  •  •  *)  for  the  iris  region.  Equation 
(2)  is  appropriate  for  the  modes  in  our  symmetric  structure  for 
which  is  even  in  Z2.  For  those  modes  where  is  odd  in 
Z2  we  need  to  replace  the  cosines  by  sines  in  Eq.  (2).  We  express 
the  coefficients  and  hj^  in  terms  of  £J_L(r)  =  u(r)  at  the  inter¬ 
face  between  the  cavity  and  the  iris  {zi  =  L,  Z2  =  -g/2).  We 
then  write  the  transverse  magnetic  field  in  each  region.  Equating 
the  transverse  magnetic  field  at  —  L,Z2  —  —5/2  in  the  region 
Si  leads  to  the  integral  equation  for  the  unknown  function  u{r) 


L 


dS'  u{r')-  K  —  0, 


(3) 


where 


«• 

K 


(r,rO 


^  A„  e„  (r )  e„  (r ' )  cot  /?„  I 

n 


^  \i,e^{r)ey{r')  tan 


(4) 


and 


A„ 


A. 


TM 

Zn  \  Pn/k , 

TE 

_  r  k/p,  , 

TM 

Zu  1  Pu/k, 

TE 

(5) 


with  Zo  =  \///o/^o  being  the  impedance  of  free  space,  Zn 
being  the  imp^ance  of  the  “cavity”  wave  guide  and  is  the 
impedance  of  the  “iris”  waveguide. 

By  separating  out  the  dominant  term  N  in  the  sum  over  n,  one 
can  cast  Eq.  (3)  into  a  variational  form  for  the  frequency,  with  the 
trial  function  being  u[r).  The  result  is  the  implicit  equation  for 
the  frequency 


tan  PnL 
\n 


z/  /i 
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(6) 


Here  is  a  symmetric  matrix  defined  by 

Mi/^  —  —  ^  ^  Afj  cot ^n/i^n 


IV.  SUSCEPTIBILITY  FOR  A  CIRCULAR  HOLE 

We  now  must  use  the  waveguide  modes  TMin  and  TEin  for 
our  complete  set  in  the  pipe  region.  Specifically  we  have 


+  Act  tan  /?cr5^/2  RaFpi^o 


JSi 


z=  I  dS  *  f  1/  j  Ken/  = 


=  J  dSea 


Note  that  we  are  looking  at  modes  close  to  the  cavity  modes  cor¬ 
responding  to  jd^L  =  iTT  OT  +  7^.  Since  the 

frequency  k  is  also  contained  in  Eq.  (6)  must  be  solved  by 
iteration. 

We  obtain  the  expression  for  the  frequency  change  in  the  cav¬ 
ity  and  therefore  generalize  the  concept  of  the  static  polarizabil¬ 
ity  to  a  generalized  polarizability  by  considering  a  mode  which 
has  a  normal  electric  field,  but  no  tangential  magnetic  field  at  the 
center  of  the  hole  (for  example  the  TMqn^  mode)  and  write 

^  (9) 

Similarly  we  obtain  the  generalization  of  the  susceptibility  for  a 
circular  hole  (for  example  the  TMin^  or  TEin£  mode) 


We  obtain  k  from  Eq.  (6)  and  x  or  ,  for  that  frequency,  from 
Eq.  (9)  or  (10).  Clearly  the  mode  identification  M  stands  for 
OAT^  or  lAT^  as  appropriate. 

III.  POLARIZABILITY  FOR  A  CIRCULAR  IRIS 

HOLE 

We  now  specialize  to  TMon  waveguide  modes  in  a  circular  ge¬ 
ometry  in  order  to  obtain  the  polarizability[l].  The  cavity  radius 
is  b  and  the  iris  radius  is  a  and  we  use  the  complete  set 

f,{r)=e,{r)  =  -VMr).  (H) 


V  TT  PnMPn) 


Cfi  —  Z  'K  V 


2  Ji{qnr/b)smO 


for  TEin  modes,  (14) 


where  are  the  roots  of  Ji{pn,i/)  =  0.  In  the  iris  region 


2  Ji{pi,r/ a)  cos  6 
TT  Pi.Jo{Pi/) 


for  TMiy  modes, 


=  z  X 

V  » 

where  qn,j/  are  the  roots  of  J[{qn,i/)  =  0.  Once  again,  the  ker¬ 
nels  and  matrix  elements  can  be  calculated,  but  now  n  and  i/  can 
be  either  TM  or  TE  in  ,  where  the  superscript  denotes  sus¬ 
ceptibility.  The  frequency  is  again  obtained  fromEq.  (6),  but  the 
susceptibility  requires  using  Eq.  (10). 

V.  DISCUSSION  OF  THE  ANALYTIC  RESULTS 

The  variational  formulation  also  allows  us  to  obtain  analyti¬ 
cally  the  first  order  correction  in  for  a  hole  in  a  plate  of  zero 
thickness  from  the  knowledge  of  the  correct  field  solutions  for 
ka  =  0.  In  the  case  of  polarizbility  we  obtain  the  following  ap¬ 
proximate  analytic  form 


Xm  = 


In  the  case  of  susceptibility  we  obtain 


Ott 


^  ^  Jo{snrlh)  ,  ^  Jais^r/a) 

f  Mn  =  rz^  T  y  (12) 

Here  Sn,jy  are  the  roots  of  the  equation  Jo{sn,i/)  =  0.  Evaluat¬ 
ing  the  kernels  and  matrices  in  Eq.  (8)and^.  (7),  the  frequency 
can  now  be  calculated  using  Eq.  (6)  and  the  symmetric  polariz¬ 
ability  using  Eq,  (9).  Similarily  we  can  obtain  the  asymmetric 
polarizability. 

The  polarizabilities  obtained  in  this  way  will  be  functions 
of  the  geometrical  parameters  a/b^g/a^af L,  and  N  of  the 
TMom  cavity  mode.  In  order  to  tie  the  polarizabilities  to  the  ge¬ 
ometry  of  the  hole  alone,  it  is  necessary  to  take  the  limit  for  large 
b  and  L,  but  with  finite  frequency.  This  can  be  accomplished  by 
letting  L  ->  oo,  but  keeping  s  =  s^a/b  t  =  ^ttu/ L  finite  by 
also  allowing  N,i  oo. 


1  -h  k^ar 


15  3Pa2 


P 


- 

97r 


15  5Ar^a2 


-  ^k^a^ 
Qtt 


where  p  =  q  =  qN(^/^-  II  appears  that  the  approximate 

forms  for  polarizability  and  susceptibility  give  reasonably  accu¬ 
rate  results  even  for  values  of  A:  a  as  large  as  1. 

The  coefficients  of  the  leading  terms  in  Eqs.  (17)-(19)  for 
^  =  0  and  small  ka  appear  to  be  well  confirmed.  Moreover,  the 
coefficients  of  the  terms  in  first  order  in  Ar^a^  and  the  coefficients 
of  the  leading  imaginary  terms  are  the  same  as  those  obtained  by 
Eggimann[2] . 
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Figure.  1.  Real  part  of  scaled  polarizability  x  vs.  for  various 
ha,  with^/a  =  0. 


Figure.  3 .  Real  part  of  scaled  polarizability  Xin  vs .  ^ /a  for  var¬ 
ious  ka,  with  5  =  0. 


Figure.  2.  Real  part  of  scaled  susceptibility  ^  vs.  (for  TM 
mode)  or  (for  TE  mode)  for  various  ka,  with  p/a  =  0. 

VL  NUMERICAL  RESULTS  FOR  A  HOLE  IN  A 

PLATE 

We  present  the  results  in  a  form  suggested  by  the  predictions 
for  p  =  0  (zero  wall  thickness)  and  small  ka,  s  in  Eq.  (17), 
Specifically,  we  define  x(/?a,  s)  =  x/(4a^/3)  and  plot  the  real 
part  of  X  vs.  for  various  values  of  ka  in  Fig.  1.  A  similar  pre¬ 
sentation  is  provided  for  the  real  part  of  the  susceptibilities.  We 
define  -0  =  '0/(8a^/3)  and  plot  ^  vs.  (TM)  or  (TE)  for 
various  values  of  Ara  in  Fig.  2. 

For  the  wall  with  finite  thickness,  the  polarizability  and  sus¬ 
ceptibility  seen  within  the  cavity  are  given  by[l]  Xfn  =  Xs  + 
Xa  ,  while  the  polarizability  and  susceptibility 

seen  outside  the  cavity  are  given  by  Xout  =  Xs  —  Xa  y  i^out  = 
a-  Here  the  subscripts  5  and  a  denote  the  solutions  of  the 
symmetric  and  antisymmetric  potential  problems[l] .  In  Figs.  3 
and  4,  we  show  Xin  and  as  functions  of  p/a  for  various  ka. 

The  logarithmic  plots  of  Xout  and  ^out  become  linear  with 
slopes  —Si  =  —2.405  and  — gi  =  —1.841,  respectively,  as  ex¬ 
pected. 

VII.  SUMMARY 


Figure.  4.  Real  part  of  scaled  susceptibility  vs.  p/a  for  var¬ 
ious  ka,  with  p  =  0  (for  TM  mode)  or  g  =  0  (for  TE  mode), 
where  the  curves  are  the  same  for  both  TM  and  TE  modes. 

ing  good  convergence  for  our  numerical  calculations.  We  then 
allow  the  cavity  dimensions  to  be  infinitely  large,  enabling  us  to 
obtain  accurate  numerical  values  of  the  polarizability  and  sus¬ 
ceptibilities  of  a  circular  hole  in  an  infinite  plate  of  finite  thick¬ 
ness.  Then  we  obtain  numerical  results  for  various  values  of  ka, 
gja.  The  approximate  analytic  forms  are  given  by  Eq.  (17)  for 
the  polarizability  and  by  Eqs.  (18),  (19)  for  the  susceptibility. 
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We  have  defined  a  generalized  polarizability  and  susceptibil¬ 
ity  of  a  hole  for  finite  wave  length  in  terms  of  the  frequency  shift 
of  the  associated  cavities  due  to  the  hole.  In  addition  we  have 
constructed  a  variational  form  for  these  frequency  shifts,  assur- 
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ABSTRACT 

An  electron  gun  with  large  compression  of  a  thin  annular 
beam  for  generation  of  high-power  microwaves  and  IR  radiation 
has  been  designed.  Computer  simulations  of  beam  formation 
in  the  gun  show  some  hysteresis  effects:  a  beam  with  differ¬ 
ent  current  can  exist  in  the  same  external  conditions.  At  the 
upper  (metastable)  part  of  a  hysteresis  curve  the  beam  current 
exceeds  Child-Langmuir  current.  Experimental  observation  of 
these  metastable  states  is  possible  if  one  has  the  possibility  for 
fast  control  of  emitted  current,  which  is  the  case  for  photoemis¬ 
sion  cathode.  The  results  of  computer  simulation  are  presented 
and  physics  reasons  of  such  behaviour  are  discussed. 

L  INTRODUCTION 

In  sources  of  electron  beams  of  high  brightness,  applicable 
and  developed  for  FELs  and  linear  colliders,  there  have  begun 
to  be  used  in  recent  times  photocathodes  that  permit  forming 
’’cold”  beams  initially.  One  of  the  important  problems  in  these 
investigations  concerns  the  magnitude  of  current  taken  from  the 
photocathode.  In  a  number  of  works  —  theoretical  as  well  as 
experimental  —  there  is  discussed  the  possibility  of  obtaining 
currents  exceeding  the  Child-Langmuir  limit  and  is  indicated 
that  such  an  increase  is  possible  only  for  the  generation  of  short 
bunches,  the  length  of  which  are  less  or  of  the  order  of  the  gap 
length. 

Naturally,  the  classical  CL-law  is  applicable  only  for  a  station¬ 
ary  regime  with  current  limited  by  space  charge  for  the  following 
conditions:  1)  voltage  constant,  2)  transverse  dimensions  of  the 
emitting  surface  significantly  exceeding  (geometry  close  to  uni¬ 
dimensional)  the  characteristic  longitudinal  dimensions  of  the 
accelerating  region  and  3)  emissive  power  of  the  cathode  unlim¬ 
ited. 

Let  us  consider  two  first  of  the  limitations.  The  first  corre¬ 
sponds  to  constancy  of  current  and  implicitly  implies  that  the 
variable  quantity  can  be  only  voltage,  while  the  value  of  cur¬ 
rent  is  determined  by  this  voltage.  It  should  be  noted  that  with 
the  appearance  of  efficient  photoemitters  and  lasers,  it  became 
possible  to  independently  vary  emission  current,  in  addition  to 
the  possibility  of  varying  voltage.  The  possibility  of  controlling 
beam  current  in  photoemission  sources  at  fixed  voltage  leads  to 
a  qualitatively  different  situation.  To  a  certain  extent  it  is  sug¬ 
gestive  of  the  process  of  beam  injection  (although  at  very  low 
initial  energy)  in  an  accelerating  region  rather  than  drawing  the 
beam  from  an  emitting  surface. 

The  second  limitation  reduced  the  problem  to  unidimensional 
and,  evidently,  is  violated  under  real  conditions.  Although  the 
influence  of  the  end  effects  is  recognized,  its  contribution  is  con¬ 
sidered  to  be  small.  At  the  same  time,  in  a  plane  diode,  when 
the  transverse  dimensions  of  the  emitter  are  approximately  equal 
to  the  length  of  the  gap,  the  influence  of  fringe  effects  becomes 
deteimining.  They  are  no  longer  simply  fringe  effects,  they  are 
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main  effects. 

In  view  of  the  non-stationary  nature  and  multi-dimensionality 
of  the  problem,  the  results  given  below  were  obtained  by  com¬ 
puter  simulation  with  electromagnetic  code  KARAT  [1]. 

IL  DRIFT  REGION.  FRINGER  OR  MAIN? 

For  a  purely  stationary  flow  that  is  unidimensional  and  unlim¬ 
ited  in  the  transverse  direction,  the  dependence  of  the  passing 
current  hut  on  injection  current  Unj  is  represented  by  the  so- 
called ’’lambda-curve”  (Fig.  1)  [2]. 


Three  solutions  are  possible  for  the  region  from  hn  to  hri  in 
such  a  flow.  One  of  these  is  with  a  virtual  cathode  and  partial 
passage  of  the  beam  (lower  part  of  solid  curve)  and  the  other  two 
(merging  into  one)  are  without  a  virtual  cathode  and  with  com¬ 
plete  passage  of  the  beam.  It  is  considered  that  the  last  two  states 
are  unstable  and  when  hn  is  exceeded  the  beam  always  goes  to 
the  lower  part  of  the  curve  with  formation  of  a  virtual  cathode. 
For  unlimited  increase  of  injected  current  the  virtual  cathode 
asymptotically  approaches  the  plane  of  injection  and  through  the 
region  there  passes  only  current  equivalent  to  the  CL-current  for  a 
plane  diode  of  the  same  dimensions,  with  voltage  corresponding 
to  the  energy  of  injected  electrons.  For  non-relativistic  energy 
of  particles,  hrx  =  4/cl,  hri  =  2/cri. 

In  [3],  it  was  analytically  shown  that  when  the  flow  com¬ 
pletely  fills  the  chamber  cross-section  (the  case  of  a  seni-infinite 
plane  slit  with  end  plane  was  considered),  the  current  passed  can 
increase  without  limit  {hut  due  to  ’’exudation”  of  par¬ 

ticles  close  to  the  chamber  wall  in  a  thin  layer.  The  thickness 
of  this  layer  decreases  inversely  proportionally  to  ^7^^.  Close 
to  the  end  plane,  the  central  part  of  the  beam  is  blocked  by  the 
space-charge  field  and  the  virtual  cathode  acquires  the  form  of 
such  a  coaxial  slit  with  rounded  edges. 

Let  us  consider  the  case  when  two-dimensional  effects  appear 
most  effective.  The  drift  region  is  chosen  in  the  form  of  a  cylin¬ 
drical  resonator  having  the  diameter  (D  =  5  cm)  much  larger  than 
the  longitudinal  dimension  (d  =  1  cm),  the  diameter  of  injected 
beam  {Ir^  =  1  cm)  equals  to  the  length  of  the  resonator.  We 
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present  the  results  for  a  beam  having  non-relativistic  energy  W 
=  20  keV.  In  Fig.  1 ,  the  value  of  current  is  presented  in  units  cor¬ 
responding  to  CL-current  {Icl  jcL,  =  6.6 A  for  20 

kV  on  the  diode).  The  solid  line  show  the  analytical  dependence 
for  unidimensional  stationary  flow  and  the  dotted  lines  the  calcu¬ 
lated  dependence  for  established  regime  when  injecting  beams 
of  various  currents  with  a  4-ns  linear  front.  The  established  beam 
configuration  for  200-A  injected  current  is  shown  in  Fig.2  and  is 
very 


III.  FRINGE  EFFECTS  IN  SIMPLE 
ACCELERATING  REGION 

The  detailed  exposition  of  the  effects  occurring  in  a  drift  region 
had  as  its  main  purpose  to  show  that  qualitative  concepts  about  the 
formation  of  beam  structure  in  the  drift  region  can  be  transferred 
to  the  accelerating  region.  In  any  case,  this  is  so  when  it  is 
possible  to  rapidly  control  emission  current,  i.e.,  for  the  case  of 
photocathodes. 


1 

r,  cm 


0 


similar  to  that  considered  in  [3].  The  difference  is  that  the 
beam  passes  far  from  the  side  walls  and  the  passed  current  does 
not  increase  with  the  injected,  but  remains  approximately  at  one 
level.  It  should  be  noted  that  the  main  part  of  the  current  is 
concentrated  in  ’’whiskers”,  the  thickness  of  which  decreases 
with  increasing  injected  current. 

The  time  dependence  of  current  passing  through  the  resonator 
shown  in  Fig.  3.  The  interruption  of  current  is  due  to  the  forma¬ 
tion  of  a  virtual  cathode  arising  near  the  center  of  the  resonator 
and  is  rapidly  displaced  toward  the  injection  plane  when  reflected 
electrons  appear. 
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Figure.  3.  Transient  regime  in  the  drift  region 

With  increasing  transverse  dimensions  the  influence  of 
’’whiskers”  on  the  inner  part  of  the  beam  is  weakened  due  to 
preventing  of  field  by  electrodes  and  electrons  with  density  of 
current  close  to  the  Child-Langmuir  begin  take  ’’emitted”  from 
the  virtual-cathode  region.  Since  the  total  CL-current  will  in¬ 
crease  proportionally  to  and  the  current  in  the  ’’whiskers”  not 
more  than  r,  the  contribution  of  the  ’’whiskers”  becomes  small 
relative  to  current  from  a  larger  area,  but  lower  current  density. 
This  corresponds  to  unidimensional  flow  unlimited  in  the  trans¬ 
verse  direction. 
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Figure.  2.  Beam  with  ’’whiskers” 
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Figure.  4.  Transient  regime  in  plane  diode 


The  formation  of  ’’whiskers”  in  a  drift  region  occurs  particu¬ 
larly  effectively  when  close  to  the  cathode  boundary  there  is  a 
conducting  wall  and  particles  simply  drift  along  it  with  an  energy 
close  to  the  energy  of  injection.  In  the  case  of  an  accelerating  re¬ 
gion,  the  energy  of  emitted  electrons  is  low  and  the  formation  of 
fringe  ’’whiskers”  is  made  difficult  because  of  the  low  energy  of 
’’injection”  and  strong  influence  of  the  proper  field.  The  proxim¬ 
ity  of  the  electrode,  at  cathode  potential,  directly  to  the  boundary 
of  the  emitting  surface  leads  to  screening  of  the  proper  as  well 
as  extracting  field.  Thus,  it  is  necessary  that  the  distance  of  side 
walls  from  emitter  edges  be  such  as  to  allow,  on  the  one  hand, 
considerable  screening  the  influence  of  own  space  charge  and, 
on  the  other,  penetration  of  a  sufficiently  large  external  field. 


As  an  example  that  supports  such  an  approach,  we  present  in 
Fig.  4  and  Fig.  5  time  dependence  of  beam  current  in  a  plane 
diode  and  in  a  diode  with  emitting  surface  in  a  recess.  The  voltage 
on  the  diode  is  constant  and  equal  to  20  kV,  emitter  diameter  is 
1  cm,  emission  current  increases  linearly  to  8  A  in  4  ns  and 
is  then  held  constant.  In  the  first  case,  hysteresis  is  practically 
imperceptible,  but  in  the  second  it  is  quite  pronounced. 


3270 


IV.  HYSTERESIS  EFFECTS  IN  A 
HIGH-VOLTAGE  ELECTRON  GUN 

Spatial-temporal  hysteresis  effects  to  a  significant  extent  ap¬ 
peared  in  the  process  of  developing  an  electron  gun  with  large 
compression  of  a  tubular  beam  (Fig.  6)  intended  for  generation 
of  powerful  microwave  and  IR  radiation  [4]. 


Figure.  6.  Schematic  diagram  of  the  gun 


Electromagnetic  code  KARAT  was  used  to  calculate  beam  dy¬ 
namics  and  the  results  were  tested  by  means  of  stationary  code 
SAM  [5].  Simulation  of  emission  of  particles  in  the  KARAT 
code  could  be  realized  by  two  methods:  giving  constant  (or  vari¬ 
able)  emission  current  exceeding  the  space-charge  limited  cur¬ 
rent  and  increasing  the  voltage  on  the  gun  to  a  certain  given  value 
(thermionic  cathode);  giving  constant  voltage  on  the  gun  and  in¬ 
creasing  emission  current  from  the  cathode  in  time  in  accordance 
with  a  desired  law  (photocathode). 

Fig.  7  shows  averaged  (high-frequency  components  filtered 
off)  behavior  of  beam  current  at  the  gun  output  for  various  mod¬ 
elling  conditions.  Dependencies  1-3  correspond  to  conditions 
of  photocathode  operation  and  dependence  4  to  conditions  of 
thermionic  cathode  operation.  Dependencies  1-3  were  obtained 
for  constant  rate  of  emission  current  increase  (about  28  A/ns)  on 
the  linear  front,  the  duration  of  which  was  7  ns  (195  A),  7.5  ns 
(210  A)  and  11  ns  (310  A)  for  dependencies  1-3,  respectively, 
and  constant  current  for  greater  time.  Current  discrimination  is 
clearly  seen  at  195  A,  with  subsequent  drop  to  values  that  approx¬ 
imately  correspond  to  the  value  of  beam  current  in  the  stationary 
state  obtained  with  stationary  code  SAM.  The  fourth  dependence 
is  plotted  for  the  case  when  emission  current  is  held  constant  at 
400  A  and  the  voltage  on  the  diode  increases  from  160  kV  to  400 
kV  in  8  ns. 


course  to  a  decrease  in  diode  perveance,  is  accompanied  by  a 
sharper  change  in  the  ratio  of  peak  to  stationary  value  of  current. 
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It  should  be  noted  that  a  little  screening  of  the  cathode  (for 
example,  placing  it  in  a  5 -mm  deep  circular  slot),  leading  of 
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ABSTRACT 

Equilibria  of  high-current  electron  beams  in  an  axial  mag¬ 
netic  field  are  considered  at  the  base  of  the  approach  [1]  for  the 
two  cases  of  shielded  and  immersed  cathodes.  A  general  wave 
equation  in  the  electrostatic  approximation,  which  is  valid  in  any 
selfconsistent  equilibrium,  was  derived  under  the  only  assump¬ 
tion  of  constancy  of  full  particle  energy.  This  equation  supple¬ 
ments  general  steady  state  equation  [1]  and  allows  to  consider 
different  equilibria  and  their  wave  properties  in  closed  manner. 

L  INTRODUCTION 

For  proper  investigation  of  wave  processes  in  REB  it  is  nec¬ 
essary  to  use  models  of  beam  equilibria  that  could  be  solved 
analytically  and  would  be  consistent  with  an  experimental  con¬ 
dition.  Often,  the  analytical  solvability  of  a  model  is  beyond  its 
conformity  to  the  real  conditions.  A  general  wave  equation  for 
selfconsistent  equilibria  is  also  important  as  it  permits  to  com¬ 
pare  the  influence  of  different  cross  terms  that  can  be  omitted 
because  of  approximate  solution  of  the  steady  state  problem.  In 
view  of  space  limitations  only  these  two  problems  are  discussed. 


IL  LAMINAR  FLOWS  EQUILIBRIA 

In  cylindrical  coordinates  r,  0,  z,  under  the  conditions 
d/dt  =  d/dz  =  d/dO  —  0,  Steady  state  equilibria  of  a  beam 
in  the  longitudinal  magnetic  field  B^o  are  described  by  the  fol¬ 
lowing  equations 

2 

^  Er  voBz  —  v^Bq  =  0; 
r 

dBz  Id  Id 

—  =  -471  pve;  -—rBe  =  47tpv^\  -—rEr  =  47tp, 
dr  r  dr  r  dr 

where  vq  —  co^r,  are  equilibrium  velocities,  cuo  ^  0  is  the 
angular  velocity  of  the  beam  rotation  as  a  whole,  p  the  charge 
density,  B^  <0  the  full  longitudinal  magnetic  field,  Er,  Bg  are 

self  fields  of  the  beam,  y  =  1  /yjl  —  Vg  —  vj. 

The  general  macroscopic  fluid  equations  describing  the 
equilibrium  of  a  cylindrical  beam  allow  many  solutions.  Any 
two  functions  can  be  chosen  arbitrarily  or  two  additional  rela¬ 
tions  are  necessary  to  close  this  selfconsistent  set  of  equations 
that  permit  to  simulate  the  experimental  circumstances.  Here 
we  shall  follow  the  approach  [1].  It  combines  a  macroscopic 
cold  fluid  description  and  conservation  laws  which  are  in  use 
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for  a  microscopic  description  based  on  the  Vlasov-equation.  We 
assume  that  full  energy  of  particles  conserved 

H  =  y  4-  (j>  =  const,  (1) 

(this  means  the  emission  of  particles  from  an  equipotential  cath¬ 
ode)  and  that  the  conservation  law  for  the  canonical  angular 
momentum  is  valid 

Pe  —  r{pe  +  Ag)  =  const,  (2) 

(this  means  the  conservation  of  axial  symmetry),  where  Ag  = 
Ag{r)  at  the  source. 

Three  cases,  namely,  1)  =  0,  2)  =  const,  and 

3)  Pg  =  B^yr^jl  allow  to  simulate  three  cases  of  emission, 
namely,  1)  magnetically  shielded  source,  2)  hollow  beam  forma¬ 
tion  launched  from  a  cathode  surface  coinciding  with  a  magnetic 
flux  surface,  and  3)  immersed  source  with  a  cathode  immersed 
in  the  longitudinal  magnetic  field.  These  two  physical  relations 
allow  to  derive  the  next  general  set  of  equations  [1] 

(ryHy  +  yO^')  =  ».  <3) 

2:^  =  0. 

where  the  prime  denotes  d/dr.  For  the  first  two  cases  we  get 

ry^u^  _  const.  (4) 

The  constant  equals  zero  (i.e.,  =  const)  in  the  first  case, 

which  corresponds  to  the  model  of  a  solid  beam  emitted  from 
a  shielded  source  and  in  the  second  case,  which  corresponds  to 
a  foilless  magnetic-insulation  diode  under  the  conditions  of  no 
central  conductor  and  no  axial  current  inside  the  drift  region. 
General  analytical  solutions  in  these  two  cases  were  found  in  [2] 
and  later  in  [1].  We  do  not  reproduce  them  here.  Note  that  in 
the  second  case  the  general  solution  was  represented  by  Jakoby- 
functions.  Simplified  solution  in  a  case  of  practical  interest, 
namely,  thin-walled  annular  beam,  can  be  represented  by  simple 
functions  [3],  which  is  useful  for  investigating  wave  processes. 

For  an  immersed  source  Pg  depends  on  the  radius,  as  Ag 
varies  across  the  emitting  surface.  Unfortunately,  it  is  impossible 
to  consider  the  transient  region  between  the  cathode  and  the  drift 
region  in  the  case.  We  can  assume  that  there  is  no  crossing  of 
trajectories  and  that  radius  from  which  an  electron  is  launched 
at  the  cathode  and  radius  r  of  this  electron  inside  the  drift  region 
satisfy  the  simple  relation  r  =  ar^  where  a  is  constant. 

It  can  be  shown  that  for  this  case  equilibria  with  =  const 
or  coq  =  const  are  impossible.  Moreover,  the  approximate  solu¬ 
tion  shows  that  due  to  beating  no  homogeneity  along  z  stationary 
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states  exists  if  the  beam  is  launched  in  a  drift  region  with  smaller 
magnetic  field  than  in  the  cathode  region.  The  nature  of  these 
beats  is  the  interaction  of  the  beam  with  the  -  component  of 
the  field.  Fast  cyclotron  rotation  of  an  electron  around  a  force 
line  of  the  magnetic  field  is  affected  by  the  rotation  of  the  electron 
under  the  action  of  the  Br  -  component,  which  is  paramagnetic  in 
a  decreasing  field  and  diamagnetic  in  an  increasing  field.  Inside 
a  drift  region  the  beam  as  a  whole  always  rotates  diamagnet- 
ically  and  the  rotation  induced  in  a  decreasing  field  produces 
mismatching  effects,  which  are  seen  as  free  oscillations  of  the 
beam  envelope. 

Thus,  the  general  approach  allows  to  simulate  conditions 
of  beam  generation  in  high-current  accelerators  and  provide  the 
basis  for  analytical  investigation  of  wave  processes  in  the  frame 
of  stringent  selfconsistent  equilibria  at  least  in  two  cases:  a  solid 
beam  {Pe  =  0)  and  a  hollow  beam  {Pq  =  const).  It  is  rather 
difficult  to  use  the  model  of  an  immersed  beam,  which  is  of 
practical  interest  due  to  the  absence  an  analytical  solution.  It  is 
shown  below  that  an  ordinary  simplification  that  could  allow  to 
find  an  analytical  solution  leads  to  the  loss  of  necessary  infor¬ 
mation  about  the  equilibrium  state  and  the  same  result  in  this 
approximation  can  describe  initially  different  equilibria. 

Moreover,  we  do  not  consider  here  a  transition  region  that 
can  have  fantastic  geometry.  The  comparison  of  analytical  and 
numerical  results  with  the  results  of  computer  simulation  for 
real  geometry  shows  that  to  form  a  beam  with  parameters  close 
to  those  for  given  model,  the  form  of  the  magnetic  field  in  the 
transition  region  must  be  rather  complicated  and  precise. 


III.  GENERAL  WAVE  EQUATION  IN 
ELECTROSTATIC  APPROXIMATION 


The  electrostatic  approximation  is  used  rather  often  to  in¬ 
vestigate  electrostatic  instabilities  and  slow  waves.  It  is  assumed 
that  B  =  V  X  £  «  0  and  E  =  —V<f>  =  {— 90/9r,  im(plr,  ikz) 
(all  small  pertuberation  is  considered  as  a  exp(icot —ikz  —  imO) 
where  co  is  the  frequency,  k  the  longitudinal  wave  number  and 
m  the  number  of  azimuthal  variations). 

Here,  the  general  wave  equation  in  the  electrostatic  approxi¬ 
mation  is  presented  and  completes  the  general  steady  state  equa¬ 
tions  [1].  Let  us  suppose  that  the  conservation  law  (1)  is  valid 
and  no  additional  assumption  is  used,  i.e.,  we  consider  a  rather 
wide  class  of  equilibrium  states  of  monoenergetic  beams. 

Performing  routine  procedures  to  linearize  the  complete  set 
of  equations,  the  wave  equations  in  our  case  may  be  written  in 
the  form 


r  S/''  Fs  -  Sr 


+ 


a,l(fFi+kF2f 

yo  Fs-Vo^L^ 


L  d  dL 

- r - h 

r  dr  dr 


1  a  (olLijFj  4-/cF2) 
r  dr^  Fs  —  YqL^ 


=  0,  (5) 


where —  (p/L,  L  ^  co  —  kv^—mve/r.  Functions  F,  describe 
an  equilibrium  state  and  take  the  forms 

Fi  =  B^o-^-iveyoY  -^VeYo/r  =  Pg/r; 

Fi  =  (v.YoY  -  Bgo  =  -(Pg/r)ve/Vz; 

Fs  =  Fi  -  YoiVg  -  vg/r);  (6) 

Fa  =  F2-  v'yo; 

F5  =  F1F3  +  F2F4, 


and  vgFi  -\-v^F2  =  0.  Eqn.  (5)  is  of  general  form  for  the  given 
class  of  equilibrium  states  and  is  valid  for  solid  as  well  as  for 
hollow  beams  [4]. 

Taking  into  account  the  second  conservation  law  (2),  which 
was  used  in  the  first  part,  one  can  redefine  functions  F/  by  means 
of  Pg,  These  expressions  are  in  the  right-hand  member  of  equa¬ 
tions  (6). 

Equation  (5)  has  its  simplest  form  under  the  assumption  that 
Pg  :=  const,  which  corresponds  to  the  =  constant  class  (solid 
beam  launched  from  shielded  source  and  hollow  beam  launched 
from  foilless  magnetic  insulation  diode).  In  the  case 

F,  =  F2^F4  =  F5=  0;  F3  =  -yo(v'e  -  -f) 


and  equation  (5)  has  the  form 


+ 


(7) 


It  is  an  obvious  nonessential  simplification  due  to  transition  to 
the  =  0  system. 

When  the  beam  is  launched  from  an  immersed  source  in 
magnetic  field  Bq  we  get 


Fi  =  Bo:  F2  =  -Bo-;  (8) 

Fs  =  Bo[Boil  +  4)  -  ro-C— )']• 

In  this  case  the  analytical  solution  can  be  found  only  under 
special  approximations,  for  example,  small  currents  limit  and 
large  external  magnetic  field.  Numerical  solutions  of  steady 
state  equations  show  that  under  conditions  ^  1 

/  <  0. 1  transverse  distributions  of  the  main  interesting  param¬ 
eters  (co^,  U;.,  F^,  cuo,  L,  y)  are  close  to  uniform  except  vg  oc  r. 
Note  that  Fq  at  the  cathode  differs  from  F^  in  the  drift  region. 
Using  this  approximate  solution,  one  can  write  functions  F/  as 


Fi  F2  ^  -(cooBo/v^i); 

Fj^Fi;  F4«0;  Fs^col,  (9) 


where  <w„  =  B^,-  +  2&)oyi,  «uo  =  -(B^i  -  Bo)/2yi.  Index  ’i’ 
signifies  axis  value.  Wave  equation  (5)  can  be  written  as  follows 


1  3  3(/>  fm^ 

;  a;' 87  ■*!■?  + 

““hi 

col-y^L'^+(oly\  V 

^(m<oo  +  kv,'^  )[=0. 


(10) 
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Note  that  this  equation  where  an  approximate  steady  state  solu¬ 
tion  of  1-st  order  was  used,  is  valid  at  least  for  two  other  equi¬ 
libria,  namely  1)  monoenergetic  beam  with  p  =  const,  2)  rigid 
rotor  equilibrium  with  —  const.  That  is,  for  such  a  ’universal’ 
approximation  all  information  about  special  characteristics  of 
the  equilibrium  was  lost.  It  would  be  not  surprising  that  in  the 
wave  ’language’  all  these  equilibria  are  the  same. 

For  this  simplification,  the  wave  equation  for  a  beam 
launched  from  a  shielded  cathode  will  be  similar  to  (10)  if  =  0 
and  differs  qualitatively. 

lY  ELECTROMAGNETIC  WAVE  EQUATION 
FOR  A  HOLLOW  THIN-WALLED  BEAM 

It  is  difficult  to  find  the  electromagnetic  wave  equation  in 
general  form  due  to  the  cumbersome  expressions.  But,  it  is 
possible  to  find  rather  simple  equations  for  a  solid  beam  with 
Pg  =  0,  at  least  in  the  small  current  limit  (of  little  practical 
interest)  and  for  a  high-current  hollow  (Pg  =  const),  thin-walled 
beam,  which  might  be  useful  because  of  practical  interest. 

For  a  thin-walled  hollow  beam  but  with  large  (relativistic) 
variation  of  vg  in  cross  section  under  assumptions  d/dr  I /R, 
where  R  is  the  average  radius  of  the  beam,  m/R  ^  const,  and 
^I/Yo  ^  const,  though  co^  and  yo  do  strongly  vary  in  cross 
section  [3].  In  the  =  0  system,  the  result  may  be  written  in 
the  form  (here  yo  =  y±) 

<  +  =  0; 

where  —  m^/R?'  —  oP^/yo  ^  const,  L  =  L(vg), 

and 

=  (x^  +  k^)E,+k(^j  - 


{x^  +  k^)yoL' 

CONCLUSION 

A  general  wave  equation  in  the  electrostatic  approximation, 
which  is  valid  in  any  selfconsistent  equilibrium,  was  derived  un¬ 
der  the  only  assumption  of  constancy  of  full  particle  energy.  This 
equation  supplements  general  steady  state  equation  and  allows  to 
consider  different  equilibria  and  their  wave  properties  in  closed 
manner.  Equations  (5)  and  (11)  allow  to  investigate  and  com¬ 
pare  properties  of  electrostatic  and  electromagnetic  waves  and 
instabilities  in  REB  for  different  equilibrium  states  correspond¬ 
ing  to  experimental  condition  of  beam  generation  in  high-current 
accelerators.  These  equations  permit  to  compare  the  influence 


of  different  cross  terms  that  can  be  omitted  because  of  approxi¬ 
mate  solution  of  the  steady  state  problem  especially  for  resonant 
cases. 
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Space  charge  effects  have  been  observed  in  the  KEK- 
PS  Booster  synchrotron.  Beam-profile  measurements  by 
the  BEAMSCOPE  method  show  that  a  beam  blow-up  in 
the  vertical  plane  occurred  during  the  RF  capture  process. 
The  intensity  dependence  of  beam  blow-up  and 
deformation  of  beam  profile  were  observed. 

1.  INTRODUCTION 

The  KEK-PS  Booster  is  a  40-  to  500-MeV  proton 
synchrotron,  which  is  the  injector  of  the  KEK  12  GeV 
Proton  synchrotron,  and  also  delivers  a  beam  to  the  Booster 
Synchrotron  Utilization  Facility  (BSF).  It  is  a  compact 
alternating-gradient  synchrotron  operated  at  fixed  tunes. 
The  repetition  rate  is  20Hz  and  the  synchrotron  magnets 
are  excited  by  a  resonance  circuit.  The  linac  beam  is 
injected  by  charge  exchange  injection  and  is  adiabatically 
captured  in  an  RF  bucket.  A  bunch  is  formed  in  600|i.s  and 
the  bunching  factor  becomes  -0.3.  A  transverse  beam 
blow-up  at  the  early  stage  of  acceleration  has  been 
observed  [1].  Since  the  Booster  synchrotron  was  designed 
for  H+  multi-turn  injection,  it  has  apertures  of  272  n  mm 
mrad  and  49  n  mm  mrad  in  the  horizontal  and  vertical 
planes,  respectively  [2].  This  vertical  emittance  growth 
becomes  crucial  as  the  beam  intensity  increases.  Since  the 
acceleration  period  is  rather  short,  we  chose  the 
BEAMSCOPE  method  [3],  which  can  measure  a  beam 
profile  in  lOOps.  It  is  difficult  to  use  a  wire  scanner  and 
other  methods  for  a  quick  measurement.  In  order  to 
measure  the  beam  profile  exactly,  a  precise  calibration  was 
performed  [1]. 

IL  MEASUREMENT 

The  beam-profile  measurement  system  comprises  a 
beam  scraper  and  two  pulsed  bump  magnets  which  kick  the 
beam  in  the  vertical  direction.  Figure  1  shows  a  plan  view 
of  the  Booster  synchrotron.  Vertical  bump  magnets  are 
installed  in  straight  sections  S2  and  S4.  Since  the  phase 
advance  between  the  magnets  is  n  radians  and  the  beta 
functions  at  both  magnets  are  same,  a  bump  orbit  is 
formed  from  S2  to  S4  in  the  vertical  plane.  The  magnets 
are  connected  in  series  and  excited  by  a  pulsed  current 
having  the  same  polarity.  The  pulse  shape  is  a  half-sine  and 


the  pulse  width  is  200|is.  M1-M8  are  alternating-gradient 
magnets  and  have  a  focusing  order  of  FDDF.  The  beam 
scraper  is  located  in  straight  section  S3,  where  the  bump 
orbit  has  its  extremum. 


Electrostatic 


The  ratio  of  the  current  of  the  bump  magnets  and  the 
height  of  bump  orbit  at  the  scraper  was  precisely  calibrated 
by  means  of  a  pencil  beam,  which  was  much  smaller  than 
the  ring  acceptance.  In  order  to  measure  the  beam  profile 
exactly,  it  is  essential  to  calibrate  the  bump  current  to  the 
beam  displacement  with  good  accuracy.  The  ratio  is 
reproducible  and  independent  of  the  beam  parameters, 
except  for  the  energy.  The  beam  scraper  was  movable  and 
located  at  the  optimum  position  where  the  aperture  was 
minimum  in  the  ring,  but  did  not  disturb  the  circulating 
beam.  The  current  of  the  bump  magnets  was  optimized  to 
be  able  to  scrape  the  whole  beam  as  slowly  as  possible. 
Figure  2  shows  a  schematic  view  of  the  beam-profile 
measurement  system.  The  current  of  the  bump  magnets  and 
the  beam-bunch  signal  were  recorded  simultaneously  using 
a  digital  sampling  oscilloscope,  which  records  the  all  data 
during  200|is  with  a  sampling  rate  of  200MHz.  The  current 
of  the  bump  magnets  and  bunch  signal  were  measured  by  a 
current  transformer  and  a  fast  electrostatic  monitor  (ESM), 
respectively. 
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We  measured  the  intensity  dependence  of  the  beam 
profiles  in  the  vertical  plane  for  intensities  from  1.8*10^^ 
to  22*10^^  particle  per  bunch  (ppp).  Since  we  wanted  to 
use  the  same  initial  beam  distributions  for  the  different 
beam  intensities,  a  beam  slit  of  mesh  shape  was  installed  at 
the  entrance  of  the  40-MeV  Linac.  Figures  3  and  4  show 
the  normalized  emittance  containing  90%  of  the  beam  and 
normalized  1-a  emittance,  respectively,  against  a  delay 
time  of  up  to  5  ms  from  injection  for  various  intensities.  In 
these  figures,  the  emittance  at  injection,  i.e.  Delay  Time  =0 
ms,  was  obtained  from  the  beam  profile  taken  by  moving 
the  beam  scraper  without  exciting  the  bump  magnets,  since 
the  ESM  cannot  be  available  during  injection  where  a 
bunch  structure  has  not  been  sufficiently  formed.  The 
initial  beam  emittances  are  constant  for  different  intensities 
for  both  90%  and  1-a  emittance  (Figs.  3  and  4).  The  initial 
distribution  was  independent  of  the  beam  intensity.  Figures 
3  and  4  also  show  the  emittance  growth  which  occurred 
before  ~1  ms. 

The  emittance  growth  is  clearly  observed  at  intensities 
larger  than  1.66*10^^  ppp  in  Fig.  3.  The  emittance  growth 
between  intensities  of  1.4*0^^  ppp  and  1.66*10^^  ppp  is 
much  larger  than  that  between  intensities  of  1.66*10^^  ppp 
and  2.2*10^^  ppp.  However,  we  should  note  that  there 
might  be  a  small  amount  of  beam  loss  for  2.2*10^^  ppp. 
The  emittance  growth  is  observed  at  intensities  larger  than 
l*10l2  ppp  normalized  1-a  emittance  becomes  larger 
according  the  increment  of  the  beam  intensity.  The 
threshold  intensity  for  1-a  emittance  is  about  40%  less  than 
that  for  90%  emittance.  Figure  5  shows  the  FWHM  and  the 
width  which  contains  90%  of  the  beam  against  the  beam 
intensities.  It  clearly  shows  that  the  intensities  which  cause 
the  emittance  growths  are  different  for  the  beam  core  and 
edge.  The  difference  of  the  threshold  intensities  for 


emittance  growths  suggests  that  it  is  caused  by  space 
charge  effects. 


0  1  2  3  4  5  6 

Delay  Time  (msec) 

Fig.  3.  Intensity  dependence  of  the  normalized 
emittance  which  contains  90%  of  the  beam. 
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Fig.  4.  Intensity  dependence  of  the  normalized  1- 
a  emittance. 
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Fig.  5.  Intensity  dependence  of  the  beam  widths. 
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III.  SPACE  CHARGE  TUNE  SHIFT 

The  Booster  tune  space  is  shown  in  Fig.  6,  In  order  to 
estimate  the  space  charge  detuning  in  the  smooth 
approximation  for  Ap/p=0,  we  use  the  expression  [4] 

AQH,V=NrpG[nBP V(eH,V+(eHevQH,V/Qv,H)^^^)]‘  ^  . 

where  N=number  of  protons,  rp  =  1.535  *10"^^  m,  and  G 
is  a  form  factor  which  depends  on  the  transverse  intensity 
distribution.  For  1.0*10^^  ppp  at  the  end  of  injection, 
where  P^y3=:0.09  and  the  bunching  factor  is  ~1,  the  90% 
beam  width  was  14mm.  Using  G=1.56  for  the  Gaussian 
distribution,  we  obtain  AQysc=-0.10  and  AQxsc='0-05,  as 
shown  in  Fig.  6(a),  bounded  by  the  bold  line.  At  1  ms  after 
injection,  where  emittance  growth  has  occurred  for  the 
beam  core  but  not  for  the  beam  tail,  the  beam  is  captured  in 
the  RF  bucket  and  the  bunching  factor  becomes  0.3.  Then, 
AQysc=“0-34  and  AQxsc="0*17  are  obtained  for  the  same 
beam  widths.  This  is  the  lowest  point  of  the  region  in  Fig. 
6(a)  bounded  by  the  solid  line,  and  touches  both  Qx=2  and 
Qy=2.  For  1.66*10^^  ppp  at  the  end  of  injection,  we  obtain 
^Qysc="^'17  and  AQxsc=-0*08,  as  shown  in  Fig.  6(b), 
bounded  by  the  bold  line.  For  bunched  beam  showing 
emittance  growth  for  both  the  beam  core  and  edge,  the  90% 
beam  width  became  18mm  1  ms  after  injection.  We  obtain 
AQysc=~0.40  and  AQxsc=-0-26  which  cross  both  Qx=2 
and  Qy=2  resonances  largely,  as  shown  in  Fig.  6(b). 


Fig.  6  KEK-PS  Booster  Tune  Spaces  at  1.0  *10^^ 
ppp  (a)  and  1.66*10^^  ppp  (b). 


However,  the  real  beam  is  not  smooth  and  Ap/pT^O. 
For  a  more  accurate  estimation  we  used  the  computer  code 
space  SPACEX  [5],  which  can  solve  envelope  equations 
including  the  space  charge  force.  The  results  are  also 
shown  in  Fig.  6.  We  assume  that  the  momentum  spread 
was  0.30%  and  that  the  real  beam  was  larger  in  the 
horizontal  plane  due  to  it.  Using  G=1.56  and  6=0.3,  we 
obtain  AQysc='0.30  and  AQxsc=“0-ll  for  1*10^^  ppp.  It  is 
shown  in  Fig.  6(a),  bounded  by  the  dashed  line.  We  also 


obtained  AQysc=-0.34  and  AQxsc=-012  for  1.66*10^^ 
ppp.  This  is  shown  in  Fig.  6(b),  bounded  by  the  dashed 
line.  Since  the  momentum  spread  was  taken  into  account, 
the  tune  spreads  obtained  by  SPACEX  are  smaller  than 
those  by  Laslett  formula.  Since  the  90%  beam  width  during 
the  emittance  growth  was  smaller  than  18  mm,  the  tune 
spread  should  have  been  much  larger  than  the  region  in 
Fig.  6(b)  bounded  by  the  dashed  line.  It  is  reasonable  that 
the  large  tune  spread  which  crosses  the  integer  and  other 
resonances  causes  emittance  growth,  which  stops  when  the 
tune  spread  becomes  smaller. 

IV.  DISCUSSIONS 

The  emittance  growth  in  the  vertical  plane  can  be 
explained  based  on  the  space  charge  effects.  Operation  at 
higher  tunes  and  resonance  correction  techniques  are  used 
to  avoid  and  overcome  the  effects.  However,  the  Booster 
synchrotron  is  a  small  accelerator  and  has  limited  space.  It 
is  difficult  to  install  the  necessary  instruments  to  change 
the  tunes  and  for  corrections.  Reduction  of  the  peak 
intensity  by  the  second-harmonic  buncher  is  another  way, 
and  might  be  possible  if  the  instrument  is  designed  to  be 
compact. 
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Abstract 

A  beam  propagating  in  a  continuous,  linear  focusing  channel 
tends  to  relax  to  a  thermal  equilibrium  state.  We  employ  nonlin¬ 
ear  conservation  constraints  to  theoretically  analyze  changes  in 
quantities  that  characterize  both  an  initial  semi-Gaussian  beam 
with  a  matched  rms  beam  envelope  and  a  K-V  beam  under  a 
relaxation  to  thermal  equilibrium.  Results  from  particle-in-cell 
simulations  are  compared  to  the  theoretical  predictions. 


L  INTRODUCTION 

Semi-Gaussian  (SG)  beams  are  characterized  by  a  thermal- 
like  Gaussian  distribution  of  particle  momentum  and  uniformly 
distributed  space-charge.  In  so-called  K-V  beams  first  de¬ 
scribed  by  Kapchinskij  and  Vladimirskij,  all  particles  have  the 
same  transverse  energy  and  the  space-charge  is  also  uniformly 
distributed.^’^  Both  SG  and  K-V  beams  are  widely  used  in  the 
theory  and  simulation  of  charged  particle  beams,  and  a  funda¬ 
mental  question  is  how  these  beams  change  on  relaxation  to 
thermal  equilibrium  (TE).  Here  we  employ  conservation  con¬ 
straints  of  a  simple  theoretical  model  to  derive  equations  that 
connect  initial  SG  and  K-V  beams  to  their  final  TE  state.  These 
equations  are  solved  numerically  to  obtain  universal  curves  de¬ 
scribing  changes  in  beam  emittance,  radius,  and  peak  density  on 
relaxation  to  TE.  These  curves  demonstrate  contexts  in  which 
these  distributions  may  be  regarded  as  approximations  to  TE. 
This  study  does  not  address  the  dynamical  evolution  of  the  beam 
as  it  relaxes  to  TE. 

11.  THEORETICAL  MODEL,  MOMENTS,  AND 
CONSERVATION  CONSTRAINTS 

We  employ  an  (r,  z)  cylindrical  polar  coordinate  system  to 
analyze  an  infinitely  long,  unbunched  (d/dz  =  0)  beam  com¬ 
posed  of  a  single  species  of  particles  of  mass  m  and  charge  g. 
All  particles  propagate  with  constant  axial  velocity  V(,ez ,  and 
continuous  radial  focusing  is  provided  by  an  external  electric 
field  that  is  proportional  to  the  radial  coordinate  r,  i.e.,  Eext  = 
-(mv^k^/q)rer,  where  =  const  is  the  betatron  wavenum¬ 
ber.  This  field  can  be  thought  of  as  arising  from  a  uniform 
background  of  charges  or  as  representing  the  average  focusing 
strength  of  an  alternating  gradient  lattice  of  electric  or  magnetic 
quadrupoles.^’^  For  simplicity,  we  neglect  self-magnetic  fields 
and  en^loy  a  nonrelativistic  and  electrostatic  model  where  ini¬ 
tial  (s  =  0)  and  final  (s  oo)  states  of  the  beam  can  be  de¬ 
scribed  for  a  long  axial  propagation  distance  s  (5  =  V(yt,  where 
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t  is  the  time)  in  terms  of  a  single-particle  distribution  function 
/  that  can  generally  be  a  function  of  the  transverse  position  and 
momentum  x  and  p  of  a  single  particle  and  the  axial  coordinate 
s,  i.e.,  /  =  /(x,p,s).  Neglecting  particle  correlation  effects, 
the  evolution  of  /  is  described  by  the  Vlasov  equation, 


d  dH  d 
ds  dp  dx 


A 

dx  dp 


f{x,p,s)  =  0, 


(1) 


where 

p)  =  +  mvb^x^  -b  (2) 

2mvb  I  Vb 

is  the  Hamiltonian  and  the  self-field  potential  (f)  satisfies  the  Pois¬ 
son  equation 


Beam  Vlasov  equilibria  are  stationary  (d/ds  =  0)  solutions 
to  the  Vlasov-Poisson  system  (l)-(3).  It  follows  that  any  distri¬ 
bution  function  /  formed  from  the  single-particle  constants  of 
the  motion  in  the  full  equilibrium  field  configuration  is  a  Vlasov 
equilibrium.  Therefore,  for  azimuthally  symmetric  (d/ d6  =  0) 
beams,  /  =  F{H)  is  an  equilibrium  distribution  for  arbitrary 
functions  F(iir).  It  can  be  shown  that  the  equilibrium/  =  F{H) 
is  stable  to  perturbations  of  arbitrary  amplitude  if  dF{H)/dH  < 
0  Moreover,  the  density  inversion  theorem^  shows  that  any 
beam  equilibrium  with  a  radial  density  profile  n(r)  =  / d^p  f 
satisfying  dn /dr  <  0  corresponds  to  a  stable  distribution  /  = 
F{H)  with  dF {H) / dH  <0, 

Moment  descriptions  of  the  beam  can  provide  a  simplified  un¬ 
derstanding  of  beam  transport.  Transverse  statistical  averages  of 
a  quantity  ^  are  expressed  in  terms  of  this  Vlasov  formulation  as 
(^)  =  (1  /N)  fd^x  fd^p  e  /  ,  where  N  =  fd^xfd^pf  is  the 
number  of  particles  per  unit  axial  length.  A  commonly  employed 
measure  of  the  envelope  radius  of  beam  particles  is  the  rms  ra¬ 
dius  R  =  \/2(r^}  ‘  Note  that  R  is  identically  equal  to  the  edge 
radius  of  a  beam  with  uniformly  distributed  space-charge.  Sec¬ 
ond  order  moments  of  the  Vlasov  equation  (1)  can  be  employed 
to  derive  the  so-called  ‘frms  envelope  equation”  for  the  evolution 
of  R}’^  For  azimuthally  symmetric  beams  (i.e.,  5/ d0  =  0),  one 


obtains 


ds^ 


R 


(4) 


where  K  =  -2q{rd(p/dr)/mvl  is  the  self-field  perveance  [Eq. 
(3)  can  be  integrated  to  obtain  {rd<j>/dr)  =  —qN,  and  thereby 
show  that  K  =  2q^N/mvl  =  const]  and 


4  =  16[(a;2)((<ia;/ds)2)  -  {x{dx/ds)f]  (5) 


is  the  square  of  the  rms  ir-emittance  Cj,.  For  a  K-V  equilibrium 
distribution,  ttCx  is  constant  and  corresponds  to  the  phase-space 
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area  {\nx^dxjds  phase-space)  of  the  beam.  For  general  distribu¬ 
tions,  6a;  is  not  constant  and  is  employed  as  a  statistical  measure 
of  the  quality  of  the  beam.^ 

It  is  convenient  to  express  the  envelope  equation  (4)  as 

d^Rjds^  -\-  -  el/E?  =  0,  where  or  =  -  A72(r^))^/^ 

is  the  phase-advance  per  unit  axial  length  of  the  transverse  oscil¬ 
lations  of  a  single  particle  moving  in  the  applied  and  self-fields 
of  an  “equivalent”  K-V  beam.^  For  radial  confinement  of  the 
beam  (n  =  / d^p  f  =  0  in  the  limit  r  oo),  >  0,  with 
the  limit  a  =  0  corresponding  to  a  cold-beam  equilibrium  with 
dR/ds  =  0  =  d^R/ds^  and  el  =  0.  In  the  tenuous,  kinetic- 
dominated  limit  ^  K/2{r^),  space-charge  effects  are  negli¬ 
gible,  and  cr  (Jo,  where  (Tq  =  is  the  “undepressed”  phase 
advance.  The  phase  advance  a  in  the  presence  of  space-charge 
is  “depressed”  from  (Tq  (i.e.,  =  al  —  A72(r^)),  and  the  phase 

advance  ratio 


a/a,  =  (1  -  (6) 

provides  a  convenient  normalized  measure  of  space-charge  ef¬ 
fects  (0  <  cr/cTo  <  1),  with  the  limits  ct/cto  — )■  0  and  cr/(7o  1 
corresponding  to  a  cold,  space-charge  dominated  beam  and  a 
warm,  kinetic  dominated  beam,  respectively. 

The  nonlinear  Vlasov-Poisson  system  (l)-(3)  possesses  the 
conservation  constraints 

N  =  f  d’^x  f  d’^p  f  =  const,  (7) 


=  J  d^x j  d‘ 


7  — / 


Nmvl-^{r^) 


W  =  const, 


III.  BEAM  THERMAL  EQUILIBRIA 

A  beam  thermal  equilibrium  (TE)  is  characterized  by  a  radial 
density  profile  that  becomes  uniform  in  the  limit  of  low  tempera¬ 
ture  and  Gaussian-like  for  high  temperature.  The  single-particle 
distribution  function  describing  a  TTB  beam  is^’^ 

no  f  vi,H  \ 

Here,  no  =  const  is  a  characteristic  density  and  T  =  const 
is  the  thermodynamic  temperature  (energy  units).  Specification 
of  the  charge  and  energy  of  the  beam  macrostate  fix  the  con¬ 
stants  no  and  T,  The  TE  distribution  is  a  special  class  of  stable 
Vlasov  equilibrium.^  Within  the  weak  coupling  approximation 
<  T)  any  initial  distribution  function /(x,p,s  = 
0),  however  complex,  relaxes  to  the  TE  form  of  Eq.  (9).  This 
is  true  regardless  of  the  details  of  the  intervening  evolution  due 
to  both  collective  and  collisional  processes.  Even  stable  Vlasov 
equilibria  must  ultimately  relax  to  TE  form  due  to  effects  out¬ 
side  the  Vlasov  model.  In  this  regard,  TE  can  be  regarded  as  the 
preferred  equilibrium  state  of  the  system. 

Employing  the  TE  distribution  (9),  one  obtains 


{r^),£r  =  NT  +  mvl-^{r^)  +  Wr,  (10) 


mvi 


where  £r  denotes  the  regularized  system  energy.  The  enve¬ 
lope  equation  (4)  with  d^R/ds^  =  0  and  el  calculated  above 
then  shows  that 

(11) 


mVi 


'b^(3 


where  PV  =  fd^^x  |9(/^/5xp/87r  is  the  self-field  energy.  It 
can  be  verified  that  dN/ds  =  0  =:  d£/ds  follow  directly  from 
Eqs.  (l)-(3).  These  constraints  correspond  to  the  conservation 
per  unit  axial  length  of  particle  number  and  system  energy  (par¬ 
ticle  and  field)  and  provide  powerful  constraints  on  the  nonlin¬ 
ear  evolution  of  the  system.  Similar  constraints  remain  valid 
in  systems  where  particle  correlation  effects  are  not  negligible. 
Note  that  the  two-dimensional  self-field  energy  W  is  logarith¬ 
mically  divergent  since  5<?^/9x  ^  —{2qN/r)er  fox  r  ^  R. 
For  practical  applications,  this  divergence  must  be  removed  (reg¬ 
ularized)  in  an  s-invariant  manner.  For  azimuthally  symmetric 
(d/d9  =  0)  beams,  the  divergence  can  be  isolated  by  examin¬ 
ing  the  work  required  to  assemble  the  beam  from  a  large  radius.^ 
Subtracting  this  divergence  from  W,  we  obtain  the  regularized 
self-field  energy 

Wr  =  j  dr  r In  ^ ^  n(r)  J  dr  fn(f),  (8) 

where  rg  =  const  is  a  scale  radius  and  n{r)  =  f  d?p  f  is  the  ra¬ 
dial  density.  Making  the  replacement  IV  — >•  Wr  in  the  constraint 
£  =  const  obtains  the  needed  regularized  energy  constraint.  In¬ 
sofar  as  the  same  scale  radius  =  const  is  applied,  this  reg¬ 
ularized  conservation  constraint  can  be  applied  to  connect  two 
azimuthally  symmetric  states,  even  if  the  intervening  states  are 
not  azimuthally  symmetric. 


The  TE  density  n{r)  =  fd^p  f  needed  to  explicitly  calcu¬ 
late  V  =  27r  J^dr  rn{r)  and  Wr  is  nonlinear,  and  must,  in 
general,  be  calculated  numerically.  For  this  purpose  it  is  con¬ 
venient  to  express  the  density  as  n{r)  =  noexp{—ip),  where 
=  {l/T)[mvlkpr^/2  q(j)]  satisfies  the  transformed  Poisson 
equation 


subject  to  V’(O)  =  0.  Here,  p  =  rfX  is  a  radial  coordi¬ 
nate  scaled  to  the  thermal  Debye  length  A  =  (r/47rg^no)^^^ 
formed  from  the  on-axis  beam  density  no,  and  1  +  A  = 
2T;^/?|/cjpo  (where  =  Airq^no/m  is  the  on-axis  plasma 
frequency-squared),  is  a  positive,  dimensionless  parameter  qual¬ 
itatively  representing  the  ratio  of  applied  to  space-charge  defo- 
cusing  forces. 

IV.  SEMI-GAUSSIAN  AND  K-V  BEAMS 

Semi-Gaussian  (SG)  and  K-V  beams  are  described  by  the 
single-particle  distribution  functions^ 

f  _  /  {nb/27rmTb)Q{rb  -  r)  exp(-p^/2mT6),  SG  (12) 

”  1  {nb/^'^nrivi))S{H  —  2Tb/vb),  K-V. 

Here,  0(a?)  and  <y(a;)  are  theta-  and  Dirac  delta-functions, 
Tb  —  const  is  the  beam  kinetic  temperature  [i.e.,  NTb  = 
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(p^/2m)/]  forboth  distributions,  and  both 
density  profiles  n  =  f  (Pp  f  have  a  constant  value  rib  within  the 
beam  radius  =  const  [i.e.,  n  =  nf>  for  0  <  r  <  r^]  and  are 
zero  outside  the  beam  radius  [i.e.,  n  0  for  r  >  r^].  K-V  distri¬ 
butions  are  exact  Vlasov  equilibria  with  d/ds  =:  0,  whereas  SG 
distributions  are  not  and  will  evolve  within  the  Vlasov  model. 
The  SG  distribution  must  be  regarded  as  an  initial  state,  and  the 
conditions  0  =  are  applied  to  this  state 

for  a  “matched”  beam  envelope.  Then  for  both  the  SG  and  K-V 
distributions,  the  envelope  equation  (4)  becomes  an  initial  state 
constraint  2T6  =  mt'|Ar|r|/2—  g^7rr|n6/2  [equivalent  to  Eq. 
(11)  and  defining  for  K-V  beams],  and  expressions  identical 
in  form  are  obtained  to  the  TE  quantities  calculated  in  Eq.  (10) 
with  the  kinetic  temperature  Tb  replacing  the  thermodynamic 
temperature  T.  Additionally,  for  these  rectangular  density  pro¬ 
file  beams,  one  may  analytically  calculate  N  =  TTr^n^,,  (P)  = 
rl/2,  and  IV,  =  {q^Ny4)[l  ^  4ln{rb/r,)]. 

V.  BEAM  CHANGES  ON  RELAXATION  TO 
THERMAL  EQUILIBRIUM 

The  conservation  constraints  N  =  const  and  £r  =  const 
uniquely  connect  an  initial  SG  beam  with  a  matched  envelope 
or  an  initial  K-V  beam  to  its  final  TE  state.  These  constraints 
can  be  used  with  Eqs.  (10)  and  (11)  expressed  in  scaled  form  for 
both  initial  and  final  states  to  calculate  ratios  of  final  to  initial 
state  emittance- squared  mean-square  radius  (r^),  and  on-axis 
density  n{r  —  0)  in  terms  of  the  single  dimensionless  parameter 
A  associated  with  the  final  TE.  Likewise,  the  phase  advance  ra¬ 
tio  (7 /(To  of  the  initial  beam  can  also  be  calculated  in  terms  of  A. 
Details  of  this  procedure  are  presented  elsewhere,^  and  the  re¬ 
sulting  ratios  are  plotted  verses  a /ao  in  the  figure.  These  curves 
are  universal  in  the  sense  that  all  beam  parameters  fall  onto  a  sin¬ 
gle  curve  and  the  curves  apply  both  to  an  initial  (matched)  SG  or 
a  K-V  beam.  Particle-in-cell  simulations  of  an  initial  SG  beam 
are  presented  in  the  figure.  These  simulations  provide  insight  on 
the  axial  propagation  distance  necessary  for  relaxation  to  TE  and 
agree  well  with  the  theory  for  a/ao  small.^'"^  Spreads  about  the 
simulation  points  indicate  rms  fluctuations  that  become  large  as 
O' /o-Q  1  due  to  the  lack  of  space  charge  forces  to  induce  re¬ 
laxation  to  TE.  Indeed,  it  has  been  shown  that  the  simulations  are 
consistent  with  relaxation  to  a  virtual,  phase-mixed  equilibrium 
as  a /(To  1. 

The  figure  shows  that  the  rms  emittance  and  radius  undergo 
small,  space-charge  dependent  decreases  on  relaxation  to  TE, 
while  the  peak  (on-axis)  beam  density  can  undergo  a  significant, 
space-charge  dependent  increase.  All  the  ratios  plotted  approach 
unity  in  the  space-charge  dominated  limit  (j/(7o  0  because  all 
three  distributions  become  identical  with  uniform  densities  and 
zero  temperatures  in  this  limit.  In  the  kinetic  dominated  limit 
O' /(To  1,  the  ratios  of  rms  emittance  and  mean-square  radius 

approach  unity,  whereas  the  ratio  of  peak  densities  approaches 
2,  These  limits  are  consistent  with  analytic  calculations  with  the 
self-field  potential  (j)  neglected.  With  <!>  neglected,  all  second- 
order  moments  of  the  system  are  constants  of  the  motion  (the  rms 
radius  and  temperature  are  then  constants)  and  the  final  TE  den¬ 
sity  profile  is  Gaussian  with  n{r)  =  no  exp(— 2r^/r^),  thereby 
showing  that  the  ratio  of  final  to  initial  peak  density  is  2  using 


Figure.  1.  Ratios  of  final  to  initial  state  emittance  squared  (e^, 
upper  plot,  solid  curve),  mean-square  radius  ((r^),  upper  plot, 
dashed  curve),  and  peak  (on-axis)  density 
[n(r  =  0),  lower  plot]  verses  ct/cto. 

N  =  Trrlrib  =  f  <Px  n(r).  For  the  general  case  of  finite  space- 
charge  effects  with  0  <  cr/cro  <  1,  the  figure  demonstrates 
that  on  relaxation  to  TE,  the  rms  radius  of  the  beam  decreases 
slightly,  while  the  peak  (on-axis)  beam  density  significantly  in¬ 
creases.  Evidently,  the  initially  uniform  density  beam  relaxes  to 
a  diffuse  radial  density  profile  such  that  the  characteristic  thermal 
tail  and  increased  core  density  weight  to  maintain  nearly  constant 
rms  radius. 

VI.  CONCLUSIONS 

An  initial  semi-Gaussian  or  K-V  beam  within  a  continuous 
focusing  channel  must  ultimately  relax  to  thermal  equilibrium. 
We  employed  conservation  constraints  of  a  simple  theoretical 
model  to  analyze  changes  in  quantities  characterizing  the  beam 
under  this  relaxation.  Universal  curves  were  calculated  giving 
the  ratio  of  various  final  to  initial  state  quantities  in  terms  of 
the  ratio  of  depressed  to  undepressed  phase  advance  of  the  ini¬ 
tial  beam,  which  provides  a  convenient  normalized  measure  of 
space-charge  effects.  These  curves  demonstrate  that  the  rms 
emittance  and  radius  of  the  beam  undergo  a  small,  space-charge 
dependent  decrease  on  relaxation  to  TE.  The  smallness  of  these 
decreases  for  (t/(To  small  indicate  that  with  respect  to  the  trans¬ 
port  of  second-order  moments  of  the  system,  which  are  of  pri¬ 
mary  importance  in  beam  physics,  the  SG  and  K-V  distributions 
are  a  good  approximation  to  the  true  TE  distribution  that  can 
be  transported  without  change.  On  the  other  hand,  particularly 
for  larger  (j/(7o,  it  was  demonstrated  that  higher  order  moments 
or  nonmoment  quantities  (e.g.,  peak  beam  density)  could  un- 
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dergo  significant  space-charge  dependent  changes  on  relaxation 
to  TE,  thereby  indicating  both  contexts  for  caution  and  possi¬ 
ble  measures  to  ascertain  whether  the  beam  has  relaxed.  More 
detailed  analyses  including  beam  rotation  and  magnetic  focus¬ 
ing  along  with  relativistic,  self-magnetic,  and  longitudinal  ef¬ 
fects  have  been  carried  out,  and  the  essential  conclusions  of  this 
simple  analysis  remain  unaltered.^ 
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Abstract 

Evidence  is  presented  to  show  the  transfer,  via  a 
collective  electrostatic  instability,  of  transverse  energy  to  the 
longitudinal  direction  if  the  axial  temperature  of  a  beam  is 
sufficiently  low.  Two-dimensional  r,z  electrostatic  PIC 
simulations  of  a  long  coasting  space-charge-dominated  beam 
propagating  in  a  uniform  focused  channel  are  presented  to 
illustrate,  for  typical  parameters,  the  development  of  a  coherent 
mode  structure  with  an  axial  wavelength  comparable  to  the 
beam  diameter,  and  growth  times  comparable  to  the  betatron 
period. 

1.  INTRODUCTION 

In  many  accelerator  systems  it  is  important  to  carefully 
control  the  phase  space  volume  occupied  by  the  beam.  For 
example,  in  a  heavy  ion  accelerator  which  is  to  be  used  for  the 
ignition  of  a  thermonuclear  pellet,  both  the  transverse  beam 
emittance  and  the  spread  in  longitudinal  velocities  are 
constrained  by  the  requirement  for  focusing  sufficient  power 
density  onto  the  target.  While  the  constraints  on  the 
transverse  and  longitudinal  phase  space  are  generally  related  in 
a  complex  way  by  the  details  of  the  accelerator  design,  it  is 
important  to  limit  the  growth  of  both. 

If  it  is  noted  that  the  addition  of  equal  energy  to  each 
beam  particle  during  acceleration  results  in  a  decrease  in  the 
longitudinal  velocity  spread  in  the  beam  frame,  while  the  same 
reduction  does  not  occur  in  the  transverse  direction,  it  is  easy 
to  envision  the  development  of  a  substantial  anisotropy  in  the 
beam  temperature.  While  the  very  low  beam  collision 
frequency  precludes  any  thermodynamic  equipartitioning  of  the 
temperature  anisotropy  on  a  time  scale  comparable  to  the  beam 
lifetime,  a  collective  mechanism  that  can  transfer  energy  from 
the  transverse  to  longitudinal  directions  is  described  here. 

Previous  examination  [1,2]  of  the  behavior  of  beam 
bunches,  where  the  length  of  the  bunch  is  comparable  to  its 
radius,  has  identified  possible  collective  mechanisms  which 
can  transfer  energy  between  the  transverse  and  longitudinal 
direction  so  as  to  reduce  a  temperature  anisotropy.  More 
recently,  three-dimensional  simulation  studies  [3,4]  of  space- 
charge-dominated  beam  dynamics  have  also  shown  evidence  of 
a  collective  mechanism  for  energy  transfer,  even  when  the 
bunch  length  is  much  longer  than  the  beam  diameter.  These 
simulations  suggest  that  the  collective  mechanism  does  not 
depend  on  the  bunch  length  being  comparable  to  beam 


diameter.  The  work  discussed  here  attempts  to  clarify  the 
nature  of  that  mechanism  by  examining  a  space-charge- 
dominated  beam  with  a  transverse  temperature  greater  than  the 
longitudinal  temperature,  but  in  the  simpler  case  of 
axisymmetric  geometry  and  a  uniform  focusing  channel. 

As  will  be  discussed  below,  the  simulations  show  that 
an  instability  develops  which  transfers  energy  from  the 
transverse  to  the  longitudinal  direction.  The  unstable  mode  in 
the  example  shown  appears  to  behave  like  a  localized  envelope 
oscillation,  with  a  length  comparable  to  the  beam  dianeter, 
that  is  driven  unstable  by  the  transverse  energy.  This  mode 
appears  to  be  only  one  of  the  potentially  unstable,  and 
possibly  coupled,  modes  of  the  anisotropic  beam  system. 

IT  AXISYMMETRIC  SIMULATIONS 

For  simplicity,  the  investigation  described  here  is 
restricted  to  an  axisymmetric  space-charge-dominated  beam  in  a 
focusing  system  which  is  linear  and  uniform  in  the 
longitudinal  direction.  The  beam  self-fields  are  assumed  to  be 
electrostatic.  For  further  simplification,  a  relatively  small,  in 
the  examples  here  0.32  m,  section  of  the  beam  is  examined 
using  periodic  boundary  conditions.  Figure  1  is  a  plot  of  the  z 
(longitudinal)  rms.  velocity  of  the  beam  particles  as  a  function 
of  the  distance  propagated  by  the  beam  as  it  is  transported. 

The  beam  shown  in  Fig.  1  is  a  4.8  A  beam  consisting 
of  singly  charged  ions  with  mass  of  12  AMU  and  energy  of  10 
MeV.  A  linear  inward  focusing  force,  independent  of 
longitudinal  position,  is  employed,  corresponding  to  a  7.2  m 
low-current  betatron  wavelength,  which  maintains  a  matched 
beam  radius  of  0.023  m,  in  the  0.05  m  radius  conducting  pipe. 
The  beam  particles  have  been  given  an  initially  semi-Gaussian 
(uniform  in  space  Gaussian  in  velocity)  distribution  with  a 
transverse  emittance  of  2.2x10  "^  m  rad.  The  initial  conditions 
represent  sufficient  space  charge  to  depress  the  transverse  phase 
advance  by  a  factor  of  2.35  were  the  beam  initially  a  K-V 
distribution  with  the  same  rms.  quantities.  The  initial  thermal 
velocity  in  the  longitudinal  direction  is  10^  m/sec. 

The  numerical  simulations  were  performed  using  the 
electrostatic  r,z  WARP  [5]  particle-in-cell  simulation  code. 
The  particular  simulation  shown  in  Fig.  1  employed  224K 
macroparticles.  The  grid  consisted  of  32  radial  and  512  axial 
zones,  with  Gaussian  smoothing  employed  in  the  axial 
direction  to  suppress  the  longitudinal  grid  instability 
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sometimes  observed  in  the  simulation  of  longitudinally  cold 
beams. 


s  (m) 

Fig  1.  Longitudinal  rms.  velocity  plotted  against  the 
distance  propagated  by  the  beam.  Energy  from  the  initially 
semi-Gaussian  transverse  distribution  is  transferred  to  the 
longitudinal  direction. 


s  (m) 

Fig.  2.  Evolution  of  the  transverse  rms.  velocity,  showing 
the  initial  fluctuations  that  result  from  a  lack  of  detailed 
force  balance  when  the  beam  is  prepared  with  an  initially 
semi-Gaussian  distribution. 

The  growth  in  longitudinal  thermal  energy  shown  in 
Fig.  1  can  be  separated  into  three  phases,  consisting  of  an 
initial  short  period  of  slow  growth  followed  by  a  period  of 
somewhat  more  rapid  growth,  and  finally  a  slowing  of  this 
rapid  growth.  Because  it  is  conjectured  that  the  mechanism  for 
transfer  of  energy  is  a  result  of  a  collective  instability,  the 
initial  growth  phase  is  problematic,  since  an  instability  which 
is  not  explicitly  seeded  will  tend  to  grow  from  some  small 
initial  perturbation  which  is  due  to  a  nonuniformity  in  the 
initial  distribution.  A  possible  explanation  for  this  initial 
behavior  can  be  found  from  the  examination  of  the  transverse 
dynamics,  as  is  illustrated  by  the  plot  in  Fig.  2  of  the 


transverse  rms.  velocity  as  the  beam  propagates  down  the 
transport  line. 


s  (m) 

Fig  3.  Longitudinal  rms.  velocity  plotted  against  the 
distance  propagated,  when  the  beam  is  given  an  initially  K- 
V  distribution.  Note  the  delayed  onset  of  growth  in  the 
longitudinal  thermal  energy. 

While  a  beam  with  an  initially  semi-Gaussian 
transverse  distribution  can  be  close  to  a  steady  state 
distribution,  especially  in  the  limit  of  small  emittance,  this 
distribution  is  not  in  local  force  balance  with  the  external 
focusing  force.  An  initial  transient  therefore  will  occur  until 
the  beam  relaxes  to  an  equilibrium.  Since  the  beam  in  the 
simulation  is  represented  by  a  number  of  peuticles  which  is  far 
less  than  the  number  in  an  actual  beam,  the  resulting 
granularity  in  the  distribution  causes  numerical  collisions 
which  can  couplemomentum  from  the  internal  dynamics  of 
the  transverse  beam  redistribution  to  the  longitudinal  direction 
and  therefore  heat  the  beam  longitudinally.  A  numerical  cause 
for  the  initial  growth  in  longitudinal  energy  is  supported  by 
the  fact  that  the  growth  rate  does  decrease  with  an  increase  in 
the  number  of  simulation  particles  used  to  represent  the  beam. 

In  order  to  remove  the  complications  associated  with 
any  initial  redistribution  of  a  beam  not  in  equilibrium, 
simulations  were  performed  employing  an  initially  K-V 
distribution,  for  which  the  beam  is  in  local  force  balance  with 
the  focusing  forces.  Figure  3  is  a  plot  of  the  evolution  of  the 
rms.  z  velocity  for  an  initially  K-V  beam  with  the  same  rms. 
parameters  as  in  the  previous  case  shown  in  Figs.  1  and  2. 
Absent  the  redistribution  to  equilibrium  present  in  the  initially 
semi-Gaussian  beam,  the  longitudinal  velocity  shows  the 
quiescent  period  and  exponentiation  which  is  characteristic  of 
an  unstable  mode  growing  from  the  small  initial  fluctuations 
in  the  initial  distribution  function.  The  smoother  initial 
behavior  can  also  be  noted  by  examining  the  rms.  radial 
velocity  component  shown  in  Fig.  4.  The  large  initial 
fluctuations  are  now  absent  and  the  transverse  cooling,  as  the 
energy  is  transferred  to  the  longitudinal  direction,  is  now 
evident. 
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A  further  interesting  facet  of  the  instability  mechanism 
is  the  creation  of  large  fluctuations  in  the  beam  current,  as 
shown  in  Fig.  5,  which  is  a  plot  of  the  current  after  the  beam 
has  propagated  60  meters,  or  8.3  betatron  periods.  Note  that 
the  characteristic  scale  of  these  fluctuations  is  on  the  same 
order  as  the  beam  radius. 


s  (m) 

Fig.  4.  Evolution  of  the  transverse  rms.  velocity  for  the 
beam  with  an  initially  K-V  distribution,  showing  the 
smooth  transfer  of  energy  from  the  transverse  to  the 
longitudinal  direction. 

III.  DISCUSSION  OF  SIMULATIONS 

The  two  simulations  discussed  above  are  rqjresentative 
of  several  that  have  been  conducted  to  examine  details  of  an 
instability  which  is  responsible  for  the  transfer  of  energy  from 
the  transverse  to  longitudinal  dimensions  when  there  is  a 
substantial  anisotropy  in  beam  temperature.  Limited  space 
however,  restricts  the  discussion  here  to  describing  some  of  the 
more  important  features  which  were  observed. 

One  significant  feature  seen  in  the  linear  phase  of  the 
instability  is  that  the  transverse  dependence  of  the  self-electric 
fields  within  the  beam  strongly  resemble  the  J,  (kr)  and  Jo(kr) 
Bessel  functions  for  Ej.  and  E2  respectively.  For  the  parameter 
regime  shown  here,  the  value  of  k  for  the  unstable  mode  is 
such  that  the  longitudinal  electric  field,  but  not  the  transverse, 
reverses  direction  within  the  beam.  Self-electric  fields  with 
this  transverse  dependence  are  associated  with  the  solutions  of 
Poisson  s  equation  that  have  a  real  (decaying  or  growing) 
exponential  dqiendaice  on  z  rather  than  being  propagating 
modes.  The  local  nature  of  the  growing  modes  that  this 
implies  was  verified  by  seeding  the  instability  by  a  local 
perturbation  in  the  beam  radius.  Preliminary  analysis  of  the 
characteristic  frequencies  of  such  an  envelope  perturbation, 
which  is  localized  in  the  axial  direction,  show  that  oscillation 
frequencies  are  consistent  with  what  is  required  for  the  fields  to 
resonate  with  the  particle  betatron  oscillations,  including  the 
space  charge  depression.  The  beam  dynamics  appear  to  be 
complicated,  however,  by  a  coupling  to  the  longitudinal  space 


charge  waves  that  will  propagate  the  energy  in  the  growing 
modes.  Though  the  mechanism  appears  to  be  similar  to  the 
Hams  instability [6],  with  the  betatron  oscillations  replacing 
the  cyclotron  motion  in  that  case,  the  finite  transverse 
geometry  in  the  present  case  appears  to  substantially  modify 
the  dynamics. 


Z(m) 

Fig.  5.  Beam  current  plotted  against  axial  position  within 
the  beam,  after  the  beam  has  propagated  60  m. 
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Variants  of  optics  schemes  and  accelerator 
Configurations  for  the  Athens  microtron;  preliminary 

CONSIDERATIONS. 

A.V.  Tiunov,  V.I.  Shvedunov,  I.V.  Surma,  Moscow  State  University,  Russia 
KHizanidis,  C.Kalfas,  C.Trikalinos,  J.Tigelis,  Institute  of  Accelerating  Systems  and 
Applications,  Athens  —  Greece  (lASA) 


I.  INTRODUCTION. 

The  lASA  Continuous  Wave  Race  Track  Microtron  will 
be  built  from  the  components  of  185  MeV/550  jiA 
NIST/LANL  research  RTM  project.  The  original  NIST  CW 
RTM  was  designed  as  15  linac  passages  accelerator  with 
increase  in  orbit  circumference  per  turn  v  =  2,  12  MeV 
synchronous  energy  gain  per  turn  and  quadrupole  doublets 
on  each  return  path.  Being  outstanding  in  a  number  of 
projected  parameters  this  well-developed  design  differs  by 
complexity  of  accelerator  tuning  connected  with  chose 
injection  scheme  and  beam  optics.  Nuclear  physics 
experiments  planned  for  lASA  RTM  requires  an  increase  of 
output  beam  energy  to  about  250  MeV,  which  cannot  be 
achieved  with  the  original  design.  By  this  report,  we 
present  the  results  of  comparative  study  of  the  original 
design  with  other  possible  variants  that  can  be  realized 
with  NIST  RTM  equipment  and  which  differ  in  accelerator 
configuration  and  beam  optics.  We  compared  different 
variants  from  the  point  of  view  of  longitudinal  and 
transverse  acceptances'  values,  sensitivity  to 
misalignments,  output  energy  attainable,  RF  power 
consumption.  From  different  variants  considered  we  present 
here  original  scheme  (Variant  1);  scheme  with  v  =  1  and 
high  injection  energy  (Variant  2);  and  cascade  scheme 
(Variant  3)  in  which  available  second  end  magnets  pair 
can  be  used.  Schematic  views  of  these  variants  are  shown 
in  figure  1,  and  their  parameters  are  given  in  Table  I. 

Table  I.  RTM  parameters  for  different  configurations. 


RTM  variants 

1 

2 

3-1 

3 -II 

Injection  energy  (MeV) 

5 

17 

5 

415 

Energy  gain  per  turn  (MeV) 

12 

6 

1.6 

8 

Incremental  number,  v 

2 

1 

1 

1 

Number  of  linac  passages 

15 

28 

25 

25 

Output  energy  (MeV) 

185 

185 

42.5 

245 

Maxim  current  (|iA) 

550 

100 

100 

100 

End  magnets  field  (Tesla) 

1 

1 

0.266 

1.33 

Linac  length  (m) 

8 

4 

1.6 

8 

Linacs  RF  losses  (kW) 

305 

305 

24 

106 

A,^  (tc  mmxmrad) 

36 

105 

30 

90 

0.6 

3.6 

1 

10 

IL  RTMS  VARIANTS 
A.  NIST  RTM  {variant  1). 

The  original  goal  of  the  NIST  RTM  project  (figure  la) 
was  to  investigate  the  feasibility  of  building  a  1-2  GeV  high 
current  CW  accelerator  using  beam  recirculation  with 
normal  conducting  accelerating  cavities  [1].  Tightly 
interconnected  choice  of  v  =2,  high  energy  gain  per  turn 
and  focusing  elements  on  the  return  paths  determine  the 
features  of  longitudinal  and  transverse  beam  dynamics  for 
NIST  RTM.  For  v  =  2  region  of  longitudinal  phase  stability 
is  about  two  times  smaller  than  for  v  =  1 ;  and  quadrupole 
doublets  on  the  return  paths  produce  unavoidable 
longitudinal  and  horizontal  motion  coupling.  To  decrease 
this  coupling  period  of  betatron  oscillations  in  the  original 
design  is  chosen  to  be  close  to  8,  and  longitudinal  -  4.  First 
orbit  problem  is  solved  by  complicated  “hairpin”  injection 
scheme  -  after  first  linac  passage  beam  is  reflected  by  the 
end  magnet  fringe  field  and  accelerated  in  opposite 
direction,  thus  increasing  effective  injection  energy  to  21 
MeV. 

We  have  calculated  RTM  beam  dynamics  with 
RTMTRACE  code  [2]  to  estimate  longitudinal  (Ai^J  and 
normalized  transverse  (Atr)  acceptances  and  sensitivity  of 
longitudinal  motion  to  elements  misalignments  and  errors 
in  fields  settings.  We  present  in  the  Table  I  values  of  the 
acceptances  and  in  Table  II  sensitivity  factors,  which  are 
values  of  change  in  distance  between  end  magnets  Ad, 
change  of  accelerating  field  phase  with  respect  to  injected 
beam  A(t),  relative  change  in  accelerating  field  amplitude 
AE/E,  and  relative  change  in  end  magnets  field  AB/B 
which  lead  to  amplitude  of  synchronous  particle 
longitudinal  oscillations  2® 


Table  II.  Sensitivity  factors. 


Variant 

Ad  (mm) 

(te:)  . 

AE/E  (%}  , 

1 

0.15 

0.9 

6.1 

0.06% 

2 

0.37 

2.4 

0.5 

0.14 

3 

0.41 

2.2 

0.65 

0.14 

B.  Reconfigured  NIST  RTM  (variant  2), 

Figure  lb  shows  RTM  schemes  that  can  be  realized 
with  minimal  rework  using  NIST  RTM  equipment.  In  this 
variant  one  from  two  linacs  sections  is  transferred  from  the 
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RTM  axis  to  injector.  Increasing  the  injection  energy  to  17 
MeV  with  the  magnetic  mirror  installed  at  the  injector 
output  and  having  6  MeV  synchronous  energy  gain  per  turn 
we  get  injected  beam  orbit  diameter  7.4  cm  -  too  small  to 
bypass  linac.  The  problem  of  linac  bypass  can  be  solved 
with  the  injection  scheme  originally  used  at  MAMI  RTM  I 
[3]  and  schematically  shown  at  fig.  la.  Thus,  v  =  1,  28  orbit 
RTM  can  be  realized  with  the  beam  focusing  by 
quadrupole  doublets  installed  at  both  linacs  sides  on  the 
common  axis.  This  simple  optics  similar  to  that  used  in 
MAMI  RTMs  [3]  posses  enough  strength  to  ensure  stable 
transverse  oscillations  for  our  choice  of  injection  to  output 
energies  ratio  17:  185  despite  to  the  quadratic  focusing 
strength  decrease  with  the  energy  growth. 

Our  computer  simulation  showed  that  due  to  v  =  1,  high 
injection  energy  and  short  distance  between  end  magnets 
this  variant  has  ~  3  times  larger  longitudinal  acceptance, 
than  variant  1,-6  times  larger  normalized  transverse 
acceptance,  and  is  about  2  -3  times  less  sensitive  to 
elements  misalignments  and  fields  errors 

RTM  tuning  and  operation  is  significantly  simplified  in 
considered  scheme,  but  part  of  the  problems  connected 
with  accelerator  tuning  and  operation  is  transferred  from  the 
RTM  to  injector.  On  the  other  hand,  high  current,  small 
longitudinal  and  transverse  emittances  beam  with  energy 
varying  between  6  and  17  MeV  can  be  obtained  at  the 
injector  output  in  relatively  short  time  and  used  in  applied 
researches.  Magnetic  mirror  can  be  realized  according  to 
one  of  the  known  schemes  -  it  can  be  isochronous 
achromatic  four  magnets  system,  similar  to  that  of  ref.  4,  or 
has  more  simple  construction  being  one  dipole  magnet  with 
special  field  configuration  as  described  in  [5].  To  output 
beam  from  the  injector  three  magnet  chicane  must  be 
installed  between  the  existing  5  MeV  line  and  added 
accelerator  section.  New  line  to  transport  and  inject  beam 
to  RTM  must  be  designed  and  manufactured. 

Linacs  RF  power  losses  in  variant  2  is  nearly  the  same 
as  in  the  original  scheme  so  output  energy  cannot  be 
essentially  increased 

C.  Cascade  scheme  (Variant  3), 

Cascade  scheme  was  originally  suggested  in  [3]  and 
successfully  realized  in  three  steps  MAMI  accelerator  with 
850  MeV  output  energy  [6].  Accelerator  tuning  and 
operation  is  greatly  simplified  in  this  case  as  compared 
with  the  original  NIST/LANL  design.  RF  power 
consumption  is  essentially  decreased  thus  giving  possibility 
to  increase  output  energy.  Two  pairs  of  end  magnets 
available  at  lASA  make  this  solution  quite  realistic. 

View  of  the  cascade  scheme  is  given  in  figure  Ic.  Both 
RTMs  are  V  =  1,  25  orbit  machines.  Original  linac  with  it's 
8  m  length  is  installed  in  RTM  II,  operating  at  low  energy 
gradient  -  1  MeV/m,  thus  consuming  only  -  106  kW  RF 
power  without  beam  load.  RTM  I  1.6  m  linac  with  the  same 
energy  gradient  consumes  -  24  kW  RF  power,  and 


matching  section  placed  between  two  steps  has  much  less 
power  consumption. 

Choice  of  the  RTM  I  output  energy  for  a  given  end 
magnet  dimensions  is  dictated  by  the  necessity  of  linac 
bypass  for  injection  energy  5  MeV.  In  this  case  simplest 
injection  scheme  shown  in  figure  Ic  can  be  used  for  both 
RTMs. 

Similar  to  variant  2,  simple  optics  with  beam  focusing 
by  quadrupole  doublets  installed  at  the  both  linacs  sides  on 
the  common  axis  for  RTM  II  and  singlets  for  RTM  I  are 
used,  having  higher  strength  ,  than  in  variant  2  as  the  ratios 
of  input  to  output  energies  are  smaller  for  both  cascades. 

Calculated  values  of  the  longitudinal  and  normaized 
transverse  acceptances  and  sensitivity  factors  are  given  in 
Tables  I  and  II,  respectively.  RTM  II  acceptances  are  rather 
large  being  close  to  that  of  variant  2.  For  RTM  I  owing  to 
large  phase  slip  on  the  few  first  orbits  and  low  injection 
energy  acceptances  are  more  close  to  the  original  design. 
Sensitivity  factors  for  both  steps  are  close  to  variant  2,  thus 
cascade  scheme  is  less  sensitive  to  elements 
misalignments  and  field  errors,  than  the  original  design. 

The  crucial  point  of  cascade  scheme  for  the  present  245 
MeV  design  is  possibility  to  achieve  high  field  uniformity 
at  the  field  level  -  1.3  -  1.4  T  with  the  available  end 
magnets,  which  were  designed  for  0.8  -1.2  Tgap  field.  We 
have  made  POISSON  [7]  calculations  which  showed,  that 
to  get  field  homogeneity  2  10'^  at  the  gap  field  level  1.33  T 
it  is  necessary  slightly  increase  shim  thickness  as 
compared  with  the  original  design.  For  higher  field  levels 
owing  to  steel  saturation  field  inhomogenety  become  too 
high  to  be  compensated  by  shim  thickness.  Method  of 
current  shims  used  for  MAMI  RTMs  [6]  can  be  used  in  this 
case 

Comparing  with  previous  variants  cascade  scheme 
requires  much  more  labor  for  its  realization.  New  inacs 
must  be  designed  and  manufactured  for  RTM  I  and 
matching  system,  though  this  problem  can  be  solved  by  one 
of  two  4  m  main  linac  sections  reassembling  [8].  In  this 
case  -6m  linac  will  be  used  for  RTM  Hand  two  -  1  m 
linacs  for  RTM  I  and  matching  system.  With  the  decreasing 
linacs  length  RF  power  consumption  will  proportionally 
grow,  being  within  available  500  kW  klystron  capabilities. 

III.  Conclusion. 

Possibility  to  get  245  MeV  output  energy,  RTM  I  beam 
with  the  energy  -  40  -  45  MeV,  which  can  be  used  in 
applied  researches,  inherent  simplicity  in  tuning  and 
operation  make  the  cascade  scheme  to  be  favorable  choice. 
Additional  calculations  to  get  matching  conditions  for 
different  variants  and  more  extensive  misalignment  effects 
estimations  will  be  made.  The  final  choice  of  lASA  RTM 
scheme  depends  both  on  the  relative  technical  merits  and 
amount  of  labor  needed  to  build  and  operate  accelerator. 
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Figure  1.  Variants  for  IAS  A  CW  RTM. 
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Abstract 

The  decoherence  behavior  of  a  beam  centroid  motion  after  a  kick 
is  studied  using  a  two-particle  model.  A  simple  theory  based  on 
averaging  of  the  governing  equation  is  developed.  The  effects 
of  a  finite  chromaticity  and  synchrotron  motion  are  taken  into 
account.  Increasing  the  tune  spread  in  the  beam,  a  transition 
from  a  head-tail  instability  to  a  stable  decay  of  an  initial  kick  is 
explicitly  demonstrated. 


I.  INTRODUCTION 

When  a  bunched  beam  is  kicked  in  a  storage  ring,  it  executes  a 
betatron  oscillation.  If  there  is  a  spread  in  the  betatron  firequen- 
cies  of  the  beam  particles,  it  is  well-known  [  1  -4]  that  the  centroid 
motion  of  the  beam  will  decay  in  time  as  a  result  of  decoherence 
among  the  oscilations  of  different  particles.  The  rate  of  decoher¬ 
ence  depends  on  the  spread  of  the  betatron  frequencies. 

In  addition  to  this  decoherence  effect,  the  beam  centroid  mo¬ 
tion  after  the  kick  is  also  affected  by  the  collective  effects  if  the 
beam  is  sufficiently  intense  [4-6].  The  interplay  between  the 
decoherence  and  the  collective  effects  was  analyzed  in  Ref.  5, 
except  that  it  neglected  the  effect  of  the  head-tail  instability  by 
assuming  a  zero  chromaticity.  For  a  coasting  beam,  a  similar 
problem  has  been  treated  in  Ref.  6.  In  this  note,  we  offer  a 
bunched-beam  analysis  that  includes  the  effect  of  a  finite  chro¬ 
maticity  using  a  simplified  two-particle  model  of  the  beam.  We 
obtain  the  time  behavior  of  the  beam  centroid  after  the  kick  as 
a  function  of  the  frequency  spread,  the  wake  field  strength,  and 
the  chromaticity.  The  results  reduce  to  those  of  Ref.  5  when  the 
chromaticity  is  set  to  zero.  It  is  shown  that  by  an  appropriate 
transformation,  the  formalism  of  Ref.  5  for  the  case  with  zero 
chromaticity  applies  also  to  the  case  with  finite  chromaticity. 

Our  result  demonstrates  the  transition  from  Landau-damped 
oscillations  to  instability.  In  particular,  it  gives  explicitly  the 
condition  for  the  collective  instability  to  be  Landau  damped. 

II.  GENERAL  ANALYSIS 

To  study  the  interplay  between  the  decoherence  and  the  col¬ 
lective  head-tail  effects,  we  consider  a  simplified  two-particle 
model  in  which  the  beam  is  modeled  as  two  macroparticles  in¬ 
teracting  with  each  other  through  a  wake  field  according  to 

„  2 

>'l.2  +  -^>'l,2  =  e^l,2y2,l,  (1) 

where  yi  and  y2  are  the  transverse  offsets  for  the  first  and  the 
second  macroparticles  respectively,  and  the  prime  designates  the 
differentiation  with  respect  to  the  longitudinal  coordinate  s.  The 
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betatron  frequencies  (oi  and  tU2  in  Eq.  (1)  for  each  particle  are 
modulated  due  to  the  synchrotron  motion, 

*^1,2  = (i  Tl^cosftu^s/c)) ,  (2) 

where  co  is  the  unperturbed  betatron  firequency  and  2  =  tcosjcr] 
with  I  designating  the  chromaticity  parameter,  the  syn¬ 
chrotron  frequency,  ri  the  momentum  compaction  factor  and  z 
the  amplitude  of  synchrotron  oscillations.  We  assume  the  two 
macroparticles  execute  their  synchrotron  oscillations  according 
to  zi  =  —Z2  =  z  sin  (coss/c).  On  the  right  hand  side  of  Eq.  (1) 
we  have  e  =  NroWo  flyC,  where  N  is  the  number  of  particles  in 
the  bunch  (each  macroparticle  contains  N jl  particles);  ro  is  the 
classical  radius  of  the  particle;  Wo  is  the  wake  function  at  z  =  0 
(in  case  when  W(z  =  0)  =  0,  Wo  is  some  characteristic  value  of 
W);  Y  is  the  relativistic  factor;  and  C  is  the  accelerator  circum¬ 
ference.  The  function  hi  (s)  accounts  for  the  time  variation  of 
macroparticle  positions:  it  is  equal  to  W  (2z\  sin  (<w,5/c)  |)/ W) 
for  zi  <  Z2>  and  hi  (j)  =  0  for  zi  >  zi-  The  function  h^  (s)  dif¬ 
fers  from/ii  (s)inthatzi  is  interchanged  with  Z2-  Notethatlii  (s) 
(hj  (s))  is  nonvanishing  only  when  the  first  (second)  macropar¬ 
ticle  trails  the  other  macroparticle. 

We  assume  a  frequency  spread  within  each  macroparticle 
which  has  a  distribution  p  (m)  normalized  so  that  /  p  (co)  dco  = 
1.  The  function  p  (co)  has  a  maximum  at  co  =  coq  with  a  char¬ 
acteristic  width  Aa>o  coq.  The  functions  yi  =  yj  (^Iw)  and 
V2  =  yz  (.sl^y)  in  Eq.  (1)  are,  as  a  matter  of  fact,  functions  of 
two  variables,  s  and  co,  and  the  bar  designates  averaging  over 
frequency, 

yi,2(s)  —  j  yi, 2  (s\co)  p  (co)  dco.  (3) 

We  will  be  looking  for  solution  of  Eq.  (1)  in  the  following 
form  [7] 


yi,2  (■?!<«)  =  yi,2  (i |<d)  exp  (-icoos/c  ±  I'x  sin  (co^s/c)) ,  (4) 

where  /  =  ^Scoq/co^  is  the  head-tail  phase,  and  yi,2  (i|ft))  is  a 
slowly  varying  amplitude.  Substituting  Eq.  (4)  into  Eq.  (1)  and 
neglecting  small  terms  we  have 


,  CO^ 

“>"1,2  H - 


-yi.2  = 


^(^)) 


(5) 


where 

yi,2  (s)  =  J  yi4  (i|a>)  p  (co)  dco.  (6) 

Assuming  X  1,  we  can  expand  the  right  hand  side  of  Eq.  (5) 
and  average  it  over  s.  Also,  because  the  frequency  spread  is 
assumed  to  be  small,  we  have  co^  -col  ^  IcoqAco,  where  Aco  = 
CO  —  coq.  We  than  have 


.  Aco  i  c 

>1,2  +  '— yi,2  =  +2lQ!2X)y2.1,  (7) 
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where 


ai  = 


CDs 


at  = 


litWoc 


jf  ’  ly  (8) 


iTzWoC 

citjo). 


For  a  constant  wake,  W  (z)  =  Wo,wehaveai  =  1/2, qj2  =  l/n. 
It  is  convenient  to  define  the  center  of  mass  Y  and  the  relative 
displacement  D  of  the  macroparticles  so  that 


from  which  we  find  u  (p),  and  making  inverse  Laplace  transform 
yields 


Y(s) 


m: 


a+/oo 


fc{p) 


1  -  r/r  ip) 


(18) 


Since  Eq.  (1 1)  for  D  differs  only  by  the  sign  of  r,  all  our  results 
for  Y  are  also  applicable  to  D  upon  the  substitution  r  —r. 


III.  DISTRIBUTION  FUNCTIONS  AND 
INSTABILITY 


F  =  “(yi+:y2),  D  =  yi-y2^  (10) 

This  reduces  Eq.  (7)  to  a  pair  of  decoupled  equations, 


,  Aco  w  ,  Aco 

Y'  +  i - Y  =  rF,  D'  +  i - D  =  -rD  , 

c  c 


where 


f  Y{s)\^  flY{s\Aco) 

[D(5)|  J  |D(5|A^) 


p  (Aco)  d Aco, 


(11) 


(12) 


and  r  —  ice  (ai  +  liatx)  /'^cdq. 

At  this  point,  we  note  that  averaging  Eq.  (5)  actually  assumes 
that  the  functions  yi,2  vary  on  the  time  scale  that  is  larger  than 
the  synchrotron  period.  From  Eq.  (11)  we  find  that,  due  to  the 
wake  field,  Y  and  D  will  be  modulated  with  the  frequency  equal 
to  cimr.  Hence,  we  have  to  require  c^ea\l2coQ  cog,  as  an 
applicability  condition  of  our  approach.  It  is  worth  noting  that 
the  ratio  7tc'^ea\l2coocos  is  equal  to  the  parameter  T  defined  in 
[7],  p.  180  (for  a  constant  w^e),  that  governs  the  strong  head- 
tail  instability.  The  above  condition  therefore  implies  that  we  are 
well  below  the  threshhold  of  the  strong  head-tail  instability. 

We  will  first  focus  on  the  behavior  of  the  centroid  of  the  bunch 
and  consider  the  first  of  Eq.  (1 1).  The  analysis  follows  closely 
that  of  Ref.  5.  Integrating  the  equation  for  Y  we  find, 


Y  =  +  r  r  Y  (/)«-' (13) 

Jo 

where  Yq  is  a  constant  equal  to  the  initial  value  of  F  at  5  =  0. 
Averaging  Eq.  (13)  according  to  Eq.  (12)  yields 


f  =  YoK(s)  +  r  f  f  {s')K  (s  -  s')  ds',  (14) 
Jo 


where  K  (s)  is  the  decoherence  function 


K(,s)  =  J  (Aco)  d Aco.  (15) 

Eq.  (14)  can  now  be  solved  by  means  of  a  Laplace  transform. 
Defining 


M(p)=  r 

Jo 


Y  (s)  e^P^ds,  K  (p) 


f 


K  (s)  e-P^ds, 

(16) 


the  Laplace  transform  of  Eq.  (14)  is 

M  (p)  =  Yqk  (p)  +  rK  (p)  u  (p) , 


(17) 


We  have  thus  solved  formally  the  motion  of  the  beam  centroid 
after  a  kick.  The  amplitude  of  the  beam  centroid  motion  is  de¬ 
scribed  by  F(.y)  ofEq.  (18)  where  Fo  is  the  initial  kick  amplitude. 
The  parameter  r  contains  the  wake  field  and  the  chromaticity  in¬ 
formation.  The  function  k(p),  given  by  Eqs.  (15)  and  (16),  con¬ 
tains  the  information  of  the  betatron  frequency  spectrum  of  the 
beam.  To  proceed,  we  assume  a  Gaussian  distribution  function, 


where  Acoq  is  the  rms  width  of  the  spectrum.  Then 

K  (5)  =  exp  {—AcoqS^ / 2c^) ,  (20) 


and 


k(p)  = 


Cy/n  (  p^c^  \ 

V2Acoo^'''^\2AcoI) 


(21) 


where  erf  (x)  is  the  error  function.  Defining  the 
variable  f  =  ipc/Acoo  and  the  function  w;(f)  = 

-i  exp  (-<^/2)  1^1  -  erf  ^-if/V2^],  we  can  rewrite  Eq.  (18) 
in  the  following  form 


.  Ad^o  ^  r  u;  (f )  exp  (-i  Acoq^s/c)  d^ 

Y  (5)  =  r - Fo  /  - - - 7 - , 

2nrc  Jc  y;  _j_  i^Acoo  /  rc^fn 


(22) 


where  the  integration  goes  along  a  straight  horizontal  line  in  the 
upper  half  plane  of  the  complex  variable  f ,  above  the  singularities 
of  the  integrand.  The  function  w  (^)  is  an  analytic  function  in 
the  upper  half  plane  of  the  complex  variable  f .  To  perform  the 
integration  we  can  shift  the  integration  path  down  to  the  real 
axis  of  f .  However,  if  the  denominator  in  Eq.  (22)  has  a  root  in 
the  upper  half  plane,  f  the  integration  path  will  have  to 

encircle  the  corresponding  pole,  and  the  residue  from  the  pole 
will  give  a  contribution  to  F  (5)  with  the  time  dependence  a 
exp  (—iAcoo^os/c).  This  implies  an  instability  with  the  growth 
rate  equal  to  Adwolnifo- 

We  can  easily  find  the  root  of  the  denominator  in  Eq.  (22)  and 
obtain  the  condition  for  the  stability  assuming  |  Adt>o /r  |  <$:  1.  In 

this  limit,  a  solution  to  the  equation  w;  (f )  =  —i^/2Acoo  j rc^ 
is  [5] 


K 


eaxcp-  isyatc^  i^e^a^c^ 

- ^  exp 

2(0{^Aco(^  (0{^A(0{^  v2dt)QAct)Q 


2(olA(ol) 

(23) 
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For  small  Atwo,  the  last  tenn  is  exponentially  small,  and  we 
can  neglect  it.  The  result  will  be  a  head-tail  instability  in  the 
system  of  two  macroparticles  for  x  <0  with  the  growth  rate 
Yinsi  =  eaac^  Ixl/cuo-  The  last  term  in  Eq.  (23)  accounts  for 
the  Landau  damping  effect.  It  overcomes  the  second  term  and 
suppresses  the  instability  if 


(24) 


Eq.  (22)  has  been  integrated  numerically  in  Ref.  [5]  for  both 
stable  and  unstable  regimes.  The  relevant  plots  can  be  found  in 
that  paper. 

We  will  also  consider  the  case  when  the  tune  spread  is  associ¬ 
ated  with  the  lattice  nonlinearity  so  that  the  tune  is  v  =  vq  - 
where  a  is  the  ratio  of  the  amplitude  of  the  betatron  oscillations 
to  the  rms  width  of  the  beam,  and  fi  is  a.  nonlinearity  parameter. 
In  this  case,  for  a  small  amplitude  oscillations  of  the  centroid, 
the  decoherence  function  has  a  form  [1]: 


K(is)  = 


1 

(1  —  isAcoo/c)^' 


(25) 


where  Acoq  =  Ifjccorev*  and  cOrev  is  the  revolution  frequency.  The 
Laplace  transform  of  Eq,  (25)  yields 


k(p)  = 


ic 

Acoo 


exp 


where  £2  (^)  is  the  exponential  integral  function  [8],  Using  the 
variable  f  we  can  rewrite  Eq.  (18)  in  the  following  form 


Y  (s)  =  f  -^^^o^Uc)E2(0 

Inrc  Jc  iA(Wo/rc-exp(f)£2«) 

This  equation  is  similar  to  Eq.  (22)  in  that  it  exhibits  stabilization 
effect  for  sufficiently  large  Aojq  due  to  Landau  damping.  We 
will  demonstrate  this  in  the  next  section  for  a  particular  example 
considered  in  Ref.4. 


IV.  DECOHERENCE  EFFECTS 

As  an  example,  we  assume  one  set  of  parameters  considered 
in  Ref.  4:  A'  =  3  x  10^^,  cr^  =  6  mm,  =  8.18,  —  3  m, 

y  =  2350,  and  a  linear  wake  function,  W{z)  =  Wqz,  with  Wo  = 
2  X  10^  m“^.  The  amplitude  of  the  synchrotron  oscillation  z  is 
assumed  to  be  z  =  y/loz ,  and  the  betatron  frequency  co^  —  cj^^. 
This  gives  for  the  factor  r,  r  =  3,0  x  10“^(0.64/  +  0.08$). 
The  parameter  A<wo  can  be  expressed  in  terms  of  /x,  A^uq/c  — 
8.14  X  10“^/xm~^ 

The  amplitude  [7(5)1  of  the  beam  calculated  with  the  use  of 
Eq.  (27)  is  plotted  in  Fig.  1  for  various  values  of  (i  for  the 
unstable  case  $  =  -1.  The  critical  value  for  /x  that  stabilizes  the 
head-tail  instability  is  2.2  x  10“'*. 

Figure  1  shows  also  a  stable  case,  $  =  1.  In  this  case,  increas¬ 
ing  /X  causes  a  faster  decay  of  the  initial  kick. 

As  mentioned  in  Sec.  II,  the  time  behavior  of  D(s)  is  governed 
by  the  same  equations  as  Y(s)  with  r  substituted  by  -r.  That 
means  that  $  =  correspondes  to  stable  oscillations  of  D(s), 
and  $  =  1  leads  to  the  head-tail  instability  in  the  absence  of 
the  tune  spread.  Calculations  show  that  for  the  parameters  listed 
above,  Landau  damping  stabilizes  the  instability  of  D(s)  when 

jjL  >  6  X  10"^. 


Figure.  1.  Plot  of  [7(5)  |  for  $  =  -1  (solid  curves  1-4)  and  for 

$  =  1  (dashed  curves  5  and  6).  The  values  of  the  /xare:7and5~ 
/X  =  5.3x  10-^2-/^=  1.6x  10-^iand6-/x  =  2.7x  10-^ 

4-fj.  =  3Jx  10-1 
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Abstract 

In  this  paper,  we  calculate  the  beam  distribution  function  after 
filamentation  (phase-mixing)  of  a  focusing  mismatch.  This  dis¬ 
tribution  is  relevant  when  interpreting  beam  measurements  and 
sources  of  emittance  dilution  in  linear  colliders.  It  is  also  im¬ 
portant  when  considering  methods  of  diluting  the  phase  space 
density,  which  may  be  required  for  the  machine  protection  sys¬ 
tem  in  future  linear  colliders,  and  it  is  important  when  studying 
effects  of  trapped  ions  which  filament  in  the  electron  beam  poten¬ 
tial.  Finally,  the  resulting  distribution  is  compared  with  measured 
beam  distributions  from  the  SLAC  linac. 


the  next  section,  we  will  derive  the  distribution  function  for  the 
beam  action  J  and  the  projection  into  the  x  plane.  Then  we  will 
present  some  measurements  from  the  Stanford  Linear  Collider 
(SLC)  linac,  and  finally,  we  will  discuss  the  applications. 

IL  THEORY 

In  a  periodic  linear  focusing  channel,  a  particle  will  perform 
betatron  oscillations  and  its  position  and  angle  {dx /ds  —  x')  can 
be  expressed  in  a  form  analogous  to  that  of  a  harmonic  oscillator 
[1]: 

;c  =  V27^(s)cos(^(5)+0)  (1) 


I.  INTRODUCTION 

In  a  conservative  system,  which  a  linear  accelerator  or  stor¬ 
age  ring  without  synchrotron  radiation  closely  approximate,  the 
six-dimensional  phase  space  density  is  conserved.  Similarly,  if 
the  three  degrees  of  freedom  are  uncoupled,  all  two-dimensional 
projections  of  the  six-dimensional  phase  space  are  also  con¬ 
served.  A  conservative  emittance  dilution  arises  when  the  trans¬ 
verse  or  longitudinal  degrees  of  freedom  become  coupled.  In  this 
case,  the  6-D  emittance  is  preserved,  but  the  projected  emittances 
are  increased.  It  can  easily  be  shown  that  coupling  of  two  planes 
always  increases  the  smaller  of  the  two  projected  emittances. 

Because  the  emittance  dilutions  are  conservative,  they  can 
be  corrected,  Le.  the  the  emittance  can  be  uncoupled,  provided 
that  the  dilution  has  not  filamented  (phase  mixed).  Filamentation 
arises  because  the  beam  has  a  spread  in  oscillation  frequencies 
due  to  the  energy  spread  in  the  beam,  nonlinear  fields,  space 
charge  forces,  etc.  The  effect  of  the  filamentation  is  to  cause  a 
phase  mixing  which  makes  it  difficult  to  correct  dilutions  of  the 
projected  emittance.  Once  a  dilution  filaments,  it  is,  for  practical 
purposes,  unrecoverable  (synchrotron  oscillations  in  a  storage 
ring  provide  one  obvious  exception  to  this  statement). 

In  this  paper,  we  will  discuss  the  beam  distribution  function 
arising  after  filamentation  of  a  focusing  mismatch.  When  a  beam 
is  injected  into  a  storage  ring  or  linac,  it  should  be  matched  to 
the  periodic  or  natural  lattice  functions.  A  mismatched  beam 
will  filament,  with  corresponding  emittance  growth,  until  it  is 
matched  to  the  lattice.  In  a  storage  ring,  the  beta  function  is 
chosen  to  be  periodic  but  in  a  linac  there  is  room  for  ambiguity 
since  one  needs  to  define  initial  values  or  boundary  conditions. 
Actually,  most  long  linacs  are  constructed  from  adiabatically 
varying  periodic  focusing  cells.  The  natural  lattice  functions  are 
simply  those  defined  by  the  periodic  cells. 

Understanding  the  beam  distribution  function  after  filamen¬ 
tation  is  relevant  when  interpreting  beam  emittance  measure¬ 
ments  and  locating  the  sources  of  emittance  dilution.  It  is  also 
important  when  considering  methods  of  increasing  the  phase 
space  density  by  deliberately  mismatching  the  beam.  Finally,  it 
is  important  when  studying  trapped  ions  in  an  electron  beam.  In 
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(sin(i/r(5)  -h  ^)  -f  Ci(s)  cos(\l/(s)  +  0))  (2) 


Here,  J  and  0  are  the  particle  ‘action’  and  ‘angle’  coordinates 
and  are  constants  of  the  motion.  In  addition,  the  focusing  lattice 
is  described  by  the  periodic  lattice  functions  o' (5)  and  p(s)  and 
the  phase  advance  \lr{s),  where  a  and  are  given  by 


q:  ^  — 


1^ 

2  ds 


ds' 


(3) 


Finally,  these  equations  can  be  inverted  to  solve  for  the  action  in 
terms  of  the  particle  coordinates 

7  =  i  ^  -h  2axx'  +  Px'^^  .  (4) 


Next,  consider  a  particle  beam  that  occupies  some  area  in 
x-x'  phase  space  and  has  a  distribution  function  g(x,  x').  The 
rms  emittance  of  the  beam  is  equal  to 

e  =  ^{x^){x'^)  -  {XX' f  (5) 

and  the  beam  can  be  described  with  an  ellipse  whose  orientation 
is  specified  by  the  second  moments:  (x^),  {xx'),  and  (x'^},  and 
whose  area  is  given  by  7t€.  With  complete  generality,  the  second 
moments  can  be  written  in  terms  of  the  beam  emittance  and  two 
parameters  a*  and  p*  which  we  will  refer  to  as  beam  parameters: 

(x'^)  =  {x'^)  =  -  {xx')  =  ~a*€  .  (6) 

p 


These  beam  parameters  o'*  and  p*  describe  the  orientation  of  the 
beam  ellipse  in  the  (x,  x')  phase  space  and  are  not  necessarily 
related  to  the  lattice  functions  a  and  p. 

The  beam  distribution  function  can  be  expressed  in  terms 
of  the  action-angle  coordinates,  but,  in  general  it  will  depend 
upon  both  J  and  Instead,  we  can  write  the  position  and  angle 
of  particles  in  terms  of  the  beam  parameters  a*  and  p^  and  an 
amplitude  and  phase,  J*  and  </>*: 


y/2J*P*  cos  <f>* 

■^2J*/p*(sm 0*  —  a*  cos  0^)  . 


(7) 

(8) 
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Now,  assume  that  the  beam  distribution  is  rotationally  symmetric 
in  the  normalized  phase  space  x  and  a*x  +  P'^x';  this  is  true  of 
bi-gaussian  beams  and  most  other  distributions  of  interest.  In 
this  case,  the  distribution  function  will  be  independent  of  the 
phase  0*  and  is  just  a  function  of  J*,  Furthermore,  the  rms  beam 
emittance  6  is  simply  equal  to  the  expectation  of  the  amplitude 

The  action-angle  coordinates  can  be  related  to  the  amplitude 
^d  phase  as: 


If  the  beam  parameters  are  equal  to  the  lattice  functions,  then 
the  beam  is  ‘matched’  to  the  lattice.  In  this  case,  the  action  J 
is  equal  to  the  amplitude  J*  and  the  angle  ^  is  equal  to  (p*.  In 
addition,  the  beam  distribution  function,  written  in  action-angle 
coordinates,  will  be  independent  of  the  angle  coordinate  and  the 
rms  beam  emittance  is  equal  to  the  expectation  of  the  particle 
actions  ( 7  > .  If  the  beam  filaments  as  it  is  transported  through  the 
lattice,  effectively  randomizing  the  angle  coordinate  <t>,  the  beam 
emittance  and  distribution  remain  unchanged. 

In  contrast,  if  the  beam  is  mismatched  to  the  lattice  and  the 
beam  filaments,  the  beam  distribution  function  will  change  and 
the  filamented  rms  emittance  €f  will  increase.  The  emittance 
increase  is  trivially  calculated  from  Eq.  (9)  and  can  be  expressed 
in  terms  of  the  ^niag  parameter  [2]  [3]: 


where 


—  ^mag^  j 


(11) 


The  calculation  of  the  beam  distribution  function  after  fila- 
mentation  is  a  little  more  complicated.  Assuming  that  the  angle 
coordinate  is  independent  of  the  action  after  the  filamentation, 
we  can  express  the  distribution  as 


g(J)dJ  =  f  ^g*(J*)dJ*  ,  (13) 

Jo 

where  7*  =  7/X(<^*)  and 

X  {(p*)  =  a  sin^  -i-  2b  sin  0*  cos  <p^  +  c  cos^  <p*  ,  ( 14) 


If  the  initial  beam  has  a  bi-gaussian  distribution  in  x  and  jc', 
then  the  distribution  g*(7^)  is  an  exponential  distribution: 


and  Eq.  (13)  is  straight  forward  to  evaluate.  In  the  trivial  case, 
where  Z?  =  0  and  P*  ^  p  ox  p  ^  p*,  the  distribution  for  7  is 
just  a  /  -squared  distribution  with  one  degree  of  freedom.  In  the 
general  case,  we  can  evaluate  the  integral  by  first  performing  a 
rotation  to  eliminate  the  cross  term  in  X  (cp*).  In  this  case, 

X{<1>*)  =  ki  cos^((p*  -e)  +  X2  -  d) ,  (18) 

where 

^1.2  =  -  ^  ±  --y/ {a  -  cy  +  (19) 

e  =  -  iy(r^r'^F+4^)  .  (20) 

By  changing  the  variable  of  integration  from  (j)*  Xol/cp-  -  \/X, 
the  integral  can  be  expressed  in  the  form  of  a  tabulated  integral 
[4]  and  the  result  can  be  expressed  in  terms  of  the  Bmag  parameter: 

/  J  j - \ 

g{J)^  - - - Io(  ,  (21) 

where  Iq  is  the  modified  Bessel  function,  Bmag  is  defined  in 
Eq.  (12),  and  €  is  the  injected  beam  emittance  before  filamen¬ 
tation.  As  expected,  when  Bmag  =  1,  the  distribution  is  an 
exponential  and  when  ^mag  ^  oo,  the  distribution  becomes  a 
/-squared  with  one  degree  of  freedom. 

Finally,  we  can  calculate  the  projection  into  the  x  plane 
which  is  the  beam  distribution  that  would  be  measured.  The 
projection  is 


dx 


^g{j{x,x')) 


2n 


(22) 


where  7 (x,  x')  is  given  in  Eq.  (4).  In  the  general  case,  the  dis¬ 
tribution  function  can  be  expressed  in  terms  of  a  degenerate  hy- 
pergeometric  series  of  two  variables.  Unfortunately,  such  an 
expression  is  not  any  easier  to  evaluate  than  the  integral  Eq.  (22). 
In  the  limit  where  ^mag  oo,  the  projection  simplifies  to 


where  Kq  is  the  modified  Bessel  function  and  6/  =  ^mag^.  The 
infinite  value  at  x  =  0  arises  because  we  have  essentially  as¬ 
sumed  a  one-dimensional  injected  beam.  A  similar  expression 
was  derived  in  Ref.  [5]  where  the  author  was  considering  the 
distribution  function  for  trapped  ions  in  an  electron  beam. 

The  distribution  / (x)  is  plotted  versus  the  rms  beam  size 
for  different  values  of  Bmag  in  Fig.  1.  Notice  that  as 
the  mismatch  becomes  larger,  the  relative  amplitude  of  the  central 
core  of  the  beam  increases  while  long  tails  contribute  to  the  rms 
emittance.  In  the  limit  of  large  Bmag,  the  density  of  the  core  can 
be  written: 


lim  m  =  ~  ln(^/T^fi,ag) .  (24) 

The  core  density  decreases  as  ln(Bmag)/a';c  rather  than  I/cTj,  as 
it  would  if  the  distribution  did  not  change  as  the  emittance  in¬ 
creased. 


III.  MEASUREMENTS 


g\J*) 


e 


€ 


Figure  2  shows  the  measured  profile  of  a  filamented  beam 
(  )  in  the  SLC  with  large  non-gaussian  tails.  The  beam  was  created 
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Figure.  1.  f(x)  versus  the  rms  beam  size  for  ^mag  =1.0  (solid), 
^mag  =  1.25  (dashes),  5inag  =  2.0  (dots),  Bmag  =  5.0  (dash-dot), 
and  5niag  =  50.0  (dashes). 


by  an  error  in  a  solenoid  at  the  low  energy  end  of  the  SLAC 
accelerator.  The  beam  distribution  was  measured  after  the  beam 
had  filamented;  this  can  be  determined  by  comparing  the  beam 
profiles  measured  at  different  betatron  phases.  In  Fig.  2,  the 
resulting  mismatch  had  a  Bmag  ^  5.  The  data  was  fit  with  a 
phenomenological  ‘super-gaussian’  function  [6]  which  shows 
reasonable  agreement.  The  small  asymmetry  that  is  visible  in 
the  data  is  likely  due  to  transverse  wakefields. 


ing  the  beam  distribution  can  aid  interpreting  emittance  measure¬ 
ments  in  a  linear  collider  as  well  as  assist  in  the  diagnosis  of  the 
problem. 

Another  situation  where  this  distribution  is  relevant  occurs 
when  considering  machine  protection  schemes  for  future  linear 
colliders.  If  mis-steered,  the  very  small  beams  in  future  linear 
colliders  could  puncture  the  vacuum  chamber  in  a  single  pulse. 
This  is  not  a  desirable  feature  when  commissioning  components. 
One  possible  method  of  protecting  the  collider  is  to  generate  a 
large  mismatch  5mag  1000  which  would  then  filament  and 
decrease  the  beam  density.  This  approach  has  the  advantage 
of  not  perturbing  the  beam  centroid  so  that  wakefield  effects, 
steering,  etc.,  are  not  changed.  Understanding  the  evolution  of 
the  core  density  is  important  in  evaluating  this  technique. 

Finally,  the  filamented  distribution  also  describes  the  distri¬ 
bution  of  ions  generated  by  collisional  ionization  and  trapped  in 
a  long  train  of  bunches  [5]  [7].  In  this  case,  the  ions  are  created 
with  a  transverse  density  profile  equal  to  the  transverse  beam 
profile  but  the  ion  thermal  energy  is  typically  small  compared  to 
the  potential  energy  in  beam  field.  Thus,  the  ions  are  mismatched 
relative  to  the  focusing  field  of  the  beam.  As  ions  continue  to 
accumulate,  the  density  evolves  into  the  filamented  distribution 
with  Bmag  =  Epo,/E,h  »  1  and  =  a^/2,  where  a  is  the 
rms  electron  beam  size. 
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Figure.  2.  Strong  non-gaussian  tails  form  a  ‘Christmas  tree’  like 
distribution  which  indicates  that  there  is  a  large  mismatch  of  the 
beam. 


rv.  DISCUSSION 

In  this  paper,  we  have  described  the  beam  distribution  func¬ 
tion  arising  from  a  filamented  focusing  mismatch.  Understand- 
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“Underneath  this  chilly  gray  October  sky, 

We  can  make  believe  the  SSC  is  still  alive; 

We’ve  shootin’  for  the  Higgs, 

An’  smilin’  Hazel’s  drivin’  by.”  [1] 

L  INTRODUCTION 

A  phased  luminosity  upgrade  of  the  CESR  e'^e~  storage 
ring  has  been  initiated  [2].  The  upgrade  program  calls  for  the 
eventual  installation  of  superconducting  cavities  with  strongly 
damped  higher-order  modes  (HOMs).  The  cavity  is  designed  to 
allow  all  HOMs  to  propagate  into  the  beam  pipe,  so  that  they 
may  be  damped  by  a  layer  of  microwave-absorbing  ferrite,  RF 
measurements  with  a  full-size  copper  cavity  and  loads  made  of 
TT2-111R  ferrite^  indicate  that  the  design  gives  adequate  HOM 
damping  [3].  The  coupling  impedance  of  the  ferrite  loads  and 
the  consequences  for  beam  stability  in  a  high-current  ring  have 
been  predicted  [7],  Prototypes  for  the  cavity,  cryostat,  and  HOM 
loads  were  subjected  to  a  beam  test  in  CESR  [4],  [5],  [6].  To  fur¬ 
ther  test  our  understanding  of  the  beam-ferrite  interaction,  beam 
measurements  were  done  in  CESR  in  December  1994  on  a  fer¬ 
rite  load  of  magnified  coupling  impedance.  This  test  is  described 
herein. 

IT  LOAD  FABRICATION 

We  designed  a  test  structure  with  a  beam  tube  diameter  2.5 
times  smaller  and  a  ferrite-bearing  length  6  times  larger  than 
an  actual  “porcupine”  HOM  load  [6].  The  predicted  coupling 
impedance  of  this  test  structure  is  ~  2  times  the  predicted 
monopole  impedance  and  ~  10  times  the  predicted  dipole 

impedance  of  the  8  porcupine  loads  to  be  installed  in  CESR.  The 
structure  was  split  into  three  units,  with  sections  of  straight  beam 
tube  (with  pumping  ports)  between  them.  Each  unit  consisted 
of  a  copper  tube  with  40  Tr2-111R  ferrite  tiles  soldered  to  the 
inside  and  water  cooling  on  the  outside  (Fig.  1),  incorporating 
features  from  both  the  original  full-size  HOM  load  [8]  and  the 
redesigned  porcupine  HOM  load  [6].  A  total  of  four  ion  pumps, 
each  rated  at  140  L/s,  were  adjacent  to  the  ferrite  sections  during 
the  vacuum  bake  and  the  beam  test. 

A  prototype  unit  with  only  10  tiles  was  made  first  for  evalu¬ 
ation  in  a  high  power  density  RF  test  with  a  500  MHz  klystron. 
For  this  test,  the  ferrite-lined  tube  became  the  outer  conductor  of 
a  coaxial  line,  with  a  short  placed  to  produce  relatively  uniform 
dissipation  in  the  ferrite.  An  average  surface  power  density  of  15 
W/cm^  was  reached  without  visible  damage  to  any  of  the  tiles. 
The  maximum  (measured)  tile  surface  temperature  was  96®  C. 

*W6rk  supported  by  the  National  Science  Foundation,  with  supplementary 
support  from  U.  S.-Japan  collaboration. 

^  A  product  of  Trans-Tech,  Inc. 
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Figure  1 .  (a)  Drawing  and  (b)  photograph  of  one  unit  of  the  fer¬ 
rite  structure.  The  ID  of  the  Cu  tube  is  92. 1  mm;  the  ferrite  tiles 
are  50.8  x  25,4  x  3.175  mm^  before  radiusing. 

III.  BEAM  TEST  RESULTS 

The  beam  measurements  on  the  ferrite  section  were  done  over 
several  days,  interleaved  with  machine  start-up  activities  fol¬ 
lowing  a  down  period.  Some  measurements  were  done  with  9 
bunches,  in  addition  to  the  1-  and  2-bunch  measurements  dis¬ 
cussed  herein.  Positrons  were  used  almost  exclusively,  because 
we  did  not  have  complete  masking  for  direct  synchrotron  radia¬ 
tion  from  the  electron  beam.  The  predictions  mentioned  in  this 
section  are  based  on  the  same  type  of  coupling  impedance  cal¬ 
culations  as  was  done  for  the  HOM  loads,  i.e.  using  the  AMOS 
program  [9]  and  an  analytic  approximation  [7].  In  the  calcula¬ 
tions,  we  assumed  an  axisymmetric  geometry  with  a  3.175  mm 
layer  of  ferrite,  and  did  not  split  the  ferrite  into  three  sections. 

A.  Calorimetric  Measurements 

The  power  dissipation  in  each  unit  was  obtained  calorimetri- 
cally  via  the  flow  rate,  inlet  temperature,  and  outlet  temperature 
of  the  cooling  water  (the  volume  flow  rate  of  water  was  ^  50 
mL/s  per  unit  for  most  of  the  test).  The  monopole  loss  factor 
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Figure  2.  Calorimetrically  measured  single-bunch  loss  factor  (summed  over  all  3  units)  of  the  ferrite  section  as  a  function  of  (a) 
beam  current,  and  (b)  bunch  length  (with  predictions).  The  RF  voltage  was  adjusted  to  vary  the  bunch  length.  Noisy  low-current 
points  (/  <  20  mA)  are  omitted  in  (b). 


of  the  ferrite  units  can  be  obtained  directly  from  the  total  power 
dissipation  Pd  and  total  beam  current  /.  The  measured  as  a 
function  of  I  is  shown  in  Fig.  2a  for  a  single  bunch.  The  noise 
in  the  data  at  low  I  is  due  to  the  poor  resolution  of  the  small  AT 
values.  At  higher  /,  a  slight  decrease  in  the  measured  as  func¬ 
tion  of  I  is  visible.  Possible  explanations  for  this  effect  include 
(i)  systematic  error  in  the  calorimetry,  (ii)  non-linearity  in  the  fer¬ 
rite  response  to  the  RF  field,  or  (iii)  the  ferrite  properties’  tem¬ 
perature  dependence. 

Fig.  2b  shows  the  single-bunch  data  plotted  as  a  function  of  the 
longitudinal  bunch  size  cr^ ,  calculated  from  the  measured  syn¬ 
chrotron  frequency  fs  (we  did  not  have  any  means  to  measure 
the  bunch  length  directly),  along  with  the  predicted  Ar{J.  It  can 
be  seen  that,  inasmuch  as  /,  is  a  reliable  indicator  of  the  bunch 
length,  the  decrease  in  kl  with  /  cannot  be  explained  as  being 
due  to  changes  in  (Tz  as  a  function  of  L  The  measured  ArJJ  is 
smaller  than  predicted  by  about  a  factor  of  2,  perhaps  because 
of  the  afore-mentioned  idealisations  in  the  model. 

We  used  the  Temnykh  method  [10]  to  sample  the  wake  field: 
with  two  bunches  of  equal  charge  (4  =  current  per  bunch  =  20 
mA  for  each),  we  measured  the  power  dissipation  in  the  ferrite 
as  a  function  of  the  spacing  Az  between  the  bunches.  In  terms 
of  a  power  loss  factor 

pll  _  Pdfo 

where  =  number  of  bunches  and  /o  =  revolution  frequency, 
we  should  have^  Po  —  ^^e  wake  fields  have  vanished  by  the 

time  the  second  bunch  arrives  and  Pq  -4  2k^Q  as  A z  0.  The 
results  are  shown  in  Fig.  3,  along  with  a  prediction  obtained  by 
integrating  the  calculated  coupling  impedance  with  the  appropri¬ 
ate  form  factor.  The  measurement  suggests  that  the  ferrite  sec¬ 
tion’s  wake  fields  endure  longer  than  predicted;  for  Az  >  one 
RF  bucket,  however,  the  measurements  and  predictions  seem  to 
agree  that  the  wake  field  has  decayed  to  zero. 

^we  are  (justifiably,  we  think)  treating  the  single-bunch /cq  and  the  single-pass 
/cq  as  synonymous. 


Bunch  spacing  [metres] 

Figure  3.  Calorimetrically  measured  and  predicted  2-bunch 
power  loss  factor  of  the  ferrite  as  a  function  of  spacing,  with 
(Tz  =  14  mm  (from  /,).  Because  the  RF  frequency  is  500  MHz, 
the  smallest  measurable  Azis  0.6  m. 

We  used  magnetic  and  electrostatic  elements  to  produce  a 
transverse  displacement  of  the  beam  in  the  ferrite  chamber  and 
its  vicinity.  The  measured  calorimetric  single-bunch  loss  factor 
as  a  function  of  displacement  is  shown  in  Fig.  4,  along  with  a  pre¬ 
diction  based  on  the  calculated  monopole  and  dipole  loss  factors. 
Though  the  measurement  suggests  that  there  is  some  dependence 
on  displacement,  the  signal-to-noise ratio  is  not  very  favourable. 

B.  RF  Power  Measurements 

It  is  possible  to  infer  the  total  loss  factor  of  a  storage  ring  by 
applying  the  appropriate  book-keeping  methods  to  the  cavity  RF 
power  and  synchrotron  radiation  power  [11].  We  applied  this 
technique  with  and  without  the  ferrite  in  order  to  get  an  indepen¬ 
dent  measure  of  the  power  loss  due  to  the  ferrite.  The  results  are 
compared  in  Fig.  5.  The  predicted  Atq  of  CESR  shown  in  Fig. 
5  was  obtained  from  scaling  laws  for  various  machine  elements 
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Vertical  displacement  [mm] 


Figure  4.  Calorimetrically  measured  and  predicted  loss  factor 
of  the  ferrite  section  as  a  function  of  the  vertical  displacement  of 
the  beam,  with  (Tz  =  14  mm  (from  /j). 


Figure  5.  Measured  and  predicted  single-bunch  loss  factor  of 
CESR,  with  and  without  ferrite  present. 


[12]  (updated  to  account  for  recent  modifications).  The  total  ArJ} 
measurement  gave  less  accuracy  than  the  calorimetric  measure¬ 
ment,  but  the  results  do  not  overtly  contradict  each  other. 

C  Tune  Shift  And  Damping  Rate  Measurements 

According  to  theory,  the  total  ring  impedance  should  produce 
shifts  in  the  frequencies  and  damping  rates  of  coupled-bunch 
modes.  In  the  “effective  impedance”  approximation,  the  shift  in 
the  frequency  /  and  damping  rate  a  should  be  proportional  to 
L  We  used  established  techniques  [13]  to  measure  the  lowest- 
order  single-bunch  transverse  mode  frequencies  (i.e.  the  hori¬ 
zontal  and  vertical  betatron  frequencies)  and  corresponding  Of’s 
as  a  function  of  I,  with  and  without  ferrite.  We  did  the  measure¬ 
ments  with  the  CESR  distributed  ion  pumps  turned  off,  in  or¬ 
der  to  eliminate  anomalous  growth  effects  [13].  We  believe  that 
measured  differences  in  slope  (A/'  =  0  to  13  kHz/A  and  Aa'  = 
—4  to  —6  ms~^  A“^ )  are  below  the  reproducibility  threshold  of 
the  measurement. 


IV.  LOAD  PERFORMANCE 

The  maximum  (total)  power  dissipation  in  the  ferrite  was  was 
5.8  kW  according  to  calorimetry  (average  power  density  —  3.8 
W/cm^);  this  was  obtained  with  /  =  142  mA  in  9  bunches.  At 
this  current,  the  pressure  gauges  read  <  30  pbar,  although  pres¬ 
sures  as  high  as  50  pbar  were  recorded  (at  lower  I)  during  an  ear¬ 
lier  “beam  processing”  shift.  Several  vacuum  “spikes”  occurred 
in  the  course  of  the  test,  with  the  pressure  rising  to  100-200  pbar 
or  higher.  Prior  to  installation,  the  pressure  in  the  ferrite  assem¬ 
bly  reached  1  pbar  at  17^  C  after  a  vacuum  bake-out  to  150®C. 

A  brief  inspection  of  the  ferrite  chamber  after  removal  from 
CESR  revealed  that  one  comer  of  one  tile  had  broken  off;  it 
was  found  lying  on  the  bottom  of  one  of  the  ferrite  sections. 
The  piece  appeared  to  have  been  unsoldered  except  along  one 
edge.  The  remaining  tiles  have  not  yet  been  closely  inspected 
for  cracks. 

V.  CONCLUSION 

CESR  beam  measurements  with  a  ferrite-lined  section  of  mag¬ 
nified  impedance  indicate  that  the  loss  factor  is  a  factor  of  ^  2 
smaller  than  predicted;  the  measured  wake  field  endures  longer 
than  predicted,  but  is  not  visible  for  Az  >  4.2  m,  which  is 
planned  for  CESR.  The  signal-to-background  ratio  made  it  diffi¬ 
cult  to  pick  out  effects  from  the  ferrite  via  measurements  on  the 
beam  only.  We  are  working  on  predictions  which  model  the  ac¬ 
tual  load  geometry  more  closely. 

We  wish  to  thank  all  of  the  Laboratory  staff  who  helped  to 
make  this  beam  test  possible. 

References 

[1]  C.  Blonde,  “Tomorrow,  Wendy  (remix),”  in  Songs  of  the 

DOE:  A  Benefit  ion, Polymer  Records,  New  York, 

1995. 

[2]  D.  Rubin,  these  proceedings. 

[3]  V.  Veshcherevich  et  aL,  Proceedings  of  B  Factories:  The 
State  of  the  Art  in  Accelerators,  Detectors,  and  Physics, 
SLAC-400/CONF-9204126,p.  177. 

[4]  H.  Padamsee,  et  aL,  these  proceedings. 

[5]  S.  Belomestnykh,  et  aL,  “Wakefields  and  HOMs  Stud¬ 
ies...,”  these  proceedings. 

[6]  S .  Belomestnykh,  et  aL ,  “Comparison  of  the  Predicted  and 
Measured  Loss  Factor...,”  these  proceedings. 

[7]  W.  Hartung  et  aL,  Proceedings  of  the  1993  Particle  Accel¬ 
erator  Conference,  p.  3450. 

[8]  D.  Moffat  et  aL,  ibid.,  p.  977. 

[9]  J.  DeFord  et  aL,  Proceedings  of  the  1989  IEEE  Particle  Ac¬ 
celerator  Conference,  p.  1181. 

[10]  A.  Temnykh,  Cornell  LNS  Report  CON95-06  (1995). 

[11]  D.  Rice,  et  aL,  IEEE  Trans,  NS-28,  p.  2446  (1981). 

[12]  M.  Billing,  Cornell  LNS  Report  CBN84-15  (1984). 

[13]  M.  Billing,  et  aL,  these  proceedings. 


3296 


A  NEW  ANALYTICAL  MODEL  FOR  AXI-SYMMETRIC  CAVITIES 


D.Burrini,  C.Pagani,  L.Serafmi,  INFN-Milan 
Via  Celoria  16, 20133  Milano,  Italy 


In  this  paper  we  derive  a  general  off-axis  expansion  valid 
for  axi-symmetrical  em.  fields.  With  the  application  of  general 
arguments  a  new  method  to  determine  analytically  off-axis 
field  components  is  presented,  starting  with  the  knowledge  of 
the  on-axis  distribution  of  the  longitudinal  field  component. 
Analytical  and  numerical  em.  fields  off-axis  are  compared,  in 
the  case  of  RF  monopole  modes  in  a  cavity,  showing  very 
good  agreement  up  to  a  radial  off-axis  position  witch  is 
comparable  to  the  wavelength.  The  relevance  of  the  method  on 
applications  in  analytical  study  of  particles  dynamics  is 
discussed  and  a  calculation  of  the  transverse  momentum 
imparted  by  the  field  to  a  relativistic  particle  is  reported:  this  is 
of  interest  for  dark  current,  beam  halo  and  RF  injector 
analysis.  Another  kind  of  application  in  cavity  design  is 
mentioned. 


L  GENERAL  EXPANSION 


In  deriving  a  general  off-axis  expansion  for  axi-symmetric 
em.  field,  we  consider  both  TE-like  and  TM-like  waves.  The 
cylindrical  symmetry  of  the  field  allows  us  to  write: 


^  El^{r,z,t)'^ 
Jtl™{r,z,t)j 


i4o  {z,  t)  +  A2{z,t)r^+..  +A2n{z, 

(z,  t)r  +  B3  (z,  f  )r^  +. .  +B2JV+1  (z.  1) 

Cl  (z,  t)r  +  C3  {z,ty  +. . +C2  w+i  (z, 


E^{r  =  Q,z,t)-TM 


is  the  field  on-axis. 


where  = 

We  want  to  obtain  a  formula  which  allows  to  write  the  field 
off-axis,  by  the  knowledge  of  the  field  on-axis  shown  above. 

To  do  this,  the  simplest  way  is  to  consider  the  following 
Maxwell  equations  in  empty  space  (p  =  0,  7  =  0, 

^r=^^r=n, 


1  rP" 

V-E  =  0  ;  V2E-44:5-E  =  0 
r  dr 


Vx 


f^TE\ 

Htm 

J 


'Mo 
^0  J 


dt 


pTM 
\^z  J 


(r,z,0 


2) 


Assuming  an  harmonic  time  dependence  as  we  project 
in  cylindrical  co-ordinates  and  replace  the  expressions  of  the 
fields  in  eq.l,  obtaining  the  following  recurrence  relations: 


3) 


2(A  +  1)C2;\^+i(z,^)  —  ik 


“2o 


^2n{zP) 


where  Zq  =  is  the  vacuum  impedance  and 

k  =  (o/c  .  The  following  treatment  holds  for  resonant  modes 
and/or  for  single  Fourier  components  (angular  frequency  ft) )  of 
a  cylindrical  wave:  the  time  dependence  left  in  the  field 
coefficients  A,  Q  is  meant  to  represent  a  slowly  varying 

envelope  behaviour,  under  the  hypothesis  dA^/dt «  ft)  A . 
Defining  the  unidimensional  Helmoltz  operator  like 

=  we  can  write  the 

oz 

coefficients  A2i^{z,t)  in  a  compact  form  as  functions  of  the 
on-axis  distribution  field  A)(^»0-  is  written  as 

^2n{zP)  =  22v^|2  where  for  N  =  0  we  have 

O®(A)(z,0)  =  N®w  with  the  recurrence  relation 

obtained  previously  and  the  form  of  the  em.  field  due  to  the 
symmetry,  we  finally  have: 


f  j^tm  \ 


TE 

V  “z  y 


i7, 


=  Re 


.Ar=o  • 


2N 


^E™ 

rTE 
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=  Re 


=  Re 


,2V+1 
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ik\ 


(  7-1  ^  v 


\ 


(-If 


(t>‘ 


These  are  the  most  general  expressions  for  off-axis 
expansion  of  any  axis-symmetrical  wave.  Taking  /:  =  0  in  the 
previous  expressions,  the  Helmoltz  operator  becomes 

cP 

0(A)(z))  =  — 5-A)(^)  =  A)^^(^)  and  we  get  the  case  of 
dz 

electrostatic  field  for  TM  modes,  and  the  magnetostatic  field 
for  TE  modes: 


(  £STA  ^ 
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The  above  expressions  are  written  for  a  few  terms  of 
expansion  and  are  in  agreement  with  ref.[l]:  they  can  be  used 
to  obtain  off-axis  fields  in  magnetostatic  and/or  electrostatic 
lenses. 


£'f(z,r)=:Re 


a„e 


ik'nz 


II.  SPATIAL  HARMONICS  EXPANSION  AND 
TM010-7t  MODE 


E"  (z,  r)  =  Re 


-'I 


na^e 


ik'nz 


N=0 


/Vp(/V  +  1)  uJ 


s2N+\ 


5) 


In  a  multi-cell  accelerating  structure,  we  know  that  under 
certain  conditions  the  field  on-axis  can  be  expressed  in  Floquet 


form,  see  [2],  so  i4o=Re 


k  -( 


,  with 


”  “  ^ - J  while  y/  is  the  phase  shift  per  cavity  cell. 

Applying  the  Helmoltz  operator  to  the  Floquet  form  we 
obtain: 


0’^{Ao{z,t))  =  k^’^Rc 


+«>  ^ 

)  exp i{(ot - k„z) 


where  K^=k^/k.  Substituting  in  the  expressions  of  the 
general  expansion  (eqs.4),  we  have: 


ttTE  . 

V^z  J 
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\^r  J 
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A^=0  ’  V  ^  / 
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j^TE 
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f  fkrS. 
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This  is  the  spatial  harmonics  expansion  for  a  general  axi- 
symmetric  em.  field,  which  is  described  by  the  spatial 
harmonics  coefficients  Setting  and  yr-Tt, 

we  obtain  the  well-known  TMqiO-ti:  standing  mode  used  in 
many  accelerating  structures. 

The  accelerating  field  on-axis,  AQ(z,t),  in  this  particular  case 


y  /^  • 

XT'  1  iTtn  1 

X  ««exp  --Z 

- 

becomes  Ao(z,0  =  Re 

exp/(mr  +  0o) 

\n-odd  ^  “  ' ) 

where  0o  is  the  initial  phase  of  the  wave  and  are  the 
harmonics  satisfying  the  relation  above.  Since  the  Helmoltz 
operator  doesn’t  act  on  the  time  variables,  we  may  omit  the 
exponential  factor  for  simplicity.  Defining  k'  =  nid  we  apply 
it  on  this  expression  obtaining: 


//^(z,r)  =  Re 


z.r  ■  h  UJ 


In  multi-cell  structures  for  relativistic  particles  we  have 
d  =  A/2  so  k  =  k\  and  the  above  expressions  become  simpler 
as  follows: 


E!{z,r)  = 


^a„cos(nfe)]£ 


^a„cos(nfe)  ;  r  =  0 


N=0 


m  ■ 


r*0 


(z, r)  =  X na„  sin(nfe)  ^  j!  J vl 


■.2N+1 


=  —  cos( 


=-0  n 


ltoN^}iN+l){2) 


6) 


For  n  =  l  and  =  0  these  expressions  give  the  linear  field 
expansion  used  in  several  beam  dynamics  studies,  see  [2].  If 
V— >co,  the  series  in  eqs.5  converge  to  modified  Bessel 
functions  of  first  kind,  setting  k  =  k'/k  we  have: 

Ezi^’Z)  =  cos(nA:'z)/of*ri/()^x^^^1 

n  ^ 

Kli ( kr^inK)^  -] 

Er  {r,  z)  =  X  sin(nfc'z) — ^  ,  — 


fiv(’'’^)  =  ^'L^nCos{nk'z)- 


kIi  kr^J(nK)^  -  I 


"'O  n 


'jinKf  -1 


where  the  first  harmonic  term  is  obtained  as  limit  for 
n  ^  1 ;  if  /c  =  1  we  obtain  expressions  in  agreement  with 
previous  studies  [2].  We  compared  the  analytic  field 
expression  r  //^(r,z)  (eqs.6)  with  the  corresponding 

numerical  values  generated  by  SUPERFISH  in  the  case  of  a 
typical  superconducting  multi  cell  cavity  whose  boundary  is 
shown  in  fig.2  (solid  line).  The  range  of  application  of  the 
method  is  krjl  <  1 ,  the  maximum  order  of  expansion  is  about 
V“rt  for  a  chosen  set  of  harmonics.  The  result  of  the 
comparison  is  shown  in  fig.l,  for  a  set  of  nine  harmonics  and 
seventh-order  expansion. 
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close  to  the  cavity  irises  as  in  dark  currents,  beam  halos,  RF 
guns  studies. 

IV.  DESIGN  OF  THE  CAVITY 


Writing  the  family  of  the  lines  perpendicular  to  the 
equipotential  lines  of  the  field  in  the  cavity,  and  setting  initial 
conditions  by  specifying  the  iris  aperture  and  radius  of  cavity 
equator,  we  obtain  a  system  of  parametric  differential  equation 
inC  =  C(«)  =  fe  and  p=p{s)  =  kr  variables,  written  as 
follows: 


,^P(£)  _  Mfiy 

,  dt  Zo  r 

_  P^('^)y 
dt  22b  t 


Z 

Figure  1:  Comparison  of  the  analytical  expanded  field  (dashed 
line)  with  SUPERFISH  predicted  field  (solid  line)  at  a 
maximum  radius  0.24  A  ,  maximum  error  is  6.7%. 


III.  AN  APPLICATION  TO  BEAM  DYNAMICS 
IN  RF  GUNS 


The  field  expansion  off-axis  derived  in  eq.6  may  be  used  to 
obtain  higher  order  components  in  the  transverse  momentum 
Pj.  imparted  by  the  RF  field  to  a  photo-electron  accelerated  in 
a  RF  gun  cavity.  Assuming  that  the  particle  of  charge  q  and 
rest  mass  m  travels  at  v  =  c  on  a  trajectory  parallel  to  the  z- 
axis,  the  transverse  momentum  p^.  at  the  cavity  exit  (z  =  Z/) , 
can  be  easily  computed  via  the  Panofsky-Wentzel  theorem  [3]: 


Where  the  RF  gun  cavity  starts  with  the  metallic  cathode 
wall  at  z  =  Zi,  where  the  particles  are  generated.  Since 

A,(z  =  Zj)  =  0 ,  and  A,[z  =  Zf)  =  -E,/(0,  p,  comes  out  to  be 

not  vanishing  as  in  a  standard  multi-cell  structure  with  open 
ends.  Using  the  off-axis  expansion  of  TMoiO-ti  mode  for  the 
case  of  eq.6,  we  obtain: 


p^  =  asinij) 


\N~l 


+4Af(W  +  l)(krf^'‘]| 


,2V  +  1 


8) 


It  is  interesting  to  note  that  the  first  and  third  order 
components  in  eq.8,  obtained  setting  n  =  3  and  A  =  1,  have 
been  already  evaluated  in  ref. [4], [5] 

The  interest  of  considering  higher  order  terms  in  p^  is 
relevant  for  all  beam  dynamics  studies  involving  trajectories 


Whose  solution  gives  the  analytical  approximation  for  the 
iris  shown  in  fig.2,  see  [6]: 


C 

Figure  2:  Comparison  between  actual  cavity  boundary  (solid 
line)  and  analytical  predictions  (dashed  lines)  for  different  order 
of  expansion  (N=0,l,2,3). 
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IMPURITY  GROWTH  IN  SINGLE  BUNCH  OPERATION  OF  PF 

M.  Tobiyama,  A.  Higuchi,  T.  Mitsuhashi,  T.  Kasuga  and  S.  Sakanaka 
National  Laboratory  for  High  Energy  Physics,  1-1  Oho,  Tsukuba  305,  Japan 


Abstract 

Growth  of  the  single  bunch  impurity  was  observed  in  the  Photon 
Factory  storage  ring.  The  phenomenon  caused  by  recapture  of 
electrons  that  are  thrown  out  of  the  main  bucket  by  Touschek  ef¬ 
fect  was  analyzed  theoretically.  Agreement  of  the  observed  rate 
of  the  impurity  growth  and  the  theoretical  estimation  was  fairly 
well.  In  order  to  cure  the  effect,  the  RF  knockout  method  was 
employed.  The  betatron  tune  of  a  bunch  depends  on  the  number 
of  electrons  in  it.  If  the  knockout  frequency  is  adjusted  to  that 
corresponds  to  weak  bunches  to  remove  them,  the  betatron  mo¬ 
tion  of  the  main  bunch  is  scarcely  affected.  This  method  is  rou¬ 
tinely  used  in  the  single  bunch  operation  of  Photon  Factory. 

1.  INTRODUCTION 

In  the  single-bunch-mode  operation  of  a  synchrotron  light 
source,  it  is  highly  necessary  to  establish  a  ‘pure’  single  bunch 
because  undesirable  bunches  cause  unwanted  reactions  in  the 
time  resolved  experiments  such  as  photoluminescence  or  light 
absorption.  The  single-bunch  impurity,  which  is  defined  as 
the  ratio  of  the  number  of  electrons  (positrons)  in  undesirable 
bunches  to  that  in  the  main  bunch,  is  the  order  of  10“^  and  the 
increase  of  the  ratio  is  much  smaller.  Then  the  measuring  system 
with  very  wide  dynamic  range  is  essential.  We  have  constructed 
a  single  photon  counting  system  in  the  beamline  21  in  the  KEK- 
PF.  An  excellent  dynamic  range  is  obtained  when  enough  events 
are  collected  and  high  time  resolution  is  achieved  because  of  the 
fast  photomultiplier  with  microchannel  plate. 

The  increase  in  a  single-bunch  impurity  with  the  lapse  of  time 
after  injection  was  previously  studied  in  the  UVSOR  storage  ring 
at  Institute  for  Molecular  Science  and  was  explained  as  the  re¬ 
capture  of  electrons  that  are  thrown  out  the  main  bucket  by  Tou¬ 
schek  effectt^^’t^^.  The  effect  was  estimated  to  be  small  enough 
for  high  energy  storage  ring  such  as  PF  ring  because  the  Tou¬ 
schek  effect  decreases  rapidly  with  the  energy  increase.  How¬ 
ever  when  we  have  measured  the  change  in  the  impurity,  unex¬ 
pected  growth  was  observed  clearly  in  the  PF  ring.  We  show  the 
theoretical  treatment  which  takes  into  account  of  the  relativistic 
effect  on  electron-electron  scattering  and  the  local  machine  pa¬ 
rameters  at  the  position  where  the  scattering  occurs.  The  agree¬ 
ment  between  our  calculation  and  the  observed  growth  rate  of  the 
impurity  was  fairly  good^^l 

In  order  to  cure  the  effect,  we  have  employed  the  RF  knock¬ 
out  method.  The  large  difference  of  bunch  current  between  the 
main  bunch  and  the  unwanted  bunches  enables  us  to  kick  only 
unwanted  bunches  because  the  betatron  tune  of  a  bunch  depends 
on  the  bunch  current.  This  system  is  used  not  only  the  time  just 
after  an  injection  but  also  during  the  users’  time  routinely  with¬ 
out  affecting  the  beam  quality.  Related  parameters  of  the  KEK- 
PF  storage  ring  is  listed  in  Table.  I. 
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Table  I 

Main  Parameters  of  KEK-PF  ring 


Energy  [GeV] 

E 

2.5 

Circumference  [m] 

c 

187 

RF  frequency  [MHz] 

/rf 

500.1 

Harmonic  number 

h 

312 

Revolution  period  [ns] 

T 

624 

Synchrotron  tune 

Fs 

0.0227 

Betatron  tune 

^x! 

8.45/3.30 

Momentum  compaction 

a 

0.0157 

Peak  RF  voltage  [MV] 

Vrf 

1.7 

Synchrotron  radiation  loss  [kV] 

Uo 

399 

Radiation  damping  time  [ms] 

Tx 

7.79 

7.82 

Te 

3.92 

11.  PHOTON  COUNTING  SYSTEM  AND 
INCREASE  IN  IMPURITY 

The  photon  counting  system  installed  in  the  beamline  21  in 
KEK-PF  and  the  increase  in  impurity  measured  with  the  system 
have  already  been  described  in  ref.[3]  in  detail,  therefore  only  a 
brief  outline  is  explained  here.  The  system  is  shown  schemati¬ 
cally  in  Fig.  1. 


Figure  1.  The  photon  counting  system 

The  SR  from  a  bending  section  is  led  to  the  beamline,  and  Phe 
visible  part  is  reflected  by  a  mirror  made  of  SiC.  Photons  reach 
a  microchannel-plate  type  photomultiplier  (MCP-PMT,  Hama¬ 
matsu  R2809U-06)  through  an  ICF-70  view  port.  The  intensity 
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of  the  photons  is  reduced  to  the  level  of  one  photon  detection  per 
about  a  hundred  revolutions  of  a  bunch. 

Pulses  from  a  PMT  are  amplified  by  a  two-stage  wide-band 
amplifiers  with  a  total  gain  of  49dB,  then  shaped  by  a  constant 
fraction  discriminator  (CFD)  which  detects  the  peak  of  the  pulse. 
The  time  interval  between  the  output  of  the  CFD  and  the  timing 
signal  synchronized  to  the  revolution  of  a  bunch  is  converted  to 
the  pulse  height  by  a  time-to-amplitude  converter  and  analyzed 
with  a  multichannel  analyzer.  An  example  of  the  measured  lon¬ 
gitudinal  bunch  structure  is  shown  in  Fig.  2. 
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Figure  2.  Longitudinal  bunch  structure  measured  by  the  photon 
counting  system. 

Figure  3  shows  the  measured  increase  in  impurity  at  the  bunch 


Time  after  Injection  (min.) 


Figure  3.  Increase  in  the  population  in  the  first  bunch.  The  hori¬ 
zontal  bars  represent  the  time  interval  during  each  measurement. 

The  increase  in  impurity  is  not  negligible  small  for  users’  ex¬ 
periments. 

The  mechanism  of  increase  in  impurity  is  the  followings.  The 
synchrotron  motion  of  an  electron  with  a  momentum  of  po  +  p, 
where  po  is  the  design  momentum,  in  longitudinal  phase  space 


is  described  as 

de 

dt 

1  .  12 
—eVRFsm{<f>o  -4)-  -  -€ 

(1) 

II 

—hoJoae 

(2) 

where  e  =  p/po,  0o  and  (/>  are  the  synchronus  phase  and  the 
phase  of  the  RF,  respectively.  Owing  to  the  radiation  damping 
term  in  eq.  (1),  the  separatrixes  have  an  opening  shown  in  Fig.  4. 


p 


Figure  4.  Trajectory  of  an  electron  thrown  out  from  the  main 
bunch  in  longitudinal  phase  space 

If  there  are  electrons  which  thrown  out  of  the  main  bunch 
with  momenta  corresponding  to  the  aperture,  they  are  recap¬ 
tured.  Only  the  Touschek  scattering  mechanism  can  produce 
such  electrons  with  significant  probability. 

Since  it  is  not  applicable  for  non-relativistic  approximation  for 
the  PF  ring,  we  used  the  Volkel’s  formula^^^  with  the  approxima¬ 
tion  of  small  RF  bucket  height  and  rectangular  momentum  distri¬ 
bution.  Because  the  result  depends  linearly  to  the  bunch  volume, 
we  included  the  local  beam  size  for  horizontal  and  vertical,  and 
the  bunch  lengthening  effect  also  measured  by  the  photon  count¬ 
ing  system  simultaneously.  Additionally,  the  effect  of  intrabeam 
scattering  was  also  included.  The  growth  rate  A  A*/  Af  of  the 
single-bunch  impurity  for  f-th  bucket  is  then 

^  ^  ^  /_! _ 1 

At  2  \'Pr{pi)  pr(pi  +  Ap*) 

where  pr  (p)  is  the  Touschek  lifetime  for  bucket  height  p  and  Nq 
is  number  of  electrons  in  the  main  bunch.  Note  we  need  the  coef¬ 
ficient  1  /2  because  one  of  two  electrons  that  take  part  in  the  col¬ 
lision  loses  momentum  and  is  never  captured  by  the  backward 
buckets.  The  solid  line  in  Fig.  3  shows  the  calculated  result. 

HI.  CURE  THE  SINGLE-BUNCH  IMPURITY 

The  typical  single-bunch  impurity  just  after  the  injection  is 
about  a  few  per  cent  and  of  course  is  not  acceptable  for  users. 
To  cure  the  impurity  in  the  ring,  we  applied  the  RF  knockout 
method.  Under  the  single-bunch  mode,  huge  bunch  current  devi¬ 
ates  the  betatron  tune  from  the  zero-current  tune.  The  measured 
vertical  betatron  tune  shift  with  the  current  is  shown  by  the  solid 
line  in  Fig.  5,  it  was  about  -3  x  lO^'^/mA. 

As  the  bunch  current  of  neighboring  bunches  is  a  few  percent 
of  the  main  bunch  current,  we  are  able  to  only  excite  a  betatron 
oscillation  of  the  unwanted  bunches  sweeping  the  knockout  fre¬ 
quency  without  disturbing  the  main  one. 

In  the  ‘purification’  process,  we  measure  the  vertical  betatron 
tune  just  after  the  injection  and  determine  the  frequency  range 
of  the  knockout,  that  the  frequency  slightly  higher  than  that  of 
vertical  betatron  frequency  of  the  main  bunch  to  490  kHz.  The 
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Figure  5.  Measured  vertical  betatron  tune  in  single-bunch  mode 
with  bunch  current  (solid  line)  and  the  RF  knockout  frequency 
range  (shaded  area). 

frequency  range  is  shown  by  the  shaded  area  in  Fig.  5.  We 
sweep  the  frequency  using  the  computer-control  system  shown 
in  Fig.  6.  The  knockout  frequency  range  is  automatically  con¬ 
trolled  with  the  beam  current  from  a  DCCT. 


DCCT 


Figure  6.  Automatic  RF  knockout  system  to  keep  the  single 
bunch  purity. 


Figure  7 .  Increase  in  impurity  during  the  users’  time.  The  mea¬ 
sured  impurity  has  been  kept  less  than  5x10“®. 


To  cure  the  impurity,  we  have  constructed  computer-control 
RF  knockout  system.  Using  the  betatron  tune  shift  with  the 
bunch  current,  the  unwanted  bunches  are  swept  out  clearly.  This 
system  is  routinely  used  during  the  users’  time  without  bother¬ 
ing  the  beam  quality. 

The  authors  wish  to  thank  Dr.  S.  Kishimoto  for  his  work  on 
the  photon  counting  system  using  avalanche  photo  diode. 
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In  the  users’  time  for  the  single  bunch  operation,  we  enlarge 
the  x-y  coupling  by  exciting  skew  qadmpole  magnets  to  make 
the  Touschek  lifetime  long.  Nevertheless,  there  remains  unac¬ 
ceptable  increase  in  impurity.  Though  we  use  the  RF  knockout 
system  continuously  during  the  users’  time,  the  betatron  ampli¬ 
tude  growth  with  the  system  is  acceptably  small.  Figure  7  shows 
an  example  of  the  change  in  impurity  measured  during  a  users’ 
time  using  a  photon  counting  system. 

We  used  the  avalanche  photo  diode  in  the  X-ray  region  as  the 
detector  to  improve  the  signal-to-noise  ratio[®f  The  impurity  is 
kept  small  enough  compared  with  the  requirements  from  users. 

IV.  SUMMARY 

We  have  measured  the  increase  in  single-bunch  impurity  in  the 
Photon  Factory  positron  storage  ring  with  the  photon  counting 
system  installed  in  the  beamline  21.  The  electrons  thrown  out  of 
the  main  bunch  by  the  Touschek  effect  were  recaptured  by  the 
following  bunches  by  the  radiation  damping  effect.  With  em¬ 
ploying  the  relativistic  formula  for  the  Touschek  effect  and  eval¬ 
uating  the  beam  size  properly,  we  have  reconstructed  the  mea¬ 
sured  growth  in  good  agreement. 
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COUPLING  IMPEDANCE  OF  A  PERIODIC  ARRAY  OF  DIAPHRAGMS 

G.  V.  Stupakov,  Stanford  Linear  Accelerator  Center,  Stanford  University,  Stanford,  CA  94309  USA 


Abstract 

A  method  is  presented  for  calculating  the  high-frequency  longi¬ 
tudinal  and  transverse  coupling  impedances  in  a  periodic  array  of 
diaphragms  in  a  circular  perfectly  conducting  pipe.  The  method 
is  based  on  Weinstein’s  theory  of  diffraction  of  a  plane  elec¬ 
tromagnetic  wave  on  a  stack  of  hal^lanes.  Using  Weinstein’s 
solution,  it  is  shown  that  the  problem  of  finding  the  beam  field  in 
the  pipe  reduces  to  an  effective  boundary  condition  at  the  radius 
of  the  diaphragms  which  couples  the  longitudinal  electric  field 
with  the  azimuthal  magnetic  one.  Solving  Maxwell’s  equations 
with  this  boundary  condition  leads  to  simple  formulae  for  Ziong 
and  Ztr^  A  good  agreement  with  a  numerical  solution  of  the 
problem  found  by  other  authors  is  demonstrated. 

1.  INTRODUCTION 

Studies  of  the  impedance  at  the  frequencies  much  higher  than 
the  cutoff  frequency  have  a  long  history  with  many  theoreti¬ 
cal  and  numerical  results  obtained  for  different  types  of  accel¬ 
erator  structures  (see  e.g.  a  special  issue  of  Particle  Acceler¬ 
ators  journal  devoted  exclusively  to  this  subject  [1]).  One  of 
the  major  problems  addressed  by  several  authors  is  the  high- 
frequency  impedance  of  multiple  cavities  or  a  periodic  system  of 
diaphragms  [2-5].  There  is  a  general  consensus  that,  for  large  co, 
the  longitudinal  impedance  in  this  system  scales  asymptotically 
as  Specifically,  for  a  periodic  array  of  thin  diaphragms, 

in  the  limit  co  ^  oo,  the  real  part  of  Ziong  P^r  one  cell  can  be 
approximated  by  the  following  function: 

ReZiong  {co)/Zo  «  /  {g/af  (kg)-^'^ ,  (1) 

where  k  =  (ojc,  Zq  =  47t/c  =  311Q,  g  is  the  distance  between 
the  diaphragm  openings,  a  is  the  radius  of  the  diaphragms,  and 
/  is  a  numerical  factor.  However,  various  authors  find  different 
values  for  /  which  deviate  almost  by  the  order  of  magnitude: 
/  =  in  Ref.  [3],  /  =  in  Ref.  [4],  and  according 

to  the  Sessler  -  Weinstein  model  [2],  /  = 

Apart  from  differing  numerical  values  for  /,  Eq.  (1)  itself 
gives  a  rather  poor  approximation  in  the  region  10  <  kg  <  20 
typical  for  practical  applications  in  accelerator  physics.  The  rea¬ 
son  for  Eq.  ( 1 )  to  be  relatively  inaccurate  is  that  the  actual  param¬ 
eter  in  asymptotic  expansion  (1)  is  (kg)^^^  (or  even  {kg/n)  ) 
rather  than  kg.  This  makes  it  necessary  to  seek  better  asymptotes 
than  the  leading  term  represented  by  Eq.  (1).  Refs.  [2-3]  indeed 
provide  a  more  accurate  expressions  that  reduce  to  Eq,  (1)  in  the 
limit  >  1. 

In  this  paper  an  attempt  is  made  to  revise  the  approach  to 
the  calculation  of  the  impedance  of  the  periodic  system  of  di¬ 
aphragms  using  a  more  adequate  physical  description  of  the 
beam  interaction  with  the  diaphragms.  On  a  qualitative  level, 
the  physics  involved  has  been  outlined  in  Ref.  [6].  Its  two  basic 
elements  are:  a  small  angle  diffraction  of  the  beam  field  at  the 
edges  of  the  diaphragms,  and  depletion  of  the  amplitude  of  the 
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field  in  the  region  close  to  the  edges  due  to  repeated  trapping  of 
the  field  energy  into  the  space  between  the  diaphragms.  We  will 
show  that  this  qualitative  argument  can  be  cast  into  a  quantita¬ 
tive  consideration  using  a  rigorous  solution  to  the  diffraction  of 
a  plane  electromagnetic  wave  on  an  infinite  stack  of  conducting 
halfplanes. 

IL  BASIC  ASSUMPTIONS 

Consider  a  relativistic  beam  with  a  factor  of  y  much  larger  than 
unity,  y  >  1,  propagating  along  the  axis  of  a  circular  pipe  with 
infinitely  thin  periodic  diaphragms.  The  azimuthal  magnetic 
field  of  such  a  beam  is  almost  equal  to  its  radial  electric  field,  and 
both  propagate  with  the  speed  c.  In  that  respect,  excluding 
the  vicinity  of  the  axis  of  the  pipe  occupied  by  the  beam,  the 
electromagnetic  field  can  be  considered  as  a  free  electromagnetic 
wave  propagating  in  the  pipe.  Accepting  this  point  of  view,  we 
intend  to  apply  to  the  beam  field  the  results  derived  from  the 
diffraction  of  the  wave  on  the  edges  of  the  diaphragms. 

The  analysis  of  the  diffraction  is  greatly  simplified  by  the  fact 
that  we  are  only  interested  in  the  high  frequency  band.  From 
Fresnel  theory  of  diffraction,  it  is  known  that  the  area  involved  in 
the  diffraction  extends  from  the  edges  by  distance  Vg/k,  and 
occupies  an  annulus  from  r  ^  a  -  d^gjk  ior  ^  a+  d^/g/k, 
where  d  has  a  value  of  the  order  of  unity.  As  soon  as  y/g/k  is 
much  smaller  than  the  radius  a,  we  can  neglect  the  cylindrical 
geometry  of  the  problem  and  consider  the  diffraction  in  plane 
geometry.  We  will  also  assume  that  ^/g/k  b  —  a,  where  b 
is  the  pipe  radius;  in  this  case  the  pipe  wall  does  not  interfere 
with  the  diffraction  process,  and  we  can  further  simplify  the 
problem  eliminating  the  pipe  walls  and  allowing  the  field  to  freely 
propagate  in  the  radial  direction  to  infinity  [5]. 

As  a  result  of  these  approximations  we  essentially  reduce  the 
problem  to  the  diffraction  of  a  plane  electromagnetic  wave  on  an 
infinite  periodic  array  of  halfplanes  the  solution  for  which  can 
be  found  in  Ref.  [7]. 

HI.  WEINSTEIN’S  THEORY 

This  section  briefly  summarizes  Weinstein’s  results  for  the 
diffraction  of  a  plane  wave  for  an  arbitrary  incidence  angle  cpo,  {(po 
is  measured  from  the  vertical  axis  y  so  that  the  grazing  incidence 
corresponds  to  =  7t/2).  In  our  case,  the  beam  field  propagates 
horizontally  which  corresponds  to  the  limit  cos  ^  0  in  th® 
diffraction  solution. 

Let  the  position  of  mth  halfplane  be  given  by  z  =  mg,  y  <  0. 
Consider  a  plane  wave  propagating  in  the  halfspace  y  >  0  at  an 
angle  (po  with  the  vertical  axis  {0  <(pQ<n  Jl)  and  polarized  so 
that  the  only  component  of  the  magnetic  field  is  directed  along 
the  x-axis, 

Hx  =  A  exp  [ik  (z  sin  (po  —  y  cos  (po)] .  (2) 

Here  and  below  we  assume  the  time  dependence  a  exp  {—icot). 
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The  solution  to  the  diffraction  problem  for  the  incident  wave 
(2)  [7,  Chapter  7]  represents  the  field  at  j  <  0  as  a  sum  of 
eigenmodes  propagating  between  the  plates: 

+  £  r„  cos  ,  (3) 

where  Kn  =  —  (7rn/g)^,  ImA:„  >  0.  Eq.  (3)  is  valid  for 

0  <  z  <  g;  the  field  between  mth  and  (m  +  l)th  plates  has 
an  additional  factor  exp(i^mgsin^o)  on  the  right  hand  side. 
Complex  values  of  /c„  imply  that  the  corresponding  eigenmode 
is  an  evanescent  one;  it  exponentially  decays  when  y  ^  —  oo. 
The  field  in  the  upper  halfspace,  y  >  0,  is  given  by 

00 

+A  X;  Rn  k  (z  sin  (p„+y  cos  (pn )  ^4^ 

n=-oo 


Turning  now  to  the  physical  interpretation  of  the  solu¬ 
tion,  note  that  in  the  limit  cos^o  t>oth  the  inci¬ 

dent  wave  given  by  Eq.  (2)  and  the  mirror  reflected  wave 
A  Rq  exp  (ik  (z  sin  (po  +  y  cos  ^o))  in  Efl-  (4)  propagate  paral¬ 
lel  to  the  horizontal  axis.  This  observation  prompts  us  to  believe 
that  their  sum  has  to  be  identified  with  the  electromagnetic  field 
of  the  beam  at  the  edge  of  the  diaphragms.  Using  Eq.  (6)  we 
find  for  the  magnetic  component  of  this  field: 

(-2i  sin  (ky  cos  ^o)  +  2S  {kg)  cos 

2A  cos  (foe''^^  (S  (kg)  —  iky) .  (10) 

In  order  to  obtain  a  nonzero  result  when  cos  (po  0,  we  have 
to  assume  that  A  goes  to  infinity  so  that  2A  cos  cpo^  E  and 

H,  =  Ee‘'^^  (S  (kg)  -  iky) ,  (11) 


where  cos  (pn  =  [l  -  (n  +  ^  sin^o)^/?^]  .9  =  kg /2n;  it  is 

assumed  that  Im  (cos  (pn)  >0.  The  first  term  on  the  right  side  of 
Eq.  (4)  is  the  incident  wave,  and  the  sum  represents  the  diffracted 
waves  generated  by  the  periodic  structure.  One  of  these  waves 
having  n  =  0  is  a  mirror  reflected  image  of  the  incident  field;  it 
has  the  amplitude  ARq, 

The  expressions  for  and  Rn  can  be  found  in  Ref.  [7].  For 
our  purposes,  we  will  only  need  Rq  as  a  function  of  q  and  cpo, 

R0(q,  COS<Po)  =  ^ 

1  -h  cos  (po 

QQ  -j  I  cos  (PQ  I  I  cosyp  ■<  _  2nqcos<pQ 

COStpn  ^  cos  (p-n  _ /r\ 

1  _  1  _  gosyp  .  27tg  cos  (pQ  ’  * 

n  =  l  ^  COStpn  COS<P-n  ^  ^  K„g 


IV.  BOUNDARY  CONDITION 


To  consider  the  case  of  horizontal  propagation  of  the  wave  we 
need,  first,  to  find  the  limit  cos  ^0  ^  OinEq.  (5).  Using  analysis 
of  Ref.  [7],  after  straightforward  though  cumbersome  algebra, 
one  can  show  that  in  this  limit,  for  ^  1, 

Ro  =  ““  1  +  25  (kg)  cos  (po,  (6) 


where  the  complex  function  5  (q)  is  given  by 
S(;c)  =  i[l  +  ^^y|((V2-l)F(2x)+a)],  (7) 


where 


00  2  -1 

F{x)  =  j  dt  ^exp  -  ix^  -  1  j  , 


(8) 


and 


a!  =  -2 


/ 


—00 


1_//2+,2/2 

f2  (e'V2  -  l) 


dt  =  3.658. 


(9) 


The  function  F  (x)  is  a  periodic  function  of  its  argument  with 
the  period  equal  to  In,  It  has  singularities  oc  \x  —  2m7t\~^^^  at 
the  points  x  =  2m7r,  where  m  is  an  integer. 


where  R  is  a  constant.  We  see  that  our  solution  requires  the 
magnetic  field  to  be  a  linear  function  of  y;  in  other  words,  for 
(Pq  =  7t  jliht  diffraction  process  imposes  a  certain  constraint 
on  the  behavior  of  the  electromagnetic  field  near  the  edges  of 
the  diaphragms.  This  constraint  can  be  expressed  as  a  bound¬ 
ary  condition  at  y  =  0  if  one  notes  that  Maxwell’s  equation 
dHx /9y  =  ikEz  combined  with  Eq.  (1 1)  allows  to  one  express 
R  in  terms  ofthe  electric  field:  E^  =  '~£'exp(iA:z).  Substituting 
this  relation  in  Eq.  (11)  yields 


'S{kg) 


(12) 


Eq.  (12)  represents  our  main  result.  It  relates  the  longitudinal 
component  of  the  electric  field  to  the  transverse  component  of 
the  magnetic  field  at  the  diaphragms. 

Note  a  close  resemblance  of  Eq.  (12)  to  the  boundary  con¬ 
dition  at  a  conducting  wall  in  the  case  of  high  conductivity  a , 
—  (i  -  1)  y/o)/^7ia  Hx \y=o^  [8].  This  allows  us  to  assign  the 
diaphragms  an  effective  (complex)  conductivity  tJeff,  such  that 


(i  -  1) 
2 


S(kg). 


(13) 


Using  Eq.  (13),  for  a  given  solution  of  an  electromagnetic  prob¬ 
lem  in  a  smooth  pipe  with  finite  conductivity  a  (co),  one  can 
find  the  solution  of  the  corresponding  problem  in  the  pipe  with 
periodic  diaphragms  by  substitution  a 


V.  IMPEDANCE 

Having  found  the  boundary  condition  (12)  we  can  now  return 
to  the  cylindrical  geometry  of  the  pipe  with  the  beam  and  solve 
for  the  beam  field  in  the  region  0  <  r  <  ^2.  In  polar  coordinate 
system,  the  jc-component  of  the  magnetic  field  Hx  should  be 
identified  with  the  azimuthal  component  so  that  Eq.  (12) 
takes  the  form, 

Ez  =  mr=a  (14) 

S{kg) 

With  this  boundary  condition,  a  standard  derivation  (see,  e.g., 
[9])  of  the  longitudinal  and  transverse  impedances,  Ziong  and  Z,r, 
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Figure.  1.  Real  part  of  the  longitudinal  impedance. 


Figure.  2.  Imaginary  part  of  the  longitudinal  impedance. 


yields  : 


liras  {kg) -ikajl' 

^  _Zo _ 1 _ 

irko}  S  (kg)  —  ^ika  +  i  (ka)~^ 


(15) 

(16) 


Similar  to  longitudinal  impedance,  has  sharp  peaks  at 
ka  =  mir,  however,  it  decays  more  rapidly  than  Ziong  (co)- 
Asymptotically,  for  co  oo, 

4Z  2Z 

ReZ.r^^^ReSikg),  (18) 

VI.  DISCUSSION 

We  compared  our  result  with  a  numerical  solution  of  a  similar 
problem  in  Ref.  [5],  where  a  repeated  structure  of  thin  irises 
has  been  studied,  A  close  inspection  of  the  plot  of  RcZiong  in 
this  reference  shows  a  very  good  agreement  with  our  Fig.  1, 
including  the  positions  and  the  heights  of  each  peak  even  for 
ka  as  small  as  5.  This  agreement  indicates  that  using  a  plane 
geometry  for  solution  of  the  diffraction  problem  turns  out  to  be 
a  very  accurate  appoximation  even  for  relatively  small  values  of 
ka. 

In  the  limit  of  very  large  frequencies,  our  result  agrees  with 
Eq.  (1)  with  /  =  0.26  which  is  below  both  Gluckstem’s  result 
(/  =  0,56)  and  Sessler- Weinstein  model  (/  =  0.37). 
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Figures  1  and  2  show  the  real  and  imaginary  parts  of  Ziong 
for  the  case  when  a  —  g.  In  addition  to  general  fall  off  of 
Ziong  with  the  frequency,  it  demonstrates  peaks  and  jumps  at 
ka  =  mir ,  where  m  is  an  integer.  This  behavior  can  be  explained 
as  due  to  a  strong  coupling,  through  diffraction,  of  the  beam  field 
with  the  modes  between  the  diaphragms  having  a  small  radial 
wavenumber.  These  modes  have  the  frequency  close  to  nmla\ 
they  represent  standing  waves  between  two  adjacent  diaphragms. 

In  the  limit  of  very  high  frequency,  co  oo,  the  asymptotic 
dependence  of  Ziong  ((o)  is  given  by 


RcZiong  ^ 


2Zo 

itkP'o} 


Re5  {kg) ,  \vciZiong 


Zq 

irka'^ 


(17) 


Note  that  on  the  average  ReZiong  scales  asymptotically  as  a> 
in  agreement  with  Eq.  (1). 
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COUPLING  IMPEDANCE  OF  A  LONG  SLOT  AND  AN  ARRAY  OF 
SLOTS  IN  A  CIRCULAR  VACUUM  CHAMBER* 

G.  V.  Stupakov,  Stanford  Linear  Accelerator  Center,  Stanford  University,  Stanford,  CA  94309  USA 


Abstract 

We  find  the  real  part  of  the  longitudinal  impedance  for  both  a 
small  hole  and  a  long  slot  in  a  beam  vacuum  chamber  with  a 
circular  cross  section.  The  length  of  the  slot  can  be  arbitrarily 
large,  the  only  requirement  on  the  dimensions  of  the  slots  is  that 
its  width  be  much  smaller  than  clco.  Regular  array  of  N  slots 
periodically  distributed  along  the  pipe  is  also  considered. 

1.  INTRODUCTION 

Existing  theory  for  the  impedance  produced  by  small  holes  in 
the  wall  of  a  vacuum  chamber  of  the  accelerator  has  been  de¬ 
veloped  in  papers  by  Kurennoy  [1]  and  Gluckstem  [2].  They 
applied  Bethe’s  approach  developed  for  study  of  diffraction  of 
an  electromagnetic  wave  on  a  perfectly  conducting  plane  screen 
with  a  small  hole  [3]  to  the  problem  of  radiation  of  the  beam 
propagating  in  a  circular  pipe  having  a  hole  in  its  wall.  The 
method  is  based  on  utilization  of  small  parameters  otei  / Ir"  and 
ctmglb^,  where  is  the  electric  and  amg  is  the  magnetic  polar¬ 
izabilities  of  the  hole,  and  b  is  the  beam  pipe  radius.  For  circular 
holes,  amg  \o(ei\  ,  where  w  is  the  radius  of  the  hole,  and 
these  ratios  are  of  the  order  of  {w /^)^.  This  theory  also  assumes 
that  the  wavelength  of  the  electromagnetic  waves  radiated  by  the 
hole  is  much  larger  than  the  dimensions  of  the  hole.  In  the  first 
approximation  of  the  perturbation  theory,  the  impedance  is  ex¬ 
pressed  in  terms  of  polarizabilities  and  Umg  and  turns  out  to 
be  purely  imaginary  ^ 

^  Zoico  f  . 

In  many  cases  it  is  necessary  to  know  the  real  part  of  the 
impedance.  In  this  paper  we  find  ReZ  for  small  holes  and  slots 
of  arbitrary  length  /,  assuming  only  that  the  width  of  the  slot  w 
is  much  smaller  than  h  and  c/a>.  We  also  find  the  impedance  of  a 
regular  array  of  slots.  A  more  detailed  study  of  relevant  issues 
including  the  effect  of  randomization  of  the  slot  positions  in  the 
array,  can  be  found  in  Ref.  [4]. 

IL  REAL  PART  OF  THE  IMPEDANCE  FOR  A 

HOLE 

To  calculate  the  longitudinal  impedance  of  a  circular  beam 
pipe  with  a  hole,  it  is  convenient  to  consider  an  oscillating  current 
traveling  with  the  velocity  of  light  along  the  axis  of  the  pipe, 

1  (z,  t)  =  /o  oxp(-icot  +  iKz) ,  (2) 

*Work  supported  by  the  Department  of  Energy  contract  DE-AC03-76SF00515 

^Our  definitions  of  aei  and  Umg  agree  with  the  Bethe’s  paper  [3].  They  are  two 
times  larger  than  those  used  by  Kurennoy  [1]. 


where  k  —  co/c.  The  pipe  is  assumed  to  have  a  small  hole 
located  at  z  =  0  with  characteristic  dimensions  much  less  than 
pipe  radius  b.  Perturbation  of  the  electromagnetic  field  caused  by 
the  hole  can  be  represented  as  a  superposition  of  the  waveguide 
modes  propagating  away  from  the  hole. 

We  choose  normalization  of  the  eigenmodes  in  a  circular  pipe 
such  that  for  E  modes 

2 

£(n,m)  ^  C0%{n9)exp{aiKn,mZ),  (3) 

and  for  H  modes 

^  '^J„  cos(ne)exp(criK’„  „z),  (4) 

where  Jn  is  the  Bessel  functions  of  the  nth  order,  is  the  mth 
root  of  Jn  ,  ^  is  the  mth  root  of  the  derivative  7^,  Kn,m  — 

0^n.m  =  CPn^^jb, 

oJn,m  =  ^  radius  of  the  waveguide.  The 

variable  a  denotes  the  direction  of  the  propagation  of  the  wave; 
or  ==  -h  1  corresponds  to  the  waves  propagating  in  the  positive  di¬ 
rection  along  the  z-axes,  and  cr  =  —  1  marks  the  waves  traveling 
in  the  opposite  direction. 

In  the  first  order  of  the  perturbation  theory,  the  electromagnetic 
field  scattered  by  the  hole  into  the  waveguide  is  characterized  by 
the  amplitudes  an^m  {^)  such  that 

P  =  hiz)  E  E  ('■’  z,cr  =  l) 

Ey  H  n,m 

+h(-z)  E  (cr  =  -l)  (r,  z,  =  -1),  (5) 

E,  H  riym 

where  h  (z)  is  the  step  function  and  F  denotes  any  of  the  compo¬ 
nents  Ez,  Er,  or  The  factors  an^m  can  be  expressed  in  terms 
of  the  electric  Uei  and  magnetic  amg  polarizabilities  of  the  hole 
[1] 

(£)  _  ^^0  {j^^mg  "F  ^ 

(l  +  ^n,o)  ’ 

for  an  E  mode,  and 

(H)  _  4rt/o  {(^K^  ^amg  +  f<^<Xel) 

cb^<,A<n,-n^)Jn{f^L,ny 

for  an  H  mode.  Calculating  Z  using  Eqs.  (5)  -  (7)  with  the  help 
of  the  following  relation, 

00 

^  ~  ~Y  j  dz  E;:  (z,  r  =  0)  exp  (—icozlc) ,  (8) 

—00 

gives  Eq.  (1). 
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The  real  part  of  the  impedance  of  a  hole  arises  in  the  second 
order  of  the  perturbation  theory  based  on  the  smallness  of  the 
parameters  ot^gj^  and  It  turns  out,  however,  that  we 

can  find  the  real  part  of  the  impedance  without  going  to  higher 
orders  if  use  is  made  of  the  following  relation  between  the  ReZ 
and  the  energy  F  radiated  per  unit  time  by  the  hole  : 


for  jc  >  1,  and  (jc)  =  0  for  jc  <  1. 

Eqs.  (13)  and  (15)  apply  also  for  short  slots  such  that  /  <  ^ 
and  Ik  ^  1.  For  a  large  aspect  ratio,  /  w;  ,  we  have  amg  ^ 
-Ueh  and  (;c)  =  F^^^  (jc).  In  this  case,  the  plot  of  the 
Re(Z^^^  +  Z^^))  measured  in  units  a^^Zo/nb^  as  a  function  of 
(ob  jc  is  shown  in  Fig.  1. 


P  =  l/2ReZ(a))  .  (9) 

The  energy  flux  P  in  Eq.  (9)  should  include  all  the  waves 
radiated  by  the  hole,  both  inside  and  outside  of  the  waveguide. 
The  outside  radiation  will  depend  on  the  geometry  and  location 
of  the  conducting  surfaces  in  that  region  and  cannot  be  computed 
without  knowing  particular  details  of  the  specific  design.  Here 
we  neglect  its  contribution,  assuming  that  the  thickness  of  the 
pipe  wall  is  large  enough  so  that  the  electromagnetic  field  does 
not  penetrate  through  the  hole. 

Inside  the  waveguide,  we  have  to  take  into  account  the  radia¬ 
tion  going  into  all  E  and  H  modes.  The  energy  flow  in  the  mode 
of  unit  amplitude  is  equal  to 


p{E)  _ 
^  n,m 


1  +  ^0,n 
16 


2 

n,m 


and 


n,m 


1  +  5n,0  / 


(Pn.m  -  Jn  K.m)  - 


(10) 


(11) 


respectively.  The  energy  flux  in  each  mode  radiated  by  the  hole 
is  given  by  \an,m  =  1)|^  and  [un^m  =  — i)|  Pn,m  in 
the  forward  and  backward  directions,  respectively.  It  is  evident 
that  this  radiation  occurs  only  if  the  frequency  co  is  larger  that  the 
cutoff  frequency  C0n,m  (or 
The  total  energy  flux  P  is 


^  =  EE  E  Pn.n.\a„j\  (12) 

E,H  n,m  a=±l 


Figure.  1.  Real  part  of  the  impedance  of  a  short  large-aspect- 
ratio  slot  as  a  function  of  the  frequency  (solid  curve),  and  a  high- 
frequency  approximation  given  by  Eq.  (17)  (dotted  curve). 

Because  the  functions  F^^^  (x)  and  F^^^  (x)  go  to  infinity 
when  JC  1,  ReZ  has  singularities  at  the  cutoff  frequencies 
con^rn  and  co'^  ^.  Formally,  this  happens  because  the  amplitude 
of  the  radiated  waves  given  by  Eqs.  (6)  and  (7)  scales  as 
when  CO  approaches  a  cutoff  frequency.  The  actual  height  of  the 
cutoff  peaks  will  be  determined  by  higher  order  corrections  of 
the  theory  and  finite  conductivity  of  the  walls. 

In  the  limits;  >  c/i?,alarge  number  ofharmonics  is  involved 
in  the  sums  (13)  and  (15).  By  considering  them  to  be  continu¬ 
ous  variables,  it  is  possible  to  integrate  over  n  and  m  instead  of 
summing.  This  integration  yields 


where  the  summation  is  carried  out  over  both  directions  of  prop¬ 
agation,  a  =  ±1,  all  possible  values  of  n  and  m,  and  also  over 
E  and  H  modes.  Combining  Eqs.  (9)-(12)  yields  the  following 
equation  for  the  contribution  of  E  and  H  modes  into  the  real  part 
of  the  impedance: 


Rez(®)  - 


where 


F^^'>  (x)  = 


X\/x^  —  1 

for  >  1,  and  (x)  =  0  for  <  1.  For  the  H  modes 


(14) 


Rez(«)  =  ^4?  E f-T-)’  (15) 

^  ^  ^  l^n,m  -  \<m/ 


where 


F^^Hx)  = 


<xllX^  +  «mg  jx'^  -  0 

x^/x^'^^ 


(16) 


2 

ReZ  =  -Zo-^ 


(17) 


This  function  is  also  plotted  in  Fig.  1;  it  give  a  good  approxi¬ 
mation  of  the  averaged  dependence  of  the  ReZ,  even  for  small 
frequencies. 


III.  REAL  PART  OF  THE  IMPEDANCE  FOR  A 
LONG  SLOT 

To  find  the  real  part  of  the  impedance  of  a  long  slot  for  which  I  is 
comparable  or  larger  than  b  and/or  ,  we  consider  the  long  slot 
as  a  distributed  system  of  magnetic  and  electric  dipoles .  The  field 
radiated  by  the  slot  consists  of  the  waves  coming  from  different 
elements  of  the  slots  with  a  relative  phase  advance  between  them. 
For  two  infinitesimal  elements  located  at  distance  z,  the  phase 
advance  is  composed  of  two  parts.  The  first  part  is  due  to  the 
change  of  phase  of  the  driving  field  of  the  beam,  and  is  equal  to 
/cz.  The  second  part  is  caused  by  the  relative  phase  shift  of  the 
two  radiated  waves,  and  is  equal  to  —crKn^mZ,  where  (t  =  ±1 
for  the  forward  and  backward  propagating  waves.  The  total 
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phase  exponent,  exp(iKz  —  icf/Cn^mZ)  should  be  integrated  over 
the  length  of  the  slot,  yielding  the  factor 


j  exp(i  {k  -  o-K„,„)  z)  dz  =  si®^ 

1  1 

-1-  -s/x^  -  1  j 

] 

'dNfln.m  ( 
2b  \ 

X  -1-  Vx^  -  ij 

]l 

0 

_  \7\ 

.  2 
Sim 

dfln.m  ( 
2b  \ 

X  -j- 

]  1 

For  the  H  modes,  the  function  (x)  contains  /r'  instead  of 


for  the  E  modes  and  a  similar  factor  f'  ^  (a),  for  which 
K.m  i®  (1^)>  for  the  ff  modes.  These  factors  multiply  the 
amplitudesflt^^ttotlatwiinEqs.  (6)  and  (7).  Combining  all  these 

changes,  and  taking  into  account  that  for  a  long  slot,  Q!e/  =  —dmg, 

results  in  the  following  modifications  of  the  functions  and 

Ft")  in  Eqs.  (13)  and  (15): 

Ft")  (;c)  =  (sin" 

t^l.m  ^  ^  '  X-Jx^  -  1  1  \_  2b 

+  (19) 

and  given  by  the  same  expression  with  substituted  by 

limit  /  ^  I  /r  —  cr ^  I  \  the  effective  length  of  the 
slot  that  contributes  to  the  real  part  of  the  impedance  turns  out  to 
be  equal  to  \k  -  crKn^m\~\  which  means  that  ReZ  (co)  does  not 
depend  on  I  in  the  limit  /  >  k~^  (but  >  it; ). 

IV.  REGULAR  ARRAY  OF  SLOTS 

Consider  an  array  of  N  identical  slots  distributed  along  the 
beam  pipe  such  that  the  distance  between  the  slots  is  equal  to  di . 
The  system  has  a  period  d  =  I di.  The  electromagnetic  field 
scattered  by  the  array  is  the  sum  of  the  fields  of  individual  slots.  In 
the  first  approximation  of  the  perturbation  theory,  the  impedance 
is  equal  to  NZ,  where  Z  is  given  by  Eq.  (1).  However,  since  the 
energy  radiated  by  the  array  of  slots  is  a  quadratic  function  of  the 
amplitude  of  the  waves,  it  will  be  shown  below  that,  at  resonant 
frequencies,  there  is  a  strong  amplification  in  ReZ  which  scales 
as  N^. 

To  find  the  radiation  from  N  slots,  it  is  necessary  to  sum 
their  fields,  taking  into  account  the  relative  phase  advance  be¬ 
tween  the  fields  of  deferent  slots.  As  shown  in  the  previous 
section,  the  phase  advance  between  two  adjacent  slots  is  equal 
to  exp  (iKd  —  i(TKn,md).  For  N  slots,  the  amplitude  of  («,m) 
E  mode  should  be  multiplied  by  the  following  factor: 


The  maximum  value  of  in  Eq.  (20)  is  equal  to  and 
is  attained  when  the  following  condition  holds 

d{K-  OKn^n)  =  2qn,  (21) 

where  ^  is  an  integer.  For  large  N,  Eq.  (20)  represents  narrow 
peaks  with  a  width  at  half  height  Lco/co  ^  1/(2^  AT)  at  the 
resonant  frequencies.  This  implies  that  the  Q  factor  for  these 
resonances  can  be  estimated  as  Q  «  qN . 

K  d/b  =  2jtq/nn,m  (or  d/b  =  Inq/ix'^  J,  Eq.  (21)  is 
satisfied  by  the  cutoff  frequency  (or  co'^  J).  In  this  case,  the 
height  of  the  resonant  peaks  will  be  strongly  amplified  because 
of  the  superposition  of  the  cutoff  singularity  for  a  single  peak 
with  a  maximum  of  the  |g„ f  function. 

In  the  limit  of  very  large  N,  N  ->■  oo,  the  width  of  the  res¬ 
onances  becomes  so  narrow  that  it  will  actually  be  determined 
by  the  finite  conductivity  of  the  walls  cr.  The  transition  to  this 
regime  occurs  when  Q  becomes  comparable  to  i/5,  where  5  is 
the  skin  depth  at  the  resonant  frequency.  Previously,  this  regime 
has  been  studied  in  detail  for  an  infinitely  long  periodic  bellow 
in  Ref.  [5],  where  the  resonance  conditions  (21)  have  also  been 
found. 
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N-l 

gn,m(<X)  =  X! 

j=0 

^  1  -  exp  [idN  {k  -  aic„^„)] 

1 -exp[jd(Ar -crfc„  „,)] 

The  square  of  the  absolute  value  of  (a) ,  multiplies  each  sine 
term  in  Eq.  (19)  modifying  the  function  F^")  into  the  following 
expression: 

F(")  (x) = ^  ^  (sin" 

M",m  ''  I  ;  —  1  I  L 
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Abstract 

Continuing  on  our  numerical  study  [1]  of  field  emitted  electrons 
from  a  superconducting  CEBAF  cavity  we  have  identified  all 
possible  emission  sites,  magnitudes,  and  the  energy  profile  of 
dark  currents  expected  at  CEBAF  under  nominal  operating  con¬ 
ditions.  We  find  that  most  electrons  do  not  survive  beyond  a 
single  cryomodule  which  includes  eight  5-cell  superconducting 
cavities.  However,  some  electrons  can  be  accelerated  through 
many  cryomodules,  ending  up  with  an  energy  close  to  100  MeV. 
However,  no  field  emitted  electrons  can  be  recirculated  along 
with  an  electron  beam  generated  at  the  gun,  due  to  the  limited 
energy  acceptance  of  CEBAF  recirculation  arcs. 

I.  INTRODUCTION 

In  our  previous  study  [  1  ] ,  we  found  that  most  field  emitted  elec¬ 
trons  from  a  CEBAF  superconducting  cavity  were  likely  to  stay 
in  the  cavity  where  they  originated.  However,  some  field  emitted 
electrons  could  be  accelerated  to  adjacent  cavities  when  emitted 
from  a  few  selected  locations  at  a  proper  phase.  Futhermore, 
we  have  identified  all  such  emission  sites  in  the  CEBAF  cav¬ 
ity  which  could  become  a  potential  source  of  dark  currents.  Our 
study,  however,  was  not  complete  in  that  the  tracking  of  electrons 
was  not  possible  beyond  a  single  cavity  at  the  time.  Dark  cur¬ 
rent  was  estimated  by  calculating  characteristics  of  a  field  emit¬ 
ted  electron  bunch  leaving  the  cavity  through  open  beam  pipe. 
The  arrival  times  of  such  a  bunch  at  neighboring  cavities  deter¬ 
mine  whether  the  bunch  can  keep  pace  with  the  nominal  elec¬ 
tron  beam.  Even  though  we  expect  that  forward  moving  field 
emitted  currents  from  the  linacs  under  the  most  favorable  phase 
relationship  with  subsequent  cavities  in  downstream  cryomod¬ 
ules  will  be  intercepted  at  the  spreaders  (and  backward  currents 
at  the  recombiners,  respectively)  due  to  low  energy  acceptance 
of  less  than  one  percent  level  of  such  beam  transport  modules,  it 
is  important  to  find  out  what  actually  happens  to  all  dark  current 
candidates  when  more  than  a  single  cavity  is  involved.  In  this 
paper  we  report  on  our  study  of  following  electrons  throughout 
CEBAF  linacs  assuming  the  beam  injection  at  45  MeV.  There  is  a 
chicane  at  the  entrance  to  the  linac  which  prevents  dark  currents 
originated  at  the  injector  reaching  the  linac. 

II.  A  CEBAF  CRYOMODULE 

Cavities  in  a  CEBAF  cryomodule  are  arranged  in  a  particular 
way  in  order  to  minimize  emittance  degradation  due  to  rf  coupler 
kicks .  It  is  helpful  to  differentiate  CEBAF  cavities  into  4  different 
groups  for  the  purpose  of  describing  such  an  arrangement,  even 
though  a  CEBAF  cavity  has  only  a  single  configuration  with  no 

*This  work  was  supported  by  the  U.S.  Department  of  Energy,  under  contract 
No.  DE-AC05-84ER40150. 
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variation  in  its  assembly  with  FP  and  HOM  couplers.  A  sketch 
of  a  5-cell  cavity  which  belongs  to  a  group  of  type  I  cavities  is 
shown  in  the  following  Fig.  1.  A  type  II  (HI  and  IV  respectively) 


y 


A 


Figure.  1.  Type  I  cavity;  positive  x-axis  is  into  the  paper. 


cavity  is  defined  as  a  type  1  cavity  rotated  by  180°  about  the  +y 
axis  (+z  and  +x  axis  respectively^  In  a  cryomodule,  we  have  8 
cavities  in  the  following  order: 

I  -  II  -  m  -  rv  -  III  -  IV  - 1  -  II  (A) 


Our  trajectory  program(FEET)  requires  electromagnetic  fields 
in  whole  CEBAF  linacs  as  an  input.  This  problem  is  manage¬ 
able  because  cavities  are  all  independently  powered  and  cross 
talks  between  cavities  [2]  are  negligible  at  the  operating  1497 
MHz  mode.  First,  we  calculate  fields  for  a  type  I  cavity  numer¬ 
ically  with  the  computer  codes  URMEL  and  MAFIA[3].  (For 
a  practical  reason,  we  had  to  divide  the  cavity  into  two  regions; 
one  with  an  axial  symmetry  and  the  other  with  no  such  sym¬ 
metry.)  Second,  fields  for  other  types  of  cavities  are  obtained 
from  fields  for  the  type  I  cavity  by  the  symmetry  consideration, 
lypell: 


Type  III: 


Type  IV: 


Ej.'(x,y,z) 

=1 

Ey{x,y,z) 

= 

E[\x,y,z) 

E['\x,y,z) 

Ey"(x,y,z) 

= 

E[‘\x,y,z) 

= 

E'/ix,y,z) 

Ey'^{x,y,  z) 

= 

E'J{x,y,z) 

= 

-E'^{-x,y,  -z) 
E'y(-x,  y,  -z) 
-E[  i-x,  y,  -z) 

-£'(-x,  -y,z) 
-Eyi-x,  -y,z) 
E[{-x,-y,z) 

E^  {x,  -y,  -z) 
-E'y(x,  -y,  -z) 
-E[{x,  -y,  -z) 


(1) 


(2) 


(3) 
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and  similar  transformations  for  magnetic  fields. 

III.  TRACKING  THROUGH  LINACS 

How  the  program  FEET  handles  a  field  emitted  electron  in  a 
CEBAF  cavity  can  be  found  in  ref.  [  1] .  When  an  electron  enters 
a  neighboring  cavity  through  the  beam  pipe,  forces  acting  on 
the  particle  are  calculated  from  the  electromagnetic  fields  in  the 
cavity  performing  field  transformations  described  in  Eqs.  (1)  to 
(3)  depending  on  the  type  of  the  cavity.  In  addition  rf  phase  must 
be  also  adjusted.  Assuming  that  all  cavities  in  the  linacs  are  set  up 
for  a  maximal  energy  gain  of  2.5  MeV  per  cavity,  absolute  phases 
(in  units  of  degrees  at  1497  MHz)  of  8  cavities  in  a  cryomodule  at 
time  equal  to  zero  are  0,  -90, 165.936, 75.936,  -28.127,  -118.127, 
137.809,  and 47.809,  respectively,  in  the  order  noted  in  the  layout 
(A)  of  those  8  cavities  in  section  II.  The  leftmost  cavity  of  (A), 
which  is  of  the  type  I,  is  chosen  as  the  reference  here.  Also, 
there  is  an  rf  phase  shift  of  76.708  degree  between  the  last  cavity 
in  a  cryomodule  and  the  first  cavity  in  the  next  cryomodule  . 
Furthermore,  in  the  warm  region  between  two  cryomodules  there 
is  a  quadrupole  for  focusing  the  electron  beam,  which  was  turned 
on  in  the  simulation.  The  linac  lattice  is  a  FODO  type  with  120 
degree  phase  advance  per  cell  for  the  1st  pass  beam.  Focussing 
effects  of  a  quadrupole  are  easily  simulated  with  the  1st  order 
transfer  matrix.  We  also  mention  aperture  limits  in  linacs  which 
are  3.0  inches  in  cavities  and  1.5  inches  in  beam  pipes,  loosely 
stated.  (The  program  FEET  treats  this  in  complete  detail.) 

IV.  RESULTS 

For  the  present  study,  we  scan  the  surface  of  the  first  two  cav¬ 
ities  (They  are  of  the  type  I  and  II,  respectively.  For  convenience 
of  notation,  we  will  simply  refer  to  them  as  cavity  I  and  cavity 
II)  of  the  first  cryomodule  in  the  North  linac  for  field  emission  at 
an  accelerating  gradient  of  5  MV/m  only.  It  is  expected  that  dark 
currents  containing  the  highest  energy  electron  bunches  have 
most  likely  originated  from  these  two  cavities  because  they  have 
the  largest  number  of  downstream  cavities  available.  5  MV/m 
is  the  design  value  for  the  CEBAF  cavity  gradient.  In  order  to 
obtain  a  detectable  field  emitted  electron  current  at  this  field  in¬ 
tensity  we  assume  cavities  with  field  enhancement  factor  ^=300. 
According  to  Fowler-Nordheim[4]  theory,  the  current  density  J 
in  A/m^  is  given  by 

,  1.54  X  10«(^£surf)"  ,  6.83xl0V‘  \  ,,, 

j  = -  - exp( - — - )  (4) 

<P  ^^surf 

where  £surf  is  the  surface  electric  field  in  MV/m  and  4>  is  the 
work  function  of  the  metal  surface  in  eV.  For  niobium  we  take 
^  =  4  eV.  As  in  our  previous  study,  the  emission  from  a  given 
site  is  normalized  to  a  total  dissipated  power  of  1  Watt.  In  other 
words,  Ae  f  J(6)E^n(0)d6  =  27r  W,  where  J(0)  is  the  current 
density  determined  with  the  instantaneous  field  at  rf  phase  0, 
■^kin(^)  is  the  impacting  energy  of  the  electron  emitted  at  that 
phase,  and  the  integration  runs  from  0  to  ;r  or  ;r  to  lit  depending 
on  the  location  of  the  site  in  the  cavity.  Average  impact  energy 
is  determined  by  /  J(e)Ei^in(0)d9/  f  J(9)d0. 

We  can  see  a  typical  example  of  generation  of  dark  current 
from  Fig.  2.  Trajectories  of  electrons  emitted  from  a  site  in  cavity 
I  (see  the  site  c  in  Fig.  3)  at  all  phases  are  shown.  Most  electrons 


with  wrong  phases  fan  out  ending  at  nearby  cells,  while  a  small 
batch  of  electrons  emitted  at  right  phases  escape  to  the  down¬ 
stream  cavity  II  and  beyond.  We  should  mention  that  a  piece  of 
beam  pipe  about  a  half  meter  long,  which  is  not  pictured  here, 
connects  the  top  and  the  bottom  portions  of  Fig.  2  to  complete 
the  cryomodule.  The  electron  bunch  essentially  goes  through 
the  center  of  the  beam  pipe  segment  in  cavities  downstream  of 
it.  Dark  current  in  the  particular  case  shown  in  Fig.  2  terminates 
at  the  19th  cavity  with  an  energy  gain  of  about  36  MeV. 
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Figure.  2.  An  example  of  dark  current  generation  in  a  CEBAF 
cryomodule  at  5  MV/m  gradient.  Roman  letters  on  top  of  cavities 
specify  the  types  of  the  cavities  as  explained  in  section  II. 


We  have  identified  all  emission  sites  on  the  surface  of  cavity 
I  and  II  which  could  serve  as  a  source  of  dark  current.  In  this 
paper  we  report  only  on  those  sites  which  produce  field  emitted 
electrons  traveling  downstream  toward  the  end  of  the  linacs.  A 
complete  list  of  all  such  sites  with  a  brief  note  on  some  character¬ 
istics  of  electron  bunches  which  form  dark  currents  can  be  found 
in  the  following  two  subsections.  In  Figs.  3  and  4  we  also  present 
pictorially  locations  of  the  emission  sites  in  the  cavity  I  and  II, 
respectively.  An  emission  site  is  really  a  cylindrically  symmetric 
thin  strip  of  the  cavity  surface  typically  about  a  few  mm  wide. 
A  vertical  line  in  the  figures  specifies  the  center  position  of  such 
a  strip.  In  the  following  each  emission  site  is  represented  by  a 
letter  (from  a  to  m)  assigned  next  to  a  vertical  line. 

A.  Emission  Sites  at  Cavity  I 


Figure.  3.  Dark  current  emission  sites  located  in  the  cavity  I. 
Vertical  lines  represent  thin  strip  regions  as  explained  in  the  text. 
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Site  a:  We  find  two  distinct  phase  windows,  one  about  0.5  deg 
wide  delivering  lavg  =  30  nA  and  power  of  10  mW,  and  another 
1.0  deg  wide  with  =  160  nA  and  power  of  40  mW.  Most 
electrons  terminate  at  the  cavity  II. 

Site  b:  The  region  consists  of  two  narrow  strips  about  2  mm 
apart.  In  the  left  strip  we  find  two  phase  regions,  one  about  0.75 
deg  wide  with  lavg  =  0.5  nA  and  power  of  0.2  mW  (all  power  to 
the  cavity  H),  and  another  about  0.5  deg  wide  with  lavg  —  0.3  nA 
and  power  of  0.2  mW.  In  the  latter  case  electrons  travel  up  to  the 
7th  cavity  but  attain  maximum  energy  of  only  2.6  MeV.  In  the 
right  strip,  a  phase  window  of  15  deg  produces  lavg  =  0.3  nA  and 
power  of  0.12  mW  with  all  electrons  ending  up  on  the  cavity  II. 

Site  c:  We  find  two  distinct  phase  regions,  one  about  2.5  deg 
wide  with  I^^^  =  16  nA  and  power  of  6  mW,  and  another  18.0 
deg  wide  with  lavg  -  5  nA  and  power  of  3  mW.  Electrons  mostly 
terminate  either  at  the  2nd  or  at  the  3rd  cavity  except  a  small 
fraction  of  them  (about  10  pA)  reaching  to  the  19th  cavity  with 
a  peak  energy  of  36  MeV. 

Site  d:  There  exist  three  distinct  phase  regions,  one  about  7.5 
deg  wide  with  1^,;^  =  9  pA  and  power  of  0.02  mW,  and  another 
about  4.0  deg  wide  with  lavg  =  0.4  nA  and  power  of  1  mW  with 
electrons  reaching  up  to  the  3rd  cavity.  The  last  one  is  about  2.5 
deg  wide  with  I^^^  =  36  pA  with  a  negligible  power  of  0.01  mW 
even  though  electrons  travel  to  the  7th  cavity. 

Site  e:  We  find  a  phase  region  of  about  1  deg  wide  with  lavg 
=  19  nA  and  power  of  12  mW.  About  1  nA  of  electrons  traverse 
a  whole  cryomodule  only  to  be  lost  in  the  warm  section  while 
most  electrons  do  not  survive  beyond  the  3rd  cavity.  Peak  energy 
achieved  is  15  MeV. 

Site  f:  A  phase  window  of  about  5  deg  wide  generates  lavg  - 
72  nA  and  power  of  62  mW.  About  2  nA  of  electrons  travel  to 
the  2nd  cryomodule  attaining  a  peak  energy  of  32  MeV, 

Site  g:  The  region  consists  of  two  strips  2  mm  apart.  In  the 
left  strip  we  find  two  3  deg  wide  phase  regions,  one  with  lavg 
=  0.5  fiA  and  power  of  36  mW,  another  with  1^^^  -1  jx  A  and 
power  of  380  mW.  Dark  current  terminates  at  the  3rd  cavity.  In 
the  right  strip,  we  also  have  two  windows,  one  about  10  deg  wide 
with  lavg  =  8  A  and  power  of  615  mW  delivered  to  nearby  two 
cavities,  another  about  only  0.1  deg  wide  with  lavg  ~  72  nA  and 
power  of  1.5  W  with  current  extending  to  the  21st  cavity. 

B.  Emission  Sites  at  Cavity  II 


Figure.  4.  Dark  current  emission  sites  at  the  cavity  II. 


Site  h;  There  exists  a  phase  window  of  about  0.1  deg  width. 
Most  electrons  do  not  survive  beyond  the  3rd  cavity,  but  a  few  of 
them  reach  to  the  28th  cavity  attaining  energy  of  48  MeV.  How¬ 
ever,  the  current  is  extremely  small  and  the  power  is  negligible. 


Site  i:  We  find  two  phase  regions,  one  about  20  deg  wide 
with  only  I^t;^  =  0.1  pA  (most  power  to  the  3rd  cavity),  another 
about  5  deg  wide  with  a  negligible  power  of  lOnW  despite  some 
electrons  traversing  a  whole  cryomodule  and  attaining  a  peak 
energy  of  13  MeV. 

Site  j:  A  phase  window  about  0.5  deg  wide  exists.  Electrons 
are  accelerated  to  the  34th  cavity  attaining  a  peak  energy  of  75 
MeV.  However,  power  is  only  about  7  nW. 

Site  k:  We  find  two  phase  regions,  one  about  10  deg  wide  with 
lavg  =  0.3  nA  and  power  of  0.5  mW  (about  0.5  pA  of  electrons 
reach  the  4th  cryomodule  gaining  a  peak  energy  of  30  MeV),  and 
another  about  0. 1  deg  wide  with  electrons  accelerated  to  the  23rd 
cavity.  45  MeV  energy  gain  is  achieved,  but  power  is  negligible. 

Site  1:  lavg  -  16  nA  and  power  of  2.5  mW  is  produced  from  a 
phase  window  about  1  deg  wide.  Almost  all  electrons  are  lost  in 
the  3rd  cavity. 

Site  m:  There  exit  two  distinct  phase  windows  only  about  0.1 
deg  wide,  one  with  lavg  =  80  nA  and  power  of  50  mW,  another 
with  lavg  =  50  n  A  and  30  mW.  Most  power  is  delivered  to  cavities 
in  the  latter  part  of  the  first  cryomodule. 

V.  CONCLUSION 

From  the  result  presented  here,  we  can  safely  assert  that  none 
of  field  emitted  electrons  can  be  recirculated  along  with  an  elec¬ 
tron  beam  generated  at  the  gun,  due  to  the  limited  energy  accep¬ 
tance  of  CEBAF  recirculation  arcs. 
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Abstract 

In  Fermilab’s  Main  Ring  bunch  coalescing  is  used  to 
produce  intense  proton  and  antiproton  bunches  for  the 
Tevatron.  For  the  bunch  coalescing,  1 1  proton  or  antiproton 
bunches  are  rotated  first  in  the  fundamental  rf  harmonic  of 
53  MHz  to  reduce  the  momentum  spread,  then  are  rotated 
for  a  quarter  of  a  period  in  a  lower  harmonic  (h=:53  or  2.5 
MHz)  and  recaptured  in  a  single  53  MHz  bucket[l].  The 
2.5  voltage  available  for  coalescing  is  22  KV.  Recently  3 
new  2.5  MHz  coalescing  cavities  were  installed[2]  and  the 
available  2.5  voltage  was  tripled.  The  coalescing 
improvements  from  this  upgrade  will  be  described. 

I.  INTRODUCTION 

Recent  injector  improvements  and  upgrades  helped 
increased  the  Main  Ring  intensity  by  50%  since  the  last 
collider  run.  The  higher  proton  intensities  resulted  in  higher 
longitudinal  emittances  before  coalescing.  Typical  long, 
emittances  of  the  highest  intensity  proton  bunches  are  0.30- 
0.32  eV-sec. 

Also  higher  antiproton  stacking  efficiencies  resulted 
in  higher  antiproton  stacks  and  larger  antiproton  bucket 
sizes,  for  more  antiprotons  extracted.  The  11  antiproton 
bunches  have  a  parabolic  distribution  in  emittances  and 
intensities,  the  middle  bunches  having  the  greater 
intensities  and  emittances.  The  pbar  emittances  typically 
vary  between  0.14  eV-sec  for  the  end  bunches  to  0.30  eV- 
sec  for  the  bunches  in  the  middle. 

With  the  larger  proton  and  antiproton  long,  emittances, 
even  with  the  introduction  of  a  second  harmonic  cavity,  the 
coalescing  efficiency  was  in  the  70-80%  range  resulting  in 
satellites  and  DC  beam.  In  Fig.  1  an  ESME[3]  simulation  is 
shown  of  11  (typical  long,  emittance)  antiproton  bunches 
at  the  moment  of  recapture  in  an  800  KV  53  MHz  bucket. 
In  Fig.  1  the  distribution  at  recapture  is  wider  than  the 
standard  53  MHz  bucket  (18.9  nsec).  Some  of  the  particles 
spill  into  the  two  neighboring  buckets  resulting  in  satellites, 
and  some  are  not  captured  and  lost  as  DC  beam. 

In  Fig.2  the  same  1 1  antiproton  bunches  are  shown  at 
recapture  rotated  this  time  with  60  KV  of  2.5  MHz.  The 
width  of  the  distribution  is  now  narrow  enough  to  fit  in  the 
single  53  MHz  bucket  and  there  are  almost  no  satellites. 


*  Operated  by  Universities  Research  Association,  Inc. 
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Figure  1:11  pbar  bunches  rotated  with  21  KV  of  2.5  MHz 
and  4  KV  of  5  MHz  at  the  moment  of  recapture. 
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Figure  2:11  typical  pbar  bunches  rotated  with  60  KV  of 
2.5  MHz  and  1 1  KV  of  5.0  MHz  at  the  moment  of 
recapture. 

Recently  a  decision  was  made  to  upgrade  our 
coalescing  system  by  making  new  2.5  MHz  cavities 
capable  of  producing  a  total  of  60  KV,  three  times  the 
voltage  available  today.  The  new  higher  voltage  would 


0-7803-3053-6/96/$5.00  ®1996  IEEE 


3312 


help  us  reduce  the  width  of  the  recaptured  distribution  by  a 
factor  of  V3,  increase  the  coalescing  efficiency  and 
eliminate  the  satellites. 


III.  EXPERIMENTAL  RESULTS 

To  test  if  the  results  with  the  higher  2.5  MHz  voltage 
agree  with  the  simulations,  5  proton  bunches  (to  eliminate 
the  effect  of  the  5.0  MHz  voltage)  each  of  0.3  eV-sec  were 
coalesced  first  with  the  old  coalescing  cavities  (a  total  of  21 
KV  of  2.5  MHz)  and  then  with  the  old  and  the  new  cavities 
together  (a  total  of  60  KV  of  2.5  MHz).  The  digitized  beam 
profiles  at  the  moment  of  recapture  for  both  cases  are 
shown  in  Fig.  3.  The  rms.  spread  with  the  60  KV  is  about 
V3  times  smaller  than  the  rms.  spread  of  the  distribution 
rotated  with  21  KV,  as  in  the  simulations.  Also  the  total 
spread  of  the  distribution  rotated  with  60  KV  is  17.5  nsec 
and  fits  in  the  recapture  53  MHz  bucket  (18.9  nsec  wide). 

The  effect  of  the  higher  2.5  MHz  voltage  on  the  pbar 
coalescing  efficiency  is  shown  in  Fig.  4.  The  predicted 
coalescing  efficiencies  are  from  ESME  simulations  for  1 1 
pbars  bunches  with  tj^ical  emittances  rotated  with  21  KV 
of  2.5  MHz  and  4  KV  of  5.0  MHz  (before  the  upgrade)  and 
60  KV  of  2.5  MHz  (after  the  upgrade).  The  results  agree 
with  the  predictions,  and  show  a  14%  improvement  in  pbar 
coalescing  efficiency. 

The  proton  coalescing  efficiency  also  increased  by 
about  10%  after  the  upgrade  with  proton  bunches  as  large 
as  3.2E11  being  observed.  The  typical  satellite  bunches 
after  the  upgrade  have  intensities  less  than  2%  of  the  main 
bunch  intensity,  compared  with  8-12%  before. 

The  proton  bunch  coalescing  efficiency  is  expected  to 
be  further  improved  with  the  installation  of  the  new  5  MHz 
cavity  that  is  going  to  be  installed  in  the  summer  of  '95 
along  with  the  rest  of  the  new  2.5  MHz  cavities. 
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Figure  3:  Profiles  of  the  coalesced  distribution  of  5  proton 
bunches  at  the  moment  of  recapture.  Top:  Bunches  rotated 
with  21  KV  of  2.5  MHz.  Bottom:  Bunches  rotated  with  60 
KVof2.5  MHz. 
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Figure  4:  Pbar  coalescing  efficiency  versus  shot  number  before  and  after  the  coalescing  upgrade. 


IV.  CONCLUSION 

The  3  new  2.5  MHz  cavities  installed  in  Main  Ring 
tripled  the  existing  2.5  MHz  voltage  and  helped  us  increase 
the  pbar  coalescing  efficiency  by  14%,  the  proton 
coalescing  efficiency  by  10%  and  eliminate  the  satellite 
bunches. 
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Abstract 

The  slow  extraction  of  particles  from  the  accelerator  using  para¬ 
metric  resonance  of  betatron  oscillations  is  investigated.  A  spe¬ 
cial  feature  of  the  parametric  resonance  is  the  absence  of  sepa- 
ratrix  on  a  phase  plane.  Therefore  frequencies  of  betatron  oscil¬ 
lations  of  the  particles  to  be  extracted  at  each  revolution  are  to 
change  abruptly.  A  value  of  this  jump  is  need  to  he  sufficient  to 
transfer  the  frequencies  of  betatron  oscillations  of  these  particles 
inside  the  band  of  parametric  resonance  from  the  region  outside 
and  to  ensure  the  increase  of  the  oscillation  amplitude  in  two  rev¬ 
olutions,  which  is  required  to  throw  the  particles  in  a  gap  of  the 
extraction  septum-magnet.  It  can  be  achieved  through  the  energy 
losses  of  the  particles,  as  ones  passes  through  the  thin  target,  and 
the  use  of  sextupole  lenses.  Suggested  techniques  of  the  slow  ex¬ 
traction  can  be  applied  for  resonance  of  the  higher  order  as  well. 


L 

The  resonance  slow  extraction  is  based  on  existence  of  both 
stability  region  for  oscillations  with  small  amplitudes  and  reso¬ 
nance  growth  of  amplitudes  on  asymptotes  of  separatrix  outside 
the  region.  For  linear  parametrical  resonance  such  region  is  not 
available.  Close  to  a  band  of  parametrical  resonance  the  oscil¬ 
lation  amplitude  has  beats,  with  swing  growing  as  the  boundary 
of  the  band  is  approached.  The  amplitude  grows  linearly  at  the 
boundary  and  exponentially  within  the  band.  Therefore  the  slow 
driving  for  resonance  involves  an  increase  of  oscillation  ampli¬ 
tude  of  particles  not  only  in  the  beam  part  being  extracted  but 
in  the  whole  beam  as  well.  It  is  necessary  to  have  a  mechanism 
allowing  the  betatron  oscillation  frequency  for  a  some  share  of 
particles  to  be  moved  abruptly  in  the  resonance  band  from  the 
region  outside  the  band,  in  which  the  beats  swing  is  reasonably 
small,  and  to  act  only  on  this  share  by  resonance.  It  is  necessary 
also,  that  this  mechanism  acts  at  all  times  for  long.  The  mecha¬ 
nism  is  available:  the  use  of  both  thin  target  for  a  part  of  the  beam 
and  sextupole  lenses.  The  target  releases  a  jet  of  particles  with  a 
pulse  different  from  that  of  the  main  beam  and  imparts  coherent 
betatron  oscillations  to  the  jet.  Sextupoles  under  certain  condi¬ 
tions  excite  the  parametrical  resonance  only  for  this  jet.  The  slow 
extraction  is  performed  as  follows.  At  the  close  of  acceleration, 
using  bump-magnets,  the  beam  displaces  inward  (or  outward)  of 
the  synchrotron  ring  so  that  its  edge  passes  through  a  thin  wire 
target.  The  target  is  positioned  in  that  part  of  the  ring,  where  dis¬ 
persion  ^  function  is  distinct  from  zero.  The  thickness  of  target 
is  selected  so  that  the  change  in  pulse  \Splp\,  in  its  only  passage 
through  the  target,  to  be  several  times  greater  than  pulse  disper¬ 
sion  I  Ap/p|  in  beam.  For  this  share  of  particles  the  equilibrium 
orbit  displaces  inward  (V’  ^  0)  the  ring  by  magnitude 
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and  the  coherent  betatron  oscillations  about  the  orbit  are  excited 
with  initial  amplitude 
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lation  of  particles,  passed  through  the  target,  on  azimuth  of  sex¬ 
tupole.  Tlien  in  the  sextupole  they  move  about  the  orbit,  shifted 
from  the  axis  of  chamber  by  value  5Xs  =  —^s  \^p/p\  and  sex¬ 
tupole  lens  field  can  be  presented  as 
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(AQa;  and  \Pk  \  for  particles  of  main  part  of  the  beam,  that  has 
not  passed  through  the  target  is  several  times  less,  on  the  strength 
of  condition  I  Jp/p I  ^  |Ap/p|).  Gradients  of  sextupole  lenses 
should  be  chosen  so  that 
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=  ,  (1) 

P 

where  S — detuning  from  resonance,  and  —  self-chromaticity 
of  synchrotron  (without  sextupole  lenses).  Then  the  exponential 
growth  of  amplitude  of  coherent  betatron  oscillations  takes  place 
only  for  the  share  of  particles,  that  passed  through  the  targets, 
with  maximum  increment  |Pfe  |- 

X  =  Xoexp(|Pfc|5) 

on  azimuth  of  synchrotron,  where  the  phase  shift  of  betatron  os¬ 
cillations  from  the  sextupole  makes  7r/2.  In  this  case  the  oscil¬ 
lation  amplitude  of  particles,  which  have  not  passed  through  the 
target,  essentially  does  not  increase  if  |  Ap/F|  ^  \Sp/p\.  When 
slowly  driving  the  beam  on  the  target,  it  is  possible  to  expand 
the  extraction  greatly.  The  risk  of  the  repeat  passing  through  the 
target  is  run.  At  half-integer  frequency  of  betatron  oscillations 
this  can  to  be  obviated  by  setting  several  sextupole  lenses  with 
the  gradients  and  shifts  of  phases  between  them,  so  that  the  con¬ 
dition  (1)  would  be  met  and  increment  |P/c|  would  be  sufficient 
to  get  around  the  target  at  the  second  revolution.  Driving  of  the 
beam  on  target  during  the  extraction  results  in  change  of  ampli¬ 
tude  of  coherent  betatron  oscillations,  so  to  keep  the  same  throw 
throughout  the  whole  time  of  extraction  is  necessary  to  change 
|Pfc|  at  constant  value  of  AQ^r.  Emittance  of  extracted  beam  is 
defined  by  the  radial  width  of  the  target  s,  angular  divergence  of 
the  beam,  hitting  in  the  target  (2//?t)>/(2v^  -  s)s,  root-mean 
square  angle  of  divergence  on  passing  through  the  target 
and  can  be  made  small 

ge.tr  =  Y  ~  . 

It  is  advisable  to  position  the  target  in  the  interval,  where  at  =  0. 

IL 

Let  us  use  the  synchrotron  K4,  [1],  to  illustrate  the  method  of 
slow  extraction.  It  produces  electronic  cooling  of  the  beam  on 
accumulation,  and  final  Ap/p  =  ±10“"^.  Magnetic  structure  in¬ 
cludes  intervals  with  large  7.3  m  and  small  ^0  m  values  of  ^ 
function.  The  working  point  =  2.4.  The  self-chromaticity 
Kj;  —  —2.13.  The  perimeter  P  =  82.97  m,  magnetic  rigidity 
HR  =  A  T-m.  Frequency  is  shifted  to  the  working  magni¬ 
tude  =  2.48  by  using  structural  quadrupole  lenses,  =  0.04, 
and  Qz  =  2.64.  The  target  is  installed  within  small  straight 
at  values  of  (3 j;  =  2.5  m,  =  1.0  m.  Its  thickness  is  se¬ 
lected  so  that  Sp/p  =  —2  •  10”^.  At  energy  of  protons  W  = 
585  MeV  the  thickness  of  carbon  target  makes  s  —  4.4  mm, 
Ap/p  =  lO""^,  =z  2.4- 10“^,  [2].  A  single  sextupole 

lens  of  length  /  =  0.25  m  is  used.  It  is  installed  within  a  long 
straight  at  values  of  =  6.91  m,  /?,  =  12.2  m.  From  the 
condition  (1)  it  is  found  9^ if;, =  26.8  T/m^.  Increment 
|P/.|  =  3.4  •  10“^  m“L  The  initial  amplitude  of  coherent  beta¬ 
tron  oscillations  Xq  =  1.0  cm,  Xq  =  0.6  cm  when  positioning 
the  target  outside  and  inside  the  closed  orbit,  accordingly.  The 
value  |Pfe  I  is  enough  to  get  around  the  target  at  the  second  revo¬ 
lution  (amplitude  increase  ~32%).  At  the  local  displacement  of 


orbit  to  the  septum-magnet  for  a  distance  1 .5  cm,  knife  thickness 
of  0.2  cm  and  target  positioned  outside,  extraction  begins  at  4-th 
revolution.  Emittance  of  extracted  beam  e  =  1.47r  mm-mrad. 

The  most  complicated  problem  is  an  investigation  of  interac¬ 
tion  of  particles  and  a  target  when  slow  (several  microns  per  rev¬ 
olution)  driving  the  latter  on  a  beam.  The  numerical  simulation 

[2]  has  shown,  that  the  incomplete  passing  of  particles  through  a 
target  causes  the  repassing  with  the  greater  amplitude  of  a  throw 
and  increase  of  effective  emittance  of  extracted  beam.  The  ef¬ 
ficiency  of  slow  extraction  is  basically  determined  by  losses  on 
a  target  resulted  from  the  nuclear  reactions  (makes  ^3%,  [2]). 
Due  to  resonance  nature  of  a  swing  amplitude  of  betatron  oscil¬ 
lations  the  efficiency  of  extraction  is  higher,  than  that  in  the  Pic- 
cioni  method  [3,4].  In  the  work  [2]  the  extension  of  the  Piccioni 
method  is  proposed  for  the  case  of  strongly  focusing  accelera¬ 
tors,  where  is  the  large  difference  of  values  of  t/?  function.  That  is 
not  required  for  the  method  put  forward  here,  that  can  be,  in  prin¬ 
ciple,  used  for  accelerators  with  the  weak  focusing.  Tliis  method 
is  applicable  providing  the  decrease  of  pulse  dispersion  for  the 
beam  at  the  close  of  acceleration  is  realizable  through  the  perfor¬ 
mance  of  high-frequency  stations.  We  have  considered  the  slow 
extraction  at  parametrical  resonance  for  reasons  of  its  features 
noted  above.  However,  the  mechanism  of  extraction  being  sug¬ 
gested  can  be  applied  for  resonances  of  higher  orders  as  well. 
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Abstract 

In  a  synchrotron,  proton  beams  with  injection  steering  errors  per¬ 
form  coherent  betatron  oscillations,  possibly  of  large  amplitude. 
The  oscillations  may  be  damped  by  using  a  system  of  a  beam 
position  monitor  and  a  variable,  fast  kicker  combined  in  a  feed¬ 
back  loop  to  form  a  ‘transverse  damper’.  The  system  of  ring, 
beam  and  damper  can  be  modeled  by  iteration  of  a  matrix  map¬ 
ping  once  per  turn.  This  paper  reports  the  calculation  of  damping 
rates,  and  coherent  tune  shifts  by  analytic  solution  of  the  recur¬ 
sions.  Two  cases  are  treated:  (i)  kick  proportional  to  beam  dis¬ 
placement;  and  (ii)  ‘bang-bang’  damping  in  which,  above  a  cer¬ 
tain  threshold,  the  kick  depends  only  on  the  sign  (+/—)  of  the 
displacement.  We  demonstrate  (under  certain  conditions)  that 
the  ‘bang-bang’  scheme  provides  a  linear  damping  of  the  ampli¬ 
tude  and  no  tune  shift,  and  (for  the  same  peak  power)  is  faster 
than  the  conventional  proportional  damper  which  produces  an 
exponential  damping  with  time. 

L  INTRODUCTION 

The  aim  of  a  damping  system  is  to  reduce  the  betatron  oscilla¬ 
tion  of  a  beam  as  fast  as  possible.  The  damper  may  be  designed 
to  reduce  injection  errors,  or  to  combat  coherent  instability;  often 
the  damper  services  both  aims  and  its  performance  is  a  compro¬ 
mise:  the  effect  of  the  kick  is  small  compared  with  the  displace¬ 
ment  and  it  takes  many  repeated  kicks  to  bring  the  beam  on  axis. 
If  the  oscillation  amplitude  is  not  reduced  in  a  short  period  of 
time,  then  nonlinear  effects  which  tend  to  accumulate  with  time, 
can  dilute  the  emittance  and  reduce  the  beam  quality.  In  fact,  if 
filamentation  is  great  enough  the  coherent  motion  ‘washes  out’, 
the  dipole  signal  vanishes  and  damping  stops.  A  further  concern, 
is  that  growth  rate  of  a  coherent  instability  is  proportional  to  dis¬ 
placement;  and  if  the  condition  for  instability  occurs  during  in¬ 
jection,  the  initial  errors  can  be  large.  For  these  reasons  it  is  im¬ 
portant  to  provide  fast  damping.  Further,  if  a  damper  intended 
to  combat  instability  (later  in  acceleration)  is  used  to  reduce  in¬ 
jection  errors,  its  response  will  saturate  for  large  amplitudes;  and 
we  should  still  like  to  find  the  damping  rate. 

A.  System  model 

We  shall  use  the  single  particle  model  of  coherent  beam  mo¬ 
tion  and  linear  optics  to  illustrate  the  working  of  the  system  and 
derive  its  properties.  Figure  1  shows  the  essential  components 
of  a  damping  system.  Assume,  as  is  inevitable  in  practise,  that 
a  beam  has  been  injected  into  the  synchrotron  with  some  error; 
and  that  it  oscillates  about  the  closed  orbit.  The  oscillation  can 
be  damped  by  reducing  the  net  divergence  with  a  fast  kicker.  For 
simplicity,  the  kicker  is  taken  as  a  thin  element  that  changes  only 
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Figure  1 .  Schematic  of  a  damping  system. 


the  divergence  but  not  the  displacement  at  its  location.  Due  to 
power  limitation  of  the  kicker,  the  divergence  is  reduced  a  small 
amount  each  revolution,  and  many  kicks  are  required.  Because 
the  direction  of  the  divergence  can  be  different  each  time,  the 
kick  direction  has  to  be  adjusted  accordingly.  A  beam  position 
pick  up  (P.U.)  at  betatron  phase  advance  up  stream  is  used  to 
provide  this  feedback  information. 

B.  Kick  schemes 

We  shall  consider  only  two  possible  kick  schemes:  (i)  the 
kick  is  proportional  to  upstream  displacement,  and  (ii)  the  kick 
magnitude  is  constant  but  the  sign  comes  from  the  sign  of  the 
beam  displacement.  The  second  scheme  is  simple  to  arrange: 
the  kicker  is  powered  by  a  constant  supply  whose  output  polarity 
is  adjusted  each  time  to  damp  the  oscillation.  This  is  known  as 
‘bang-bang’  darqping.  For  the  proportional  kick,  the  P.U.-signal 
is  used  to  drive  a  linear  amplifier  that  powers  the  kicker.  This 
eliminates  the  possibility  of  ‘over  kicking’  the  particle,  as  is  un¬ 
avoidable  with  a  constant  magnitude  kick.  In  reality  a  linear  am¬ 
plifier  will  saturate  at  some  peak  power,  and  so  above  a  certain 
threshold  displacement,  the  magnitude  of  the  kick  becomes  con¬ 
stant.  Consequently,  with  this  arrangement,  the  time  sequence  of 
kicks  is  a  combination  of  proportional  or  constant.  However,  for 
simplicity,  we  only  derive  the  damping  characteristics  of  either 
purely  proportional  or  purely  constant-magnitude  kicks. 
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11.  PROPORTIONAL  KICK 

Consider  first  the  case  of  a  proportional  kick,  which  leads  to 
exponential  damping  of  the  betatron  oscillation.  We  will  outline 
the  derivation  of  the  coherent  tune  shift  and  the  dependence  of 
the  damping  coefficient  on  the  beta  function  and  phase  advance. 
We  adopt  a  vector  notation  in  which  the  first  component  is  the 
displacement  and  the  second  the  divergence. 

In  Figure  1,  x„  denotes  the  coordinates  of  the  particle  at  the 
pick-up  after  n  revolutions  and  likewise  at  the  kicker.  The 
magnitude  of  the  kick  is 

Aj/„  =  -kXn,  (1) 

where  k  is  the  kick  strength  proportionality  constant.  The  dis¬ 
placement  is  assumed  to  be  unchanged.  The  coordinates  of  the 
particle  on  the  next  turn  become 

=  M'x„  =  {M2(Mi  -h  K)}x„  ,  (2) 

where  Mi  is  the  linear  transfer  matrix  from  the  P.U.  to  the  kicker, 
M2  is  that  from  the  kicker  (around  the  far  side  of  the  ring)  back  to 
the  P.U.,  and  K  is  the  kick  matrix.  The  modified  one-turn  map, 
M^  is  linear;  so  applying  the  map  n  times  to  the  intial  coordi¬ 
nates  xo,  we  have 

x„  =  (M')”  Xo  .  (3) 

Equation  3  is  a  system  of  2  linear  homogenous  equations  with 
constant,  real  coefficients  and  has  solutions  of  the  form 

xn  =  A^e,  (4) 

where  A  and  e  are  corresponding  eigenvalue  and  eigenvector  of 
M'.  Because  M'  is  2  x  2  and  real,  the  two  eigenvalues  and 
eigenvectors  come  in  complex  conjugate  pairs.  Let  us  write  A  = 
exp(a  -f  ifj.)  and  e  =  u  +  « v  with  a,  //  and  u,v  real.  The  com¬ 
plete  solution  can  be  written  as 

x„  =  e”"{ci  (ucosn|£  —  vsinn//) 

-f  C2(usinn//  +  vcosn//)}  ,  (5) 

where  ci  and  C2  are  real  constants.  The  oscillation  is  exponen¬ 
tially  damped  and  has  a  modified  one-turn  phase  advance  //.  The 
damping  coefficient  a  is  given  by 

==  1  -  Ar(/?/?i)^^^sin  'ipi,  (6) 

where  /?  and  /3i  are  the  beta  function  at  the  pick-up  and  at  the 
kicker  respectively,  and  the  relative  phase  advance  between 
them.  //  is  given  by 

_  2 cos  ^-fe(^/?i)^/^sin  ij)2 

^  2[1  —  A:(/?/?i)^/^sin 

where  ^2  is  the  phase  advance  from  the  kicker,  around  the  far 
side  of  the  ring,  to  the  P.U.  and  V'  is  the  unperturbed  one-tum 
phase  advance  without  damping. 

III.  CONSTANT  MAGNITUDE  KICK 

When  the  magnitude  of  the  kick  is  the  same  each  time,  x„  is 
given  by  a  nonlinear  recursion.  The  mapping  contains  the  sum¬ 
mation  over  all  previous  revolutions  of  the  function  sgn{xk ) ,  and 


does  not  admit  an  exact  solution  in  closed  form.  However,  we 
will  show  that  to  first  order  and  under  a  certain  phase  advance, 
the  damping  of  the  amplitude  is  linear  with  turn  number  and  there 
is  no  coherent  tune  shift. 

We  start  with  the  one-tum  map  modified  by  the  constant  mag¬ 
nitude  kick: 

X„+1  =  M(x„  +  sgn(a;„)A),  (8) 

where  A  is  the  equivalent  of  the  kick  transformed  upstream  to 
the  pick-up  and  M  is  the  unperturbed  one-tura  map  of  the  ring. 
The  map  of  Xn  after  n  revolutions  is  thus 

n— 1 

x„  =  M"xo  +  Y,  sgn(xfc)M"-'' A  .  (9) 

k=0 

TTie  solution  x^  can  be  written  in  terms  of  the  eigenvalues  and 
eigenvectors  of  M.  After  some  algebra,  the  complete  solution  of 
the  displacement  can  be  written 

Xn  =  C  cos[njl;  +  <j>)  (10) 

n  — 1 

“f  Dcos{nil)  +  (j))  sgn{xm)  cos{m'ip  -h  A(j>) 

m—O 

n-1 

+  DsiiL{ni>  +  <l>)  Y  sgn{xm)sin{mxl)  +  A4>), 

m=0 

where  C,  (j>,  are  determined  by  the  initial  conditions  and  D,  A<j> 
are  determined  by  the  kick  strength  and  . 

When  the  kick  is  independent  of  amplitude,  one  can  prof¬ 
itably  think  of  the  damping  as  occurring  not  by  changing  the  di¬ 
vergence,  but  by  changing  the  closed  orbit  (C.O.)  each  turn  to 
bring  it  closer  to  the  displaced  beam.  Given  that  it  is  only  the 
C.O.  which  changes  we  should  expect  no  tune  shift.  Hence  to 
first  order,  we  can  substitute  the  unperturbed  oscillation  Xm  = 
(7cos(mi/>  -h  (j))  in  sgn{xm)  on  the  right  hand  side  of  equation 
(10).  In  order  to  evaluate  the  sum,  we  approximate  sgn[a:m]  by 
cos(mV^  -h  <j>) .  After  summation,  collecting  like  terms  gives  four 
sinusoidal  terms  of  equal  phase  advance  per  turn.  Hence,  to  first 
order  there  is  no  coherent  tune  shift  of  the  damped  oscillation  and 
so  the  trial  solution  is  self-consistent.  Neglecting  the  two  sinu¬ 
soidal  terms  whose  amplitudes  are  constant  and  small  compared 
to  the  initial  beam  amplitude,  the  damped  oscillation  decreases 
linearly  as  n.  For  the  special  case  in  which  is  an  odd  multiple 
of  7r/2  and  the  derivative  of  the  beta  function  at  the  P.U.  is  zero, 
the  damped  oscillation  can  be  written  as 

Xn  ^  {A  —  nA)  cos(n^  -f  (j>)^  (11) 

where  A  is  the  modified  initial  amplitude  and  the  linear  damping 
rate 

A  =  y/mM-  (12) 

depends  on  the  constant  magnitude  kick. 
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Constant  Magnitude  Kick  |Ay'|=0.1  mrad 


Figure  2.  Linear  damping  by  constant  magnitude  kick. 


IV.  SIMULATION  OF  DAMPING 

We  have  computer  simulated  a  damping  system  with  constant 
magnitude  kick  to  compare  the  results  with  the  linear  damp¬ 
ing  rate  given  in  equation  (12),  and  also  to  confirm  that  there  is 
no  coherent  tune  shift  for  any  phase  advance  between  RU.  and 
kicker.  A  damper  subroutine  was  written  and  incorporated  into 
the  multiparticle-tracking  injection-simulation  code  ACCSIM. 
The  optics  assumed  was  that  of  the  KAON  Factory  Accumulator 
ring.  As  a  check,  the  code  was  used  to  simulate  the  case  of  a  pro¬ 
portional  kick,  where  the  damping  coefficient  and  tune  shift  can 
be  compared  with  exact  expressions  (6  and  7);  and  the  accuracy 
was  found  to  be  satisfactory. 

Figure  2  shows  the  displacement  of  the  particle  as  registered 
by  the  pick-up  as  the  oscillation  is  being  damped  with  a  constant 
magnitude  kick  of  |  A^/l  =  0.1  mrad.  The  large  initial  displace¬ 
ment  was  chosen  to  highlight  the  linear  decay  of  the  amplitude. 
However,  to  allow  Fourier  analysis  and  extraction  of  the  tune,  we 
have  chosen  |At/|  =  0.005  mrad  which  damps  an  amplitude  of 
about  100  mm  in  a  few  thousand  turns.  The  results  tabulated  be¬ 
low  are  for  five  different  phase  advances  -tpi  between  the  pick-up 
and  the  kicker,  including  the  special  case  of  7r/2.  All  five  cases 
exhibit  linear  damping  and,  in  all  cases,  the  tune  shift  is  less  than 
5  X  10“^,  which  is  the  resolution  limit  of  the  FFT.  This  confirms 
that  there  is  no  tune  shift. 


Table  I :  Simulations  for  constant  magnitude  kick. 


V’l 

Pi 

27rAi/ 

Damping  rate 

27r 

(m) 

xlO-® 

(10“®  mm/rev) 

0.2347 

5.262 

-10.0  ±0.1 

-21.93  ±0.05 

0.2500 

6.033 

0.0  ±0.10 

-23.63  ±  0.05 

0.3141 

15.891 

40.0  ±0.1 

-35.34  ±  0.05 

0.4508 

9.303 

50.0  ±0.1 

-8.81  ±0.05 

For  the  special  case  =  7r/2,  we  can  compare  the  actual 
damping  rate  to  that  given  by  the  approximate  formula  (11).  The 
formula  gives  a  linear  decay  rate  of  37.14  x  10”“^  mm/rev  and 
the  actual  rate  (from  simulation)  is  (23.63  ±  0.04)  x  10“^ 
mm/rev.  The  discrepancy  is  large,  and  is  due  to  the  approxima¬ 
tion  of  sgn{xm)  by  cos{mijj  -h  <f>)  in  the  derivation.  Given  that 
|sgn(a?m)|  >  I  cos(m^  +  0)|  and  kicks  in  the  simulation  are 
larger  than  in  the  approximate  summation,  it  may  surprise  that 


the  simulated  damping  rate  is  smaller.  However,  with  a  constant 
kick,  there  will  be  times  when  the  kick  is  too  large  which  re¬ 
sults  in  temporary  antidamping.  However,  if  the  kick  is  scaled 
as  cos{n'\p  -f  (j>)  the  resulting  damping  is  more  effective,  because 
there  is  less  over  kicking.  Hence  the  formula  (12)  slightly  over 
estimates  the  damping  rate,  but  can  estimate  the  kick  require¬ 
ment  Ai/  if  used  with  care. 

V  PERFORMANCE  CONSIDERATIONS 

According  to  the  expression  (6)  for  the  exponential  damping 
coefficient,  the  pick-up  and  the  kicker  should  be  placed  as  close 
as  possible  to  where  the  beta  function  has  its  maximum  values 
and  the  relative  phase  advance  should  be  ideally  an  odd  multiple 
of  7r/2.  This  arrangement  produces  the  fastest  damping  because 
the  displacement  of  the  particle  is  greatest  at  the  P.U.  and  this, 
in  turn,  leads  to  large  proportional  kicks.  The  same  arrangement 
also  works  well  for  the  case  of  damping  with  constant  magnitude 
kick;  because  the  given  kick  makes  the  largest  possible  change 
to  the  closed  orbit. 

If  the  amplifier  has  infinite  power  resources,  then  obviously 
exponential  damping  is  faster  than  linear  damping.  In  reality, 
the  amplifier  will  saturate  and  so  for  the  same  peak  power  linear 
damping  is  often  faster.  For  an  oscillation  amplitude  at  the  peak 
power  limit,  and  proportional  kicking,  the  number  of  revolutions 
Up  required  to  damp  the  amplitude  to  1/e  is: 

Up  =  2/[k^/m]  ■  (13) 

For  the  same  anq)litude  and  peak  power,  and  constant  magnitude 
kicking, 

Uc  =  l/[key/^].  (14) 

Accordingly,  linear  damping  is  ~  2e  faster  than  exponential 
damping  for  the  same  peak  power.  A  drawback  of  linear  damp¬ 
ing  is  that  it  does  not  damp  the  amplitude  down  to  zero.  To 
achieve  this,  some  final  stage  exponential  damping  is  necessary. 

VL  CONCLUSION 

We  have  derived  the  characteristics  of  damping  systems  with 
purely  proportional  kick  and  purely  constant  magnitude  kick  un¬ 
der  certain  conditions.  We  have  found  that  proportional  kick 
produces  exponential  damping  and  induces  a  coherent  betatron 
tune  shift;  whereas  the  constant  magnitude  kick  produces  linear 
damping  and  no  coherent  tune  shift.  We  have  also  considered  the 
damping  performance  of  these  two  types  of  kick  with  practical 
power  supply  constraints  and  found  that  linear  damping  is  faster. 
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Numerical  simulations  indicate  that  it  should  be  possible 
to  use  an  electron  beam  to  strip  1+  DC  radioactive  ion  beams 
to  2+  or  higher  charge  states  with  on  the  order  of  40-80% 
efficiency.  The  device,  which  we  call  an  Electron-Beam 
Charge-State  Amplifier,  is  similar  to  an  Electron  Beam  Ion 
Source,  except  that  it  is  not  pulsed,  the  beams  are  continu¬ 
ous.  The  2+  beams  are  obtained  in  a  single  pass  through  a 
magnetic  solenoid  while  higher  charge  states  may  be  reached 
via  multiple  passes.  An  unexpected  result  of  the  ion  optics 
simulations  is  that  the  normalized  transverse  emittance  of  the 
ion  beam  is  reduced  in  proportion  to  the  charge-state  gain. 
Ion  beams  with  realistic  emittances  and  zero  angular  momen¬ 
tum  relative  to  the  optic  axis  before  entering  the  solenoid 
will  travel  though  the  solenoid  on  helical  orbits  which  inter¬ 
cept  the  axis  once  per  cycle.  With  an  ion  beam  about  2  mm 
in  diameter  and  an  electron  beam  about  0.2  mm  in  diameter, 
the  ion  stripping  only  occurs  very  near  the  optic  axis,  result¬ 
ing  in  the  emittance  reduction. 

L  INTRODUCTION 

A.  Motivation 

The  creation  of  accelerated  beams  of  radioactive  nu¬ 
clides  far  from  stability  is  an  area  of  significant  interest  in 
nuclear  physics  [1,2].  Several  laboratories  around  the  world 
are  currently  developing  methods  for  the  production  of  high 
quality  radioactive  beams  based  on  the  extensive  experience 
accumulated  in  recent  years  at  Isotope  Separator  On-Line 
(ISOL)  facilities  such  as  ISOLDE  [3].  Isotopes  of  many 
elements  are  available  with  high  efficiencies  and  excellent 
emittances  and  energy  spreads  in  1+  charge  states  [4,5]. 
However,  the  acceleration  of  radioactive  nuclides  in  the 
mass  120-240  range  with  high  duty  factor  and  good  beam 
quality  from  1+  charge  states  requires  some  development, 
especially  at  the  front  end  of  the  post  accelerator  [6,7,8].  An 
ionizer  capable  of  efficiently  increasing  the  charge  states  of 
very  low  velocity  heavy  ions,  even  if  only  to  2+,  3+,  or  4+, 
would  be  of  great  value  in  simplifying  this  process. 

B.  Background 

It  has  been  shown  that  a  1+  ion  beam  can  be  injected 
into  an  Electron  Beam  Ion  Source  (EBIS),  ’’cooked"  to 
higher  charge  states,  and  then  extracted  [9,10].  This  is  a 
batch  transfer  process  with  an  inherently  low  duty  factor, 
which  is  well  matched  to  those  nuclides  which  can  be  stored 
in  certain  ISOL-type  ion  sources,  such  as  surface  ionization 
sources.  Recently,  it  has  been  proposed  to  extend  this  con¬ 
cept  further  to  increase  its  efficiency  by  adding  a  Penning 


trap  in  which  to  accumulate,  store,  and  cool  radionuclides 
from  an  ISOL-source  before  batch  transfer  to  the  EBIS 
charge-state  breeder  [11].  This  concept  has  the  potential  for 
high  efficiency  and  excellent  beam  quality,  but  estimates  of 
the  number  of  ions  which  can  be  stored  in  the  Penning  trap 
indicate  that  it  may  be  limited  to  low  average  currents  [11]. 

We  have  developed  a  concept  for  a  device  called  an 
Electron-Beam  Charge-State  Amplifier  (EBQA),  an  exten¬ 
sion  of  the  EBIS-type  charge-state  breeder,  which  has  the 
potential  for  overall  efficiencies  of  40-80%  and  operates  in  a 
DC  mode  [12].  In  the  present  paper  we  describe  the  EBQA 
qualitatively  and  present  some  of  the  results  of  computer 
simulations  with  emphasis  on  the  fact  that  the  EBQA  reduces 
the  normalized  transverse  emittance  of  the  ion  beam  in  pro¬ 
portion  to  the  amount  of  charge  state  enhancement. 

IL  THE  ELECTRON  BEAM  CHARGE- 
STATE  AMPLEFIER  CONCEPT 

A.  Qualitative  Description 

The  concept  is  to  pass  a  DC  beam  of  low  energy  heavy 
ions,  ^^^Sn  in  the  numerical  examples  below,  through  a  strong 
magnetic  solenoid  and  to  use  an  EBIS-type  electron  beam  to 
increase  the  charge  state  in  a  single  pass.  In  the  single-pass 
mode,  indicated  schematically  in  Fig.  1,  the  goal  is  to  in¬ 
crease  the  charge  state  from  1+  to  2+.  It  is  also  possible  to 
use  a  multipass  mode  by  recirculating  the  stripped  ions  back 
through  the  solenoid  for  further  charge-state  enhancement. 
With  two  recirculating  beamlines,  for  example,  charge  state 
increase  to  4+  would  be  possible. 

Ions  extracted  from  an  ion  source  at  60-100  keV  in  1+ 
charge  state  are  decelerated  to  1  keV  for  injection  into  the 
superconducting  solenoid  located  on  a  high  voltage  platform. 
As  shown  below  the  ion  beam  diameter  in  the  solenoid  is 
about  2  mm.  An  electron  beam  of  about  5  keV  energy  and 
about  0.2  mm  in  diameter  is  used  to  strip  a  fraction  of  the  ion 
beam  to  higher  charge  states.  Using  reasonable  estimates  for 
the  initial  ion  beam  emittance  and  cross  sections  for  electron 
stripping  it  is  shown  below  that  as  much  as  40%  of  the  1+ 
beam  could  be  stripped  to  2+  in  a  single  pass  and  over  80% 
could  be  stripped  to  2+  or  higher  charge  states  for  recircula¬ 
tion. 

For  the  single-pass  mode,  as  indicated  in  Fig.  1,  the  2+ 
beam  is  accelerated  from  the  platform  to  approximately 
twice  the  energy  of  the  original  beam.  As  discussed  below, 
the  normalized  transverse  emittance  is  reduced  by  a  factor  of 
two,  so  the  overall  ion  beam  brightness  is  increased  by  a 
factor  of  three  (assuming  40%  efficiency). 
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igure  1.  Electron  Beam  Charge  State  Amplifier  (EBQA)  single-pass  configuration 


The  space-charge  potential  of  the  small  diameter  elec- 
Iron  beam  can  be  quite  high,  on  the  order  of  1  kV,  so  it  must 
be  neutralized.  It  may  be  possible  to  use  residual  gas  or  a 
copropagating  low  energy  proton  beam  for  neutralization. 
The  layout  in  Fig.  1  indicates  the  possible  configuration  of  a 
proton  beam  used  for  this  purpose. 

B.  Ion  Orbit  Dynamics 

The  efficiency  of  the  EBQA  for  charge  stripping  de¬ 
pends  critically  on  properly  matching  the  ion  beam  into  the 
solenoid.  A  simple  derivation,  confirmed  by  the  simulations 
shown  helow,  gives  a  relationship  for  the  properly  matched 
ion  beam  radius  (r„)  in  the  solenoid  in  terms  of  the  ion  charge 
(qe),  mass  (m„),  ion  source  normalized  emittance  (ej,  and 
solenoid  strength  (B): 


where  c  is  the  speed  of  light. 

Several  types  of  ISOL  1+  ion  sources  have  emittances 
(unnormalized)  in  the  2-10  n  mm-mr  range  at  30  keV  beam 
energy  [5].  In  the  numerical  simulations  helow  we  have 
used  Sjt  mm-mr  at  60  keV  for  the  Sn  beam  Irom  the  ion 
source.  From  the  equation  above,  the  ion  beam  orbit  in  the 
solenoid  scales  as  the  square  root  of  the  ion  source  emit¬ 
tance. 
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Figure  2.  The  orbits  of  ions  with  maximum  x  displacement 

and  maximum  x’  divergence  matched  into  a  2  T  solenoid 
for  a  beam  with  38.7jt  mm-mr  emittance  at  1  keV. 

Based  on  conservation  of  generalized  angular  momen¬ 
tum,  any  ion  which  has  zero  angular  momentum  relative  to 
the  beam  axis  before  entering  the  solenoid  will  spiral  through 
the  magnetic  field  on  helical  orbits  which  pass  through  the 
solenoid  axis  once  per  cycle.  Numerical  (ray  tracing)  simu¬ 
lations  show  that  it  is  possible  to  match  the  emittance  ellipse 
of  the  ion  beam  into  the  solenoid  so  that  all  ions  at  the  pe¬ 
rimeter  of  the  ellipse  have  the  same  diameter  helices  while  in 
the  magnet,  and  the  radius  of  the  resulting  envelope  of  the 
ion  beam  is  given  by  the  equation  above.  Results  of  these 
simulations  for  the  ions  with  maximum  x-value  and  maxi¬ 
mum  x’-value  at  injection  are  shown  in  Fig.  2. 

C.  Emittance  Reduction 

Figure  3  shows  a  calculation  for  the  same  beam  as  Fig. 
2,  but  with  twice  the  charge  and  half  the  emittance.  Note 
that  the  vertical  scale  in  Fig.  3  is  one  half  that  of  Fig.  2,  i.e. 
the  projected  orbit  diameters  are  a  factor  of  two  smaller  due 
to  the  higher  charge  state.  If  the  charge  of  an  ion  from  Fig.  2 
is  changed  due  to  stripping  by  an  electron  near  the  solenoid 
axis,  then  its  orbit  changes  discontinuously  to  one  with  half 
the  projected  radius,  as  in  Fig.  3.  Ions  which  enter  the  sole¬ 
noid  with  emittance  and  orbits  as  in  Fig.  2  will  leave  with  the 
emittance  as  shown  in  Fig.  3,  as  long  as  the  stripping  occurs 
at  radii  small  compared  to  the  overall  ion  beam  radius. 


Figure  4  is  an  end  view  of  the  ion  and  electron  orbits  in 
the  solenoid.  The  projected  orbits  of  q=l  ions  are  circles 
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Figure  3.  The  orbits  of  ions  with  maximum  x  displacement 
and  maximum  x’  divergence  matched  into  a  2  T  solenoid 
for  a  beam  with  19. In  mm-nu  emittance  at  1  keV. 
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with  diameters  determined  by  the  normalized  emittance  of 
the  initial  ion  beam  (the  largest  circle  in  this  diagram).  All 
orbits  pass  through  the  axis  of  the  solenoid  due  to  the  con¬ 
servation  of  angular  momentum.  The  electron  beam  is  con¬ 
tained  within  the  smallest  circle  in  this  diagram.  Charge 
state  changing  occurs  within  the  small  circle.  Hence,  ion 
orbit  diameters  decrease  in  proportion  to  the  charge  state 
increase,  and  orbits  continue  to  pass  through  the  axis  of  the 
solenoid  in  the  approximation  that  the  electron  beam  is  con¬ 
tained  within  a  circle  which  is  small  relative  to  the  ion  heli¬ 
cal  orbits.  It  is  the  selective  stripping  of  ions  only  very  near 
the  axis  which  leads  to  the  emittance  reduction  effect. 


Figure  4.  End  view  of  ion  and  electron  orbits  in  the  sole¬ 
noid. 

D.  Stripping  Probabilities 

The  EBQA  is  potentially  useful  only  if  a  significant 
fraction  of  the  1+  ions  are  stripped  at  least  once  in  a  single 
pass  through  the  solenoid.  With  parameters  given  above  the 
ions  spend  on  the  order  of  30  |isec  in  the  solenoid,  so  with 
the  relative  orbit  diameters  also  given  above,  cross  sections 
estimated  from  the  Lotz  formulation  [13],  an  8  T,  1  meter 
long  solenoid,  and  an  assumed  1  ampere  electron  beam  the 
calculated  stripping  of  the  1+  beam  is  over  50%  in  a  single 
pass.  For  single-pass  operation  the  peak  in  the  2+  yield  is 
predicted  to  be  about  40%  as  the  distribution  evolves  from 
1+  to  2+  and  then  to  3+  and  above.  For  multiple-pass  opera¬ 
tion  the  theoretical  yield  into  the  4+  charge  state  is  as  high  as 
80%. 

III.  SUMMARY  AND  DISCUSSION 

The  EBQA  concept  is  potentially  very  useful  for  an  ad¬ 
vanced,  high  intensity  accelerated  radioactive  beam  facility 
such  as  the  one  under  study  at  Argonne  [14].  It  would  re¬ 
duce  the  electric  fields  required  at  the  front  end  of  the  post 
accelerator  by  a  factor  of  2-4  for  single-pass  or  multiple-pass 
configurations,  respectively.  It  also  relaxes  the  design 
specifications  of  this  section  of  the  post  accelerator  due  to 
the  increased  beam  brightness  (reduced  transverse  emittance) 
and  the  higher  ion  velocity  at  the  accelerator  entrance. 


Further  simulations  of  the  intense  electron  beam  re¬ 
quired  for  the  EBQA  must  be  carried  out  to  determine  its 
ultimate  limitations.  Trade-offs  between  solenoid  strength 
and  length  and  electron  beam  energy  and  intensity  will  have 
to  be  studied.  The  stripping  cross  sections  are  higher  for  low 
energy  electron  beams,  but  injection  dynamics  issues  are 
more  difficult  at  these  low  energies.  Since  conventional 
EBIS  devices  are  dedicated  to  the  achievement  of  very  high, 
nearly  fully  stripped  ions,  most  experience  has  been  accumu¬ 
lated  for  the  higher  energy  beams  required  by  such  applica¬ 
tions. 

Detailed  neutralization  of  the  intense  electron  beam  is 
required  especially  to  avoid  energy  spread  in  the  stripped  ion 
beam  due  to  variation  in  the  potential  across  a  partially  neu¬ 
tralized  e-beam. 

Informative  discussions  with  Dr.  P.  van  Duppen  on  the 
recent  developments  related  to  EBIS  charge-state  breeders 
are  greatfully  acknowledged. 

This  work  is  supported  by  the  U.S.  Department  of  En¬ 
ergy  Nuclear  Physics  Division. 
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Abstract 


II.  MEASUREMENT  HARDWARE 


Four  octupoles  are  used  in  SPEAR  to  provide  the 
frequency  spread  for  Landau  damping  of  coupled-bunch 
motions  at  high  current.  With  the  planned  implementation 
of  a  new  low-emittance  lattice,  the  effectiveness  of  the 
octupoles  needs  to  be  quantified.  The  recent  development 
of  a  multi-dimensional  tum-by-tum  phase-space  monitor 
and  the  availability  of  an  accurate  frequency  analysis 
technique  have  made  measurement  of  the  octupole-induced 
amplitude-dependent  frequency  shift  in  the  new  SPEAR 
lattice  possible.  This  paper  presents  the  data  collection 
and  analysis  procedures,  and  compares  experimental 
results  to  model-based  simulations. 

L  INTRODUCTION 

The  SPEAR  Synchrotron  Light  Source  has  four 
octupoles  which  were  designed  and  used  for  the  high- 
energy  physics  collider  configuration.  These  magnets  have 
been  reactivated  recently  to  provide  an  amplitude- 
dependent  frequency  shift  for  the  Landau  damping  of 
coupled-bunch  motion  in  SPEAR.  The  result  has  been  a 
dramatic  improvement  in  transverse  beam  stability  at  high 
current,  and  raises  the  possibility  of  a  20-percent  increase 
in  useful  delivered  current. 

The  success  of  the  octupoles  in  stabilizing  coupled- 
bunch  motions  has  prompted  interest  in  determining  their 
effectiveness  in  a  new  NOQ3  lattice  [1]  that  is  planned  for 
future  operations.  The  NOQ3  lattice  has  the  defocusing 


The  6-D  phase-space  monitor  in  SPEAR  is  capable 
of  recording  tum-by-tum  amplitude  of  the  synchrotron  and 
betatron  oscillations  of  an  excited  electron  bunch  for  up  to 
15000  turns.  At  present,  only  the  transverse  unit  of  the 
monitor  is  used. 

Four  8-bit,  2-channel  LeCroy  6840  waveform 
digitizers  acquire  the  data.  Each  channel  has  a  bandwidth 
of  100  MHz,  a  maximum  sample  clock  rate  of  40 
Megasamples/second,  a  memory  of  128  Kilosamples,  and 
an  effective  resolution  of  ±0.125  mm.  The  layout  allows 
the  digitizers  to  be  triggered  serially  by  a  VAX  software 
command.  In  turn,  one  of  the  digitizers  signals  to  gate 
through  one  pulse  of  the  1.28-MHz  SPEAR  revolution  clock 
to  trigger  a  horizontal  kicker.  The  kicker  has  a  pulse  width 
of  approximately  2  \is  FWHM,  and  will  excite  a  single¬ 
bunch  twice  on  consecutive  turns. 

The  transverse  BPM  signals  at  two  different 
locations  are  stretched  by  passive  filters,  and  processed  by 
RF  hybrid  junctions  to  produce  two  sets  of  signals:  The 
horizontal  difference  (Ax),  the  vertical  difference  (Ay),  the 
SUM  (proportional  to  the  stored  beam  current),  and  the 
TRIGGER.  The  latter  is  used  to  clock  the  LeCroy  6840 
waveform  digitizers  which  sample  the  other  three.  For 
each  of  the  two  BPMs,  the  ratios  ^Xx/SUM)  and 
(Ay/SUM)  give  the  single-tum,  current-independent 
horizontal  and  vertical  displacements.  Figure  1  shows  a 
typical  transverse  tracking  result  for  a  single-bunch  at  one 


quadrupole  family  removed  from  the  insertion  doublet, 
reducing  that  region  from  a  D/2-0-F-0-D-0  structure  to  D/2- 
O-F-0.  Although  the  optical  functions  in  the  arcs  stay 
fixed,  the  tunes  and  the  IR  optics  will  differ  significantly. 
We  wish  to  measure  the  octupole-induced  amplitude- 
dependent  frequency  shift  of  this  new  lattice. 

Using  a  synchro-betatron  phase-space  monitor  [2], 
the  transverse  dynamics  of  an  excited  electron  bunch  was 
tracked  tum-by-tum.  The  data  were  stored  and  post- 
processed  using  a  technique  called  numerical  analysis  of 
fundamental  frequency  (NAFF)  [3]  to  extract  characteristic 
oscillation  frequencies.  Relating  these  frequencies  to  the 
average  oscillation  amplitudes  and  octupole  strength  gave 
a  representation  of  the  amplitude-dependent  frequency  shift 
in  the  NOQ3  lattice.  The  analysis  of  these  measurements 
and  model-based  simulations  are  presented  herein. 
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FIGURE  1.  Tum-by-tum  tracking  of  an  excited  single¬ 
bunch  beam. 
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III.  ANALYSIS 


Given  a  set  of  tracking  data  as  shown  in  Fig,  1,  one 
may  perform  an  FFT  to  determine  the  oscillating  frequency 
of  the  bunch  centroid.  This  method  of  frequency  analysis 
has  an  accuracy  of  Inin  where  n  is  the  number  of  data 
points  used  in  the  procedure.  To  resolve  frequencies  to  an 
accuracy  of  1x10“^,  which  is  marginal  for  analysis  of  the 
amplitude-dependent  frequency  shift  in  SPEAR,  requires 
more  than  6200  turns.  However,  the  typical  bunch-centroid 
damping  time  in  SPEAR  is  relatively  short,  approximately 
2500  turns  for  the  data  set  shown  in  Fig.  1.  In  this  case,  the 
FFT  method  of  frequency  analysis  is  not  adequate.  We 
therefore  employ  the  more  accurate  NAFF  technique  for 
the  purpose  of  frequency  extraction  (see  section  TTTR 
below). 

A.  Data  Preparation 

The  action-angle  variables  (/,0)  were  used  as  the 
basis  for  data  analysis.  We  first  transformed  the  horizontal 
beam  position  data  from  a  pair  of  BPMs  into  the  Courant- 
Snyder  normalized  coordinates  From  there,  a 

second  coordinate  transformation  takes  the  data  into  the 
/-<!>  space.  These  transformations  are  relatively 
straight  forward.  Given  the  horizontal  displacements 
and  X2  at  EPM^  and  BPM2  and  assuming  that  there  are 
only  dipoles  and  quadrupoles  between  the  BPMs,  x^  and 
X2  are  related  by  [4] 
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FIGURE  2.  Phase- space  tracking  of  a  single  electron 
bunch  in  SPEAR. 
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where  x[  is  the  angle  the  beam  made  with  respect  to  the 
design  orbit  at  BPM^ ,  is  the  value  of  the  horizontal 
betatron  amplitude  function  at  the  BPM, 

Mi2  is  the  betatron  phase-advance. 
Equation  (1)  can  be  solved  for 


(  ^  1 

UJ. 

,  sin  ^12  J 

-(cotjUi2 


(2) 


The  normalized  momentum  is  defined  as: 

p^  =  OfjpX  Substituting  Eq.  (2)  for  x[,  we  find 


Px\  “ 


'SIEP 

^  sin/ii2  j 


{C0tfli2)xi. 


(3) 


Figure  2  displays  the  result  of  transforming  the  data  from 
Fig.  1  and  a  companion  set  measured  simultaneously  at  a 
second  BPM  into  the  normalized  phase-space  coordinates 
The  values  for  and  Pi2  were  taken  from 

a  model-based  simulation.  Notice  a  gradual  reversal  of  the 
spiraling  direction,  which  is  a  manifestation  of  the 
amplitude-dependent  frequency  shift. 


which  reduces  to 


The  corresponding  angle  ^  is 


(5) 


(6) 


B.  NAFF  Method 

The  Fourier  series  expansion  of  a  function  fit)  that 
is  piecewise  regular  over  an  interval  of  [-T.r]  is 


—  00 


n€{...,-l,0,l,...} 


(7) 


where 

1  »T 

c„=— ^^Ut.  (8) 

This  expansion  projects  f(t)  onto  the  orthogonal  basis- 
vectors  {expiinm  /  T)].  If  the  function  /(f)  is  periodic, 
say 

fit)  =  ae‘'^  (9) 
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where  a  is  a  complex  amplitude,  the  projection  gives 


Assuming  discrepancies  come  entirely  from  horizontal 
beta-beating  in  SPEAR,  the  analysis  suggests  an  average 
beating  of  36-percent  at  the  octupole  sites. 


sin[(v-n;r/  r)r] 
{v-nKlT)T 


(10) 


We  approximate  the  fundamental  frequency  of  f(t)  by  an 
nK IT  that  corresponds  to  the  maximum  value  of  c„.  If  v 
is  not  an  integer  multiple  of  nIT,  this  approximation  is 
only  accurate  to  nIT , 

We  can  find  v  much  more  precisely  by  solving  for 
an  (o  that  maximizes  the  projection  integral 


For  the  above  example,  this  integral  is  simply 


sin[(v--fi))r] 
{v-(o)T  ’ 


(12) 


which  has  a  maximum  value  at  (0=  V.  For  cases  where 
f(t)  may  have  more  than  one  frequency  component,  the 
projection  method  still  works;  however,  the  precision 
depends  on  the  separation  of  the  frequency  components 
since  the  continuum  of  vectors  {  exp(i(Ot IT),  m e 91 }  is 
not  an  orthogonal  set  and  leakage  may  occur  between  the 
frequency  components.  As  long  as  the  separation  between 
any  two  frequency  components  of  f(t)  is  larger  than  a  few 
nIT,  the  distortion  between  the  frequencies  will  be 
minimal  and  the  NAFF  method  is  more  accurate  than  an 
FFT. 

Usually  the  function  f{t)  is  not  known  a  priori;  only 
its  sampled  values  over  the  interval  \-T,T\  are  available. 
In  this  case,  assuming  that  there  is  no  aliasing  and  the 
sampling  time  is  small  so  that  one  can  compute  integrals 
involving  f{t)  from  the  data,  the  projection  integral  in  Eq. 
(11)  can  be  evaluated  numerically  using  for  example  an 
elementary  algorithm  of  nth  stage,  extended  trapezoidal 
rule. 


C.  Analysis  of  Amplitude-Dependent  Frequency  Shift 

For  this  experiment,  SPEAR  was  operated  at  2.3 
GeV  in  the  NOQ3  configuration.  A  single-bunch  3.44-mA 
beam  was  excited  by  a  kicker  powered  to  4,0  KV.  The 
octupole  currents  were  36  Amps  during  the  measurement 
designated  as  RUN  59,  and  33  Amps  during  the 
measurement  designated  as  RUN  60.  The  data  were 
transformed  into  x  -  and  then  7  —  0  before  being 
subdivided  into  bins  of  512  consecutive  points  for  frequency 
analysis.  We  analyzed  each  bin  using  the  NAFF  algorithm 
and  correlated  the  resulting  frequencies  to  the  average 
amplitude. 

Figure  3  summarizes  the  results  of  the  NAFF 
analysis.  Model  simulations  using  TRACY  [5]  are  shown 
as  solid  lines.  The  top  curve  corresponds  to  a  simulated 
octupole  current  of  70.4  Amps,  and  the  bottom,  58.5  Amps. 


Amplitude  Dependent  Tune  Shift 
SPEAR  NOQ3  Lattice 


FIGURE  3.  A  comparison  of  the  measured  and  simulated 
octupole-induced  amplitude-dependent  frequency  shift  in 
the  SPEAR  NOQ3  lattice. 

IV.  CONCLUSION 

The  recent  development  of  a  tum-by-tum  phase- 
space  monitor  in  SPEA.R  and  implementation  of  the  NAFF 
algorithm  has  made  measurement  of  the  octupole-induced 
amplitude-dependent  frequency  shift  in  the  new  SPEAR 
NOQ3  lattice  possible.  Discrepancies  between  the 
measured  and  simulated  results  show  a  possible  beta 
beating  of  as  much  as  36  percent. 
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Abstract 

A  quasi-classical  method  is  developed  to  calculate  the  radiation 
damping  of  a  relativistic  particle  in  a  straight,  continuous  focus¬ 
ing  system.  In  one  limiting  case  where  the  pitch  angle  of  the 
particle  9p  is  much  larger  than  the  radiation  opening  angle  1  /y, 
the  radiation  power  spectrum  is  similar  to  synchrotron  radiation 
and  the  relative  damping  rate  of  the  transverse  action  is  propor¬ 
tional  to  the  relative  energy  loss  rate.  In  the  other  limiting  case 
where  Op  ^  1/ y,  the  radiation  is  dipole  in  nature  and  the  rela¬ 
tive  damping  rate  of  the  transverse  action  is  energy-independent 
and  is  much  faster  than  the  relative  energy  rate.  Quantum  exci¬ 
tation  to  the  transverse  action  is  absent  in  this  focusing  channel. 
These  results  can  be  extended  to  bent  systems  provided  that  the 
focusing  field  dominates  over  the  bending  field. 

L  INTRODUCTION 

Radiation  reaction  including  damping  and  quantum  excita¬ 
tion  has  been  studied  extensively  in  synchrotrons  and  storage 
rings  [1].  Recently,  we  demonstrated  [2]  that  in  a  straight,  con¬ 
tinuous  focusing  channel,  the  radiation  reaction  is  essentially 
different  from  that  in  a  bending  magnet.  A  fully  quantum  me¬ 
chanical  approach  was  used  to  investigate  in  detail  the  radiation 
reaction  in  the  case  yOp  where  the  radiation  is  formed  over 
many  oscillation  wavelengths.  We  have  shown  that  the  trans¬ 
verse  action  damps  exponentially  with  an  energy-independent 
damping  rate,  and  that  no  quantum  excitation  is  induced.  As  yOp 
becomes  much  larger  than  one,  the  radiation  is  formed  in  a  small 
portion  of  one  wavelength,  which  can  be  nearly  replaced  by  a 
segment  of  a  circle.  Therefore,  both  the  radiation  spectrum  and 
the  radiation  damping  will  be  similar  to  that  firom  a  sequence  of 
bending  magnets.  In  this  paper,  to  illustrate  the  smooth  transition 
between  these  two  limiting  cases,  we  develop  a  quasi-classical 
method  to  evaluate  the  radiation  damping  rate  for  any  yOp  and 
obtain  the  expected  results  in  both  small  and  large  yOp  limits. 
Then  we  extend  these  findings  to  focusing-dominated  l^nt  sys¬ 
tems  and  consider  the  possibility  of  beam  cooling  based  on  the 
damping  effect. 


parts:  a  free  longitudinal  motion  and  a  transverse  harmonic  os¬ 
cillation;  i.e.,  we  have  £  ~  -h  with 
and  =  p\c^llE^  + 

A  quantum  mechanical  theory  of  radiation  and  radiation  re¬ 
action  for  such  a  system  was  given  in  Ref.  [2].  We  only  need 
to  know  that  £;,  =  (n  -f  l/2)fe<y^,  where  n  =  0,  1,  2, ...  is  the 
transverse  quantum  number  and  =  ylKc^lE^  is  the  trans¬ 
verse  oscillation  frequency.  For  sufficiently  large  quantum  num¬ 
ber  n,  the  transverse  motion  is  classical  and  the  radiation  can  be 
described  by  classical  electrodynamics  provided  that  the  typical 
photon  energy  emitted  is  much  smaller  than  the  energy  of  the 
particle.  Thus  the  energy  radiated  per  unit  solid  angle  per  unit 
frequency  is  given  by  [3] 


d^E 

dQdco 


/oo 

nx(nx 

-OO 


(1) 


where  n  is  the  unit  vector  from  the  source  to  the  observation 
point,  J3c  and  r  are  the  velocity  and  position  of  the  particle  at  the 
retarded  time  F. 

We  can  express  Eq.  (1)  in  the  form  of  a  double  integral  with 
respect  to  ti  and  t2- 


d^E 

dQdco 


(2) 


where  we  have  introduced  the  notation  pi^2  =  ^(^1,2),  n,2  = 
r(/i  2)  and  2  =  (o(ti^2  —  n  •  ri,2)-  Going  over  to  the  new 
variables  of  integration  t  and  t  via  the  transformation  ti  =  t  - 
x/coz  and  ^2  =  /  +  r/coz ,  and  treating  the  integrand  in  the  integral 
with  respect  to  r  as  the  angular  spectral  distribution  of  the  radiated 
power  at  time  t,  we  have 


d^E 

dt  dQdco 


e'^co'^ 


2cOi 


—  /  (3) 


The  averaged  radiated  power  is  obtained  by  integrating  over 
dQdco  and  then  averaging  over  one  oscillation  period  (indicated 
by  ( )).  In  the  system  we  consider  here,  it  can  be  shown  that  [4] 


11.  RADIATION 

Let  us  consider  a  planar  focusing  system  that  provides  a  con¬ 
tinuous  parabolic  potential  Kx^jX  where  K  is  the  focusing 
strength.  A  charged  particle  with  energy  E  =  ymc^(y  ^  1) 
oscillates  in  the  transverse  x  direction  while  moving  freely  in 
the  longitudinal  z  direction  with  a  constant  longitudinal  momen¬ 
tum  Pz  in  the  absence  of  radiation.  Define  the  pitch  angle  of 
the  particle  Op  =  Px^maxIPz  (Px^max  being  the  maximum  trans¬ 
verse  momentum)  and  assume  that  Op  is  always  much  less  than 
one.  The  motion  of  the  particle  can  be  decomposed  into  two 
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IdEX  2ie^  0  0  dr 


,2^2, 


sin^  t/x^)/2], 


g(T,  =  Jo(u)  +  Y  6 p  sin^  T[yo(M)  - 
“  =  (sin^  xjx  -  sin  2t/2),  ^  =  (oI1y‘ 


CO, 


and  is  the  Bessel  function  of  order  v  (v  =  0, 1,  2, ...). 

Equation  (4)  is  completely  general  for  any  yQp.  The  con¬ 
tour  of  integration  with  respect  to  x  must  be  displaced  below 
the  real  axis  around  r  =  0  to  guarantee  the  vanishing  radiation 
when  the  field  is  switched  off  [4].  The  range  of  x  that  gives 
a  significant  contribution  to  the  integral  can  be  defined  as  the 
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ratio  of  the  radiation  formation  length  Ir  to  the  oscillation  wave¬ 
length  Xz  —  271  ^/E^jK  =  Inclco^  [5].  Since  Ir  is  of  the  order 
(p)//  [1],  where  (p)  is  the  averaged  radius  of  curvature  and  can 
be  approximated  as  (p)  ^  E/{KA)  ~  k\lA  ^  X^/Op,  the  ratio 
Ir/Xz  is  inversely  proportional  to  We  consider  two  oppo¬ 
site  limits  yOp  >  1  and  <$:  1  where  Eq.  (4)  can  be  greatly 
simplified. 

In  the  case  yOp  1  or  using  the  integral  representa¬ 

tions  of  the  Bessel  functions  and  the  method  of  stationary  phase 
around  r  =  0,  we  obtain  the  asymptotic  expression  of  Eq.  (4)  [5] 


Ae^y'^(o\ 

yflltC 


r  dxif 

LiL 


(5) 


where  /  =  4\/2^/[3y^p(l— sin  is  the  modi¬ 

fied  Bessel  function  of  order  5 /3 .  This  expression  is  very  similar 
to  the  frequency  spectrum  of  synchrotron  radiation  [3],  with  / 
here  playing  the  role  of  (o/oyc.  Thus  the  equivalent  critical  fre¬ 
quency  is  (Dc  ~  y^OpCOzi  or  the  equivalent  rotational  frequency 
is  coo  ~  c/(p)  ^  OpCOz. 

In  the  case  yOp  I  ox  I r  >  expanding  the  integrand  in 
Eq.  (4)  to  leading  order  in  yOp  and  applying  contour  integration 
in  the  complex  r  plane,  we  get  [5] 


ldE\  e^y^elo}^^ 

M  —  I  ^^f[l+2|(?-l)]©(l-?)  ,  (6) 

where  0(1  —  is  the  Heaviside  step  function.  Since  ^  = 
(olly'^coz,  we  conclude  that  the  radiation  frequency  distribution 
has  a  sharp  cutoff  at  cod  =  2y^&>^,  which  is  the  characteristic  of 
dipole  radiation. 

In  both  cases,  we  can  carry  out  the  integrals  in  Eq.  (5)  and  (6) 
and  find  the  averaged  radiation  power  {dE/dt)  =  e^y^6^o)\l?iC. 
By  using  relations  lE^jE  ~  InficOzlE  and  (o\  Kc^jE, 
we  see  that  the  rate  of  energy  loss  agrees  with  that  in  Ref.  [2]. 


III.  RADIATION  DAMPING 


The  differential  radiation  power  spectrum  (i.e.,  Eq.  (3))  can  be 
used  to  define  the  differential  number  rate  of  photon  emissions  as 
follows:  Let  R(cOyQ)  be  the  number  of  photons  emitted  per  unit 
time  with  energies  between  fico  and  dco)  in  the  directions 
between  ^  and  Q  -1-  dQ,  i.e., 


R{co,  f2) 


1  d^E 
tico  dtdQdco 


(7) 


then  the  average  rate  of  change  of  any  physical  quantity,  say  F, 
is  given  by 


The  energy  and  the  longitudinal  momentum  conservation  require 
AEx  —  tico(l  —  P  cos^)[2],  where  9  is  the  angle  between  the 
photon  direction  and  the  longitudinal  direction.  Writing  Acoz 
-ticocoz/2E  ~  -tia)C0z9pl4Ex,  we  get 


AJx  c:^hcoil  -  ^cos9  -\-9p4)/(Oz 


(9) 


which  is  always  positive  definite.  Thus  the  transverse  action  al¬ 
ways  decreases  after  a  photon  emission  process  and  the  quantum 
excitation  is  absent  in  such  a  system.  This  result  was  obtained  for 
the  transverse  quantum  number  n  based  on  the  same  kinematic 
argument  in  Ref.  [2]. 

The  damping  rate  of  transverse  action  {dJx/dt)  is  obtainable 
by  replacing  A  F  in  Eq.  (8)  with  A  Jx  in  Eq.  (9).  With  the  expan¬ 
sion  1  -  ^  cos  ^  =  l/(2y^)  -h  0^/2,  {dJx/dt)  can  be  written  as 
(dJxxIdt)  -h  {dJxi/dt),  where 

jj.,\  1/1 


Id^ 

dt 


m- 


L 


dE\ 


dir 


cozdt 

Itt 


j  dco  J  dQ 


19^  d^E 
(O7  2  dtdQdco 


(10) 


The  first  of  the  above  equations  is  simply  proportional  to  the 
rate  of  energy  loss  found  in  the  previous  section.  The  second 
one  involves  a  more  complicated  angular  integral.  Together  they 
account  for  the  radiation  damping  for  any  yOp. 

In  the  case  y9p  »  1,  Eq.  (10)  can  be  simplified  as  [5] 


[dhx\  1  ^pldE\ 

\  dt  I  coz  4  \dt  I 

h{r,^)  =  Jo(u)+iJi(u)  +  sin\  ^ 


(11) 


hiu)  hiu)'[ 

1^2 


J- 


All  quantities  used  above  are  defined  in  Eq.  (4).  Similar  to  the 
calculation  of  the  averaged  radiation  power,  we  can  show  [5] 
{dJxx/dt)  -  2{dJx2/dt)  =  e^y'^9^cOz/l2c.  By  using  the  rela¬ 
tion  Jx/E  ^  9^f(2cOz),  it  is  straightforward  to  obtain 


Thus,  the  relative  damping  rate  of  the  transverse  action  is  pro¬ 
portional  to  the  relative  energy  loss  rate,  which  depends  on  both 
energy  and  the  transverse  action.  This  result  resembles  the  radi¬ 
ation  damping  in  a  bending  magnet  [1],  with  the  numerical  dif¬ 
ference  due  to  the  chromatic  effect  and  the  sinusoidal  variation 
of  the  focusing  field  [5]. 

In  the  case  y9p  «:  1,  Eq.  (10)  becomes  [5] 


ldF\_  co^dt 

\dt  I  ~  Jo  27t 


dQ 


AF((W,  Q) 


R(q),  Q), 


(8) 


where  AF(co,  Q)  is  the  change  of  F  after  a  photon  with  energy 
fico  is  emitted  in  the  direction  Q.  For  example,  the  rate  of  energy 
loss  {dE/dt)  is  obtained  by  replacing  AF  with  AE  =  fico  and 
is  given  in  the  previous  section. 

The  transverse  action  Jx  is  defined  through  the  relation  Jx  = 
Ex/coz  =  (n  -h  1/2);^  nfi.  For  small  change  of  Jx  after 
a  photon  emission,  we  have  AJx  —  AEx/cOz  —  AcOzEx/co^^ 


dJxA  1  1  ldE\ 
dt  j  cOz  2y'^  \  dt  / 
ldJxi\_e^(Oz 

\  dt  r 


7tC 


g(.r,  |)e 


-i/d,?) 


Applying  contour  integration  again,  we  can  show 
{dJxi/dt)  =  {dJxi/dt)  —  Therefore, 


/^\  1 
\dt]  3 


1 


3  me 


(13) 
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(14) 


where  =  e^jmc^  is  the  classical  electron  radius.  We  see 
that  the  transverse  action  damps  exponentially  with  an  energy- 
independent  damping  constant  =  2reKI2>mc.  An  identi¬ 
cal  result  for  the  transverse  quantum  number  n  was  obtained  in 
Ref.  [2]  for  the  “undulator  regime”  where  <  1.  We  also 
notice  that  the  relative  damping  rate  of  the  transverse  action  is 
much  faster  than  the  relative  energy  loss  rate  in  this  regime  since 


We  have  shown  that  the  radiation  damping  in  a  straight,  con¬ 
tinuous  focusing  channel  is  fundamentally  different  from  that 
in  a  bending  magnet.  In  the  longitudinal  direction  the  particle 
recoils  against  the  emitted  photon  to  conserve  the  longitudinal 
momentum  between  the  two  particles.  However,  in  the  trans¬ 
verse  direction,  the  existence  of  the  focusing  force  destroys  the 
momentum  balance  and  suppresses  the  direct  recoil  effect.  As  a 
result,  the  radiation  reaction  is  not  opposite  to  the  photon  emis¬ 
sion  direction,  but  always  has  a  component  pointing  towards  the 
focusing  axis. 


IV.  FOCUSING-DOMINATED  SYSTEMS 

So  far  we  have  assumed  that  the  focusing  system  is  straight. 
In  fact,  the  above  discussion  can  be  extended  to  bent  systems  un¬ 
der  certain  conditions.  Consider  a  bent  system  with  a  constant 
radius  p.  A  highly  relativistic  particle  of  energy  E  being  bent 
by  a  uniform  magnetic  field,  B  =  E/ecp,  radiates  at  the  rate 
(dE/dt)  =  IrgcE"^ Thus  the  characteristic  damp¬ 
ing  (or  anti-damping)  rate  in  all  three  degrees  of  freedom  due  to 
the  bending  is  Ft  ^  {dEfdt)IE  =  Irecy'^ lOp^). 

In  addition,  the  particle  radiates  while  executing  rapid  beta¬ 
tron  oscillations  around  the  circular  bent  trajectory  due  to  the 
focusing  field.  If  the  bending  is  adiabatic  and  the  particle’s  pitch 
angle  relative  to  the  ideal  orbit  is  small  compared  with  1/}/,  the 
transverse  damping  rate  due  to  betatron  oscillations  can  then  be 
approximated  by  Fc  =  2reKI3mc,  as  discussed  in  the  previous 
section.  Taking  the  ratio  of  these  two  rates,  we  obtain: 


Fc  (p/y)^ 


(16) 


where  =  kpjln  =  ^/EfK  =  c/a>s  is  the  reduced  beta- 
tron  wavelength.  Equation  (16)  shows  that  if  p/y  »  the 
transverse  damping  due  to  local  oscillations  is  much  stronger 
than  that  from  the  global  bending  of  the  trajectory.  Since 
p/y  =z  E/yecB  =  mc/eB,  we  conclude  that  in  a  system  that 
satisfies  mc/eB  ^  y/E/K  ox  K  ye^B^/m,  the  radiation 
damping  is  dominated  by  the  focusing  field. 

To  illustrate  the  choice  of  parameters  for  such  a  system,  we 
consider  a  numerical  example:  a  focusing-dominated  low  en¬ 
ergy  electron  ring.  Let  us  assume  that  the  radius  of  the  ring  is 
p  =  33m  and  that  E  =  O.lGeV  electrons  circulate  around  the 
ring.  A  rather  weak  magnetic  field  B  =  O.OIT  is  required  to 
confine  the  particles  on  the  ideal  circular  trajectory.  Suppose 
along  the  ideal  trajectory,  the  electrons  are  continuously  focused 
with  the  focusing  strength  K  =  30GeV/m^,  so  the  reduced  be¬ 
tatron  wavelength  is  about  5.8cm  and  p/y  is  about  17cm. 
From  Eq.  (16),  we  see  that  the  transverse  damping  rate  due  to 


the  focusing  field  is  about  nine  times  as  fast  as  the  characteristic 
damping  (or  anti-damping)  rate  from  the  bending  field. 

In  a  straight  system,  quantum  excitation  is  absent  because  the 
transverse  action  must  decrease  after  every  photon  emission  to 
satisfy  the  kinematic  constraints.  In  a  bent  system,  the  disper¬ 
sion  effect  may  introduce  a  random  fluctuation  of  the  transverse 
action.  Nevertheless,  because  of  the  discreteness  of  the  trans¬ 
verse  action,  there  seems  to  exist  a  set  of  consistent  conditions 
under  which  quantum  excitation  is  prohibited  even  in  a  disper¬ 
sive  system  [2]. 


V.  CONCLUSION 

The  basic  results  obtained  here  apply  to  straight  or  bent, 
focusing-dominated  systems.  The  excitation-free,  asymmetric 
radiation  damping  in  such  systems  is  the  direct  consequence  of 
the  kinematic  requirements  and  does  not  depend  on  the  vari¬ 
ous  approximations  used  above.  There  may  be  interesting  ap¬ 
plications  of  this  phenomenon  in  beam  cooling.  For  example, 
in  a  sufficiently  low-energy,  focusing-dominated  electron  ring, 
this  damping  effect  could  perhaps  be  utilized  to  obtain  ultra-cool 
beams  in  transverse  phase  space  without  much  energy  loss.  Since 
the  system  is  free  of  radiation  excitation,  the  actual  equilibrium 
beam  emittance  will  depend  upon  the  details  of  the  application 
considered. 
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Colliding  Crystalline  Beams 
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Crystalline  Beams  are  an  ordered  state  of  an  ensemble  of 
ions,  circulating  in  a  storage  ring,  with  very  small  velocity 
fluctuations  [1,2].  They  can  be  obtained  from  ordinary  warm 
ion  beams  with  the  application  of  powerful  cooling  techniques 
(stochastic,  electron,  laser,  ...).  Depending  on  the  focussing 
properties  and  dimensions  of  the  storage  ring,  and  on  the  ion 
beam  density,  several  ground  states  are  possible  [3-4].  All  of 
them  can  be  visualized  as  a  bundle  of  n^  symmetrically  distrib¬ 
uted,  parallel  strings  [5].  The  longitudinal  ion  separation  X  is 
the  same  for  all  strings.  The  minimum  temperature  that  can  be 
achieved  depends  on  the  background  noise  of  the  cooling  tech¬ 
nique  used.  It  is  required  for  stability  that  the  vibration  ampli¬ 
tude  of  the  ions  is  only  a  fraction  of  the  separation  X. 

1.  COLLIDING  CRYSTALLINE  BEAMS 

There  are  several  advantages  in  using  colliding  Crystalline 
Beams.  First,  it  is  possible  to  obtain  more-compact  beams. 
Second,  most  importantly,  the  particles  in  each  beam  occupy 
well-defined  and  rigid  positions.  The  uncertainty  on  the  trans¬ 
verse  location  of  each  string  is  considerably  smaller  than  the 
longitudinal  spacing  X.  By  carefully  aligning  the  two  beams  to 
pair  countermoving  strings  in  the  collision,  it  is  possible  to 
increase  the  luminosity  by  a  considerable  factor.  Indeed  the 
luminosity  in  this  case  is  proportional  to  the  number  of  strings 
in  each  beam 

L  =  n,U  (1) 

where 

4  =  Ns2fenc/47cae/  (2) 

is  the  contribution  to  the  luminosity  from  each  pair  of  counter- 
moving  strings;  is  the  frequency  of  encounter,  is  an 
effective  cross  section  which  is  the  common  transverse  dimen¬ 
sion  of  the  two  strings  during  collision,  and  Ng  is  the  number 
of  circulating  ions  per  string  engaged  in  the  collision  at  one 
time,  assuming  that  the  two  countermoving  beams  are  identi¬ 
cal. 

IL  COLLISION  BETWEEN  STRINGS 

The  easiest  example  to  investigate  is  the  case  of  two  iden¬ 
tical  Crystalline  Beams  sharing  the  same  storage  ring.  The  two 
beams  are  moving  in  the  opposite  direction  along  the  common 
closed  orbit.  We  require  that  the  ions  in  the  two  beams  have  the 
same  magnetic  rigidity,  mass  number  A,  and  charge  state  Q. 
But  they  must  have  opposite  sign  of  the  electric  charge,  if  the 
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bending  along  the  closed  orbit  is  due  to  a  common  axial  mag¬ 
netic  field.  Thus,  one  beam  is  made  of  partially-stripped,  posi¬ 
tively-charged  ions,  and  the  other  beam  is  made  of  the  same 
ions  with  an  excess  of  electrons  (negative  ions).  We  shall  not 
debate  here  how  this  can  be  realized  in  practice,  but  only 
assume  that  it  is  possible. 

It  is  also  sufficient  to  investigate  the  case  of  collision 
between  paired  strings  and  neglect  the  presence  of  the  others  in 
the  background  which  are  taken  to  be  at  a  sufficiently  large  dis¬ 
tance.  We  shall  assume  that  the  two  countermoving  strings  are 
initially  separated  vertically  by  some  distance  2b,  and  want  to 
investigate  the  behavior  and  the  stability  of  the  motion  of  the 
ions  when  the  separation  distance  b  is  reduced  and  the  strings 
are  brought  closer  for  collision. 

III.  EQUATIONS  OF  MOTION 

If  the  two  strings  were  moving  in  the  same  direction,  the 
configuration  expected  is  that  of  a  vertical  zigzag  [4]  of  which 
the  properties  are  known.  In  the  present  case,  the  two  strings 
move  parallel  to  each  other,  but  in  opposite  direction,  each  with 
velocity  (ic.  As  the  ions  of  one  string  pass  along  the  reference 
ion  in  the  other  string,  the  motion  of  this  is  modulated  periodi¬ 
cally  in  all  directions.  We  shall  assume  that  the  modulation  has 
an  amplitude  small  compared  to  the  separation  X,  and  linearize 
the  equations  of  motion  which  apply,  for  symmetry,  to  all  parti¬ 


cles.  They  are  [5]: 

b"  +  Kv(s)b  +  Kscf3(a,x)b/go  =0  (3) 

a"  +  Kh(s)a  =  h(s)5  (4) 

a'  =  h(s)  a  -  6  /  7^  (5) 

5'  = -(72?iK3<./2go)[dfi(a,-c)/dx]  (6) 


The  force  acting  on  the  test  particle  is  the  one  generated  by 
all  the  ions  of  the  countermoving  string.  Those  ions  on  the  same 
string  do  not  contribute  to  the  total  force.  In  Eq.s  (3-6)  the  inde¬ 
pendent  variable  is  the  path  length  s  along  the  common  closed 
orbit.  A  prime  denotes  differentiation  with  respect  to  s.  b  is  the 
vertical  displacement  from  the  median  plane  of  symmetry,  a  is 
the  radial  displacement,  a  the  path  length  difference,  and  6  the 
momentum  deviation  from  the  reference  closed  orbit  condi¬ 
tions.  Kyh  are  the  focussing  functions  which  we  approximate 
with  constants  (Vy  h  /  R)^,  where  Vy  ^  are  the  betatron  tune  num¬ 
bers  and  R  is  the  average  closed  orbit  radius.  h(s)  is  the  curva¬ 
ture  function,  which  we  also  approximate  with  1/R.  [3  and  y  are 
respectively  the  velocity  and  energy  relativistic  factors,  go  =  1.3 
is  a  constant.  The  space-charge  constant  [5] 
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Ksc  =  (2/r2)(^c/^)^  (7) 

where  the  critical  spacing  [5] 

K  =  (goQ^roR^/ApV)*'^  (8) 

and  tq  =  1.535  x  10'**  m  is  the  proton  classical  radius.  Finally, 
the  form  factors 

f„(a,T)  =  2:i[a2  +  (i-t)2]-"/2  (9) 

where  the  aspect  ratios  a-2h/Xy  and  x-2slX.  The  form  fac¬ 
tors  are  periodic  with  respect  to  x  with  a  periodicity  of  one. 

IV.  CASE  OF  LARGE  SEPARATION 

In  the  limit  of  large  separation  among  the  two  strings,  that 
is  a  >  1,  f3  is  about  constant,  whereas  dfj  /  dx  oscillates  around 
zero.  In  the  smooth  and  linear  approximation,  ignoring  the  cur¬ 
vature  of  the  storage  ring,  we  can  decouple  the  vertical  motion 
from  the  longitudinal  one.  Because  the  two  beams  have  oppo¬ 
site  charge  sign  and  f3  >  0  for  all  values  of  a  and  x,  it  is  seen 
that  the  third  term  at  the  l.h.  side  of  Eq.  (3)  adds  to  the  focus¬ 
sing  of  the  storage  ring.  We  can  estimate  the  betatron  tune-shift 
as 

8Vv  =  K3c<f3>R^/2vogo  (10) 

where  <f3>  -  Ha?'.  If  the  tune-shift  does  not  exceed  half  of 
the  distance  AVy  to  the  nearest  half-integral  stopband  the 
motion  is  stable  [5]. 

At  the  same  time,  particles  oscillate  longitudinally  (a) 
around  their  stationary  position  with  an  amplitude 

Oq/X  =  >-2KseA/8go  (11) 

where  A  <  0.01  for  a  >  1  and  is  a  slow  function  of  a.  Thus,  for 
large  separation  between  the  countermoving  strings,  the 
motion  is  stable,  and  the  configuration  of  each  string  in  not  dis¬ 
rupted. 

V.  CASE  OF  CLOSE  COLLISION 

As  the  two  strings  are  brought  together  in  collision,  we 
reach  a  range  of  aspect  ratios  a  «  1.  In  this  range,  the  form 
factor  f3  essentially  vanishes  over  the  full  period  of  x,  except 
that  periodically,  at  x  =  integer,  it  transforms  to  a  kick.  In  the 
smooth  approximation,  we  can  spread  the  kick  evenly  over  one 
period.  Solving  Eq.  (3)  in  the  same  approximation  again  leads 
to  the  tune-shift  (10).  Since  <f3>  ~  2  /  a^,  Eq.  (10)  sets  a  limit 
to  the  aspect  ratio  a  below  which  the  relation  cannot  be  satis¬ 
fied.  At  the  limit  of  stability  of  individual  strings,  X  ~  X^,  there 
is  a  threshold  value  of  the  aspect  ratio 

>  l/v^Av^  =  (X^ans^  (12) 


below  which  the  configuration  of  the  two  strings  is  destroyed. 
As  a  consequence,  a  large  betatron  tune  Vy  and  a  large  periodic¬ 
ity  of  the  storage  ring  is  desired  (so  that  AVy  ~  Vy  /  2)  to  allow 
the  lowest  possible  threshold  value 

As  the  separation  2b  between  the  two  strings  reduces,  the 
longitudinal  force  acting  on  the  test  particle  has  still  an  oscilla¬ 
tory  behavior  around  zero,  but  with  a  waveform  grossly  dis¬ 
torted  from  a  pure  sine-wave.  The  amplitude  of  the  oscillation 
increases  as  A  ~  1  /  2  for  a  «  1.  Inserting  this  at  the  r.h. 
side  of  Eq.  (11)  gives  the  amplitude  of  the  longitudinal  oscilla¬ 
tions.  To  avoid  disruption  of  both  strings,  we  require  (5q<X/ 2, 
That  is,  at  the  limit  of  individual  string  stability,  when  X  ~  X^, 
the  aspect  ratio  cannot  be  reduced  below  the  threshold  value 

a2  >  (X/R)2/4go  =  a,o„g2  (13) 

VI.  CONCLUSIONS 

In  conclusion,  two  strings,  moving  in  the  opposite  direction 
in  the  same  storage  ring,  separated  vertically  by  the  aspect  ratio 
a,  have  a  stable  configuration  with  the  ions  performing  small- 
amplitude  oscillations  around  their  otherwise  stationary  posi¬ 
tion,  provided  that  the  vertical  separation  is  sufficiently  large. 
Two  criteria  are  to  be  satisfied,  namely  Eq.s  (12  and  13).  In  a 
typical  storage  ring,  it  is  found  that  the  limitation  is  caused 
mainly  by  the  transverse  forces,  and  that  the  smallest  separation 
that  can  be  achieved  between  the  two  strings  is  set  by  the  beta¬ 
tron  tune 

a  =  2b/?i Y  -  1  /Vy  (14) 

We  have  seen  that  according  to  Eq.  (2)  the  luminosity 
depends  on  the  effective  cross  section  of  the  two  strings 
colliding  with  each  other,  given  by  the  background  noise  of  the 
cooling  method  used.  For  the  effective  collision  of  the  two 
strings,  it  is  also  required  that  the  separation  b,  set  by  Eq.s  (12 
or  13),  is  sufficiently  smaller  than 
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Abstract 

Various  possible  spin  rotator  and  Siberian  snake  schemes  are 
considered  for  use  at  the  RHIC  collider,  based  on  sequences  of 
four  helical  dipole  magnet  modules. 


1.  Introduction 

The  RHIC  collider,  now  under  construction  at  BNL,  will  have 
the  possibility  of  polarized  proton-proton  collisions  up  to  a  beam 
energy  of  250  Gev,  Polarized  proton  beams  of  such  high  energy 
can  be  only  obtained  with  the  use  of  Siberian  snakes,  a  special 
kind  of  spin  rotator  that  rotates  the  particle  spin  by  180°  around 
an  axis  lying  in  the  horizontal  plane  [1].  Siberian  snakes  help  to 
preserve  the  beam  polarization  while  numerous  spin  depolarizing 
resonances  are  crossed,  during  acceleration.  In  order  to  collide 
longitudinally  polarized  beams,  it  is  also  planned  to  install  spin 
rotators  around  two  interaction  regions. 

Schemes  based  on  a  sequence  of  vertical  and  horizontal  bend¬ 
ing  magnets  have  been  proposed,  for  use  as  spin  rotators  and 
snakes  [2,3].  The  main  disadvantage  of  such  schemes  is  a  large 
orbit  excursion,  especially  at  the  injection  energy  (about  26  Gev 
for  RHIC).  From  this  point  of  view  a  rotator  based  on  helical 
dipole  magnets  is  more  efficient  [4].  Several  schemes  that  use 
multipole  helical  magnets  have  been  suggested  in  the  last  few 
years  [5,6]. 

This  paper  discusses  snake  and  spin  rotator  designs  based  on 
sequences  of  four  helical  magnets.  The  schemes  that  were  chosen 
to  be  applied  at  RHIC  are  presented. 

IL  Orbital  and  spin  motion  in  helical  magnet 

In  a  helical  dipole  magnet  with  a  period  X  and  a  field  amplitude 
h,  the  on-axis  field  can  be  written  as: 


Hx  =  —h sinkz  ,  Hy  =  h coskz  ,  Hz=0  (1) 

where  \k\  =  In/X,  z  is  the  coordinate  along  helical  magnet  axis, 
and  subscripts  x  and  y  refer  to  horizontal  and  vertical  compo¬ 
nents,  respectively.  A  helical  magnet  is  also  characterised  by  its 
helicity,  5  =  k/\k\. 

As  a  measure  of  the  magnetic  field  amplitude,  it  is  more  con¬ 
venient  to  define  the  field  parameter 


qph 

c\k\ 


(2) 


where  qo  =  ejmc. 

Solving  the  equations  of  orbital  and  spin  motion,  one  obtains 
the  transformation  for  the  proton  orbital  coordinates  and  the  pro¬ 
ton  spin  after  one  helical  period  [7].  For  a  particle  entering  the 


magnet  along  its  axis,  the  orbit  is  simply  shifted  by  X  pjy  af¬ 
ter  one  period,  in  a  direction  determined  by  the  direction  of  the 
magnetic  field  at  the  helical  magnet  entrance  and  the  helicity: 
y  —  yo^  —  SX  pjy.  The  spin  transformation  is  described  by  the 
spin  rotation  axis: 


where  A  =  (1  +  1/vo)  ♦  a  with  a  =  {g  -  2)/2,  and  by  the  spin 
rotation  angle  27rv  around  this  n  axis,  where  v  is: 


V  =  vT+A^^ 


These  expressions  for  the  one-period  transformation  of  orbit 
and  spin  are  the  basis  from  which  to  construct  spin  rotators  that 
consist  of  several  magnets  with  integer  numbers  of  periods,  but 
with  different  helicities  and  field  amplitudes.  Note  that  when 
one  changes  the  sign  of  the  magnetic  field  and  the  helicity,  the 
one  period  orbit  shift  does  not  change  while  the  spin  rotation  is 
reversed.  This  gives  additional  flexibility  during  the  construction 
of  spin  rotators. 


III.  Siberian  snake 

The  nominal  RHIC  design  includes  2  Siberian  snakes  in  each 
ring.  It  is  assumed  that  one  pair  of  snakes  will  be  sufficient  to 
overcome  the  spin  depolarizing  resonances  during  beam  accel¬ 
eration.  In  order  to  have  the  spin  tune  equal  to  1/2,  the  angle 
between  the  spin  rotation  axes  of  two  snakes  must  be  90°. 

On  the  basis  of  four  helical  dipoles,  one  can  construct  the 
analog  of  a  “continuous  axis”  snake  [2,3] .  The  internal  symmetry 
of  such  a  snake  automatically  restores  the  particle  orbit  at  the 
snake  exit,  and  provides  a  snake  axis  in  the  horizontal  plane.  The 
appropriate  symmetry  conditions,  obtained  from  an  analysis  of 
the  spin  transformation  matrix,  are: 


1 .  5i  =  ^4  ,  52  =  53 

2.  Pi  =  —p^  ,  P2  =  —P3 

3.  =  V4  ,  V2  =  V3  ,  where  Ni  is  the  number  of  periods  of 
the  fth  magnet 

4.  The  magnetic  field  at  each  magnet  entrance  is  vertical 


The  RHIC  lattice  imposes  additional  requirements  on  the  param¬ 
eters  of  a  Siberian  snake:  the  snake  must  be  less  than  12  meters 
long,  and  the  maximum  magnetic  field  must  be  less  than  4  Tesla. 

An  analysis  of  all  possible  snake  schemes  shows  that  the  best 
variant,  from  the  point  of  view  of  RHIC  demands,  has  the  same 
helicity  in  all  helical  magnets,  each  with  one  period.  Figure  1 
shows  the  relationship  between  p\  and  p2,  and  shows  the  de¬ 
pendence  of  longitudinal  snake  axis  projection  on  p\,  for  this 
variant. 
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Figure.  1.  The  dependence  of  (circles)  and  the  longitudinal 
snake  axis  projection  (crosses)  on  pi . 


TWo  snakes  with  45°  and  — 45°  axes  have  been  chosen  for 
RHIC.  As  Fig.  1  shows,  a  snake  with  a  45°  axis  (In^j  =  0.707) 
can  be  obtained  in  several  ways.  From  the  point  of  view  of 
minimum  orbit  excursion,  the  best  choice  is  =  0.154  and 
P2  =  —0.493 .  Taking  the  magnets  to  have  a  helical  period 
of  2.4  m,  B\  =  1.26T  and  B2  =  4.04T,  producing  a  3.02  cm 
orbit  excursion  inside  the  snake  at  the  RHIC  injection  energy. 
More  exact  values  for  the  magnetic  field  and  the  orbit  excursion 
have  been  calculated  by  the  direct  integration  of  particle  and  spin 
motion  in  a  realistic  helical  field  [8]. 

IV.  Spin  rotator 

Four  pairs  of  spin  rotators  are  planned  at  RHIC,  in  order  to 
have  the  possibility  of  longitudinally  polarised  beam  collisions 
at  two  collision  points. 

Due  to  the  presence  of  dipole  magnets  inserted  between  the 
rotator  and  the  interaction  point,  where  longitudinal  beam  po¬ 
larization  is  desired,  the  spin  orientation  angle  required  in  the 
horizontal  plane  after  the  rotator  depends  on  the  energy.  If  the 
spin  angle  from  the  longitudinal  axis  at  the  rotator  exit  is  (j>,  then 
<t>  =  10.2°  at  the  lowest  RHIC  energy  {y  =  27),  and  ^  =  101.2° 
at  the  highest  energy  (y  =  268).  Thus  the  rotator  must  provide 
a  spin  orientation  angle  in  the  horizontal  plane  at  its  exit  in  the 
range  10.2°  <  <  101.2°. 

As  described  in  the  previous  section  on  Siberian  snakes,  all 
rotator  designs  discussed  for  use  in  RHIC  included  four  heli¬ 
cal  dipole  magnets,  with  an  internal  symmetry  that  provides  the 
automatic  restoration  of  the  particle  orbit  at  the  spin  rotator  exit. 

Consider  a  spin  rotator  which  consists  of  four  helical  magnets, 
each  with  just  one  period.  If  the  direction  of  the  magnetic  field  at 
the  entrance  to  each  module  is  characterized  by  an  angle  cx  from 
the  vertical,  then  automatic  restoration  of  the  particle  orbit  after 
the  rotator  implies: 


^sina;  •  p,  •  S,  =  0 
(=1 


y 

<t> 

Bi(T) 

Bza) 

max.orbit  (cm) 

27 

10.19 

2.13 

ini 

2.31 

50 

18.88 

2.38 

2.65 

1.39 

100 

37.75 

2.87 

2.47 

0.84 

150 

56.63 

3.22 

2.51 

0.63 

200 

75.50 

3.41 

2.1% 

0.50 

250 

94.38 

3.50 

3.11 

0.41 

Table  I 

Required  magnetic  fields,  and  maximum  orbit  excursions,  for 
various  RHIC  energies. 


'^cos Ui  ■  Pi  ■  Si  =  0  (5) 

i  =  l 

It  follows  from  these  expressions  that  one  way  to  introduce  sym¬ 
metry  into  the  scheme  is  to  combine  the  helical  magnets  in  two 
pairs,  and  to  require  that  the  orbit  shift  caused  by  the  first  pair 
is  compensated  by  the  second.  Asserting  that  magnets  of  each 
pair  have  the  same  field  direction  angle  a,  it  follows  fi-om  Eqn.  5 
that  these  helical  dipoles  must  have  the  same  field  and  opposite 
helicities,  or  the  same  helicity  and  opposite  fields.  Combining 
the  rotator  magnets  in  pairs  does  not  necessarily  mean  that  two 
consecutive  magnets  are  connected  to  each  other.  For  example, 
one  can  also  relate  the  first  helical  module  with  the  third,  and  the 
second  module  with  the  fourth. 

After  introducing  the  symmetry  conditions,  a  rotator  scheme 
depends  on  two  magnetic  field  values,  which  must  be  chosen  to 
satisfy  the  spin  conditions.  Specifically,  the  particle  spin  after 
the  rotator  must  be  in  the  horizontal  plane,  with  a  particular  spin 
orientation  angle.  Because  the  spin  transformation  matrix  for 
helical  dipoles  depends  on  the  magnetic  fields  in  a  quite  complex 
and  nonlinear  way,  its  analysis  is  performed  with  the  use  of  a 
specially  written  code. 

Analysis  shows  that  three  variants  are  the  best,  from  the  point 
of  view  of  minimum  orbit  excursion  and  minimum  magnetic 
field.  These  schemes  are  shown  in  Figure  2. 

Figure  3  shows  how  the  maximum  orbit  deviation  depends  on 
the  final  spin  angle  for  all  3  design  variants,  at  a  fixed  energy  of 
y  =  100 .  Since  the  orbit  excursion  changes  with  particle  energy 
as  1/)/,  one  can  obtain  the  maximum  orbit  deviation  at  another 
energy  by  appropriately  scaling  the  vertical  axis  in  Figure  3. 
From  these  graphs  one  can  see  that  variant  1  provides  least  orbit 
deviation  when  the  spin  is  close  to  the  longitudinal  direction, 
while  variant  3  is  best  when  the  spin  is  close  to  transverse,  and 
variant  2  is  preferable  for  an  intermediate  range  of  spin  angles. 

Variant  1  has  been  chosen  as  the  nominal  spin  rotator  design, 
because  it  provides  the  smallest  maximum  orbit  deviation  at  the 
RHIC  injection  energy.  The  magnetic  field  values  needed  to  ob¬ 
tain  the  proper  spin  direction  at  the  rotator  exit  can  be  extracted 
from  diagrams  that  show  how  the  final  spin  angle  <p,  and  the  sec¬ 
ond  field  parameter  p2f  depend  on  pi ,  the  field  of  the  first  helical 
magnet.  Such  diagrams  for  the  nominal  spin  rotator  design  are 
presented  in  Figures  4  and  5.  Table  1  lists  the  magnetic  field 
values  and  the  maximum  orbit  deviation  at  some  RHIC  energies 
(for;\.  =  2,4m). 
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Variant  1 : 


B1  + 

B2- 

B2  + 

B1  - 

hor. 

hor. 

hor. 

hor. 

Variant  2: 

B1  + 

-B1  + 

B2- 

B2  + 

vert. 

Variant  3: 

vert. 

vert. 

vert. 

B1  + 

B1  - 

B2- 

-B2- 

hor. 

hor. 

vert. 

vert. 

Figure.  2.  Three  possible  symmetric  rotator  variants.  The  signs 
(+,  — )  denote  the  magnet  helicities,  while  “vert.”  and  “hor.” 
denote  the  field  direction  at  the  magnet  entrance. 


<i> 


Figure.  3.  Maximum  orbit  deviation  versus  spin  direction  angle 
after  each  rotator  variant,  at  fixed  energy  (y  =  100). 


P1 

Figure.  4.  The  relationship  between  the  spin  direction  angle 
after  the  rotator,  and  the  field  py  of  the  first  magnet. 


pi 

Figure.  5.  The  relationship  between  py  and  p2,  the  fields  in  the 
first  and  second  magnets. 

V.  Conclusion 

Spin  rotator  and  Siberian  snake  schemes  based  on  helical 
dipole  magnet  modules  have  been  adopted  at  RHIC.  The  main 
advantage  of  these  schemes  is  that  the  orbit  deviation  is  less  than 
in  bending  magnet  schemes. 
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Abstract 

The  //-jump  designed  to  reduce  the  bunch  self-field  mismatch 
and  intensity  loss  during  the  AGS  transition  crossing  can  cause 
significant  orbit  and  lattice  distortions  and  dramatically  enhance 
chromatic  nonlinear  effects.  Employing  a  low-intensity,  small 
emittance  proton  bunch  crossing  transition  with  the  yrjump 
quadrupoles  excited,  we  found  that  the  nonlinear  momentum- 
compaction  factor  oci  increases  firom  2.2  to  about  90  in  the  pres¬ 
ence  of  the  Kf-jump.  On  the  other  hand,  this  enhancement  can 
be  effectively  suppressed  by  properly  exciting  the  chromaticity 
sextupoles,  reducing  ai  from  90  to  16.  The  experimental  mea¬ 
surement  agrees  well  with  computer  simulations  using  MAD  and 
TIBETAN. 


L  INTRODUCTION 

During  recent  years,  the  -jump  method^  has  been  extensively 
used  in  hadron  accelerators  to  improve  crossing  efficiency  at 
transition  energy.  In  the  Brookhaven  National  Laboratory  AGS, 
a  Xf-Jump  has  been  successfully  commissioned  and  routinely 
used  since  1994  in  both^  proton  and  heavy  ion  operations.  With 
the  Xf-jump,  bunch-shape  mismatch  caused  by  beam  self  fields 
is  significantly  reduced.  Acceleration  of  high  intensity  protons 
(up  to  6x  10^^  per  pulse)^  can  be  achieved  with  relatively  small 
beam  loss. 

During  operation,  it  has  been  observed  that  the  second-order 
X/-jump  scheme^  currently  used  in  the  AGS  causes  significant 
distortion  in  the  machine  lattice.  The  measured  maximum  dis¬ 
persion  increases  from  about  2.2  to  8.6  meters,  and  momen¬ 
tum  aperture  is  significantly  reduced.  Even  with  low-intensity 
beam,  quadrupole-mode  bunch  oscillations  (Fig.  1)  and  occa¬ 
sional  beam  loss  occur  near  transition  energy  when  Xrjump  is 
employed. 

Under  the  hypothesis  that  bunch  oscillations  and  beam  loss 
of  low-intensity  beams  are  caused  by  chromatic  effects,"^  which 
are  enhanced  by  the  lattice  distortion  during  the  X/-jump,  we 
proposed  an  experiment  to  first  measure  the  increase  in  the  non¬ 
linear  momentum-compaction  factor  ai  in  the  presence  of  the 
jump,  and  then  to  demonstrate  the  possibility  of  reducing  ai  by 
exciting  the  sextupole  families.  Section  11  of  this  paper  sum¬ 
marizes  the  experimental  method  used  to  measure  the  a\  factor 
and  the  momentum  aperture  during  the  jump.  The  results  are 
compared  with  computer  simulations  in  Section  III  using  the 
programs  MAD  and  TIBETAN.  The  conclusion  is  given  in  Sec¬ 
tion  IV. 


*Work  performed  under  the  auspice  of  the  U.S.  Department  of  Energy. 


Figure.  1 .  The  envelop  of  the  longitudinal  pick-up  signal  during 
transition  showing  more  than  100%  amplitude  modulation.  The 
abscissa  is  time  (5  ms  per  division). 


11.  EXPERIMENTAL  ANALYSIS 

In  the  low-intensity  limit  when  multiparticle  effects  are  neg¬ 
ligible,  the  longitudinal  motion  of  the  particle  can  be  described 
in  terms  of  its  rf  phase  4>  and  energy  deviation  W  =  Is^ElhcOg 
by^’^  the  equations 


^  _  A  ,  2;r/2V??(Wn+i)  ^ 

(pn+l  —  (Pn-\ - - Wn+i  +  (ps.n+l  ""  <Ps,n 

^sPs 


where  0^,  yS^c,  Es  are  the  synchronous  phase,  revolution 
fi-equency,  velocity,  and  energy,  respectively,  and  h  and  V  are 
the  rf  harmonic  and  voltage.  The  slip  factor 


r}(8)^ao - r+ao 


2\a2i 


(XoOl2  + 


includes  the  nonlinear  dependence  in  momentum  8  (=  Ap/p  = 
hcos  W/ E^j)  for  both  the  machine  lattice  and  the  particle  motion. 
Here,  cxq  (=  l/X/o)»  and  0^2  are  the  zeroth,  first,  and  second 
order  momentum-compaction  factors.^ 


A.  Measurement  of  the  u\  factor 

The  factor  ai  has  been  evaluated  by  measuring  at  various  radial 
orbits  (momenta)  the  change  in  time  At  when  transition  energy 
is  crossed,  i.e.,  when  the  minimum  beam  loss  is  mesisured  as  we 
vary  the  time  to  switch  over  the  synchronous  phase,  as  shown  in 
Fig.  2,  For  small  8,  we  can  neglect  higher  order  nonlinear  terms. 
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Figure.  2.  Beam  loss  versus  the  phase-switch  delay  time  at 
radial  positions  Vr  =3.3  V  (left)  and  3.0  V  (right),  respectively, 
at  B  =2.2  T/s  with  yrjump  quadrupoles  at  /^  =  1.7  kA.  The 
solid  and  dashed  lines  are  the  fitted  data. 


Time  (ms) 


Figure.  4.  The  excited  transition  energy  yt  (solid  line)  during 
the  study,  compared  with  the  nominal  (dot-dashed  line)  and  the 
one  for  normal  y^-jump  operation  (dashed  line). 


(3) 


exciting  the  yrjump  quadrupoles.  As  shown  by  the  crosses  in 
Fig.  3,  the  nonlinearity  is  significantly  reduced,  and  ai  is  equal 
to  16. 


The  magnetic  field  B  and  the  ramping  rate  B  were  measured 
with  the  Gauss  clock.  The  momentum  8  was  calibrated  against 
the  radial-loop  voltage  setting  Vr  by  measuring  the  average  orbit 
position  using  the  beam  position  monitors. 

As  a  reference,  we  first  measure  the  change  in  yt  without 
exciting  the  yrjump  quadrupoles  and  chromaticity  sextupoles, 
as  shown  by  the  squares  in  Fig.  3.  //o  is  equal  to  8.45,  and  ai 
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B.  Measurement  of  the  momentum  aperture 

The  momentum  aperture  of  the  machine  under  various  yt  -jump 
quadrupole  and  chromaticity  sextupole  settings  was  explored  by 
displacing  the  beam  at  various  radial  orbits  while  measuring  the 
beam  survival .  Since  the  momentum  spread  of  the  beam  becomes 
very  large  at  transition,  especially  in  the  absence  of  the  proper  yr 
jump  (dashed  line  in  Fig.  4),  the  study  was  performed  by  measur¬ 
ing  the  beam  loss  at  transition.  Taking  into  account  the  beam  size 
of  about  A/7//7  =  ±2.8x  10“^  attransition  (bunch  area0.3eV‘S), 
the  measured  results  are  summarized  in  Table  I.  Obviously,  the 

Table  I 

Measured  AGS  yt,ci\,  and  momentum  aperture  at  various 
ycjump  quadrupole  (/g)  and  sextupole  (Js)  settings. 


(Iq,  Is)  (A) 

(0,0) 

(1700, 0) 

(1700,  100) 

no 

8.45 

10.12 

10.12 

ai 

2.5 

90 

16 

^PlP\av  (xl0“3) 

±7.9 

±4.7 

±4.3 

Figure.  3.  Measured  transition  energy  as  a  function  of  the  mo¬ 
mentum  deviation. 

obtained  from  Eq.  3  is  equal  to  2.5.  This  result  is  consistent  with 
the  previous  findings.^ 

To  study  the  enhancement  of  a  1  during  the  y^-jump,  we  excited 
the  //-jump  quadrupoles  with  a  peak  current  of  /g  =  1 .7  kA  for 
about  60  ms.  As  shown  by  the  solid  lines  in  Fig.  4,  the  beam 
is  made  to  cross  transition  during  this  period  when  //o  is  at  the 
maximum  value  of  about  10.1.  The  measurement  is  performed 
at  five  different  radial  orbits,  as  shown  by  the  dots  in  Fig.  3.  The 
nonlinearity  is  greatly  enhanced  by  the  //-jump,  and  ai  is  equal 
to  90. 

The  sextupoles  in  the  machine  can  change  the  chromatic  prop¬ 
erties  of  the  lattice  and  thus  the  a\  factor.  To  study  their  effects, 
during  the  transition  period  we  excited  the  horizontal  chromatic 
sextupole  families  with  a  current  of  /^  =  100  A,  in  addition  to 


//-jump  significantly  reduces  the  momentum  aperture  l!sp/p\ap> 
The  further  reduction  caused  by  the  excitation  of  the  sextupoles 
is  secondary. 

C.  Discussion 

During  normal  high-intensity  proton  operation,  the  beam  is 
made  to  occupy  the  entire  momentum  aperture  to  minimize  the 
beam  self  fields.^  Near  transition,  when  the  //-jump  is  excited, 
particles  of  different  momenta  experience  dramatically  different 
slip  factors  rj  in  longitudinal  motion.  Consequently,  emittance 
growth  and  beam  loss  occur  in  the  longitudinal  dimension,  along 
with  the  beam  loss  caused  by  the  momentum  aperture  reduc¬ 
tion  in  the  transverse  dimension.  With  the  proper  excitation  of 
the  sextupole  families,  the  nonlinearity  in  the  longitudinal  di¬ 
mension  can  be  greatly  reduced.  However,  the  limitation  in  the 
transverse  dimension  can  only  be  removed  by  improving  the  //- 
jump  scheme. 
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III.  COMPARISON  WITH  SIMULATIONS 

A.  Comparison  with  MAD 

We  have  compared  the  measurement  results  (Fig.  3)  with  com¬ 
puter  simulation  using  MAD^’^  (Fig.  5).  Considering  the  simple 


Ap/p 


Figure.  5.  Transition  energy  as  a  function  of  the  momentum 
deviation  evaluated  from  the  program  MAD. 

modeling  of  the  AGS  lattice,  the  agreement  on  the  first-order 
nonlinear  factor  ori  is  excellent.  On  the  other  hand,  MAD  calcu¬ 
lation  also  indicates  significant  amount  of  second-order  nonlin¬ 
earity  {ot2  in  Eq.  2)  when  y^-jump  is  used.  Therefore,  we  extract 
both  Qfi  and  a2  from  Fig.  5  using  the  relations 

Table  II 

MAD  calcuktion  of  AGS  y,o»  and  maximum  dispersion 
tjx  \max  at  the  y/-jump  quadrupole  and  sextupole  settings 
corresponding  to  Table  1. 


(/q./sXA) 

(0,0) 

(1700, 0) 

(1700,  100) 

no 

8.45 

10.12 

10.12 

oti 

2.2 

76 

19 

8.9 

-2.7x10^ 

-1.6x10^ 

r]x\max  (m) 

2.2 

8.6 

8.6 

12  2 
«i  -  2>  “2  ^  -3  k/'aM  +  yI^ocq  -  -ai,  (4) 

where  y/  and  y /'  are  the  first  and  second  derivatives  with  respect 
to  5.  Table  II  summarizes  ao,a\,a2,  and  the  maximum  dispersion 
t)x\max  fortheon-momentum  particle.  Due  to  the  y^-jump,  rjxlmax 
increases  from  2.2  to  8.6  m,  significantly  reducing  the  momentum 
aperture. 

B,  Comparison  with  TIBETAN 

We  have  performed  computer  simulations  of  the  longitudinal 
motion  using  TIBETAN.^  In  the  absence  of  the  y^-jump,  quanti¬ 
tative  agreement  has  previously  been  achieved^  on  the  beam  loss 
at  transition  caused  by  chromatic  nonlinearity  as  functions  of 
rf  voltage,  ramp  rate,  and  synchronous-phase  switch-over  time. 
With  the  y^-jump  and  the  enhanced  ai ,  the  simulation  shows  that 
emittance  growth  and  beam  loss  may  occur.  On  the  other  hand, 
the  reduction  in  nonlinearity  given  by  the  proper  excitation  of  the 
sextupoles  is  adequate  to  eliminate  beam  loss  in  the  longitudinal 


dimension.  The  contribution  from  the  second-order  0^2,  how¬ 
ever,  is  not  significant  within  the  currently  available  momentum 
aperture. 

IV.  CONCLUSION 

The  Yt  -jump  intended  to  reduce  the  bunch  mismatch  and  inten¬ 
sity  loss  during  the  AGS  transition  causes  significant  lattice  dis¬ 
tortions.  Consequently,  the  ci\  factor  is  significantly  increased, 
enhancing  the  chromatic  nonlinear  effects.  Employing  a  low- 
intensity,  small  emittance  proton  bunch,  crossing  transition  with 
the  yrjump  quadrupoles  excited,  we  measured  the  transition  en¬ 
ergies  at  different  radial  orbits  and  found  that  a\  increases  from 
2.2  to  about  90  in  the  presence  of  the  y^-Jump.  The  excitation  of 
the  chromaticity  sextupoles  significantly  changes  the  chromatic 
properties  of  the  lattice  and,  if  performed  properly,  minimizes 
the  nonlinearity.  The  experimental  measurement  of  the  ci\  factor 
agrees  well  with  computer  simulations  using  MAD  under  various 
circumstances. 
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Abstract 

Experimental  measurements  of  bunch  dilution  resulting  from  a 
modulating  secondary  rf  cavity  will  be  discussed.  We  found  that 
parametric  resonances  played  indeed  an  important  role  in  the 
bunch  dilution  mechanism.  The  rms  bunch  length  vs  time  did 
not  satisfy  the  Einstein  relation.  Thus  the  bunch  dilution  may 
not  be  explained  by  a  simple  diffusion  mechanism, 

L  INTRODUCTION 

The  double  rf  system  has  been  used  to  alleviate  the  space 
charge  effect  by  reducing  the  peak  current  [1],  [2].  It  has  also 
been  used  to  overcome  multibunch  instabilities  by  modifying 
the  time  structure  of  the  bunch,  which  changes  the  effective 
impedance  experienced  by  the  beam,  and  more  importantly  to 
increase  the  synchrotron  tune  spread  of  the  beam  for  achiev¬ 
ing  an  enhanced  Landau  damping  [3],  [4].  In  past  few  years, 
there  have  been  some  theoretical  studies  on  the  double  rf  system 
for  small  amplitude  synchrotron  oscillations  [6],  which  are  valid 
only  for  synchrotron  phase  amplitude  <;^  <  50®.  More  recently, 
a  method  has  been  advanced  to  solve  the  double  rf  system,  with¬ 
out  small  amplitude  approximations,  in  the  presence  of  external 
coherent  harmonic  modulations  [7].  In  particular,  an  analytic 
solution  has  been  obtained  for  the  case  where  the  harmonic  ratio 
is  two  [8].  Furthermore,  a  secondary  high  frequency  rf  system 
has  also  been  used  for  controlled  longitudinal  beam  emittance 
dilution  [5]. 

Longitudinal  phase  space  dilution  is  important  in  the  opera¬ 
tion  of  many  synchrotrons.  In  particular,  the  longitudinal  phase 
space  dilution  can  minimize  the  negative  mass  instability  across 
the  transition  energy.  A  common  procedure  is  to  modulate  a  sec¬ 
ondary  high  frequency  rf  system.  The  phase  modulation  with  a 
proper  modulation  frequency  leads  to  a  controlled  phase  space 
blowup  before  the  transition  energy  crossing.  This  paper  dis¬ 
cusses  experimental  measurements  of  the  evolution  of  bunch 
profile  while  a  modulating  secondary  rf  system  is  acting  on  the 
beam. 

IL  EXPERIMENTAL  TECHNIQUE  AND 
CALIBRATION 

The  experimental  procedure  started  with  90  MeV  strip- 
injected  into  the  Indiana  University  Cyclotron  Facility  (lUCF) 
Cooler  Ring,  resulting  in  a  proton  kinetic  energy  of  45  MeV. 

*Work  supported  in  part  by  grants  from  the  NSF  PHY-9221402  and  the  DOE 
DE-FG02-93ER4080I. 
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The  revolution  frequency  for  the  synchronous  particle,  /o ,  was 
1.03168  MHz.  The  frequency  of  the  primary  rf  cavity  was 
1.03168  MHz  with  hi  =  1,  and  the  harmonic  number  of  the 
secondary  rf  cavity  was  h  =  9.  The  ratio  of  the  harmonic  num¬ 
bers  was  chosen  to  be  equal  to  9  so  that  the  secondary  rf  cavity 
would  work  as  a  perturbation  to  the  primarily  rf  caivity.  The 
primary  rf  voltage  was  set  at  about  300  V,  which  resulted  in  a 
synchrotron  frequency  of  about  705  Hz  while  operating  with  the 
primary  rf  cavity  alone.  The  total  beam  current  was  about  100 
/iA,  or  equivalently  6x10®  protons  per  bunch.  The  accelerator 
was  operated  with  a  cycle  time  of  10  s.  The  injected  beam  was 
electron-cooled  for  about  3  seconds.  The  cooling  rate  has  been 
previously  measured  to  be  about  3  ±  1  s“^  [9],  [10],  which  is 
equivalent  to  a  cooling  time  of  about  300  ms. 

The  Hamiltonian  for  the  double  rf  system  is  given  by 

^0  =  [(1  “  cos[h<l>  A<?^(f))])]  , 

1/2 

where  i/g  =  is  the  small  amplitude  synchrotron 

tune  of  the  primary  rf  system  alone,  r  =  ^  is  the  ratio  of 
the  rf  voltages,  and  h  =  ^  is  the  ratio  of  the  harmonic  num¬ 
bers.  The  synchrotron  tune  is  the  number  of  synchrotron  oscil¬ 
lations  per  revolution.  The  conjugate  phase  space  coordinates 
((^,  S)  are  respectively  the  phase  of  the  particle  relative  to  that 
of  the  synchronous  particle  and  the  normalized  off-momentum 
variable  S  =  where  r]  =  —0.86  is  the  phase  slip 

factor.  The  phase  ojf  the  secondary  rf  cavity  is  modulated  by 
A<i>  =  Asini/mO  A<l)o,  where  A  is  the  modulation  amplitude 
and  A(j)o  is  a  constant. 

The  rf  voltages  of  the  two  cavities  were  calibrated  individ¬ 
ually  by  measuring  their  synchrotron  frequencies,  when  each 
cavity  was  operated  alone.  Since  there  is  a  lower  limit  of  higher 
harmonic  cavity,  we  choose  Vi  =  300  V,  which  gives  z/,  =  705 
Hz  for  the  primary  rf  system.  At  this  rf  voltage,  the  rms  bunch 
length  is  about  20  ns  at  a  beam  current  of  about  100  //A. 

To  measure  the  evolution  of  the  bunch  distribution  function, 
we  use  a  BPM  sum  signal  passing  through  a  low  loss  cable, 
called  elephant  trunk.  The  elephant  trunk  cable  is  a  7/8”  heliax 
high  bandwidth,  low  attenuation  cable,  made  by  Andrews  Corp. 
The  amp  is  a  Burr-Brown  3553  FET  buffer  amp.  We  use  a  1 
Mohm  resistor  to  ground  on  the  front  end  of  the  circuit.  Taking 
into  account  the  capacitance  of  the  pickup,  it  gives  us  a  1  kHz 
high  pass  filter.  Setting  the  acceptance  of  the  amp  close  to  dc 
can  effectively  eliminate  the  overshoot  that  is  commonly  seen 
on  50  ohm  amps.  The  amp  has  a  bandwidth  of  150  MHz, 
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Figure  1.  The  bunch  evolution  profile  as  a  function  of  time 
obtained  from  fast  digtal  oscilloscope.  The  time  resolution  is 
1  ns  and  the  interval  between  each  bunch  profile  is  about  25 
/iS.  The  modulating  frequency  is  1.3  kHz,  We  note  that  the 
effect  of  parametric  resonances  is  evident  from  the  bunch  profile 
splitting. 

The  signal  is  digitized  by  a  fast  sampling  scope  at  a  time  step 
of  1  ns  with  adjustable  interval  of  revolution  periods.  We  have 
written  a  program  in  the  PC  to  control  the  data  taking  and  data 
transfer  from  the  scope  to  PC  via  GPIB  control  card.  A  data 
processing  and  replay  system  has  been  developed  in  the  X  Win¬ 
dow  environment  to  benefit  from  its  portability.  The  digitized 
data  can  be  replayed  in  a  movie  real-time  style  or  projected  in  3- 
D.  Furthermore,  the  digitized  data  can  be  integrated  to  estimate 
beam  loss  in  each  run.  The  rms  beam  size  can  also  be  calculated 
by  using  the  relation, 

^  -  tofdt.  (2) 

Figure  1  shows  an  example  of  the  evolution  of  bunch  profile 
as  a  function  of  time  when  the  secondary  rf  cavity  is  modulated 
at  a  frequency  of  1.3  kHz.  We  note  in  particular  that  the  bunch 
profile  was  observed  to  split  into  many  beamlets  which  rotated 
about  the  center  of  the  synchrotron  phase  space.  Depending  on 
the  modulating  frequency,  the  characteristics  of  bunch  evolution 
would  vary.  In  order  to  analyze  these  data  systematically,  we 
calculate  the  rms  beam  size  of  the  beam. 


Bunch  Length  vs  Time 


the  modulation  frequency  is  200  Hz.  Note  that  the  bunch  length 
shows  a  characteristic  200  Hz  modulational  peaks.  The  bunch 
shape  is  distorted  without  dilution.  Since  the  modulation  fre¬ 
quency  is  far  from  parametric  resonances,  the  beam  response  is 
small. 


A.  Background  subtraction  and  the  evolution  of  the  rms  distri¬ 
bution 

The  initial  rms  bunch  length  is  about  20  ns  while  the  final  rms 
bunch  length  can  be  as  large  as  80  ns.  The  digitized  trace  of  each 
bunch  profile  is  512  ns.  Thus  any  noise  in  the  digitized  signal 
will  greatly  distort  the  evolution  of  rms  value.  Thus  a  reliable 
background  subtraction  is  necessary.  This  is  ensured  by  the  512 
ns  sampling  time  of  each  bunch  profile  which  is  long  enough  to 
guarantee  at  least  100  ns  pretrigger  of  pure  background  whose 
level  is  then  easily  estimated  and  subtracted  for  each  profile. 
Also,  a  computational  method  is  used  to  cut  the  background 
noise  preceding  and  trailing  the  beam  profile  signal  in  order  to 
eliminate  the  error  introduced  by  these  random  noise  in  evalu¬ 
ation  of  the  rms  value;  the  error  is  observed  to  be  overwhelm¬ 
ingly  large  and  buries  the  true  rms  value  of  the  beam  bunch  due 
to  the  quadratical  contribution  of  these  noise  that  spread  widely 
towards  the  two  ends  of  the  sampling  window. 

Figure  2  shows  an  example  of  the  evolution  of  the  vs 
time  i.  Note  that  the  rms  size  of  the  bunch  remains  constant, 
while  the  modulation  frequency  of 200  Hz  is  visible  in  the  bunch 
evolution  spectrum.  On  the  other  hand,  when  the  modulation 
frequency  was  near  harmonics  of  synchrotron  frequencies,  we 
observed  a  sizable  emittance  blowup  shown  in  Fig.  3.  Note  in 
particular  that  the  evolution  of  the  bunch  rms  size  shows  two 
characteristic  slopes.  From  the  bunch  profile  evolution  shown  in 
Fig.  1,  it  seemed  that  some  major  parametric  resonances  played 
key  roles  in  transporting  particles  into  traps  of  small  islands  cre¬ 
ated  by  the  modulating  secondary  rf  system. 

The  particle  transporting  mechanism  depends  sensitively  on 
the  modulation  frequency.  Figure  4  shows  the  slope  of  the  initial 
growth  as  a  function  of  the  modulation  frequency. 
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Bunch  Length  vs  Time 


when  the  modulation  frequency  is  2.5  kHz,  where  the  4th  or¬ 
der  parametric  resonances  are  important.  Note  in  particular  that 
there  growth  rate  of  the  rms  bunch  length  shows  two  distinct  dif¬ 
fusion  like  behavior.  The  fast  growth  region  corresponds  to  the 
parametric  resonance  dominant  regime  and  the  slow  growth  re¬ 
gion  resembles  the  statistically  randomized  motion. 


Growth  Rate  vs  Mod.  Freq. 


Figure  4.  The  measured  initial  growth  rate  plotted  as  a  function 
of  the  modulation  frequency.  Note  the  sensitivity  of  the  modu¬ 
lation  frequency. 
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III.  CONCLUSION 

We  have  made  systematic  experimental  observation  of  the 
bunch  profile  evolution  when  a  secondary  rf  field  is  modulated. 
The  measured  bunch  profile  shows  characteristics  of  dominant 
parametric  resonances  playing  the  role  of  particle  transport¬ 
ing  mechanism.  Once  the  bunch  is  distributed  uniformly,  the 
beam  bunch  distribution  function  becomes  less  sensitive  to  these 
strong  dominant  resonances.  We  also  found  that  the  initial  dif¬ 
fusion  rate  depended  sensitively  on  the  modulation  frequency. 
In  many  cases,  the  bunch  beam  dilution  mechanism  does  not 
exhibit  the  characteristics  of  diffusion.  The  abnormal  diffusion 
played  an  important  role  in  the  bunch  beam  dilution  mechanism. 
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Abstract 

The  Hamiltonian  system  with  phase  modulation  in  a  higher 
harmonic  rf  cavity  is  experimentally  studied  on  the  lUCF  cooler 
ring.  The  Poincare  maps  in  the  resonant  rotating  frame  are  ob¬ 
tained  from  experimental  data  and  compared  with  numerical 
tracking.  The  formation  of  the  stochastic  layer  due  to  the  over¬ 
lap  of  parametric  resonances  is  discussed.  The  dependence  of  the 
stochastic  layer  on  the  voltage  of  the  higher  harmonic  rf  cavity, 
amplitude  and  frequency  of  the  phase  modulation  is  studied. 

L  INTRODUCTION 

Thedoublerf  system,  i,e.  aprimaryrf  system  plus  a  secondary 
rf  system  working  at  a  higher  harmonic,  can  be  used  to  overcome 
the  space  charge  effect  in  low  and  median  energy  proton  accel¬ 
erators  by  reducing  the  peak  current,  and  provide  strong  Landau 
damping  against  instabilities  in  high  energy  accelerators.  It  has 
been  widely  used  to  enhance  the  beam  intensity  in  synchrotrons 
[1]. 

For  particles  in  a  double  rf  system,  the  synchrotron  equations 
of  motion  with  respect  to  the  orbiting  angle  9  are  generally  given 
by 

S  =  — i/,(sin(;6 -h  esin/i(^),  (1) 


instabilities  and  reduce  the  beam  loss  during  the  transition  cross¬ 
ing.  In  this  report,  we  present  the  study  of  using  the  secondary 
rf  cavity  with  a  phase  modulation  as  a  perturbation  to  the  pri¬ 
mary  rf  cavity.  We  analysed  parametric  resonances  and  stochas¬ 
tic  motions,  based  on  experiment  data  from  the  beam  experiment 
CE37F  at  lUCF.  The  controlled  beam  evolution  will  be  discussed 
in  another  paper  [4]. 

IL  HAMILTONIAN  ANALYSIS 

With  a  sinusoidal  phase  modulation  to  the  secondary  rf  sys¬ 
tem,  the  Hamiltonian  can  be  written  as 

H  =  yS^+  -  cos  cos{h<f>  +  (2) 

where  <f>rn  (^)  =  cim  sin  i/m9,  Um  and  i/m  are  amplitude  and  tune 
(frequency)  of  the  phase  modulation  respectively.  For  a  small 
treat  the  secondary  rf  system  as  a  perturbation  to  the  pri¬ 
mary  rf  cavity,  and  therefore  we  are  able  to  expand  the  time  de¬ 
pendent  Hamiltonian  in  action-angle  variables  {/,  of  the  un¬ 
perturbed  Hamiltonian  [5].  Rewrittingthetermcos(/i<;6-h<^m)  — 
cos  h(^  cos  <l>m  —sin  h<j)  sin  <j>m ,  we  can  expand  sin  h<j>  and  cos 
in  the  Fourier  series. 


where  (f)  is  the  phase  coordinate  relative  to  the  primary  rf  cav¬ 
ity,  (J  =  —  ^  is  the  normalized  momentum  coordinate,  and 

^  is  the  fractional  momentum  deviation  from  the  synchronous 

particle,  rj  is  the  phase  slip  factor,  i/g  =  is  the  syn¬ 

chrotron  tune  determined  by  the  primary  rf  system,  h  =  ^  and 

e  =  ^  are  harmonic  and  voltage  ratios  of  the  primary  and  the 
secondary  rf  cavities. 

In  previous  reports,  we  have  systematically  studied  the  dou¬ 
ble  rf  system  with  /i  =  2  and  discussed  the  stability  of  particle 
motion  under  the  influence  of  parametric  resonances  by  applying 
external  phase  and  voltage  modulations  to  both  rf  cavities  [2]. 
We  recently  studied  the  controlled  beam  emittance  dilution  us¬ 
ing  the  double  rf  system  with  higher  hamonic  ratio  by  modulat¬ 
ing  either  the  primary  rf  cavity  or  the  secondary  one  [3].  The 
controlled  beam  blow-up  is  necessary  in  a  high  intensity  accel¬ 
erator  with  a  small  longitudinal  emittance  to  avoid  synchrotron 

*Work  supported  in  part  from  NSF  Grant,  No.  PHY-9221402 

0-7803-3053-6/96/$5.00  ®1996  IEEE 


where  Sn  {J)  and  Cn  {J)  are  strength  functions,  given  by  the  in¬ 
verse  Fourier  transform, 

Sn{J)  =  ^  ^sin[2/itan”^(tan^cnV')]e“*’^^(iV’) 

Cn{J)  ^  ^  cos[2/i  tan“^(tan  (4) 

and  cnV'  is  the  elliptical  function.  Hence,  the  term  cos  hcf)  gives 
rise  only  to  even  harmonics  and  sin  h(j>  to  odd  harmonics  in  the 
first  order  perturbation.  Figure  1  shows  the  resonance  strengths 
Si  and  C2  which  drive  the  lowest  harmonics  of  parametric  reso¬ 
nances.  The  small  amplitude  approximations  are  compared  and 
found  to  be  good  for  a  range  (f>  <  50^. 

In  terms  of  action-angle  variables  { J,  ^},  the  Hamiltonian  of 
Eq.  (2)  becomes 


n 


EE 

.  n  fe=0 


3340 


Figure  1.  Resonance  strengths  Si  and  C2  (solid  lines)  for 
strongest  parametric  resonances,  compared  with  the  small  am¬ 
plitude  approximations  (dotted  lines). 


X  cos(n^  -  {2k  -h  l)i'mO  +  Xn)  -  EE  Cn{J) 

n  k=l 


x/2fe(am)  COs(nV^  -  2kl/m0  +  Xn) 


(5) 


where  E{J)  is  the  energy  of  the  unperturbed  Hamiltonian,  and 
Jk  {dm)  is  the  Bessel  function.  In  Eq.  (5),  only  terms  which  con¬ 
tribute  to  parametric  resonances  are  kept.  The  further  analysis  of 
an  isolated  parametric  resonance  can  be  easily  accomplished  by 
a  canonical  transformation.  When  the  modulation  tune  is  near 
one  of  the  parametric  resonances,  Le.  ki/m^  nug,  the  perturba¬ 
tion  coherently  acts  on  the  particle  motion. 

The  parametric  resonances  are  numerically  studied  in  a  basis 
of  turn  by  turn  tracking.  Figure  2  shows  parametric  resonances 
at  i/m  =  0.61/5  and  i/m  —  The  overlap  of  higher  harmonic 
resonances  is  responsible  to  the  stochasticity  near  the  boundary 
of  the  bucket.  However,  in  a  dissipative  dynamical  system  such 
as  the  lUCF  cooler  ring,  the  stochastic  motion  of  particles  will 
not  lead  a  significant  beam  loss.  Instead,  particles  are  damped 
into  the  central  region  of  the  potential  well  and  form  a  beam  pro¬ 
file  with  waves  on  the  top.  In  such  a  way,  the  beam  emittance  is 
blow-up,  depending  on  the  modulation  amplitude  and  frequency. 
Figure  3  shows  the  tracking  results  dXi/ml^s  =  1  with  a  phase 
damping.  The  damping  rate  a  =  15  s“^  is  used.  The  fixed  points 
of  resonance  islands  become  attractors  as  observed  in  previous 
experiments  [2]. 
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Figure  2,  Parametric  resonances  withi/,  =  6.3  x  10  —  0.2, 

ft  =  9  and  =  TP.  In  (a),  Vml^s  =  0.6,  and  in  (b),  i/ml^s  = 

1. 
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Figure  3.  Attractors  obtained  from  tracking  100  x  100  partcles 
with  a  =  15  s“^,  z/,  =  6.3  x  10”"^,  e  =  0.2,  ft  =  9,  i/ml^s  = 

1  and  flm  =  (a)  The  final  distribution  and  (b)  the  initial 

distribution  showing  basins  of  attractors. 

III.  EXPERIMENTAL  MEASUREAMENT 

The  lUCF  cooler  ring  was  operated  with  a  single  proton  beam 
bunch  at  the  energy  of  45  MeV  and  the  intensity  about  100  /iA. 
The  cycling  time  of  the  proton  beam  is  about  1 0  seconds  with  in¬ 
jection  and  electron  cooling  being  accomplished  in  about  5  sec¬ 
onds.  The  electron  cooling  time  is  about  300  ms.  The  beam  emit¬ 
tance  of  the  proton  beam  is  electron-cooled  to  less  than  0.3  tt 
mm-mrad  in  about  3  seconds.  The  momentum  spread  Ap/p  is 
of  order  10~^  and  the  typical  bunch  length  is  about  =  10  ns. 
The  revolution  frequency  is  /o =1.03 168  MHz.  The  primary  rf 
cavity  and  the  secondary  rf  cavity  were  operated  at  harmonics 
fti  =  1  and  ft2  =  9  respectively.  The  voltage  of  the  primary  rf 
cavity  was  set  at  Vi  =  285  v  to  achieve  the  synchrtron  frequency 
of  /,  =  650  Hz  (or  i/g  =  6.3  x  10“"^),  and  the  secondary  rf  cav¬ 
ity  was  varied  to  obtain  a  proper  voltage  ratio  to  the  primary  rf 
cavity. 

When  the  experiment  was  started,  the  beam  bunch  was  lon¬ 
gitudinally  kicked  to  drive  the  synchrotron  oscillation  by  phase 
shifting  the  control  signals  for  both  rf  cavities.  The  phase  mod¬ 
ulation  with  controllable  amplitude  and  frequency  was  added 
onto  the  phase  shift  to  the  secondary  rf  cavity.  Once  the  beam  is 
phase  kicked,  the  beam  closed  orbit  Xc  was  measured  from  the 
ratio  of  the  difference  (A)  and  sum  (D)  signals  of  a  BPM  at  a 
high  dispersion  location  with  an  accuracy  of  0.1  mm.  Then  the 
off-momentum  variable  was  calculated  from  Ap/p  =  xdDx, 
where  «  3.9  m.  The  E  signal  from  this  BPM  was  lead  to  a 
phase  detector  with  a  range  of  720^  which  generated  the  phase 
coordinate  by  comparing  the  signal  from  a  pickup  loop  in  the  pri¬ 
mary  rf  cavity  with  aresolution  of  0.2® .  A  Poincare  map  then  can 
be  constructed  from  the  digitized  Ap/p  and  (j)  data. 

Figure  4  shows  a  set  of  a  typical  measured  data  with  e  =  0.2, 
ft  =  9,  am  =  71®  and  fm  =  650  Hz  which  gave  i/m/i's  =  L  In 
Fig.  4(a)  the  phase  space  is  plotted  each  10  turns  for  50000  turns, 
and  in  Fig.  4(b)  the  Poincare  phase  map  shows  a  resonance  is¬ 
land  after  data  being  tranformed  to  the  resonance  rotating  frame. 
Because  of  the  weak  dissipative  damping  force  of  the  electron 
cooling,  the  motion  of  the  beam  centroid  is  damped  into  the  outer 
attractor  as  predicted  in  Fig.  3.  The  wiggling  of  the  damping 
path  is  due  to  the  time  dependent  effect.  Figure  5  displays  the 
beam  profiles  reconstructed  from  a  fast  sampling  oscilloscope 
with  e  =  0.2,  ft  =  9,  Om  =  125®  and  fm  =  600  Hz,  which 
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Figure  4.  Measured  phase  space  with  e  =  0.2,  h  =  9,  am  — 
71®  and  fm  =  650  Hz  =  1),  (a)  original  data,  and  (b) 

Poincare  phase  map  after  transformation. 


shows  the  evidence  of  the  parametric  resonances.  Figure  5(a) 
shows  two  beamlets  obtained  about  15  ms  after  the  phase  mod¬ 
ulation  was  turned  on,  and  Fig  5(b)  shows  the  final  beam  profile 
captured  after  25  ms,  showing  a  wave  structure  resulted  from  the 
phase  modulation.  The  beam  profiles  were  extended  from  a  half 
length  of  about  10  ns  to  50  ns  without  beam  loss. 


t  (ns)  t  (ns) 


Figure  5.  Beam  profiles.  In  (a),  two  beamlets  were  due  to  the 
first  harmonic  resonance,  and  in  (b),  the  beam  profile  with  a  wave 
structure  was  resulted  from  the  phase  modulation.  The  initial 
beam  profile  is  plotted  as  dotted  line. 

For  a  given  modulation  frequency,  the  stochastic  layer  ex¬ 
ists  near  the  separatrix.  As  the  amplitude  of  the  phase  modu¬ 
lation  is  increased,  the  stochastic  layer  increases  as  well.  Nu¬ 
merical  simulations  indicate  that  when  the  beam  is  kicked  in¬ 
side  the  stochastic  boundary,  particle  motions  in  the  bunch  de¬ 
cohere  more  rapidly.  The  change  of  the  damping  rates  was  ex¬ 
perimentally  observed  to  depend  on  the  phase  modulation.  The 
measurements  were  done  by  fixing  the  phase  kicks  at  = 
60®,  100®,  120®  and  140®  and  varying  the  modulation  ampli¬ 
tude  in  a  step  Aa^  =  18®  for  given  modulation  frequencies 
fm  =  600  Hz,  900  Hz  and  1200  Hz.  Because  the  experiment 
was  time-consuming,  very  coarse  steps  of  the  phase  kick  and 
the  phase  modulation  were  used.  Figure  6  shows  the  measured 
results  of  the  stochastic  boundary  versus  the  modulation  ampli¬ 
tude,  compared  with  numerical  simulations. 

IV.  CONCLUSION 

In  summary,  we  have  studied  the  parametric  resonances  due 
to  a  phase  modulation  in  the  secondary  rf  cavity.  The  resonance 
island  was  experimentally  obtained,  which  agrees  with  the  the¬ 
oretical  analysis.  The  beam  profiles  were  evidently  related  to 


Figure  6.  Stochastic  boundary  as  a  function  of  the  modulation 
amplitude  for  given  frequencies  (symbols),  compared  with  nu¬ 
merical  simulations  (solid  lines). 

the  parametric  resonances  in  the  beam  evolution  process.  In  the 
measurement  of  the  stochastic  layer,  we  found  that  this  dynami¬ 
cal  system  was  complicated  to  detect.  The  diagnostic  method  of 
the  stochastic  layer  is  expected  to  work  better  in  a  simple  system 
such  as  the  double  rf  system  reported  in  reference  [2]. 
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The  nonlinear  space  charge  effect  of  bunched  beam 
with  Gaussian  type  longitudinal  distribution  is  discussed  in 
this  paper.  Some  useful  formulae  are  derived  for  calculating 
the  potential  induced  by  a  cylinder  model  of  space  charge 
in  the  waveguide  of  a  linac  with  longitudinal  density 
distribution  of  Gaussian  type  combining  with  transverse 
density  distributions  of  Kapchinskij-Vladimirskij,  waterbag, 
parabolic  and  Gaussian  types,  respectively. 

1.  INTRODUCTION 

Theoretical  and  experimental  studies  on  the  intense 
beam  have  already  found  that  the  bunched  beams  always 
show  some  distributions  [1].  Therefore,  the  nonlinear  space 
charge  effect  due  to  the  different  distributions  of  the 
bunched  beam  is  a  very  important  subject  in  the  intense 
beam  research. 

In  Ref.  [2],  the  general  calculation  formulae  for  the 
nonuniform  density  space  charge  effect  in  the  waveguide  of 
electron  linac  have  been  given.  And  in  Ref.  [3],  we 
discussed  the  space  charge  effect  of  the  disk  model  and  the 
cylinder  model  with  different  transverse  distributions: 
Kapchinskij-Vladimirskij  (K-V),  waterbag  (WB),  parabolic 
(PA),  and  Gaussian  (GA),  but  uniform  distribution  in 
longitudinal  direction.  Furthermore,  in  Ref.[4]  we  developed 
the  space  charge  effect  of  the  two  models  with  longitudinal 
distributions  of  waterbag  or  parabolic  types  combining  with 
the  above  four  different  transverse  distributions.  It  should 
be  pointed  out  that  the  Gaussian  distribution  is  of  much 
more  general  importance,  since,  according  to  the  central 
limit  theorem  of  statistical  mechanics,  any  processes  of  a 
random,  statistically  independent  nature  acting  on  a 
particles’  positions  that  obey  a  Gaussian  distribution  [5]. 
Therefore,  in  this  paper,  the  nonlinear  space  charge  effect 
of  longitudinal  Gaussian  type  bunched  beam  combining 
with  the  above  four  different  transverse  distributions  has 
been  discussed  according  to  the  general  formulae  derived  in 
the  Ref. [4]. 


IL  SPACE  CHARGE  EFFECT  OF  BUNCHED 
BEAM  WITH  LONGITUDINAL 
GAUSSIAN  DISTRIBUTION 

We  use  the  cylinder  model  of  space  charge  with 

b  and  ±L/2  as  its  boundaries  in  r  and  z  axes, 
respectively,  in  the  waveguide  of  a  linac. 

The  function  for  longitudinal  Gaussian  distribution 
can  be  described  as  follows: 

(1) 

where  P  is  the  truncated  distance  of  the  longitudinal 
distribution. 

A.  Transverse  uniform  (K~V)  distribution 

The  volume  charge  density  distribution  function  of 
the  space  charge  bunch  is 


V/2P* 

9 


(2) 


with  and  the  total  charge  q  . 

Now  expanding  the  eq.(l): 


2"/i!p' 


in,  2h 

t 


(3) 


and  substituting  eq.(2)  into  the  general  formulae  derived  in 
Ref. [4],  one  can  get  the  potentials: 


®o  /=i  (kflfJiikfl) 
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/=i  ^ 


with  waterbag  distribution  in  both  longitudinal  and 
(5)  transverse  directions  can  be  derived  as  follows: 


where 


n=l 


j^B(k)sh^-Y;C(k)ch^ 

*=l  ^  k^l  2 


(6) 


^1.2  ; - 2^ - 7^ - 

«  4—  ..  v4  rZxf 


93  = 


^0  /=!  (vrw) 

OS 

T- 


* 


"0  /=1 


(13) 


(14) 


Qga=(i-e '*^chkf)  A(n) j(e  - e  '*^chkjL* 

*^^m-B{k)e''^chk^  -g C{k)e-^cKkf^  , 

and,  the  subscript  ”1,2”  stands  for  the  potentials  in  the 
region  of  (lzl>L/2),  ”3”  stands  for  the  potential  in  the  region 
of  (lzl<L/2),  and  with 


C.  Transverse  PA  distribution 

The  volume  charge  density  distribution  function  of 
the  space  charge  bunch  is 


b^) 


\2 


gV/2p» 


(15) 


^(„).(-l)"(2«)! 

«!(2p%V 


m 


ikjm'i 

(2k)] 


C(*) 


_(k^) 


2k-l 


(2k-l)l 


Dik)= 


(2*)! 


(8) 


(9) 


(10) 


(11) 


with  Pp^=3ql^/2Tt^b^[i  . 

The  potentials  can  be  obtained  as  follows: 

I6a  •^3(^^)Jo(V‘)p  -kiM 

*^1.2  ^  u  2^  «  9  » 

®o^  /=1  (kflfjlikfi) 


93= 


Qita  » 


It  should  be  pointed  out  that  the  potentials  are 
derived  as  usual  in  the  frame  of  reference  moving  with  the 
space  charge  bunch  with  the  same  velocity.  As  for  the 
relativistic  space  charge  effect,  the  formulae  should  be 
transformed  into  the  relativistic  case  according  to  Ref.[6]. 

B,  Transverse  WB  distribution 

The  volume  charge  density  distribution  function  of 
the  space  charge  bunch  is 


«0^  M  (kfl'fjlikfl) 


(16) 


(17) 


D.  Transverse  GA  distribution 

The  volume  charge  density  distribution  function  of 
the  space  charge  bunch  is 


(18) 


(12) 


with  P^^=2q  I  . 

The  potential  formulae  for  the  space  charge  bunch 


with  Pga^=«/(27t)^o^P,  a^=<x^>  . 

The  potentials  can  be  derived  as  follows: 


,,  t-^M  ,  (19) 

'o  1-1  (kflfjfikp)  " 
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(20) 


Vs 


2p, 


00 


^o(V) 


M 


«0 


It  is  obviously  that  when  L/2  approaches  to 

infinity,  we  have:  P^=sh^^Q^=(i-e'^^chkf),  Therefore, 

the  above  potential  formulae  eqs.(4),  (5),  (13),  (14),  (16), 
(17),  (19),  and  eq.(20)  degenerated  into  the  potentials 
induced  by  the  cylindrical  space  charge  with  longitudinal 
uniform  distribution  while  uniform(K-V),  waterbag, 
parabolic  and  Gaussian  distributions  in  transverse  direction, 
respectively,  in  Ref.[3].  Furthermore,  as  L/2  approaches  to 
zero,  the  above  equations  agree  to  the  potential  of  a  point 
charge  in  Ref.[7]. 
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EMITTANCE  GROWTH  CAUSED  BY  BUNCHED  BEAM  WITH 
NONUNIFORM  DISTRIBUTIONS  IN  BOTH  LONGITUDINAL  AND 
TRANSVERSE  DIRECTIONS  IN  LINAC* 

Zhibin  Huang,  Yinbao  Cben  ,  Sbinian  Fu 
(  China  Institute  of  Atomic  Energy,  P.  O.  Box  275-17,  Beijing  102413,  China  ) 


The  nonlinear  space  charge  effect  of  bunched  beam 
in  linac  is  one  of  the  important  factors  that  induces  the 
emittance  growth  due  to  the  conversion  of  the  field  energy 
to  kinetic  energy.  In  this  paper,  using  a  cylinder  model  of 
space  charge  in  linac,  we  derived  the  internal  energy  for  a 
bunched  beam  with  some  nonuniform  space  charge 
distributions,  such  as  Gaussian,  waterbag  and  parabolic 
distributions  in  both  longitudinal  and  transverse  directions. 
And  the  emittance  growth  caused  by  these  nonuniformities 
is  worked  out. 


charge  bunched  beam  with  each  of  different  longitudinal 
distributions  such  as  waterbag  and  parabolic  distributions 
combining  with  each  of  different  transverse  distributions 
such  as  Kapchinskij- Vladimirskij  (K-V),  waterbag  (WB), 
parabolic  (PA)  and  Gaussian  (GA)  distributions,  and  gave 
curves  of  the  corresponding  emittance  growth. 

II.  SELF-FIELD  ENERGY  FOR  BUNCHED 
BEAM  WITH  LONGITUDINAL 
NONUNIFORM  DISTRIBUTION 


L  INTRODUCTION 

The  nonlinear  space  charge  effect  in  a  charged 
beam  is  one  of  the  basic  factors  determining  the  beam 
dynamics  in  many  intense  beam  facilities,  such  as  Free 
Electron  Laser  (FEL),  Inertial  Confined  Fusion  (ICF), 
Heavy  Ion  Fusion  (HIF)  and  some  microwave  devices. 
Theoretical  and  experimental  studies  on  the  intense  beam 
have  already  regarded  nonuniform  charge  distribution  as  a 
major  cause  of  emittance  growth,  a  nonuniform  beam  have 
higher  field  energy  than  the  equivalent  beam,  and  the 
particle  distribution  will  become  uniform.  The  difference  in 
potential  energy  is  converted  to  kinetic  energy  as  the 
distribution  tends  to  more  homogeneity.  A  general 
relationship  between  the  possible  emittance  growth  and 
excess  energy  is  given  in  Ref.[l].  Formulae  for  calculating 
the  nonlinear  self-field  energy  of  a  space  charge  bunched 
beam  with  nonuniform  distribution  in  transverse  direction 
in  linac  are  given  in  Ref. [2],  and  hence  emittance  growth 
caused  by  nonuniformities  is  discussed,  but  in  the  above 
discussion  uniform  distribution  in  longitudinal  direction  is 
assumed.  Therefore,  it  is  necessary  to  derive  formulae  for 
calculating  the  nonlinear  field  energy  of  a  space  charge 
bunched  beam  with  the  nonuniform  distributions  in  both 
longitudinal  and  transverse  directions  and  to  calculate  the 
possible  emittance  growth  caused  by  the  nonuniformities. 
Using  a  cylinder  model  of  space  charge  in  linac,  we  derived 
formulae  for  calculating  the  self-field  energy  of  a  space 


A  cylinder  model  of  space  charge  is  used  here  to 
present  a  space  charge  in  linac.  In  the  waveguide  of  a 
linac,  assume  the  cylinder  model  to  be  symmetry  and  let 
the  cylindrical  space  charge  q  be  set  in  the  central  position, 
b  and  ±L/2  are  boundaries  of  the  bunch  in  r  and  z  axes 
respectively. 

According  to  the  cylindrical  density  distribution 
and  the  potential  induced  by  some  nonuniform  distributions 
in  Ref.[3],  using  the  fonnula  for  calculating  total  stationary 
field  energy  in  linear  medium  as 

fV=^fpi>dx  ,  (1) 

where  p  stands  for  the  charge  density,  the  potential  and 
dt=rdrd0dz.  we  can  get  the  self-field  energy  corresponding 
to  each  of  different  longitudinal  distributions  combining 
with  each  of  different  transverse  distributions. 


A.  Longitudinal  Waterbag  Distribution 


For  transverse  K-V  distribution  we  obtain  the  self¬ 
field  energy  as  below: 


A  ih 


A* 


(2) 


where  the  subscript  in  which  before  the  comma  presents 
transverse  distribution  and  after  the  comma  longitudinal 
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distribution,  a  is  the  radius  of  the  waveguide,  b  and  L  are 
the  radius  and  length  of  the  cylinder,  respectively.  J,(k,x)  is 
the  Bessel  function  and  k,  satisfies  the  equation:  Jo(k,a)=0. 
Let  C=k,L/2,  A^f,  stands  for 

^  15  3Ci  C»l  C  I,  Cj  1’ 

For  transverse  WB  distribution  we  get  the 
corresponding  self-field  energy  as  below: 

Ifr  (4) 

’  itt^*  M  (kflfjlikfl) 

For  transverse  PA  distribution  we  have  the 
corresponding  self-field  energy  as  below: 

103688  Vf 

For  transverse  GA  distribution  we  obtain  the 
corresponding  self-field  energy  as  below: 

W  (6) 


B.  Longitudinal  Parabolic  Distribution 

For  transverse  K-V  distribution  we  get  the 
corresponding  self-field  energy  as  below: 


_jO£V 

7iteoL6 


•'1 


where  stands  for 


ji  -I  3,63^  954,2835,2835 
^  2C*  2C®  2C’  2C* 

.3I5fi.l,J.L-Cs»c  . 


2C\  C  C^j 

For  transverse  WB  distribution  we  have  the 
corresponding  self-field  energy  as  below: 

y  A„.  (9) 

7.toU.‘ftf  (VlVfcV)  " 

For  transverse  PA  distribution  we  obtain  the 
corresponding  self-field  energy  as  below: 

w  (10) 

^  k  ikflfjlikfl)  ^ 

For  transverse  GA  distribution  we  get  the 


corresponding  self-field  energy  as  below: 

-  2  “  ‘-kfc?’ 

w  =  ^S-y-J. - A^.  (11) 

^  i^^^kx  ikflfjiikfi)  ^ 

As  L/2  tends  to  infinity,  above  formulae  for 
calculating  the  self-field  energy  retrograde  into  those 
formulae'^'  with  correspondence  to  each  of  above  referred 
distributions  combining  with  longitudinal  uniform 
distribution. 

III.  EMITTANCE  GROWTH 

In  uniform  beam  the  cylindrical  space  charge  holds 
the  self-field  energy  as  below*^': 

(12) 

{kflfjlikfl) 


where  stands  for*^^ 

A.=\--e-^shC .  (13) 

hr  Q 

Now  let  Wo  be  equal  to  W,^v,kv.  then  an  equation 
can  be  described  as  below: 

U-W,-W,  ,  (14) 

where  the  subscript  n  may  be  (kv,wb),  (wb,wb),  (pa,wb), 
(ga,wb),  (kv,pa),  (wb.pa),  (pa,ap),  or  (ga,pa),  respectively. 
U„  is  the  difference  between  the  nonuniform  distribution 
and  the  equivalent  k-v  distribution  in  the  self-field  energy. 
The  excess  field  energy  is  transformed  into  particle 
transverse  kinetic  energy  as  the  distribution  inclines  to 
become  more  homogeneous,  causing  emittance  growth. 
Provided  that  U/Wq  would  be  expressed  as  the  relative 
measurement  of  the  excess  field  energy  in  nonuniform 
density  distribution  of  a  space  charge  bunched  beam,  using 
the  formulae  of  the  self-field  energy,  for  some  different 
distributions  we  can  get  U/Wq. 

The  general  formula  for  calculating  the  possible 
emittance  growth  caused  by  a  space  charge  with  nonuniform 
density  distribution  is  given  in  Ref.[l].  The  relationship 
between  the  possible  emittance  growth  and  UyW q  is 
described  as  below'*’ 


9,  JIToUf 


where  Ej  and  Ej  are  respectively  assumed  to  be  initial  and 
final  value  of  emittance,  ko  represents  the  external  focusing 
constant  and  kj  the  initial  focusing  constant.  Substituting 
U„/Wo  into  eq.(15)  and  assuming  ot/b  to  be  0.3  in  Gaussian 
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distribution,  we  can  obtain  curves  of  the  corresponding 
emittance  growth  e/ej  versus  the  ratio  b/a.  As  kj/ko  equals 
0.3,  figure  1  shows  the  possible  emittance  growth 
versus  b/a  for  either  waterbag  or  parabolic  longitudinal 
distribution  combining  with  each  of  different  transverse 
distributions  such  as  waterbag,  parabolic  and  Gaussian 
distributions,  figure  2  shows  the  possible  emittance  growth 
E/Ej  versus  L/a  for  K-V  transverse  distribution  combihing 
with  each  of  different  longitudinal  distributions  suck  as 
waterbag  and  parabolic  distributions.  In  additional,  from 
eq.(15)  we  find  that  the  possible  emittance  growth  also 
varies  with  the  ratio  kj/ko.  As  an  example,  figure  3  shows 
the  possible  emittance  growth  e/Ej  versus  b/a  for  Gaussian 
transverse  distribution  combining  with  either  waterbag  or 
parabolic  longitudinal  distribution  when  kj/ko  equal  to 
0.1,  0.2  or  0.3,  respectively. 


Figure  1:  Emittance  growth  E/Ej  VS  b/a  for  different 
longitudinal  distributions  combining  with  different 
transverse  distributions. 


Figure  3:  Emittance  growth  E/Ei  vs  b/a  fof  transverse  GA 
distribution  combining  with  either  WB  bf  PA  longitudinal 
distribution. 
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Figure  2:  Emittance  growth  e/£j  vs  L/a  for  transverse  K- 
V  distribution  combining  with  different  longitudinal 
distributions. 


The  ENVELOPES  of  BEAM  MOTION  in 
the  CHARGED  PARTICLE  CYCLIC  ACCELERATOR 


Virchenko  Yu.P. 

Single  Crystal  Institute,  UA-3 10001,  Kharkov,  Ukraine 
Grigor’ev  Yu.N. 

Kharkov  Institute  of  Physics  &  Technology,  National  Science  Center, 
UA-310108,  Kharkov,  Ukraine 


Abstract. 

The  method  for  calculation  of  the  beam  motion  envelopes  in 
the  six-dimensional  phase  space  of  charged  particle  moving  in 
a  cyclic  accelerator  is  proposed.  It  is  based  on  the  invariance  of 
the  special  quadratic  form  depending  on  the  dynamic  variables 
relatively  to  the  shift  along  the  particle  trajectory.  The  envelopes 
are  expressed  as  the  explicit  functions  of  the  form  coefficients. 

1.  Introduction 

The  classical  problem  for  development  of  cyclic  accelera¬ 
tor  of  charged  particles  is  the  calculation  of  the  envelopes  of 
the  particle  beam  with  respect  to  different  dynamic  variables 
ui(e),  I  =  l . 6,  which  are  the  components  of  the  state  vec¬ 

tor  u(0)  of  a  charged  particle  in  the  point  with  fixed  accelerator 
azimuth  9.  This  problem  is  actual  as  before  (see,  for  example 
[1-3]).  The  envelopes  determine  the  maximum  possible  values 
of  the  respective  dynamic  variables  in  any  point  9  of  the  accelera¬ 
tor  ring  and  therefore  they  determine  various  important  physical 
characteristics  of  the  beam:  transverse  sizes,  divergence  and  en¬ 
ergy  spread  [4,5].  In  the  present  communication  we  propose  the 
method  for  calculation  of  the  envelopes  in  terms  of  the  evolution 
matrix  elements. 

2.  Evolution  matrix 


unique  solution  of  the  equation 

M{9)  =  A{9)M{9)  (2) 

with  initial  condition  M(0)  =  1.  Since  the  dependence  A{9) 
is  piecewise  constant  and  it  is  periodic  respective  to  9  [4,5], 
then  the  matrix  Af  (0)  can  be  always  determined  explicity  on  the 
basis  of  quite  tedious  calculations  for  the  specified  accelerator 
design.  Further,  the  matrix  M{9)  will  be  assumed  known.  To 
determine  the  motion  envelope  with  respect  to  the  Uf  phase 
coordinate  it  is  necessary  to  calculate  max[M;jt(0)Mit(O)]  where 
the  maximum  is  determined  by  the  exhaustion  of  all  possible 
initial  data  Mt(0),  A:  =  1, ...,  6,  which  the  beam  particles  possess 
at  certain  fixed  initial  moment.  This  calculation  procedure  is 
very  inconvenient  and,  therefore,  it  is  preferable  to  obtain  the 
formulae  for  envelopes  directly  in  terms  of  matrix  M{9).  Such 
formulae  are  known  for  the  case  of  the  independent  x  -oscillations 
provided  that  the  energy  homogeneity  takes  place  [6]. 

3.  Invariant  quadratic  form 

Introduce  the  matrix  G(9)  =  M{9)M(9)'^  (-f  denotes  the 
matrix  transposition),  which  according  to  Eq.(2)  satisfies  to  the 
equation 

6(9)  =  A(9)G(9)  +  G(9)A(9)+  (3) 


In  general  case  the  components  of  the  state  vector  may  be 
expressed  by  the  set  of  the  following  values  (x,  x,  S,r},z,  z)  [4], 
i.e.  ui(9)  =  x(9),  U2(9)  =  x,  and  so  on.  Here x,  z  are  the  par¬ 
ticle  deviations  along  the  normal  and  the  binormal  to  the  closed 
orbit  respectively;  S  =  (E  —  Es)/Es,  E  is  particle  energy,  Es 
is  the  energy  equilibrium  value,  tj  =  (f  —  (Ps)  is  phase  deviation 
from  the  equilibrium  value;  x,  z  are  the  rates  connected  with  the 
coordinates  x,  z  respectively.  The  charged  particle  dynamics 
in  the  cyclic  accelerator  in  the  one-particle  approximation  with 
negligibly  small  random  perturbations  is  described  by  the  set  of 
linearized  equations  [4,5] 

u(0)  =  A(9)u(9),  (1) 

where  the  6  X  6- matrix  A  (0)  =  (A(,m(W.  =  ...,6isthe 

periodic  function  with  respect  to  9  and  it  has  a  definite  structure 
with  the  dependence  on  9  defined  by  the  given  accelerator  design. 
However,  the  concrete  form  of  matrix  A(9)  has  no  importance 
for  the  below  proposed  method. 

Determine  the  evolution  matrix  M(9)  for  the  above  linear 
system  by  the  relationship  M(9)u(0)  =u(9).  This  matrix  is  the 


and  to  G(0)  =  1.  The  matrix  M(9)  is  reversible  because 
d(\adetM(9))/d9  =  Sfd(]nM(9))/d9  =  SpAf-*  (0)M(0)  = 
SpA(0)  and  hence 


detM(0)  =  exp{ 


f 


SpA(9)dt]  # 


0 


Then  the  matrix  G(9)  is  reversible  and  it  may  be  possible  to 
introduce  the  quadratic  form  1(9)  depending  on  the  state  vector 
n(9) 

1(9)  =  (u(9),G-\9)n(9)).  (4) 

Using  the  differentiation  formula  dG~^(9)  /d9  = 

(9)G(9)G~^  (9)  andEqs.(l),(3),  we  find  that  value  I  (9)  = 
lo  is  a  formal  invariant  relative  to  shift  along  the  trajectory.  So, 
the  particle  moves  on  the  six-dimensional  surface  the  shape  and 
the  location  of  which  in  the  six-dimensional  phase  space  are  reg¬ 
ulated  by  matrix  G~^(9)  and  therefore  it  is  changed  with  9.  The 
surface  is  formed  by  the  trajectories  with  the  initial  vectors  u(0) 
which  give  the  same  value  of  the  invariant,  /q  =  (u(0),  u(0)). 
Since  the  surface  under  consideration  is  the  sphere  at  time@  =  0, 
then  it  is  closed  and  simply  connected  at  any  time  moment. 
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Moreover,  since  the  surface  with  lesser  value  of  the  invariant 
Iq  at  time  0  =  0  is  putted  into  the  surface  with  greater  value, 
then  this  relation  between  these  surfaces  is  conserved  during  the 
motion.  Due  to  this  we  may  set  up  a  problem  of  the  trajectory 
envelopes  corresponding  to  the  initial  data  uq  which  are  inside 
the  fixed  six-dimensional  sphere  (u(0),  u(0))  =  /o.  At  a  fixed 
moment  6  all  these  trajectories  are  contained  inside  the  sphere 
in  the  uq— space  which  is  formally  described  by  the  equation 

(u(0,uo),G-'(0)u(0,uo))  =  lo 

with  the  vector  uq  as  the  surface  parameter.  Passing  on  the 
parametric  description  on  the  base  of  vector  u  =  u(0,  uo)  we 
find  that  this  surface  is  the  face  of  the  six-dimensional  ellipsoid 

(u,G-'(0)u)  =  /o  (5) 

at  each  moment  It  is  true  because  the  above  coordinate  trans¬ 
formation  is  affine  due  to  the  linearity  of  the  Eq.(2).  Thus,  the 
desired  envelopes  are  formated  by  means  of  the  motion  of  the 
surface  (5). 

Notice,  that  for  the  system  with  one  degree  of  freedom  which 
describes  the  a: -oscillations  one  would  show  that  G22(0)  = 
GniO)  =  -^{9)12,  Gn{9)  =  yiO)  where  y  is  deter¬ 
mined  from  the  condition  detG(0)  =  1.  In  this  case  the  using 
of  Eq.(4)  gives  the  expression 

I  =  yyP-  -  pxx  + 

coinciding  with  Courant-Snyder  invariant  [6] .  Consequently,  the 
surface  in  this  case  is  the  ordinary  ellipse. 

4.  Envelopes  of  beam  motion 

We  consider  now  the  particle  motion  neglecting  the  friction 
connected  with  the  particle  radiation.  Then  Eq.(2)  represents 
the  canonical  Hamiltonian  system  for  which  SpA(0)  =  0,  i.e. 
detM(^)  =  1  [7],  and  the  phase  volume  containing  inside 
the  surface  (5)  is  constant  due  to  Loiuville’s  theorem.  We 
assume  further  that  system  (2)  is  stable,  i.e.  the  case  when 
eigenvalues  of  the  monodromy  matrix  M{T)  {T  is  the  period 
A((9  +  T)  =  A{B))  have  unit  modulus  and  the  set  of  theirs 
is  divided  on  mutually  conjugate  pairs.  The  typical  trajectory 
of  the  particle  motion  is  almost  periodic  in  general  case,  i.e. 
the  eigenvalues  are  immenconsurable.  However  each  trajectory 
moves  on  accompanying  ellipsoid  (5).  In  turn  the  matrix  G(0) 
is  not  periodic  also  in  general  case,  G(r)  ^  G(0)  =  1,  i.e.  the 
ellipsoid  (5)  does  not  coincide  with  itself  after  a  lapse  of  the 
period.  It  is  connected  with  that  the  monodromy  matrix  is  not 
unitary  in  general  case  due  to  its  eigenvectors  are  not  mutually 
orthogonal.  Then  the  desired  envelopes  are  the  envelopes  of  all 
possible  shifts  (9  +  nT,  n  =  1,  2,  3, ...  of  the  surface  (5). 

Since  we  want  to  determine  separately  the  envelope  relative  to 
each  dynamic  variable  w/,  then  it  is  suitable  to  divide  the  solution 
of  this  problem  on  two  stages.  On  first  stage  we  determine  the 
maximum  value  ui{9)  =  max[w/(0)]  of  the  variable  w/(0)  for 
all  trajectories  with  the  initial  values  uq  inside  the  sphere  (5)  at 
^  =  0.  On  second  stage  we  must  calculate  the  maximum  value 
ui  of  the  function  ui  (9)  on  all  possible  shifts  of  the  0, 

Ui  =  sup{M/(6>  +  nT),  n  =  0,  1,  2,  3, ...}  (6) 


This  value  is  the  desired  envelope  for  the  dynamic  variable  ui(9). 

First  stage  of  the  above  described  procedure  is  reduced  to  the 
simple  geometrical  problem  connected  with  the  ellipsoid.  We 
give  it  solution  below.  Under  above  considerations  to  calculate 
the  values  ui(9)  it  is  sufficient  to  find  the  value  ui  =  max[M/] 
where  the  maximum  is  computed  for  all  points  of  the  envelop¬ 
ing  ellipsoid  (5).  Calculate,  for  example,  the  value  ui,  deter¬ 
mining  the  maximum  of  u\  by  varying  M2,  over  the  el¬ 
lipsoid  surface.  In  this  case  we  may  consider  u\  to  be  the  im¬ 
plicit  function  of  M2»  •••,  M6  parameters.  Since  in  Eq.(5)  the  9 
is  fixed  and,  hence,  we  do  not  specify  below  the  dependence 
on  9.  Denote  P  =  G~^{9)  and  by  symbol  P'  the  truncated 
5x5-  matrix  which  is  obtained  from  P  by  crossing  out  the 
first  line  and  the  first  column.  Denote  also  Q  =  In 

all  below  formulae  the  summation  respective  to  repeating  in¬ 
dexes  is  performed  from  2  to  5.  By  differentiating  Eq.(5)  on 
Us,  ^  =  2, ...,  5  respectively  and  requiring  the  maximality  of 
Ml,  i.e.  Ml  Ml,  dui/dus  =  0,  .s  =  2,...,  5,  we  obtain 
w/  =  QisPsi^i,  /  =  2, ...,  5.  The  substitution  of  these  m/-  val¬ 
ues  in  (5)  gives  the  equation  for  the  mi-  calculation 

/o  =  u\[Pn-r],  r  =  PxkQkmPmi,  (7), 

where  we  applied  the  identity 

PlmQmk  ^  PimQmk  ^  A:  =  2,  ...,  5. 

Now  we  transform  the  expression  in  square  brackets.  It  fol¬ 
lows  from  the  definition  of  the  P-  matrix  that 

GlkPlm  +  GklPlm  =  G^llPll  +  G^uPu  =  1» 

G\kPn  +  GkiPn  =  0,  m  =  2, ...,  5. 

The  first  equation  shows  that  r  =  Py^  QmkPki  +  GikPikr.  Using 
second  and  third  equations  we  obtain 

rGiiPn  =  PikGkmPmi  =  -PuGuPn  =  (1  -  PnGn)Pn^ 

Substituting  the  expression  r  =  l/Gn  —  Pn  in  Eq.(7)  and 
recovering  the  dependence  on  0,  we  derive  the  final  formula 

ui(e)  =  ±(/oGn(0))‘/^ 

The  calculations  performed  are  related  literally  for  every  dy- 
namic  variable  m/  and  therefore  the  general  formula  is  valid 

ui(0)  =  ±(/oG„(0))‘/^  (8) 

Eq.(8)  gives  the  general  expression  for  ui(9)  obtaining  on  first 
stage  of  the  above  described  calculation  procedure.  Three  al¬ 
most  periodic  functions  Gii(6),  I  =  1, 2,  3  can  be  called  the 
generalized  magnetooptic  functions  of  the  accelerator  structure. 

Pass  on  the  second  stage  of  the  envelope  computation.  If 
the  monodromy  matrix  is  unitary,  then  «/(0)  =  ui(0),  i.e.  the 
envelope  form  is  determined  by  the  Eq.(8).  But  the  opposite 
case  with  the  nonunitary  monodromy  matrix  takes  place  as  a  rule. 
And  we  must  use  Eq.(6)  in  order  to  find  the  envelopes.  Due  to  the 
almost  periodicity  of  the  matrix  G(0),  the  ellipsoids  (5)  obtained 
by  the  consequent  shifts  9  —*■  0  +  nT  do  not  coincide  with  each 
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other.  Therefore  the  problem  arises  to  find  the  envelope  of  all 
possible  shifts  mentioned  for  each  value  ui(0),  1  =  1, 6.  To 
do  this  it  may  set  up  the  following  problem.  Is  there  an  ellipsoid 
(5)  which  coincides  with  itself  after  the  shift  6  6  +  T,  i.e.  is 

there  an  initial  matrix  Go  such  that  the  matrix  G(6),  G(0)  =  Go 
which  satisfies  to  Eq.(3)  and  to  G(0  -f  T)  =  G(^)?  If  there 
are  the  ellipsoids  with  described  property  then  we  may  put  the 
initial  unit  sphere  (uo,  uo)  =  1  into  one  of  them  and  the  next 
question  arises.  Would  one  to  elect  the  matrix  Go  by  an  optimal 
way  when  the  envelope  (6)  generated  by  the  motion  with  initial 
data  Uo  on  the  sphere  will  coincide  with  the  optimal  ellipsoid? 
Answers  on  these  questions  contain  the  following  assertions. 

Theorem  1.  If  the  system  (1)  is  stable,  then  there  is  always 
the  ellipsoid  (5)  which  is  invariant  relative  to  the  transformation 
6  9 -\-T,  along  the  trajectories  of  the  motion.  It  is  determined 

by  the  matrix  Gq^(Gq  =  Go,  detGo  =  1)  of  the  quadratic 
form  coefficients.  If  ffie  spectrum  of  the  matrix  M(T)  is  not 
degenerate,  then  this  ellipsoid  is  unique  to  within  the  isotropic 
dilatation. 

Theorem  2.  If  the  spectrum  of  the  matrix  M{T)  of  the  stable 
system  is  not  degenerate  and  has  not  some  pairs  of  the  com¬ 
mensurable  Flouquet  exponents,  then  there  is  the  unique  ellip¬ 
soid  enveloping  all  trajectories  with  initial  data  uo  lying  on  the 
sphere  (uo,  uo)  =  /o-  This  ellipsoid  coincides  with  the  invariant 
ellipsoid  mentioned  in  Theorem  1 .  and  it  is  circumscribed  round 
the  sphere  determined  by  the  value  /q,  i.e.  it  is  minimal  among 
invariant  ellipsoids  containing  the  sphere. 

The  properties  expressed  by  these  theorems  one  would  con¬ 
sider  as  the  generalization  for  the  linear  uniform  systems  with 
periodic  dependence  in  time  of  the  corresponding  properties  of 
the  linear  autonomous  Hamiltonian  systems.  If  the  oscillations 
of  charged  particle  for  all  degrees  of  freedom  are  connected  and 
have  the  immenconsurable  frequencies  when  the  system  param¬ 
eters  are  in  general  position,  then  the  theorem  conditions  take 
place  and  we  may  use  their  assertions  for  the  finding  of  the  mo¬ 
tion  envelopes.  In  particular,  on  the  base  of  Theorem  2  we  may 
consider  that  the  union  of  all  ellipsoids  obtained  by  the  conse¬ 
quent  shifts  on  the  period  T  from  the  initial  sphere  coincides 
with  the  circumscribed  invariant  ellipsoid.  Therefore  to  find  the 
value  M/  (0)  it  is  sufficient  to  build  the  circumscribed  invariant  el¬ 
lipsoid  and  after  that  to  calculate  the  value  ui  (0)  for  this  ellipsoid 
on  the  base  of  Eq.(8). 

Here  we’ll  not  give  the  complete  proofs  of  the  theorems  for¬ 
mulated.  It  will  be  done  in  other  publication.  We’ll  point  out 
only  that  these  proofs  are  based  on  the  transformation  possibility 
of  the  monodromy  matrix  M{T)  to  the  unitary  one  by  means  of 
a  reversible  matrix  S,  which  does  not  depend  on  9.  This  idea  we 
illustrate  below  on  the  simple  example. 

Example.  Consider  the  particular  case  of  the  linear  sta¬ 
ble  Hamiltonian  system  for  which  the  matrix  A  is  constant. 
Then  M{9)  =  exp(A0)  and  the  monodromy  matrix  M{T)  = 
exp(Ar)  is  not  unitary  in  general  case,  i.e.  the  condition 
M{T)M'^(T)  =  1  does  not  necessarily  take  place,  since  A  ^ 
— A"^  and  moreover  the  matrices  A,  A"*"  may  be  noncommuting. 
But  there  is  the  matrix  Go  such  that  Gq  =  Go  and 

Go ‘AGo  =  -A+. 


It  permits  to  build  the  matrix  G  =  M(9)GqM'^(9),  which  does 
not  depend  on  9,  i.e.  it  coincides  with  the  Go  and,  in  particu¬ 
lar,  it  is  invariant  relative  to  shift  on  the  period.  The  proof  of 
the  existence  of  the  matrix  Go  is  based  on  the  following  argu¬ 
ment.  From  one  hand  the  system  (1)  is  stable  and  therefore  the 
eigenvalues  of  the  A  are  imagine  and  in  addition  they  form  the 
mutually  conjugate  pairs.  From  other  hand  the  sets  of  eigen¬ 
values  of  the  matrices  A,  A"*"  coincide  with  each  other.  Then 
for  each  A-eigenvalue  a  there  is  the  A^-eigenvalue  a*  such  that 
a  +  a*  =  0.  It  is  sufficient  for  the  existence  of  the  nontrivial 
solution  of  the  matrix  Lyapunov  equation  AGo  +  GoA"^  =  0.  If 
the  spectrum  of  the  A  is  not  degenerate,  then  the  eigenvalue  a* 
is  unique  for  each  a,  and  therefore  the  matrix  Go  is  also  unique 
due  to  the  condition  detGo  =  L  Notice  that  one  would  always 
represent  the  matrix  Go  in  the  form  Go  =  where  the  matrix 
S  realizes  the  transformation  the  matrix  M(T)  to  the  unitary  one. 
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A  Semi-analytical  Approach  to  the  Design  of  Low  Energy  Cylindrically  Symmetric 

Transport  Lines 

Pedro  F.  Tavares,  Laboratorio  Nacional  de  Luz  Smcrotron,  LNLS,  Campinas,  Brazil 


Abstract 

An  optimization  procedure  that  determines  the  best  values  (i.e,, 
those  that  minimize  beam  radius)  for  the  focal  distances  of 
solenoidal  magnetic  lenses  in  a  low-energy  cylindrically  sym¬ 
metric  transport  line  is  presented.  The  procedure  is  based  on  an 
analysis  of  the  RMS  beam  envelope  equation,  which  accounts 
for  space  charge  as  well  as  emittance  effects.  Universal  beam¬ 
spreading  curves  including  emittance  effects  (a  generalization 
to  the  well-known  space-charge  spreading  curves)  are  presented 
in  a  form  convenient  for  general  use.  The  results  are  applied 
to  the  design  of  the  gun-to-linac  transport  channel  of  the  LNLS 
injector. 


L  Introduction 


LNLS  is  building  a  1 . 15  GeV  electron  storage  ring  to  be  comis¬ 
sioned  in  early  1996  as  a  synchrotron  light  source.  Injection  into 
the  storage  ring  takes  place  from  a  100  MeV  LINAC.  The  80 
keV  100  ns  electron  beam  pulses  are  produced  in  a  conventional 
gridded  electrostatic  gun  and  then  transported  to  the  accelerat¬ 
ing  structures  by  means  of  three  iron-core  solenoidal  magnetic 
lenses. 

The  dynamics  of  the  low-energy  cylindrically  symmetric  elec¬ 
tron  beam  under  the  action  of  space-charge  and  focussing  forces 
along  the  gun-to-linac  transport  line  can  be  described  by  the  RMS 
envelope  equation  derived  by  Lee  and  Cooper[l],  which  also  in¬ 
cludes  finite  emittance  effects.  Although  numerical  solutions  to 
this  equation  can  be  easily  obtained  in  order  to  validate  a  given 
lay-out  (position  and  excitation  of  lenses)  of  the  transport  line, 
the  question  remains  as  to  whether  the  best  possible  setting  of 
the  lenses  (in  the  sense  of  providing  the  minimum  beam  radius 
all  along  the  line)  has  been  chosen. 

In  this  paper,  I  present  a  simple,  semi-analytical  approach  to 
find  the  best  possible  settings  for  a  series  of  (thin)  magnetic  lenses 
once  the  transport-line  lay-out  is  chosen.  In  section  (II),  the  RMS 
envelope  equation  is  briefly  reviewed  and  solutions  are  presented 
for  field-free  regions  in  the  form  of  normalised  beam  spreading 
curves  similar  to  the  well  know  space-charge  beam  spread  curves. 
The  focussing  action  of  the  magnetic  lenses  is  calculated  in  sec¬ 
tion  (HI)  in  the  thin  lens  approximation  and  piecewise  numerical 
minimisation  of  the  beam  radius  is  performed  between  lenses, 
using  the  lens  focal  length  as  the  variable  parameter.  Finally,  in 
section  (IV)  the  particular  case  of  the  LNLS  preinjector  is  pre¬ 
sented  and  the  results  of  a  detailed  (thick  lens)  numerical  solution 
are  compared  with  the  thin  lens  approximation. 

0-7803-3053-6/96/$5.00  ®1996  IEEE 


II.  The  envelope  equation 

The  RMS  radius  of  a  cylindrically  symmetric  electron  beam 
propagating  in  a  field-free  region  obeys  the  envelope  equation 


(1) 


R(z)  ■  RHz)  ’ 

where  eo  is  the  RMS  radial  emittance  (a  constant  of  the  motion) 


=<  ><  r'  —(<  rr'  >)^ , 


(2) 


where  the  angle  brackets  denote  an  average  over  the  electron 
phase  space  distribution,  and 


K  = 


AneQmoiy^c)'^ 


(3) 


where  eo  is  the  elementary  charge,  /q  is  the  beam  current,  mo  is 
the  electron  mass,  and  y ,  ^  are  respectively  the  electron  energy 
in  units  of  the  electron  rest  mass  and  the  electron  velocity  in  units 
of  the  velocity  of  light. 

Clearly,  the  solutions  to  Eq.(l)  may  present  two  kinds  of  be¬ 
haviour:  an  initially  diverging  beam  {Rq  >  0)  continues  to  di¬ 
verge  with  ever  increasing  slope,  whereas  an  initially  converging 
beam  reaches  a  waist  at  a  certain  point  and  diverges  thereafter. 
In  any  case,  a  waist  may  be  defined  with  respect  to  which  the 
solution  is  symmetric. 

Multiplying  both  terms  of  Eq.(l)  by  2R'(z)  and  integrating 
from  a  waist  at  z  =  0  (where  R\z)  =  0,  R  =  Rq),  I  obtain 

and  yet  another  integration  yields  an  implict  solution  for  R(z): 

_ dR 

iRo  ' 


z(R) 


=/' 


It  is  convenient  to  introduce  the  dimensionless  variables 


(5) 


p  = 

R 

Ro’ 

(6) 

V  = 

^0 

2KRl  ’ 

(7) 

(8) 

so  that  Eq.(5)  becomes 


HP) 


-[ 


dp* 


^/in7+7  1  - 


(9) 
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Figure.  2.  The  beam  envelope  along  a  transport  line  with  three 
thin  magnetic  lenses. 


tranport  line  containing  three  thin  magnetic  lenses.  For  simplic¬ 
ity,  I  assume  that  both  the  starting  point  z  =  0  (at  the  output  of 
the  jgun)  and  the  end  of  the  line  are  waists  (R'  =  0). 

T^e  beam  radius  at  the  first  lens  is 


Figure.  1,  Normalised  spreading  curves  for  a  beam  under  the 
action  of  space-charge  and  epiittance.  The  curves  correspond  to 
(from  bottom  to  top)  v  =  Q,  0.5, 1.0,  1.5,  2.0,  2.5,  3.0,  3.5, 4.0, 
4.5, 5.0. 


Finally,  it  is  convenient  to  cl^ange  the  integration  variable  to  w 
defined  by 

'  =  (10) 


so  that 


^v(p) 


Jo 


2e^  wdw 


-I-  V  (l  — 


(11) 


Fig.(l)  shows  beam  spread  cprves  calculated  from  the  equation 
above  for  various  values  of  Vr  These  curves  reduce  to  those 
plotted  by  Hutter[2^  in  the  }jmit  of  a  laminar  beam  (v  =  0). 
Once  these  curves  are  calculated  numerically  at  a  sequence  of 
points,  a  spline  interpolation  provides  a  convenient  and  fast  way 
of  calculating  the  inverse  funption  /Ov(^). 


Hi  =  Hop,  (VlKLi/Ro)  . 


(15) 


I  now  consider  the  problem  of  minimising  the  beam  radius  at 
the  second  lens  (Ri)  by  adjusting  the  focal  length  /i ,  or  equiv¬ 
alently,  by  adjusting  the  position  (zyt,a  =  Li  +  Zma)  and  radius 
R^a^  of  a  bcani  waist  to  be  formed  after  lens  1.  The  boundary 
conditions  at  z  =  Li  and  z  =  Li  4-  L2  are 


V2Z. 


Rwa 

II 

(16) 

j  Z/2  Zma  1 

(17) 

Rwa 

where  the  absolute  value  is  introduced  to  deal  with  the  possibility 
of  tpe  waist  being  after  lens  2.  The  equations  above  can  be 
con^bined  to  yield 


^2(i^u)o)  —  ^MoaPv 


L2s/2K 


Hu 


-I. 


(18) 


m.  Optimisation  of  lens  settings 


The  generalisation  of  Eq.(|)  to  include  static  axial  magnetic 
fields  reads 

/?"(2)  =  |  +  ^-n'(z)i?,  (12) 


where 


0(z);= 


epBiz) 

2mocyfi 


(13) 


and  B(z)  is  the  longiladinal  npgnetic  field.  If  the  magnetic  field 
is  confined  to  a  smajl  region  around  z  =  Zi,  its  effect  may  be 
approximated  by  a  thip  lens  of  focal  distance 


j  =  jQ\z)dz  (14) 

so  that,  on  crossing  |be  lens,  the  slope  /?'  changes  by  A/?'  = 
—R/fy  whereas,  in  j^etween  two  lenses,  the  functions  ^y(p) 
and  Pv(^)  defined  above  describe  the  evolution  of  the  envelope. 
Fig.(2)  shows  the  qu^itative  ^volution  of  the  envelope  along  a 


Once  Rwa^  Zma*  and  R2  are  determined  by  numerical  minimisa¬ 
tion  of  the  expression  above^ ,  the  same  reasoning  may  be  applied 
to  tl^e  region  between  the  second  and  third  lenses  so  as  to  deter¬ 
mine  the  value  of  /a  that  minimises  R3  given  by  the  equation 


—  ^wbPv 


(19) 


where  now  the  radius  atthe  waistis  Ry^b-  A  similar  reasoning  may 
be  u^ed  to  determine  the  focal  length  /s  that  is  compatible  with 
the  assumption  /?4  =  0  and  that  yields  the  minimum  possible  R^ 
,by  ipinimising  the  expression 


/?3  (/?4)  —  ^4Pv 


(20) 


'  Clearly,  since  v  is  actually  a  function  of  Rwa ,  a  proper  treatment  would  require 
that  il^e  functions  pv(^)  and  ^v(p)  be  interpolated  as  functions  of  two  variables 
rather  ^han  just  the  1-dim  curves  given  above.  If  the  emittance  effect  is  a  small 
correction  to  the  space-charge  effect,  however,  one  may  safely  take  v  =  constant. 
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where  now  the  waist  position  is  fixed  (at  L4)  and  the  radius  at  the 
waist  is  R4,  The  larger  of  the  two  values  {R^  and  R^)  obtained  for 
the  beam  radius  at  the  third  lens  (as  determined  by  independent 
conditions)  must  be  taken  as  the  design  value,  since  otherwise 
the  two  requirements  are  incompatible  and  cannot  be  satisfied 
simultaneously,  so  that 

/?3  =  max  (i??,  .  (21) 

If  Rs  =  R^  ,  then  R4  is  obtained  by  solving  the  equation 


whereas  if  /?3  =  R^  is  larger,  then  R4  is  just  the  value  obtained 
from  the  minimisation  in  Eq.(20).  Similarly,  if  R^  =  R^,  R^t  is 
obtained  from  the  equation^ 


whereas  if  R3  =  R^,  R^y  is  simply  the  value  obtained  in  the 
minimisation  of  Eq.(19).  The  positions  of  the  waists  are  given 
by 

z.,  =  +  W 

Finally,  the  slopes  just  before  and  after  the  various  lenses  are 
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Figure.  3.  Beam  envelope  along  the  gun-to-LINAC  transport 
line.  The  dashed  line  is  the  result  of  the  thin  lens  approximation 
and  the  solid  line  was  obtained  from  a  full  numerical  solution  of 
the  envelope  differential  equation  with  a  gaussian  model  for  the 
longitudinal  magnetic  field.  Also  shown  is  the  axial  magnetic 
field. 


/?;  =  ^/iK 

\ 
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/?3  =  V2Z  ; 

R'.  =  -^/IK 
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and  the  focal  distances  are 


IV.  Results 

Fig.(3)  shows  the  results  obtained  with  the  method  outlined 
above  for  an  80  keV  2  Amp  beam,  with  =  40  nun  mrad.  The 
distances  are  Li  =  12.7  cm,  L2  =  33.2  cm,  L3  =  32.4  cm,  and 
L4  =  14.21  cm.  The  optimised  focal  distances  are  /i  =  8.5  cm, 
/2  =  10.5  cm,  and  /3  =  8.4  cm. 
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with  i  =  1, 2,  3. 


^Here  I  assume  Zmb  =  (^1  +  ^-2)  <  ^3- 
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stability  of  Trapped  Ions  in  Electron  Storage  Rings  in 
View  of  Parametric  Resonance 

Y.  Miyahara,  SPring-8,  Kamigori,  Ako-gun,  Hyogo  678-12,  Japan 


Abstract 

Stability  of  the  trapped  ions  in  electron  storage  ring  was  studied 
with  a  Hamiltonian  formalism  derived  from  the  Mathieu 
equation  ,  in  which  the  nonlinear  field  of  the  electron  beam  and 
the  Fourier  component  of  the  beam  current  were  taken  into 
account. 

L  Introduction 

Stability  of  positive  ions  trapped  ion  electron  beam  in 
electron  storage  rings  can  be  distinguished  by  the  matrix 
method.  This  derives  the  critical  mass  of  the  trapped  ions, 
above  which  the  ions  are  stable  or  the  ions  are  trapped  in  the 
electron  beam.  It  has  been  observed  that  the  trapped  ions  can  be 
eliminated  by  the  partial  fill  mode  operation,  in  which  some 
RF  buckets  are  not  filled  with  electron  beam  bunches  [1,2,3]. 
The  stability  of  the  ions  in  this  mode  can  also  be  distinguished 
by  the  matrix  method.  But  this  method  is  only  applicable  in 
case  of  linear  field.  The  electric  field  produced  by  the  electron 
beam  is  highly  nonlinear  because  of  the  Gaussian  distribution 
of  the  electron  beam. 

Meanwhile,  the  stability  was  studied  analytically  on  a  special 
partial  fill  mode,  in  which  the  electron  beam  was  distributed 
sinusoidally  along  the  circumference  of  the  ring  [2].  In  this 
mode,  the  equation  of  motion  of  the  ions  can  be  expressed  with 
the  Mathieu  equation,  so  that  the  stability  or  instability  of  the 
ion  can  be  derived  straightforwardly.  But  this  method  was  also 
discussed  assuming  linear  field. 

The  electric  field  is  linear  only  in  the  region  z<  12  (z-x  or 
y),  so  that  the  ions  might  be  still  trapped  in  or  near  the  electron 
beam  even  if  the  unstable  condition  is  satisfied  in  the  linear 
field  region.  In  the  present  paper  we  have  studied  the  effects  of 
the  nonlinear  field  with  a  Hamiltonian  formalism  derived  from 
the  Mathieu  equation.  In  addition,  the  beam  current  was 
expanded  in  a  Fourier  series,  so  that  any  pattern  of  the  beam 
bunch  distribution  can  be  included  in  the  present  analysis. 
Special  attension  is  paid  to  the  1/3  fill  mode  being  made  in 
ESRF,  which  will  be  probably  applied  to  SPring-8. 

IL  Stability  Analysis  of  Trapped  Ions 

A.  Hamiltonian  Formalism 

The  electron  beam  current  can  be  expanded  in  the  Fourier 
series.  The  coefficients  Cm’s  of  the  Fourier  component  for  the 
1/3  fill  mode  are  given  by  fin=(6/m7r)sin(2m7C/3),  where  m 
denotes  the  m-th  component  of  the  revolution  frequency  of  the 
electron  beam.  The  equation  of  motion  of  the  trapped  ion  for 
one  Fourier  component  can  be  written  as 

^  +  <4[l+^cos(OTe^+0j]/(M)  =  O  (1) 

at 


where  u-xla^  or  y/oy,  toio  is  the  oscillation  frequency  of  the 
ion  in  the  linear  field,  (OQ  is  the  revolution  frequency  of  the 
electron  beam,  is  th®  initial  phase  and^w)  is  the  position 
dependence  of  the  electric  field.  Introducing  the  following 
definitions 

C0iri=rn(00/2y  tt)i0=<Om+Am  and  0=(Ojjit,  (2) 

and  taking  up  to  the  third  power  of  the  nonlinear  field,  at  first, 
we  can  write  Eq.(l)  as  follows, 

^  +  u  +{5  +  ^(1+5)  cos(20+0j]  u 
ad 

-A:3(1+5)[1+^cos(2^0J]m^  =  O,  (3) 

( ^25ni+5ni^,  5in=Afi)/<Oni ) 

Equation  (1)  is  obtained  from  the  following  Hamiltonian, 

H  i  (Pu'  +  «')  +  i  [S  +U1+5)  cos(20+ej] 

- 1  *3  (1+5)  [l+£„,  cos(20+e„.)  u^]  ,  (4) 

(Pu  =  du/dd) 

Introducing  the  following  canonical  transformation 

w  =  A/27cos(0+a>)  and  sin(e+<P),  (5) 

and  taking  the  average  of  the  Hamiltonian  over  0=O-27C,  we 
find 

jri  =  ^Jd+^J  ^(1+5)  cos(0,„-2(P) 

-pH,  (1+5)  -pH,  (1+5)  ^  cos(0^-2<p),  (6) 

where  we  have  assumed  J  is  constant  over  the  above  period. 
Because  of  no  dependence  on  0,  Hi  is  a  constant  of  motion. 
Introducing  again  the  following  canonical  transformation, 

Z  =  ^  cos{<P+0o)  ^  sin{<P+0o)»  0) 

we  obtain 

H,  =  A[zHp^]  +  -  (XzHP^f  -D{Z*-P*l  (8) 

with  A  =  SI4  ,  B  =  e^  (l+5)/8 
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C  =  3jt3(l+5)/32,  D  =  k,e^{l+S)/16 


Figure  1.  Stability  diagram  of  CO+  ion  in  the  1/3  fill  mode  in 
ESRF  and  SPring-8.  The  ion  is  unstable  in  the  shaded  and 
dotted  regions. 


current.  The  solid  curves  in  the  figure  represent  the  current 
dependence  of  Qi^  and  the  ion  is  unstable  in  the  shaded  and 
dotted  regions.  In  this  approximation  the  ion  is  unstable  at  any 
beam  current. 

In  case  of  nonlinear  field  with  k3  ytO,  the  ion  is  always 
bounded.  Examples  of  the  trajectory  in  the  phase  space  (Z,  P) 
are  shown  in  Fig.2  for  different  value  of  ^'s  at  eni=0. 1 . 
Even  at  ein=l,  the  trajectory  is  also  bounded  within  a  few  02. 
The  results  are  not  much  different  even  if  we  add  the  fifth  power 
term  of  the  nonlinear  field  as  shown  in  Fig.3.  The 
Hamiltonian  becomes  very  complicated  if  we  introduce  higher 
power  terms  further. 

Now  we  consider  again  the  stability  of  the  trapped  ion  in  the 
linear  field  in  case  of  an  equidistant  several  bunch  mode 
operation.  In  case  of  21  bunch  mode  operation  in  SPring-8,  for 
instance,  we  have  for  m=21,  42,  63  ....  Taking  into 

account  the  width  of  the  unstable  region  at  £m=l.  we  obtain 
the  stability  diagram  shown  in  Fig.4.  As  shown  with  a  solid 
circle  in  the  figure,  there  are  critical  value  j2ic  and/Qc  below 
which  the  ions  are  stable.  From  the  analysis  of  the  unstable 
region  determined  by  the  function  g(x),  we  obtain  Qic=m*N6, 
where  m*  is  the  minimum  m,  which  is  21  in  the  present  case. 
Meanwhile,  we  have  from  the  above  definition  of  j2i 

Qk  =  =  ccs/Iq/A^  ,  (12) 

Consequently,  we  find  the  following  critical  mass. 


B.  Trajectory  in  the  phase  space  and  stability  diagram 

In  case  of  the  linear  field  (^3=0),  we  have  C=D=0,  so  that  the 
trajectory  in  the  phase  space  (Z,  P)  is  ellipse  (stable  or  trapped) 
or  hyperbola  (unstable),  which  is  determined  by  the  relation  of 
A  and  B.  The  boundary  of  the  stable  and  unstable  regions  is 
separated  by  the  following  function 


g{z)= 


2Z(2+Z) 

(i+zf 


=  ‘^Z-6x^  +  8z^-  (9) 

with  x—^m-  In  case  of  the  1/3  fill  mode  the  bandwidth  of  the 
unstable  region  can  be  written  as 

Sl2i~em"i^/4  =(3h/2n)lsin(2nm/3)l,  (10) 

where  h  is  the  resonant  mode  number  of  the  Mathieu  equation, 
and  Qi  is  defined  as 


Q  =  ^  = 

cot> 


-fin 


ec  A  O’.  (T„ 


(11) 


with  rp;  the  classical  proton  radius,  e;  the  charge  of  the 
electron,  c;  the  velocity  of  the  light,  /q;  the  average  beam 
current.  A;  Ae  mass  number  of  the  trapped  ion,  and  R\  the 
average  radius  of  the  storage  ring.  Figure  1  represents  the 
stability  diagram  of  CO+ions  in  the  1/3  fill  mode  of  ESRF  and 
SPring-8  determined  by  the  linear  field  approximation.  In  the 
figure  the  ordinate  is  Qi  and  the  absciss  is  the  average  beam 


Figure  2.  Ion  trajectory  in  the  phase  space  (Z,  P).  The 
nonlinear  field  was  taken  into  account  up  to  the  third  power  of 
the  field  expansion. 
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4  ■■  ''p  2nR  1 

Ns  ’ 


(13) 


This  is  very  close  to  the  critical  mass  derived  by  the  matrix 
method. 


Figure  3.  Ion  trajectory  in  the  phase  space.  The  nonlinear  field 
was  taken  into  account  up  to  the  fifth  power. 

III.  Conclusion 


SPring  8  Nb-21 


Figure  4.  Stability  diagram  of  CO+  and  H2“''  ions  in  the 
equidistant  21  bunch  mode  of  SPring-8, 


We  have  discussed  the  stability  of  the  trapped  ions  in  the 
electron  beam  with  the  Hamiltonian  formalism  by  taking  into 
account  the  nonlinear  field  produced  by  the  electron  beam  and 
the  Fourier  component  of  the  beam  current.  It  was  found  that 
the  ions  are  bounded  within  a  few  o's  of  the  electron  beam  size 
so  long  as  the  nonlinear  field  is  considered  up  to  the  fifth  power 
of  the  field  expansion.  It  is  required  to  investigate  the  stability 
by  including  higher  power  terms  further.  Meanwhile,  in  the 
linear  field  approximation,  we  have  derived  the  critical  mass 
from  the  present  formalism,  which  is  close  to  the  mass  derived 
from  the  matrix  method.  Therefore,  the  present  formalism  is 
more  general  than  the  matrix  method,  and  will  be  useful  to 
make  a  further  investigation  on  the  ion  trapping. 
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ENTROPY  AND  EMITTANCE  OF  PARTICLE  AND  PHOTON  BEAMS* 
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Abstract 

The  emittance  as  the  available  phase  space  area  is  defined  as 
the  product  of  the  elementary  cell  area  (ffi  and  exp(S'),  where  S 
is  the  normalized  entropy  of  a  particle  beam.  The  definition  is 
based  on  the  fact  that  the  factor  exp(S')  can  be  interpreted  as  the 
number  of  the  occupied  cells.  For  particle  beams,  a  closed  ex¬ 
pression  for  the  emittance  in  terms  of  the  phase  space  distribu¬ 
tion  function  is  obtained  which  is  independent  of  rffi.  To  com¬ 
pute  the  emittance  of  the  radiation  beam,  it  is  necessary  to  find 
the  eigenvalues  of  the  correlation  operator.  An  explicit  solution 
is  found  for  the  case  of  a  partially  coherent  radiation  beam  which 
is  a  stochastic  superposition  of  coherent  Gaussian  beams  with  a 
Gaussian  probability  distribution.  Such  a  beam  is  a  reasonable 
model  for  undulator  radiation  by  beam  of  electrons.  From  the 
requirement  that  the  radiation  emittance  reproduces  the  particle 
beam  emittance  in  the  incoherent  limit,  the  elementary  cell  area 
is  detenmned  unambiguously  to  be  A,  the  radiation  wave¬ 
length.  The  emittance  in  the  coherent  limit  then  becomes  A. 


places,  and  Crm*  is  not  suitable  in  for  general  non-Gaussian  dis¬ 
tributions.  Also  ep  and  cq  cannot  be  generalized  to  radiation 
beams.  Although  €rms  can  be  generalized  to  radiation  beam,  it 
gives  an  infinity  for  the  case  of  a  coherent  beam  after  an  aperture. 

This  paper  is  an  attempt  to  put  the  emittance  concept  on  a 
firmer  theoretical  basis  by  relating  it  to  the  entropy  in  statistical 
mechanics.  We  define  emittance  as  the  product  of  the  elemem- 
tary  cell  area  SQ  and  exp(iS'),  where  S  is  the  normalized  entropy 
of  a  particle  beam.  The  definition  is  reasonable  because  the  fac¬ 
tor  exp(S')  can  be  interpreted  as  the  number  of  the  occupied  cells. 
The  approach  provides  a  well  defined,  unified  description  of  the 
beam  qualities  for  particle  and  radiation  beams.  Such  a  unified 
understanding  will  be  useful  in  describing  the  partially  coher¬ 
ent  beams  from  electron  beams  travelling  through  undulators  in 
modem  synchrotron  radiation  facilities. 

Entropy  as  a  measure  of  the  quality  of  particle  beam  has  been 
suggested  before[l].  Here  we  provide  a  quantitative  connection 
of  the  entropy  to  emittance  for  particle  as  well  as  radiation  beam. 


1.  INTRODUCTION 

The  macrosopic  state  of  a  particle  beam  is  specified  by  the  dis¬ 
tribution  function  in  phase  space.  However,  it  is  often  useful  to 
have  a  global  characterization  of  the  beam  quality  by  means  of 
a  few  numbers.  The  area  of  phase  space  occupied  by  the  beam, 
called  the  emittance,  is  a  good  representation  of  the  beam  qual¬ 
ity  as  it  gives  a  measure  of  the  uncertainty  in  the  state  of  a  par¬ 
ticle  beam.  It  is  furthermore  invariant  under  linear  beam  trans¬ 
port  transformation.  On  the  other  hand,  definition  of  emittance 
has  been  rather  arbitrary. 

Let  us  first  recall  several  definitions  of  emittance.  Through¬ 
out  this  paper,  we  will,  for  simplicity  limit  our  discussion  to 
the  phase  space  distribution  in  one  transverse  direction.  Let  the 
probability  distribution  function  in  phase  space  be  f(x,  0) ,  with 
the  normalization/ f{x,(^)dxd<f>  =  1.  Examples  of  the  possible 
emittance  definitions  are; 

1.  The  geometric  emittance,  ep  defined  to  be  the  area  of  the 
phase  space  region  containing  a  fraction  F  of  the  total  par¬ 
ticles. 

2.  The  peak  emittance,  defined  as  co  =  l//(0, 0) 

3.  The  rms  emittance _ 

^rms  —  x^  ><  >  —  <  x(f>  >2, 

where  quantities  within  the  angular  brackets  are  the  average 
values. 

Each  of  the  above  definitions  is  suitable  for  certain  phase 
space  distributions,  but  not  for  others;  ep  could  depend  sensi¬ 
tively  on  the  chosen  value  of  the  fraction  F  and  could  also  be  am¬ 
biguous  for  a  con:q)licated  distribution,  cq  is  suitable  only  for  a 
distribution  with  a  well  defined  peak  at  the  origin  and  no  other 
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II.  ENTROPY  AND  EMITTANCE 

To  compute  the  entropy  of  a  particle  beam,  we  divide  the 
phace  space  area  occupied  by  the  beam  into  a  large  number  M 
of  elementary  cells  of  an  area  S^.  Let  N  be  the  total  number  of 
prticles  in  the  beam,  rik  is  the  number  of  the  particles  in  the  feth 
cell,  and  Pi  =  Wi/iV  be  the  probability  that  a  particle  occupy  the 
Arth  cell.  The  number  of  ways  in  which  the  particles  can  be  parti¬ 
tioned  into  different  cells  to  produce  a  given  phase  space  distri¬ 
bution  is 

P  =  -  /lA 

The  entropy  of  the  beam  is  given  by  In  P.  The  normalized  sa- 
tropy,  S,  is  obtained  by  dividing  the  entropy  by  N: 

1  ^ 

(2) 

k=l 

In  the  above  we  are  assuming  that  N  and  re*  are  large  so  that 
Stirling’s  formula  is  applicable. 

The  entropy  has  a  well  known  meaning  as  a  measure  of  the 
disorder  in  statistical  mechanics,  or  as  the  information  capacity 
in  information  theory.  We  will  relate  the  entropy  to  emittance  by 
noting  that  the  quantity  exp  S  can  be  interpreted  as  the  number 
of  the  occupied  cells.  To  see  this,  we  construct  a  uniform  phase 
space  distribution  associated  with  the  original  distribution  such 
that  the  entropies  of  the  two  distributions  ate  the  same.  The  num- 
^r  of  elementary  cells  in  the  associated  distribution,  denoted  by 
M ,  will  be  the  number  of  the  occupied  cells  in  the  orginal  distri- 
bution.  The  normalized  entropy  for  the  associated  distribution  is 
In  M  which  by  construction  is  equal  to  S.  Thus  we  see,  indeed, 
that  exp  S  is  the  number  of  the  occupied  cells. 

Based  on  these  considerations,  we  write  the  emittance  as  fol¬ 
lows: 

e  =  dG  exp  S.  (3) 


Equation(3)  is  the  emittance  definition  based  on  statistical  me¬ 
chanics  adopted  in  this  paper.  In  the  following  sections ,  the  emit¬ 
tance  of  particle  and  radiation  beams  are  computed  based  on  this 
formula. 

III.  PARTICLE  BEAMS 

For  a  beam  of  non-interacting  particles,  the  phase  space  distri¬ 
bution  function  f{xe ,  <i>e)  is  a  non-negative,  physically  measur¬ 
able  quantity.  Here,  and  in  the  rest  of  the  paper,  the  subscript  e 
is  used  to  distinguish  the  particle  (electron)  variables  from  those 
of  radiation.  We  consider  first  the  case  where  the  distribution  is 
a  smooth  function  so  that  for  a  sufficiently  small  value  of  Jfi, 
Eq.(2)  can  be  replaced  by  the  following  integral  [1]: 

S  ^  -  j  dXed<j)ef{Xey  <l>e)  In  {f{Xej  (4) 

The  emittance  from  Eq.(3)  becomes 

e  exp  1^-  J  dXed(l)ef{Xe ,  <l>e)  lu  / (5) 

Note  that  the  emittance  in  this  continuous  limit  is  independent  of 
(JQ,  as  it  should  be.  It  is  also  important  to  observe  that  the  emit¬ 
tance  defined  by  Eq.(5)  is  conserved  for  any  Hamiltonian  beam 
transport  system  due  to  Liouville’s  theorem. 

For  a  uniform  distribution  occupying  a  phase  space  area  fi, 
Eq.(5)  gives  e  =  Q,  as  expected. 

Consider  a  Gaussian  distribution 


24  24 

where  axe  and  (T^e  are  respectively  the  rms  widths  of  the  particle 
distribution  in  Xe  and  (^e-  Equation(5)  becomes  in  this  case 

e  =  e27raxe<^<l>e‘  O) 

The  result  is  a  factor  e  ~  2.72  larger  than  the  peak  emittance 
l//(0,0). 

In  many  practically  important  cases,  the  distribution  could 
have  rapid  variations  within  experimentally  realizable  phase 
space  resolution  SQ,  The  emittance  in  those  cases  should  then 
be  defined  as 


€  =  exp  -  ^  SQfk  In  fk  , 
k 


probabilities  pk  are  the  eigenvdues  of  the  normalized  version 
f  jv  of  the  correlation  operator  f.  This  is  similar  to  the  case  of 
quantum  statistical  mechanics  where  the  density  operator  plays 
the  role  of  the  correlation  operator.  Equation(2)  becomes,  there¬ 
fore 

5  =  -Tr(fivlnfiv),  (9) 

To  relate  the  quantities  appearing  in  the  above  to  the  field 
quantities,  consider  the  frequency  component  E{x)  at  a  given 
frequency  of  the  radiation  field  at  a  fixed  longitudinal  position 
along  the  optical  axis.  Throughout  this  paper,  we  ignore  polar¬ 
ization  and  treat  the  field  as  a  scalar.  In  general  the  field  will  be  a 
stochasic  variable.  The  correlation  function  of  the  radiation  field 
is  given  by 

V{x,x')  =  {E{x)E{x'y).  (10) 

The  angular  brakets  in  the  above  imply  taking  the  statistical  av- 
erage.  In  terms  of  Dirac  bra-ket  notation,  the  correlation  opera¬ 
tor  and  the  correlation  function  are  related  by 

T{x,x^)  =  {x\r\x^).  (11) 

The  normalized  correlation  matrix  is  given  by 

rAr(x,xO  =  T4^7^-  (12) 

^  J  dxr{XjX) 

V.  PARTIALLY  COHERENT  UNDULATOR 
RADIATION 

A.  Model  for  Undulator  Radiation 

We  now  apply  the  above  formalism  to  radiation  generated  by 
a  beam  of  electrons  from  an  undulator.  To  permit  analytical  cal¬ 
culation,  the  expression  for  the  radiation  field  is  simplified  as  fol- 
lows[4]:  The  fundamental  frequency  component  at  a;  =  u)\  from 
a  single  electron  with  a  transverse  coordinate  Xe  from  the  cen¬ 
ter  of  the  undulator  gap  and  with  an  angle  <j>e  with  repesct  to  the 
undulator  axis  entering  the  undulator  at  time  ie  can  be  approxi¬ 
mately  represented  as  follows  [4]: 


E{^x]  Xq^  <I>q 


{x  -  XeY' 


i  k\(f>Q(^X  2?e) 


where  Jk  is  the  average  of  the  distribution  in  the  kth  cell  element 
of  area  SQ.  The  emittance  defined  by  this  equation  will  in  gen¬ 
eral  not  be  conserved  even  for  a  Hamiltonian  system.  For  ex¬ 
ample,  a  smooth  distribution  at  the  beginning  of  a  beam  trans¬ 
port  system  can  evolve  into  a  highly  filamented  distribution  due 
to  non-linear  transport  elements.  The  emittance  as  defined  by 
Eq.(8)  will  increase  in  such  a  case. 

IV.  RADIATION  BEAM 

For  radiation  beam,  the  phase  space  area  and  cells  are  abstract 
quantities[2],[3].  In  this  case,  we  proceed  by  noting  that  the 


where  ki  =  ui/c  is  the  reference  wave  number,  and  where  a^r 
is  a  measure  of  the  spread  in  the  ^-direction  of  the  radiation  pro¬ 
duced  by  the  single  electron.  The  quantity  lo  is  a  normaliza¬ 
tion  constant,  defined  by  f  \E{x)\^  dx  =  Jq.  Note  that  the  field 
E{x;  Xe,  (l>eYs  related  to  E{x]  0, 0)  by  translation  of  the  phase 
space  coordinates.  We  define  the  Fourier  transform  of  the  radia¬ 
tion  field  by 


E{(l>]Xe,<f> 


,)  =  j  -^E{x;Xe,<f>e)ey^p{-i<l>^i^),  (14-) 


so  that 


E{<l>;Xe,<f>e)  - 


\k,a,rV^J 

ikiXe{<j>  —  <j>e)  — 


where  <t is  the  width  of  the  radiation  field  in  the  variable  <j>. 
The  radiation  widths  <7^,^  and  satisfy 

1 

(TxrO-<pr  —  (16) 

SO  that  the  Gaussian  beam  of  Eq.(13)  is  a  minimum  uncertainty 
wave  packet.  For  an  undulator  of  length  L,  we  have  a^r  = 
y/2X^I 47r  and  =  \/^il2L,  where  Ai  =  27r/Ari,  the  wave¬ 

length  corresponding  to 

The  total  electric  field  E[x)  is  obtained  by  summing  over  con¬ 
tributions  from  different  electrons  E{x]  Xg,  (j>e). 


B.  Correlation  and  Entropy 

In  calculating  the  average  inEq.(lO),  terms  involving  product 
of  electric  fields  from  different  electrons  vanish  due  to  random 
phase  factors.  The  contributions  from  the  same  electron  is  aver¬ 
aged  with  the  electron  probability  distribution  /(a?e,  <i>e)-  Thus, 

V{x,x')  =  Ne  I  dXed<f>,f{Xe,4>e)E{x;X^,<f>e)E{x'-,Xe,  <!>,)* 

(17) 

where  is  the  total  number  of  electrons.  Assuming  that  the 
electron  distribution  is  Gaussian  as  given  by  Eq.(6),  the  integrals 
can  be  performed,  and  we  obtain 


where 


riv(a?,  x')  = 


1 


exp 


1 

fx  +  x'y^ 

2  klAlix-x'f 

2A2' 

1  2  ) 

2 

(18) 


K  =  (19) 

+  (20) 


To  compute  the  entropy  we  must  carry  out  the  trace  in  Eq.(9), 
For  this  purpose  it  is  convenient  to  have  the  eigenvalues  pk  of  the 
operator  T^r,  i.e.,  the  eigenvalues  which  appear  in  the  equation 


J  dx^TN{x,x')(l>k{x^)  =  Pf,(j)k{x),  (21) 


where  (a?)  are  the  eigenfunctions.  The  eigenvalues  are  nec¬ 
essarily  non-negative,  since  f  is  a  non-negative  definite  operator. 
In  fact,  Pk  can  be  identified  as  the  probability  to  occupy  the  ifeth 
cell  introduced  in  Section  II. 

It  turns  out  that  the  integral  eigenvalue  equation,  Eq.(21),  can 
be  solved  by  noting  the  similarity  of  the  present  problem  with  the 
quantum  statistical  mechanics  of  harmonic  oscillators [5].  With¬ 
out  going  into  the  derivation  [6],  we  give  the  result  for  the  nor¬ 
malized  entropy  for  the  partially  coherent  radiation  beam  as  fol¬ 
lows: 


C.  Emittance  of  Partially  Coherent  Radiation  Beam 

The  emittance  is  given  by  Eq.(3)  with  S  determined  from 
Eq.(22).  In  contrast  to  the  particle  beam  case,  however,  we  need 
to  specify  the  value  of  the  elementary  cell  area  5Ct.  We  will  prove 
below  the  very  reasonable  result  that  SQ  =  Xi,  the  wavelength  of 
the  radiation.  Indeed,  we  note  that  the  radiation  emittance  should 
approach  the  electron  beam  emittance  when  p  ^  1.  In  this  in¬ 
coherent  limit,  Eq.(23)  becomes 

5  =  In  p  -h  1  +  0(1/77^).  (24) 

Therefore  the  emittance  in  the  incoherent  limit  becomes 

e  =  SQ{eT]/2  -f*  0(1/77))  -  (25) 

This  becomes  identical  to  Eq.(7)  if,  and  only  if,  =  Ai ,  as  was 
asserted. 

In  the  limit  of  vanishing  electron  beam  emittance,  the  radia¬ 
tion  emittance  becomes  Ai,  the  elemental  phase  space  area;  Hie 
radiation  is  completely  coherent. 

A  measure  of  coherence  of  a  partially  coherent  beam  is  the  co¬ 
herent  fraction  Fcoh,  defined  as  the  ratio  of  the  coherent  emit¬ 
tance  to  the  full  emittance.  We  obtain  Fcoh  -  exp(-~S'),  with 
S  given  by  Eq.(22).  In  the  past,  the  rms  definition  of  emittance 
was  often  used,  in  which  case  Ff^^  =  l/rj.  We  have  compared 
Fcoh  and  F^^^  as  a  function  of  |  -  (T<^el<T^r,  and 

find  that  they  do  not  differ  much  from  each  other. 
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We  detected  strong  coupling  slots  effect  on  the 
transverse  beam  dynamics  for  on-axis  coupled  accelerator 
structure.  This  effect  is  explained  by  the  transverse 
magnetic  field  exited  on  the  axis  of  coupling  cells  and 
providing  intercell  coupling.  We  suggested  method  to 
compensate  coupling  slots  effect  with  the  external 
magnetic  field.  Transition  radiation  was  used  to  get  beam 
size  and  position  in  the  course  of  experiments  presented 
below. 

1.  INTRODUCTION 

Effect  of  coupling  slots  on  the  transverse  beam 
dynamics  for  on-axis  coupled  accelerator  structure  was  first 
detected  in  [1]  and  investigated  in  details  in  [2-4].  The 
main  manifestation  of  this  effect  is  quadrupole  beam 
focusing  in  one  plane  and  defocusing  in  the  other,  which 
was  explained  by  quadrupole  field  asymmetry  in 
accelerating  cells  introduced  by  coupling  slots.  To 
compensate  this  effect  coupling  slots  in  accelerating  cells 
should  be  aligned  with  the  pair  of  slots  at  one  accelerating 
cell  web  exactly  against  the  pair  at  the  other  web. 

One  of  the  Moscow  CW  RTM  accelerator  structure 
peculiarity  is  that  only  one  coupling  slot  is  placed  at  each 
cells  web  [5].  So  instead  of  quadrupole  effect  one  should 
wait  phase  dependent  dipole  effect  leading  to  the  beam 
position  shift  during  its  acceleration. 

11.  EXPERIMENTAL  SET-UP 

Experiments  were  conducted  with  the  accelerator 
sections  of  Moscow  CW  RTM  injector  described  elsewhere 
[6].  Injector  consists  of  the  graded-p  capture  section  and 
five  P  =  1  sections,  each  powered  by  its  own  klystron  exited 
by  the  reference  signal.  Every  section  provides  about  1.1- 
1.2  MeV  maximum  energy  gain,  so  6.7  MeV  beam  can  be 
obtained  at  the  injector  output  with  the  bunch  phase  length 
about  5°,  energy  spread  0.3%  and  normalised  transverse 
emittance  Smmxmrad.  Intercells  coupling  slots  were 
positioned  in  vertical  plane,  in  the  lower  web  part  at 
accelerating  cell  entrance  and  upper  at  exit. 

To  investigate  coupling  slots  effect  we  measured 
dependence  of  the  beam  size  and  position  on  the  last 
accelerator  section  phase  at  the  1  m  distance  from  the 
injector  output.  Experimental  set-up  is  shown  in  Fig.  1. 

Accelerating  field  phase  with  respect  to  the  reference 
signal  were  changed  by  phaseshifter  O  and  measured  by 
phasemeter  OM.  Beam  energy  can  be  measured  with  the 
analysing  magnet  M. 


reference  signal 


Figure  1.  Schematic  view  (from  the  top)  of  the 
experimental  set-up.  Shown  are:  accelerator  sections  S5, 
S6,  analysing  magnet  M,  phaseshifter  O,  phasemeter  OM, 
Faraday’s  caps,  FCl,  FC2,  CCD  TV  camera,  reference 
signal  line,  klystron,  correcting  coils. 


For  exact  measurements  of  the  beam  centre  gravity 
position  and  current  distribution  we  used  transition  radiation 
[7-8]  from  9  mkm  A1  foil  placed  at  45^^  to  the  beam  axis. 
Signal  ft-om  CCD  camera  with  magnification  14:1  at  51cm 
TV  screen  was  analysed  with  digital  TV  system  and  stored 
in  computer  memory.  An  example  of  beam  current 
distribution  obtained  by  this  method  for  6.7  MeV,  40  mkA 
beam  is  shown  in  Fig.  2. 

To  compensate  slots  effect  correcting  coils  shown  in 
Fig.  1  with  the  effective  length  about  0.35m  were  placed  at 
external  part  of  section.  Coils  produced  magnetic  field  on 
section  axis  in  horizontal  plane  with  the  induction  about  3 
Gauss  per  1  A  of  current. 
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III.  Results  and  Interpretation. 

We  have  measured  dependence  on  the  accelerator 
section  phase  of  (a)  beam  energy,  (b)  beam  centre  gravity 
position,  and  (c)  value  of  correcting  coils  current  returning 
beam  to  the  reference  position  which  is  the  beam  position 
with  the  last  section  field  switched  off  (beam  energy  5.5 
MeV).  Results  of  this  measurements  are  shown  in  Fig.  3. 
Accelerating  field  phase  was  arbitrary  taken  to  be  zero  at 
maximum  acceleration. 


Figure  2.  Current  distribution  in  the  beam  (3D  view  and 
contours  plot)  measured  by  means  of  transition  radiation. 

One  can  see  that  in  the  accelerating  phase  (6.7  MeV 
energy)  beam  is  shifted  for  about  4.5mm  upwards  with 
respect  to  the  reference  position,  and  in  the  decelerating 
phase  (4.3  MeV  energy)  downward  for  about  7.2mm.  In 
horizontal  plane  beam  position  was  practically  unchanged. 
Beam  form  changed  slightly,  reflecting  mainly  dependence 
of  section  focusing  properties  and  beam  energy  on  the  phase. 
By  applying  current  +0.8  A  and  -0.9  A  to  the  correcting  coils, 
respectively  for  accelerating  and  decelerating  phases,  beam 
can  be  shifted  to  the  reference  position. 


To  explain  obtained  results  different  possible  reasons  of 
the  beam  shift  were  considered  and  first  of  all  accelerating 
cells  field  asymmetry  due  to  the  coupling  slots. 
Electromagnetic  field  distribution  inside  the  accelerating 
cell  was  calculated  with  the  MAFIA  code  [9].  Calculations 
were  made  with  one  full  accelerating  cell  and  two  coupling 
half  cells  at  the  ends  with  magnetic  walls  boundary 
conditions.  In  this  case  we  neglect  possible  influence  of  the 
coupling  cells  magnetic  field  on  beam  dynamics.  Radial 
electric  and  azimuthal  magnetic  field  asymmetry  of  the 
order  of  10  ^  were  investigated,  and  beam  dynamics  with 
RTMTRACE  code  [10]  were  calculated.  Calculations 
showed  depending  on  phase  beam  shift  but  with  opposite 
sign  as  compared  with  experimental  one,  and  about  5  times 
less  in  magnitude. 


Phase,  devices 


Figure  3.  Dependence  on  the  section  6  phase  of  beam 
energy  (upper),  beam  position  (middle),  and  correcting  coils 
current  (lower). 

Influence  of  external  parasitic  magnetic  fields  and 
accelerator  section  misalignments  on  the  transverse  beam 
dynamics  were  analysed  -  this  influence  was  found  to  be 
order  of  magnitude  less  than  investigated  effect. 

After  that  we  made  new  set  of  MAFIA  calculations,  but 
with  one  full  coupling  cell  and  two  accelerating  half  cells  at 
the  ends  with  electric  type  boundary  conditions.  Results  of 
this  calculations  appeared  to  be  extremely  interesting. 
Though  in  simplified  models  of  biperiodic  standing  wave 
accelerator  structure,  such  as  lumped  circuit  model,  coupling 
cells  stay  unexcited  for  tzH  mode  in  tuned  structure 
(neglecting  the  power  flow  owing  to  finite  quality  factor), 
MAFIA  calculations  showed  strong  transverse  magnetic  field 
on  the  axis  of  coupling  cells.  Magnetic  field  distribution  in 
the  central  plane  of  coupling  cell  is  shown  in  Fig.  4. 
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Magnetic  flux  is  propagating  from  one  accelerating  cell  to 
the  other  through  coupling  slots  creating  near  the  coupling 
cells  axis  field  parttem  resembling  TMll  mode  field 
distribution.  Electric  field  components,  both  longitudinal  and 
transverse  are  close  to  zero  near  the  axis.  Presence  of  the 
strong  field  in  the  coupling  cells  correlating  in  spatial 
distribution  with  position  of  coupling  slots  was  investigated 
in  [3]. 

Calculated  by  MAFIA  code  integrals  show  that  vertical 
transverse  momentum  obtained  by  the  relativistic  particle  in 
coupling  cell  is  about  6x10"^  of  the  longitudinal  momentum 
obtained  in  the  accelerating  cell  -  value  corresponding  to 
experimental  one.  Taking  into  account,  that  magnetic  field 
reaches  its  maximum  when  particle  in  accelerating  phase 
passes  the  centre  of  coupling  cell  and  that  the  sign  of 
transverse  momentum  obtained  by  the  electrons  corresponds 
to  that  obtained  in  experiment  we  can  conclude  that 
investigated  beam  shift  is  practically  totally  explained  by 
influence  of  this  field. 


Figure  4.  Magnetic  field 
distribution  in  the  centre  of 
coupling  cell  for  biperiodic  on- 
axis  coupled  accelerator 
structure  with  one  coupling  slot 
per  web. 


VL  Conclusion. 

We  investigated  strong  phase  dependent  beam  shift  for 
on-axis  coupled  accelerator  structure  with  one  coupling  slot 
per  web  which  can  not  be  explained  by  the  accelerating 
cells  field  asymmetry  nor  for  the  value  of  beam  shift  not  for 
its  sign.  Calculations  made  with  MAFIA  code  showed 
existence  of  the  strong  field  in  the  coupling  cells  providing 
intercell  coupling  with  transverse  component  of  the  magnetic 
field  on  the  cells  axis.  Taking  into  account  this  field  we 
explained  our  experimental  data.  For  the  accelerator 
structure  with  two  coupling  slots  per  web  additional  effect  of 
coupling  cells  field  also  should  be  taken  into  account. 

We  would  like  to  express  our  appreciation  to  Dr.  R 
Euteneuer  for  helpful  discussions  and  valuble  information  he 
presented  us. 
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Abstract 

The  effects  of  the  electron  beam  position  as  well  as  the 
electron  beam  orbit  slop  at  the  source  point  on  the  photon 
flux  of  the  photon  beam  lines  were  studied  both  by  the  ray 
tracing  simulation  and  by  the  experiments.  The 
experimental  result  shown  that  10  \im  beam  position 
change  will  cause  more  than  1%  of  the  photon  flux  change 
which  agreed  with  the  simulation  results.  However,  for 
some  distorted  orbit  slop  (0.2  mrad),10  |xm  beam  position 
change  can  cause  8%  of  the  photon  flux  change. 

L  Introduction 

The  very  high  resolution  photon  beam  line  is  one  of  the 
characteristics  of  a  third  generation  light  source.  Due  to 
the  very  high  resolution  requirement,  the  optical  system  of 
the  photon  beam  line  become  very  sensitive  to  its  photon 
source  position  and  slop,  i.e.  the  electron  beam  orbit. 
Taiwan  Light  Source(TLS)  of  Synchrotron  Radiation 
Research  Center(SRRC),  is  one  of  the  several  third 
generation  light  sources  in  operation  now.  The  photon  flux 
fluctuation  due  to  the  instabilities  of  the  electron  beam 
position  and  slop  is  an  essential  issue  of  all  of  these  light 
sources.  In  this  paper,  we  presented  the  studies  of  the 
sensitivity  of  the  photon  flux  due  to  electron  beam  position 
change  as  well  as  beam  angular  change  (the  orbit  slop)  at 
the  source  point  of  the  photon  beam  line.  Because  the 
sensitivity  of  the  vertical  beam  displacement  is  much 
higher  than  that  of  the  horizontal  beam  displacement,  the 
studies  presented  here  are  all  in  vertical  dimension.  The 
studies  include  the  ray  tracing  simulations  and 
experiments.  The  experiments  were  done  by  changing  the 
size  of  the  orbit  local  position  bumps  as  well  as  local 
angular  bumps  and  measuring  the  change  of  the  photon 
flux  of  the  photon  beam  line.  This  study  is  essential 
because  it  will  provide  the  conversion  fact  of  the 
instabilities  between  the  machine  people  and  the  users 
e.g.,  photon  beam  line  people.  It  will  also  provide 
information  for  decoupling  the  instability  sources  from 
machine  and  those  from  the  photon  beam  line  itself.  By  the 
end  of  the  this  year,  we  should  reduce  the  electron  beam 
instabilities  such  that  the  photon  flux  fluctuation  is  less 
than  0.5%.  The  final  target  of  that  value  should  be  0.1%. 


n.  TheExperiments 

The  experiments  were  done  by  changing  the  size  of  the 
orbit  local  position  bumps  as  well  as  local  angular  bumps 
and  measuring  the  change  of  the  photon  flux  of  the  photon 
beam  line.  The  photon  flux  was  measured  by  a  photon 
electric  detector  which  was  located  after  the  entrance  slit. 
The  sensitivity  will  certainly  dependent  upon  the  size  of 
the  entrance  slit.  In  all  the  experiments  presented  here  and 
in  the  simulation  the  slit  size  was  set  at  50  |Lim.  The  orbit 
bumps  were  created  by  using  four  correct  magnets. 
Therefore,  we  can  independently  control  the  electron  beam 
position  and  slop  at  the  source  point  of  the  photon  beam 
line.  Figure  1  shows  two  of  the  typical  orbit  bumps  in  our 
experiments. 
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Fig.  1  The  position  bump  and  angular  bump. 


The  electron  beam  position  and  slop  at  the  source 
point  of  the  photon  beam  line  were  calculated  by  read 
two  BPMs,  one  up  stream  and  one  down  stream  of  the 
source  point.  The  resolution  of  our  BPM  at  the  time  of 
doing  the  experiments  was  about  50  p-m  as  shown  in 
figure  2.  For  the  case  of  position  bump  we  moved 
about  50  to  100  |Lim  in  each  step  and  for  the  case  of 
the  angular  bump  we  move  about  50  -  100  |xrad  in  each 
step.  We  started  with  a  reasonable  good  orbit  e.g.,  rms. 
less  than  300  pm.  We  then  adjusted  the  vertical 
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focusing  mirror  (VFM)  until  we  got  the  maximum 
photon  flux.  After  each  step  of  either  the  position  bump 
change  or  the  angular  bump  change,  we  record  the 
photon  flux  change.  We  then  adjusted  the  VFM  until 
we  got  the  maximum  photon  flux.  Then  the  next  step  of 
change  was  proceed.  To  gain  the  maximum  photon  flux 
by  adjusting  the  VFM  is  a  routine  fine  tune  done  by  the 
photon  beam  line  people. 


Position  Bump 


Fig.  2  The  raw  data  of  one  of  the  BPM  reading.  The 
error  bar  was  the  standard  deviation  of  ten  measurements 

In  figure  3,  we  shown  the  results  when  only  the  position 
bump  was  changed.  For  these  changes,  the  slop  should  be 
kept  unchanged.  Due  to  the  imperfection  of  the  bump,  the 
slop  of  the  beam  at  the  source  point  does  have  some 
change.  In  the  figure  we  also  plot  the  slop  value  for  each 
step.  From  the  results  we  got,  we  were  assured  that  those 
small  change  is  ignoble.  Therefore,  from  figure  3  we  could 
conclude  that  10  |im  vertical  beam  position  displacement 
will  cause  1  to  2  %  photon  flux  change. 


Position  Bump  only 
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Fig.  3  The  results  of  position  bump  change 


In  figure  4,  we  shown  the  results  when  only  the  angular 
bump  was  changed.  For  these  changes,  the  position  should 
be  kept  unchanged.  Due  to  the  imperfection  of  the  bump, 
the  position  of  the  beam  at  the  source  point  does  have 
some  change.  In  the  figure  we  also  plot  the  position  value 
for  each  step.  From  the  results  we  got,  we  were  assured 
that  those  small  change  is  ignoble,  too.  Therefore,  from 
figure  4  we  could  conclude  that  10  |irad  vertical  beam  slop 
change  will  cause  1  to  2  %  photon  flux  change. 
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Fig.  4  The  results  of  angular  bump  change 


In  figure  5,  we  shown  the  results  when  only  the  position 
bump  was  changed.  However,  in  this  case  there  was  a  200 
|irad  angular  bump  on  top  of  the  position  bump.  Again,  in 
the  figure  we  also  plot  the  slop  value  for  each  step.  From 
figure  5  we  could  conclude  that  10  |im  vertical  beam 
position  displacement  will  cause  7  to  8  %  photon  flux 
change.  This  value  is  much  larger  than  that  of  the  figure  3. 
There  was  no  extra  angular  bump  in  the  latter  case. 

Position  with  an  Angular  Bump 
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Fig.  5  The  results  of  position  bump  change  with  an  200 
mrad  angular  bump. 
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ni.  The  Simulations 


Figure  6  is  the  layout  of  the  6m-HSGM  beam  line 
which  is  the  photon  beam  line  we  perform  the  experiments. 
According  to  the  optics  system  of  this  beam  line,  we  did  a 
ray  tracing  study  for  the  case  of  position  bump  change 
without  angular  bump.  The  results  was  shown  in  figure  7. 
We  had  shown  the  results  for  two  different  electron  beam 
size,  2a  equals  to  100  pm  and  50  pm.  For  the  latter  case, 
we  got  that  10  pm  vertical  beam  position  displacement 
will  cause  1.4  %  photon  flux  loss.  That  agreed  with  the 
experiment  results. 
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Fig.  6  The  6m-HSGM  beam  line  layout(not  complete) 


IV.  Results  andDiscussions 

From  the  experiment  studies  and  the  simulation  results, 
we  learned  that,  for  aflat  electron  beam  orbit,  10  pm 
vertical  beam  position  displacement  will  cause  1  to  2  % 
photon  flux  change.  However,  if  the  orbit  is  not  flat  the 
sensitivity  could  be  enhanced  by  a  fact  of  10.  This  fact  will 
strongly  dependent  on  the  photon  beam  line  optics. 

During  the  experiments,  we  also  found  that  when  doing 
the  position  bump  change,  in  a  large  range  of 
displacement,  the  photon  flux  could  be  brought  back  to  the 
original  value,  e.g.,  the  value  before  the  orbit  was  changed, 
by  adjusting  the  VFM.  However,  when  doing  the  angular 
bump  change,  in  most  of  the  case,  we  could  not  get  back 
the  previous  maximum  value  by  adjusting  the  VFM.  This 
was  understood  by  that  when  the  source  slop  was  changed 
by  introducing  the  angular  bump,  part  of  the  photon  beam 
was  fall  outside  the  VFM,  therefore  there  is  no  way  to 
bring  the  photon  flux  back  to  previous  value  by  adjusting 
the  VFM.  However,  for  the  case  of  changing  source 
position  by  introducing  the  position  bump,  the  photon  flux 
was  reduced  due  to  that  part  of  the  focused  photon  beam 
was  fall  out  side  the  entrance  slit,  therefore  we  could  bring 
the  photon  flux  back  to  previous  value  by  adjusting  the 
VFM.  The  origin  of  this  difference  is  because  that  the 
photon  beam  are  incident  into  the  VFM  with  a  very  small 
grazing  angle  and  the  distance  between  the  source  point 
and  the  mirror  is  large.  The  above  understanding  was 
conformed  by  the  ray  tracing  studies. 


displacement  (pm) 

Fig.  7  The  photon  beam  line  ray  tracing  results 
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GROUND  MOTION  IN  LEP  AND  LHC 

L.  Vos,  CERN,  Geneva,  Switzerland. 


L  INTRODUCTION 

It  is  well  known  that  large  colliders,  linear  or  circular, 
with  small  beam  sizes  are  prone  to  ground  motion  effects.The 
effect  of  seismic  perturbations  on  machine  performance  has 
been  the  subject  of  several  studies[l, 2,3,4]. 

The  object  of  this  paper  is  to  report  on  the  results 
obtained  with  a  dedicated  beam  position  monitor,  concerning 
ground  motion  effects  on  the  LEP  beams.  Since  the  ultimate 
objective  of  this  study  is  the  LHC  it  is  appropriate  to  say  that 
LEP  is  used  as  a  test  bench  for  LHC.  The  organisation  of  the 
report  is  as  follows.  It  starts  with  some  properties  of  ground 
vibrations  which  are  relevant  to  the  observation  of  the 
phenomenon  in  LEP.  Then  the  transformation  of  ground 
motion  power  into  beam  motion  power  is  calculated.  Based 
on  the  properties  of  the  transverse  monitor  the  magnitude  of 
the  phenomenon  can  be  measured  with  sufficient  precision. 
The  results  of  the  observations  will  be  presented  both  at  the 
betatronfrequencies  and  at  very  low  frequencies  centred 
around  the  common  mode.  They  are  compart  with  published 
data  on  direct  ground  motion  to  check  the  plausibility  of  the 
hypothesis  that  ground  motion  is  indeed  the  primary  cause  of 
the  observed  signals.  Finally  a  discussion  on  the  influence  of 
the  effect  on  the  LHC  beams  is  presented. 

11.  GROUND  MOTION 

From  correlation  measurements  between  two  probes 
for  varying  distances  as  a  function  of  frequency  it  is  possible 
to  derive  the  velocity  of  the  ground  waves.  Indeed,  the 
correlation  between  two  probes  at  distance  /  drops  to  zero  for 
a  frequency  such  that  this  distance  is  a  quarter  wavelength: 


4  4/* 


It  is  interesting  to  note  that  in  the  TT2A  tunnel  an 
average  speed  of  1500  m/s  is  found  [6],  while  in  two  points  in 
the  LEP  tunnel  this  speed  has  increased  to  4000  m/s  [7].  This 
is  due  to  a  different  quality  of  rock  in  which  the  tunnels  have 
been  excavated. 

The  effect  of  ground  motion  in  a  letrge  accelerator  is 
vehicled  by  the  uncorrelated  motion  of  quadrupoles  of  a 
focusing  family  F  or  D.  It  follows  that  the  effect  will  decrease 
quickly  for  frequencies  below  the  coherence  limit: 


where  /  is  the  cell  length.  For  LEP  Z=79  m  so  that  the 
lower  limit  of  the  coherence  is  reached  for  a  frequency  of 
12.6  Hz  (upper  limit)  or  4.7  Hz  (lower  limit).  In  LHC  /=  90  m 
and  the  coherent  limits  are  llHz  and  4  Hz.  The  absolute  cut¬ 
off  frequency  is  reached  when  the  whole  machine  fits  within 
a  quarter  wave  length,  that  is  for  /=machine  diameter.  This 
limit  for  LEP/LHC  is  1/8  Hz.  The  famous  7  s  hum'  will  be 
next  to  invisible. 

The  spectral  power  density  Sg^  has  been  measured  at 

many  places.  A  common  characteristic  is  the  fact  that  it  falls 
off  by  about  three  orders  of  magnitude  per  decade[5,6,7,8]. 
The  dispersion  in  the  results  spans  over  several  decades. 


Assuming  a  logarithmic  frequency  slope  of  -2.5,  the 
expected  power  at  2  kHz  (close  to  betatron  frequency  in  LEP) 
is  =  1 10''"  n^lHz  and  at  lOOHz  =  1 10'"  . 


III.  FROM  GROUND  TO  BEAM  MOTION 


Ground  vibrations  at  frequencies  higher  than  12.6  Hz 
will  cause  uncorrelated  motions  of  the  quadrupoles  in  LEP.  A 
quadrupole  displacement  provokes  a  displacement  of  the 
beam.  If  the  frequency  of  the  vibration  lies  in  the  betatron 
frequency  band  of  the  beam,  then  the  beam  will  oscillate  with 
an  amplitude  depending  on  the  power  of  the  exciter(ground 
motion)  and  on  the  frequency  spread  in  the  beam. 

A  quadrupole  that  is  displaced  by  an  amount  e  will 
cause  a  beam  displacement  with  amplitude  x: 
x  =  ,[^K£e, 

where  Ki  is  the  integrated  normalised  quadrupole 
strength,  pg  and  Pq  respectively  are  the  p  function  at  the 
quadrupole  and  at  the  observation  point.  The  contributions  of 
many  quadrupoles  add  quadratically  : 

^"=Po'LPQ{K£fe\ 

Response  at  P  frequencies  for  beam  with  tune  spread 
can  be  computed  as  follows.  Consider  a  beam  with  tune 
spread  SQ.  The  frequency  of  the  external  excitation  x  lies  in 
the  frequency  band  of  the  p  oscillation  of  the  beam.  From  the 
study  of  the  transverse  stability  diagram  and  for  a  reasonable 
distribution  function,  following  expression  holds  for  the 
oscillation  amplitude  of  the  ensemble: 

This  can  be  applied  to  the  previous  result  to  give: 

^2_PolPam\2 

"  452^ 


To  compute  the  effect  on  the  closed  orbit  it  is 
sufficient  to  replace  the  optic  amplification  factor  l/SQ  by 


the  optic  orbit  amplification  factor  l/|sin(;r^)|,  yielding  : 
™  4sin^(«9)  ■ 


The  data  on  ground  motion  are  given  in  the  form  of 
spectral  densities.  Previous  formulae  can  be  rewritten  taking 
this  aspect  into  account.  Indeed, 


and 


PolPaiKif 

46Q^ 

PolPam 

4sin^(;cg') 


S^f)- 

2 

(1) 

(2) 

It  is  worth  pointing  out  that  x  and  x^^  are  quantities 
that  are  measurable  by  a  beam  position  monitor.  The  next 
step  is  to  estimate  the  various  constants  in  the  expressions. 
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The  parameter  depends  on  the  machine 

optics.  It  has  been  computed  for  the  1993  Pretzl  optics  used  in 
LEP  during  physics  runs.  The  result  for  the  vertical  plane  is 
18700  and  for  the  horizontal  one  16600. 

As  far  as  the  tune  spread  SQ  is  concerned  a  pragmatic 
attitude  is  adopted  in  the  sense  that  it  is  taken  to  be  0.015 
which  is  some  average  value  based  on  the  actual 
observations.  It  is  realised  that  this  is  in  contradiction  with  the 
expectations  for  beams  influenced  by  a  beam-beam  tune 
spread  generated  by  four  interaction  points. 

The  fractional  tune  q  in  LEP  varies  between  0.1  and 
0.3.  Hence  the  orbit  amplification  factor  sin(^^)  varies 

between  0.3  and  0.8,  say  an  average  of  0.5. 

This  then  leads  finally  to  a  value  for  the  expected 
spectral  density  of  the  beam  motion  at  the  betatron 
frequencies  of : 

=  0.43n/n/ 

while  the  orbit  motion  around  100  Hz  will  have  a 
spectral  density  of; 

^  =  0.55nm/Vft . 

IV.  PROPERTIES  OF  THE  BEAM 
POSITION  MONITOR  SYSTEM 

A  beam  position  monitor  of  the  directional  coupler  type 
had  been  installed  in  LEP  for  general  purpose  use.  The 
properties  of  this  monitor  and  its  associated  acquisition 
system  can  be  analysed  in  great  detail  for  a  single  lepton 
bunch  coasting  in  LEP.  Special  care  has  been  taken  to 
maximise  the  sensitivity.  A  resolution  of  0.l6nm/^fHz  is 
obtained  for  a  bunch  intensity  of  300 |iA,  sufficient  to  observe 
the  expected  excitation  by  ground  motion. 

V.  OBSERVATIONS 

A  typical  FFT  plot  of  the  p  oscillations  is  shown  in 
Figure  1 


Typical  FFT  plot  of  beam  signals  excited  by  ground  motion 
Figure  1 


This  and  similar  plots  can  be  analysed  using  previous 
expressions  to  yield  a  value  of  Sgm-  The  results  are  presented 

in  next  table. 


ib 

frequency 

SQ 

peak  signal 

Sgm 

|xA 

Hz 

bit 

10-^*  Hz 

260 

1720 

0.016 

540 

550 

240 

1760 

0.012 

84 

8.8 

300 

1800 

0.014 

80 

7 

117 

1870 

0.006 

40 

2.1 

289 

1900 

0.014 

67 

5.3 

300 

1940 

0.02 

45 

4.5 

230 

1940 

0.015 

93 

18.4 

324 

2210 

0.018 

65 

6.5 

190 

1090 

0.004 

400 

400 

240 

3150 

0.006 

44 

6.8 

260 

3160 

0.015 

140 

370 

300 

3200 

0.008 

43 

7.4 

340 

3300 

0.01 

32 

5 

300 

3300 

0.008 

30 

3.6 

Table  1:  Results  at  p  oscillation  frequencies 


A  typical  FFT  plot  of  the  closed  orbit  spectrum  is 
shown  in  Figure  2. 
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Figure  2 

A  clear  valley  at  ^=0.001,  or/=  1 1.2  Hz  can  be  seen.  It 
is  very  likely  that  this  corresponds  with  the  coherence  limit 
that  was  calculated  before  and  found  to  be  at  12.6  Hz.  In  table 
4  measurements  at  frequencies  45  and  90  Hz  are  shown. 


^OHz 

^5  Hz  1 

ib 

peak  sig. 

Sgm 

peak  sig. 

Sgm  1 

bit 

bit 

o 

7 

o 

170 

3.1 

1400 

210 

86 

2.3 

970 

290 

120 

2.0 

1280 

230 

40 

3.1 

370 

260 

70 

3.4 

450 

140 

Table  2:  Results  from  low  frequency  measurement  of 
ground  motion  effect 

This  is  the  moment  to  make  a  small  digression.  It  can 
be  shown  that  Schottky  noise  is  20  to  30  dB  below  the  noise 
level  of  the  observation  system.  Hence,  it  cannot  be  at  the 
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origin  of  the  observed  signals.  A  second  contender  can  now 
be  ruled  out  for  the  excitation  of  the  beam  at  a  few  kHz.  That 
one  is  power  supply  noise.  Power  supplies  in  LEP  are 
essentially  low  frequency  devices  with  a  bandwidth  of  a  few 
Hz  only.  While  it  is  not  unreasonable  that  their  effect  may  be 
visible  at  these  low  frequencies  it  is  to  be  expected  that  ^eir 
strength  decreases  at  a  rate  of  at  least  two  orders  of 
magnitude  per  decade.  At  2kHz  the  skin  effect  of  the  A1 
chamber  will  cause  a  further  attenuation  in  the  order  of  a 
factor  of  10.  All  this  adds  up  to  a  signal  density  which  is  a  lot 
smaller  than  the  resolution  of  the  system. 

In  Figure  3  the  measurement  results  with  beam  are 
assembled  in  a  comparison  plot  with  direct  seismic 
measurements[7]. 


Comparison  plot  between  seismic  measurements  in 
LEP  and  beam  motion  measurements 
Figure  3 

The  correspondence  between  the  direct  seismic 
measurement  results  and  the  beam  measurements  is 
astonishing.  Even  the  logarithmic  slope  of  2.5  shows  up 
clearly  in  the  beam  measurements.  Of  course,  the  vertical 
scale  is  very  compressed.  It  is  not  even  sure  that  the  scatter  of 
the  results  is  due  to  the  measurement.  Indeed,  there  is  no 
good  reason  why  the  spectral  density  of  the  seismic  activity 
should  be  constant  in  time.  On  several  occasions,  highlighted 
in  Table  2  and  3,  a  much  higher  activity  was  noted. 

VI.  CONSEQUENCES  FOR  THE  LHC 

The  transverse  excitation  source  for  LEP  and  LHC  is 
obviously  the  same  The  effect  of  uncorrected  ground 

motion  in  the  LHC  is  beam  blow  up  since  damping  is  very 
small.  The  blow  up  can  be  computed  with  following  formula : 

T-> 

where  e  is  the  normal  beam  emittance  and  y  mass  to 
rest  mass  ratio. 

Assuming  that  the  growth  rate  should  not  be  less  than 
40  hours  ,  allowing  for  a  damping  time  of  around  25  hours 
and  an  emittance  of  3.75  p.radm  and  y=8000  we  find  an  upper 
limit  for  S'g/w  : 

5^<7010-'VV^z- 

In  Figure  3  this  level  is  designated  by  the  label  ’blow 
up  limit’. 


This  result  shows  that  most  of  the  time  at  fractional 
tunes  of  0.15  and  above  this  condition  is  met.  However, 
seismic  activity  is  not  constant  and  cases  were  observed 
where  the  limit  has  been  exceeded  considerably  over  many 
hours.  The  impressive  scatter  of  the  results  shown  if  Figure  1 
is  maybe  partially  due  to  power  variations  of  seismic 
vibrations.  Moreover,  even  if  the  source  of  the  effect  is  the 
same  in  LEP  and  LHC  it  is  not  sure  that  the  motion  of  the 
quadrupoles  is  identical.  It  is  well  known  that  the  magnet 
supports  can  enhance  the  motion  considerably  [1,2]. 
Therefore,  it  may  be  wise  to  consider  a  narrow  band  low 
power  and  low  noise  transverse  feedback  system  that  will 
keep  the  persistent  oscillation  amplitude  x  below  a  level  that 
corresponds  to  an  acceptable  growth  rate.  The  feasibility 
study  of  such  a  system  goes  beyond  the  scope  of  this  report. 

VII.  CONCLUSIONS 

The  excitation  of  the  beam  in  LEP  by  seismic 
vibrations  has  been  measured  rather  accurately.  Its  effect  on 
the  blow  up  of  the  LHC  coasting  beams  has  been  estimated. 
In  view  of  large  temporal  variations  of  the  power  of  seismic 
vibrations  it  is  suggested  that  a  special  feedback  is  envisaged 
to  keep  the  effect  within  acceptable  bounds  at  all  times. 
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L  High  Energy  Cosmic  Particles  and  Fields 

In  very  strong  electromagnetic  fields,  near  to  the  magnetic 
poles  of  a  neutron  star,  for  example,  where  the  magnetic  field 
strength  may  well  exceed  lO^^G,  and  thus  the  corresponding 
mass  equivalent  of  field  energy  be  higher  than  200  g  cm“^, 
mechanisms  can  evolve,  that  are  interesting  for  a  number  of  rea¬ 
sons: 

#  Something  may  be  learnt  about  electromagnetism  at  ex¬ 
tremely  high  energy  densities, 

#  Astrophysicists  want  to  understand  the  structure  and  dynam¬ 
ics  of  pulsar  magnetospheres  in  terms  of  underlying  physics, 

#  Rotating  cosmic  magnets,  rotation-powered  radio  pulsars, 
for  example,  are  possible  candidates  for  high  energy  cosmic  par¬ 
ticle  accelerators  [1], 

#  The  physics  at  work  may  be  helpful  for  the  designing  of  new 
types  of  man-made  accelerators. 

The  present  paper  is  directed  to  a  better  understanding  of  the 
classical  equation  of  motion  for  particles  in  very  strong  electro¬ 
magnetic  fields  at  its  possible  role  in  the  generation  of  gamma 
ray  bursts  and  in  the  formation  of  plasma  jets. 

II.  Self-Consistent  Electrodynamics 

According  to  the  conventional  interpretation  of  Maxwell  the¬ 
ory,  electromagnetic  radiation  is  ’generated’  through  shear  ac¬ 
celeration  of  an  electromagnetically  interacting  particle,  irre¬ 
spective  of  the  nature  of  accelerating  forces. 

Consequently,  Larmor’s  radiation  formula 

pRAD  _  mTo{dvMRs/dt)^  —  mTo\\du/dT\\^  (1) 

then  contains  the  (four-)  vector  of  ’kinematical’  acceleration, 
dvjdr,  dvMRs/di  is  the  corresponding  (three-)  vector  in  the 
momentary  rest  frame,  MRS,  of  that  particle,  m  is  its  mass  and 
To  =  2e^  I is  the  radiation  constant. 

Also  in  agreement  with  this  interpretation,  the  equation  of  mo¬ 
tion 

duj/dr  =  -f  roGjkU^,  (2) 

contains  a  radiation  force  tensor 

-  ^jk 

:=  {[d'^Uj/dT^]uk  —  Uj[d^Uk/dT'^])/c^  (3) 

*Paper  delivered  to  the  Particle  Accelerator  Conference,  May,  1-5,1 995,  Dal¬ 
las,  Texas.  Due  to  the  shortage  of  space,  numerical  and  graphical  results  shown 
at  the  conference  will  be  reproduced  elsewhere. 
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which  is  governed  by  (this  time  the  second)  kinemat¬ 
ical  acceleration^  is  the  tensor  of  the  external  field^  in 

an  arbitrary  inertial  frame  of  reference  (IS)  and  tjo  =  e/mc.  If 
acceleration  is  due  to  external  electromagnetic  fields,  Larmor’s 
radiation  formula  (1)  specializes  to 

=  mro(c77oE^^^)^  =  n^ro||«^||^  (4) 

where  :=  is  used  as  an  abbreviation  for  the 

’Lorentz  acceleration’.  is  the  electric  field  vector  of  the 

external  field,  in  the  MRS. 

Accordingly,  the  radiation  force  tensor  (3)  specializes  to 

Gi.  =  Gfr  :=  (5) 

with 

Gjfe  —  (6) 

and  \=  as  an  abbreviation  for  the  ’sec¬ 

ond  Lorentz  acceleration’. 

In  what  follows  I  shall,  tentatively,  suggest  that  (I)  radiation  is 
generated  and  radiation  reaction  may  be  felt  only  if  and  insofar 
as  acceleration  is  due  to  external  electromagnetic  fields  [2],  [5], 
[6]. 

As  a  consequence  of  this  suggestion,  (4)  is  expected  to  be  the 
correct  form  of  Lamor’s  radiation  formula,  (at  least  in  the  lowest 
order  of  the  interaction  constant)  and  (5)  is  expected  to  be  the 
correct  form  of  the  radiation  force  tensor. 

When  the  external  field  is  a  wave  field,  radiation  from  a 
charged  particle  is  often  looked  upon  as  the  scattered  wave 
field  (’synchrq-Comptonradiation’)  and  the  fourth-order  compo¬ 
nent  of  radiation  reaction  force  in  this  special  case  is  seen  as  the 
knock‘On  force  due  to  many-photon  Thomson-  (  or  Compton- ) 
scattering^, 

=  (7) 

where  is  the  Thomson  cross-section  and  S 

is  the  Poynting  vector. 

Here  it  will  be  shown  how  this  interpretation  can  be  extended 
also  to  electromagnetic  fields  of  arbitrary  shape,  namely  that  (II) 

^  Equation  (2)  with  (3)  sometimes  is  called  Lorentz-Dirac  equation  (L-D  equa¬ 
tion)  or  Abraham-Lorentz  equation.  Equation  (2)  with  (5)  sometimes  is  referred 
to  as  Lorentz-Dirac-Landau equation  (L-D-L  equation).  A  review  is  given  in:  [3], 

^The  external  field  is  understood  as  the  field  due  to  all  other  electromagneti¬ 
cally  interacting  particles  around. 

^  As  one  might  expect,  (6)  can  be  deduced  from  (7)  by  Lorentz  transforma¬ 
tion  [4]. 
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radiation  emitted  from  an  electromagnetically  interacting  parti¬ 
cle  in  general  can  be  understood  as  the  result  of  the  scattering 
of  an  external  electromagnetic  field. 

Suggestions  (I)  and  (II)  will  be  integrated  in  a  Schrodinger  pic¬ 
ture  of  the  photon  and  referred  to  as  self-consistent  electrody¬ 
namics. 

III.  Wave  Mechanics  of  the  Photon 

In  Maxwell’s  equations 

[V,E]  =  -(l/c)atH-(4x/c)j(”*), 

[V,H]  =  {l/c)dtE+{4n/c)j^^\ 

(V,E)  = 

(V,H)  =  47re(’">, 

the  electromagnetic  field  is  represented  by  the  electric  and  mag¬ 
netic  vectors  E  and  H,  respectively.  and  are  the  electric 
and  magnetic  current  vectors,  and  and  are  the  electric 
and  magnetic  charge  densities,  respectively. 

As  is  well  known,  these  classical  field  equations  may  be 
written^ 

ihdti>  =  —  47rifiC,  (8) 

where  (V,  i))  =  47r7?.  V'  *=  is  the  wave  function 

of  the  photon  and  =  C*(E^  —  zH^)  is  its  adjoint.  Cor¬ 
respondingly,  the  source  terms^  are  defined  through  the  electric 
and  magnetic  charges  rj  =  -h  and  the  respective 

currents  C  =  respectively®,  s  :=  := 

-ih{exf,u)  is  the  spin  and  p  :=  ((pa)^J  :==  -iH{dx)Sf,i.)  is 
the  momentum  of  the  photon.  :=  (c/^)(s,  p). 

In  a  source-free  region,  Schrodingers’s  equations  is 

=  (9) 

Alternatively,  one  might  have  written 

ihdt^  =  n-^  (10) 

with  the  wave  function  Tp  :=  C*(E  —  zH)  and  its  adjoint  := 
C(E^  -hfH^).  Then,?f-  :=  -(c/n)(s,p). 

Only  waves  corresponding  to  positive  energy  S  of  the  photon 
have  a  physical  counterpart  in  classical  electromagnetic  fields^ 

^For  example,  in:  A.  Messiah,  Quantum  Mechanics,  Vol.I  &  II,  North  HoUan- 
dishPubl.Comp.  (1970). 

^  Magnetic  chaises  and  currents  are  admitted  for  reasons  of  symmetry,  but  their 
appearance  is  not  essential  in  the  following  argumentations.  Brackets  [,]  are  for 
the  vector  product,  (,)  for  the  scalar  product.  In  what  follows,  Latin  indices  are 
running  from  0  through  3,  Greek  indices  are  running  from  1  through  3.  ^  stands 
for  transposition  and  *  for  complex  conjugate.  H  will  be  used  for  the  Hamilto¬ 
nian  to  distinguish  it  from  the  magnetic  vector  H.  Also,  S  will  be  used  for  the 
energy  of  a  photon  to  distinguish  it  from  the  energy  density  of  the  electromag¬ 
netic  field  e.  are  the  Levi-Civita  symbols. 

®  With  this  definition  of  through  E  and  H  we  have  not  given  privilege  to  any 
of  these  two  field  vectors  E  or  H  since  the  norm  of  the  wave  function,  as  well  as 
expectation  values  arc  numerically  invariant,  and  the  field  equations  are  form- 
invariant  under  the  transformation  i/'  so  that  E  E'  = 

E  cos  or  “  H  sin  or,  and  H  — >•  H'  =  E  sin  a  -1-  H  cos  or,  (with  corresponding 
transformation  rules  for  the  source  terms).  Moreover,  these  invariances  also  exist 
under  unitary  transformations y  t/'  -)■  =  A  with  A  E  from  where 

it  looks  ’natural*  that  the  corresponding  irreducible  representations  ’appear*  as 
’elementary  entities’  which  take  part  in  electromagnetic  interaction. 

^In  addition,  one  has  to  consider  wave  functions  which  are  independent  from 
the  coordinates  in  space  and  time,  in  the  normalization  volume.  They  correspond 
to  the  limit  of  vanishing  photon  energy,  £  — 0. 


and  thus  need  to  be  selected  from  the  solutions  of  (9)  and  (10). 
Among  these,  the  ones  with  positive  sense  of  rotation  of  the  elec¬ 
tric  vector  with  respect  to  the  direction  of  propagation  ( i.e.  left- 
circularly  polarized  waves  in  the  usual  notation,  corresponding 
to  positive  helicity  of  the  photon)  are  delivered  by  (9),  while 
those  with  negative  sense  of  rotation  ( i.e.  right-circularly  po¬ 
larized  waves,  corresponding  to  negative  helicity)  are  described 
by  (10). 

Here,  it  will  be  more  comfortable,  to  make  use  of  a  one-to- 
one  correspondence  of  solutions  fi*om  (9)  and  (10),  restricting  to 
solutions  of  (9) 

ihdti^  = 

where  :==  (c/?i)x(s,  p),  and  x  distinguishes  between  states  of 
positive  and  negative  helicity, 

IV.  Normalization  and  Statistical  Interpretation 

The  quantum  Schrodinger  picture  can  be  related  to  the  classi¬ 
cal  Maxwell  picture  through  a  statistical  interpretation.  Multipli¬ 
cation  of  the  Schrodinger  equation  (9)  with  and  of  the  adjoint 
equation  with  ip  after  substraction  delivers, 

-i-  dtvt  =  q,  (12) 

where  w(x,f)  :=  ^^^p  =  (^*,  V’),  and  w(x,<)  =  (w^)  := 
-ic[ip*,^]y  and®  q  :=  -87rRe(V'*,  C)»  where  Re( )  stands  for 
the  real  part. 

If  the  wave  packet  of  the  particle  constituting  the  electric 
charge  does  not  grow  too  fast  within  time  intervals  considered, 
w  is  quasi-source  free.  In  that  case,  normalization 

J  ip^-ip  d^x  =  1  (13) 

V 

is  possible  with  the  help  of 

=  1/  J  {E2  +  (14) 

V 

where  V  C  R3(x)  is  an  appropriately  chosen  normalization 
volume  in  3 -dimensional  coordinate  space^.  Then,  w  is  inter¬ 
pretable  as  the  position  probability  density  of  the  photon  and  w^ 
as  the  corresponding  position  probability  current  and  the  expec¬ 
tation  value  for  energy,  e.g.,  is 

<n>=  j  (15) 

V 

Multiplying  (9)  with  and  subtraction  of  the  complex 

conjugate  delivers 

=  q^,  (16) 

where  :=  (i/'* ,  -  (V’JlV’v  +  i’ti’it)  := 

^Corresponding  to  g  =  — 8'7r|C'p{(E,j(®))  +  (HJ^"*))}. 

^Singularities  from  point-like  sources  can  be  avoided  by  taking  into  account 
the  finite  extension  of  the  wave  packet  of  the  corresponding  physical  particle. 

^^Correspondingto  =  S7rc\C\'^{E^Q^^^ 
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Since,  in  a  source-free  region,  each  component  of  w  = 
obeys  the  continuity  equation  (16),  w  may  also  be 
interpreted  as  a  density,  in  this  case,  of  c  :=  (c/ft)s. 

For  an  interpretation  of  the  conserved  quantity  c,  we  note  that 
with  (11)  the  only  possible  eigenvalue  of  c  =  (c/ft)s  is +c. 
Thus,  may  be  understood  as  the  velocity  operator  of  the  pho¬ 
ton  with  =  c^.  w  can  be  seen  as  the  velocity  density  and 
as  the  corresponding  velocity  current. 

We  thus  arrive  at  the  classical  continuity  equation  9^  Sf  + 
dte"^  =  0  for  the  density  :=  N  <  71  >  w,  and  the  cur¬ 
rent  Sf  :=^  <n>  w^,  of  expected  energy,  and  at  the  clas¬ 
sical  continuity  equation  d^(Tf^  dtPf  =  0,  for  the  density 
Pf  :=  N  <  >  w^/c,  and  the  current  crf^^  :=  N  <  H  > 

of  expected  momentum,  where  N  is  the  ratio  of  classical 
field  energy  in  the  normalization  volume  to  the  expectation  value 
of  photon  energy. 

V.  Reproduction  of  the  Equation  of  Motion 

We  now  have  the  means  to  reinterpret  radiation  generation  and 
radiation  reaction  within  a  field  of  arbitrary  shape  in  terms  of 
many  photon  Thomson  scattering. 

If,  in  the  MRS,  0{V')  is  the  surface  separating  a  (sufficiently 
small  spherical)  scattering  volume  CV  from  V'^  then  the 
rate  of  expected  momentum  transfer  onto  the  charged  particle  is 

K MRS  pi  ~  ~  ^  (17) 

O(vo 

Through  arguments  analogous  to  those  applied  earlier  [2],  [5], 

[6],  contributions  from  the  external  field  and  from  the  Coulomb 
field  deliver  the  Lorentz  (Coulomb)  force 

Kif/5  =  (18) 

and  transformation  of  (18)  from  the  MRS  to  an  arbitrary  IS  leads 
to  the  covariant  form  of  the  Lorentz  force 

(19) 

while  contributions  from  the  radiation  field  and  from  the 
Coulomb  field  reproduce  the  radiation  reaction  force 

(20) 

Transformation  of  (20)  analogously  leads  to 

=  mroGf/^«^  (21) 

and  thereby  back  to  the  classical  equation  of  motion  (2)  with  (5). 

VI.  A  Possible  Mechanism  for  the  Formation  of  Jets 
and  the  Generation  of  Gamma  Ray  Bursts  by 
Rotating,  Magnetized  Neutron  Stars 

Near  the  surface  of  a  rotating,  magnetized  neutron  star,  the 
magnetic  field  may  be  extremely  strong  [7],  typically  of  the  order 
of  lO^^G,  and  also  the  electric  field  may  be  very  strong,  though 
considerably  less,  typically  of  the  order  of  10^°G.  Under  such 
conditions  particles  tend  to  follow  magnetic  field  lines  and,  as  I 


have  suggested  earlier  [6],  [5],  an  upper  limit  of  particle  energy 
is  created  locally  by  radiation  reaction. 

In  the  polar  region,  ^  =  0,  of  an  orthogonal  rotator,  this  limit 
is  max(7‘^^^°)  =  2.4  •  10^  for  the  electron,  andmax(7®'*^^°)  = 
3.6  •  10^  for  theproton^^. 

For  a  parallel  rotator. 


max(7^''’'")  =  2\JrLlcTQ  • 
.(^)ctg^o 

VT 


-^cos^^o(3cos^^o+l) 

(i-fcos^^o) 


(22) 


In  the  polar  region,  9  —  0,  of  a  parallel  rotator,  the  upper  limit 
of  the  Lorentz  factor  is  max(7P^^^)  =  2.9  •  10^  ctg  9^  for  the 
electron,  and  max(7P®^^®')  =  4.4  ♦  10^  ctg  for  the  proton. 

Unlike  the  orthogonal  rotator,  the  parallel  rotator  develops  a 
very  narrow  nozzle  around  the  axis,  ^  =  0,  through  which  very 
energetic  particles  can  be  ejected  from  the  surface.  This  mech¬ 
anism  may  play  a  role  in  both,  the  generation  of  gamma  ray 
bursts^  ^  as  well  as  the  formation  of  jets. 
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As  in  [8],  numerical  values  given  here  are  for  the  ’standard  set  of  parame¬ 
ters’,  e.g.,  for  the  radius  of  the  neutron  star:  =  10®  cm,  for  the  light  radius: 

vl  —  4.8  •  10® cm,  arid  for  the  ’typical  radius’:  =  2.4  *  10^®cm  (elec¬ 

trons)  and  ry  =  5.6  •  10^^  cm  (protons),  corresponding  to  2/  =  10  sec“^  and 
H  =  10®®Gcm®  , 

^^One  may  think  of  thin  beams  of  very  energetic  particles  from  spinning  neu¬ 
tron  stars  distributed  in  the  volume  of  the  galactic  halo,  which  randomly  hit  the 
location  of  the  observer.  But,  of  course,  one  has  to  keep  in  mind  that  this  sugges¬ 
tion  is  based  on  results  from  particle  dynamics  in  vacuum  fields  (’stage  one’). 
As  mentioned  before,  modifications  of  the  fields  are  expected  through  plasma 
effects. 


3372 


TRAPPED  MODES  IN  THE  VACUUM  CHAMBER 
OF  AN  ARBITRARY  CROSS  SECTION 


Sergey  S.  Kurennoy 

Physics  Department,  University  of  Maryland,  College  Park,  MD  20742,  USA 

and  Gennady  V.  Stupakov 
SLAC,  Stanford,  CA  94309,  USA 


Abstract 

A  recent  study  [1]  has  shown  that  a  small  discontinuity  such  as 
an  enlargement  or  a  hole  on  circular  waveguides  can  produce 
trapped  electromagnetic  modes  with  frequencies  slightly  below 
the  waveguide  cutoff.  The  trapped  modes  due  to  multiple  dis¬ 
continuities  can  lead  to  high  narrow-band  contributions  to  the 
beam-chamber  coupling  impedance,  especially  when  the  wall 
conductivity  is  high  enough.  To  make  more  reliable  estimates 
of  these  contributions  for  real  machines,  an  analytical  theory  of 
the  trapped  modes  is  developed  in  this  paper  for  a  general  case 
of  the  vacuum  chamber  with  an  arbitrary  single-connected  cross 
section.  The  resonant  frequencies  and  coupling  impedances  due 
to  trapped  modes  are  calculated,  and  simple  explicit  expressions 
are  given  for  circular  and  rectangular  cross  sections.  The  esti¬ 
mates  for  the  LHC  are  presented. 

1.  Introduction 

Previous  computer  studies  of  cavities  coupled  to  a  beam  pipe 
indicated  that  the  impedance  of  small  chamber  enlargements  ex¬ 
hibits  sharp  narrow  peaks  at  frequencies  close  to  the  cutoff  fre¬ 
quencies  of  the  waveguide,  see  references  in  [1].  For  a  sin¬ 
gle  small  discontinuity,  such  as  an  enlargement  or  a  hole,  on  a 
smooth  circular  waveguide,  an  analytical  theory  has  been  de¬ 
veloped  [1],  which  shows  that  these  peaks  can  be  attributed  to 
trapped  modes  localized  near  the  discontinuity.  A  trapped  mode 
is  an  eigenmode  of  the  waveguide  with  a  discontinuity,  with 
the  eigenfrequency  slightly  below  the  waveguide  cutoff,  which 
can  exist  in  addition  to  the  continuous  spectrum  of  the  smooth 
waveguide.  The  existence  of  trapped  modes  depends  on  a  rela¬ 
tion  between  the  conductivity  of  the  chamber  walls  and  a  typical 
size  of  the  discontinuity,  and  in  the  limit  of  perfectly  conducting 
walls  the  trapped  modes  exist  even  for  very  small  perturbations. 

The  trapped  modes  in  a  circular  waveguide  with  many  dis¬ 
continuities  have  also  been  studied  [2],  and  it  was  demonstrated 
that  the  resonance  impedance  due  to  N  close  discontinuities  in 
the  extreme  case  can  be  as  large  as  times  that  for  a  single 
discontinuity.  This  phenomenon  is  dangerous  for  the  beam  sta¬ 
bility  in  large  superconducting  proton  colliders  like  the  LHC, 
where  the  design  anticipates  a  thermal  screen  (liner)  with  many 
small  pumping  holes  inside  the  beam  pipe.  In  such  structures 
with  many  small  discontinuities  and  a  high  wall  conductivity,  the 
trapped  modes  can  exist  and  contribute  significantly  to  the  beam- 
chamber  coupling  impedances. 

In  the  present  paper  we  develop  an  analytical  description  of 
the  trapped  modes  for  a  waveguide  with  an  arbitrary  single- 
connected  cross  section.  We  also  derive  particular  results  for  cir- 
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cular  and  rectangular  waveguides  from  our  general  formulas. 

IL  General  Analysis 

Let  us  consider  a  cylindrical  waveguide  with  a  transverse 
cross  section  S,  having  a  small  hole  in  its  perfectly  conducting 
walls.  We  assume  that  the  2:  axis  is  directed  along  the  waveguide 
axis,  the  hole  is  located  at  the  point  (6,  z  =  0),  and  its  typical  size 
h  satisfies  h  b.  The  fields  of  a  source  with  time  dependence 
exp{-iu;t)  in  the  waveguide  without  hole  can  be  expressed  as  a 
series  in  TM-  and  TE-modes.  The  fields  of  the  TM^m  mode  are 
[3] 

~  2^)  ’  =  0  J 

exp(rhryi,7i2^)  5  (1) 

ZqH^  =  ikz  XVenmexp{±TnmZ)  , 

where  zb  indicates  the  direction  of  the  mode  propagation, 
enm(^  are  eigenvalues  and  orthonormalized  eigenfunctions 
(EFs)  of  the  2D  boundary  problem  in  S: 

(V  -b  k^^^  Cnm  =  0  ]  ^ 

and  propagation  factors  Tnm  =  are  to  be  replaced 

by  with  ^Yim  ^  i^k^  k  ^  Here  V 

is  the  2D  gradient  in  plane  S\  k  =  lj/c;  j>  means  an  outward 
normal  unit  vector,  f  is  a  unit  vector  tangent  to  the  boundary  dS 
of  the  chamber  cross  section  5,  and  {P,  f,  z}  form  a  RHS  basis. 
Similarly,  TEnm  fields  are  expressed  in  terms  of  EFs  hnm  sat¬ 
isfying  the  boundary  problem  (2)  with  the  Neumann  boundary 
condition  Viyhnm\ds  =  0,  and  corresponding  eigenvalues  k!^^ 
[3]. 

A.  Frequency  Shifts 

In  the  presence  of  the  hole,  there  is  a  solution  of  the  homo¬ 
geneous,  i.e.,  without  external  currents.  Maxwell  equations  for 
this  structure  with  the  frequency  Qg  (s  =  {nm})  slightly  below 
the  corresponding  cutoff  frequency  ojg  =  k^c,  so  that  Aw,  = 
— the sth trapped TM-mode.  Atdistances  \z\  >  b 
from  the  discontinuity  the  fields  of  the  trapped  mode  have  the 
form 

£z  =  fc^e,exp(-r,|^|) ;  71^  =  0; 

£t  =  sgn(z)r,Ve,exp(-r,|z|)  ;  (3) 

Z^Ht  =  ikz  X  Ve,  exp(— r,|2:|)  , 

where  k  =  Qg/cy  and  the  propagation  constant  F,  satisfies  the 
equation 

r,  ~  (V.e^)'  .  (4) 
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Here  is  the  transverse  magnetic  susceptibility  of  the  hole,  cf. 
[4] ,  and  superscript  ’/i’  indicates  that  the  field  is  taken  at  the  hole. 
Typically,  =  0{h^),  while  Vi/cJ  =  0(1/6),  and  as  a  result, 
r,6  <C  1.  This  means  that  the  field  of  the  trapped  mode  extends 
in  the  waveguide  over  the  distance  1  /Tg  large  compared  to  the 
waveguide  transverse  dimension.  Conditions  like  Eq.  (4)  were 
obtained  in  [1],  [2]  for  a  circular  waveguide  using  the  Lorentz 
reciprocity  theorem,  but  there  are  other  ways  to  derive  them.  For 
example,  they  follow  in  a  natural  way  from  a  general  theory  for 
the  impedances  of  small  discontinuities  [4].  In  such  a  deriva¬ 
tion,  the  physical  mechanism  of  this  phenomenon  becomes  clear: 
a  tangential  magnetic  field  induces  a  magnetic  moment  on  the 
hole,  and  the  induced  magnetic  moment  support  this  field  if  the 
resonance  condition  (4)  is  satisfied.  Thus,  the  mode  can  exist 
even  without  an  external  source,  see  in  [4].  Note  that  the  in¬ 
duced  electric  moment  is  negligible  for  the  TM-mode,  since 
=  0{Ts)Mr,  as  follows  fromEq.  (3). 

The  equation  (4)  gives  the  frequency  shift  Aujg  of  the  trapped 
sth  TM-mode  down  from  its  cutoff  ufg 


i>l  (V.e^)"  .  (5) 


In  the  case  of  a  small  hole  this  frequency  shift  is  very  small, 
and  for  the  trapped  mode  (3)  to  exist,  the  width  of  the  resonance 
should  be  smaller  than  Aug.  Contributions  to  the  width  come 
from  energy  dissipation  in  the  waveguide  wall  due  to  its  finite 
conductivity,  and  from  energy  radiation  inside  the  waveguide 
and  outside,  through  the  hole.  Radiation  escaping  through  the 
hole  is  easy  to  estimate  [  1  ] ,  and  for  a  thick  wall  it  is  exponentially 
small,  e.g.,  [5].  The  damping  rate  due  to  a  finite  conductivity  is 
j  =  P/{2W),  where  P  is  the  time-averaged  power  dissipation 
and  W  is  the  total  field  energy  in  the  trapped  mode,  which  yields 


where  S  is  the  skin-depth  at  frequency  fi,,  and  the  integration 
is  along  the  boundary  dS.  The  evaluation  of  the  radiation  into 
the  lower  waveguide  modes  propagating  in  the  chamber  at  given 
frequency  Q,  is  also  straightforward  [6],  if  one  makes  use  of  the 
coefficients  of  mode  excitation  by  effective  dipoles  on  the  hole, 
e.g.,  Eqs.  (6)-(9)  in  Ref.  [4].  It  shows  that  corresponding  damp¬ 
ing  rate  jr  =  is  small  compared  to  Aa;^.  For  instance, 

if  there  is  only  one  TEp-mode  with  the  frequency  below  that  for 
the  lowest  TM^-mode,  like  in  a  circular  waveguide  (Hu  has  a 
lower  cutoff  than  Eoi), 


Aug 


(V) 


where  /?'  ~  {k^  —  because  k  kg. 

The  frequency  of  the  trapped  TEp-mode  is  given  by  the  con¬ 
dition  [4] 


provided  the  RHS  of  Eq.  (8)  is  positive.  Here  and  x  are  the 
longitudinal  magnetic  susceptibility  and  the  electric  polarizabil¬ 
ity  of  the  hole. 


B.  Impedance 

The  trapped  mode  (3)  gives  a  resonance  contribution  to  the 
longitudinal  coupling  impedance  aiuj  ^Qg 


z,{u) 


R, 

U3^  -  ’ 


(9) 


where  the  shunt  impedance  R,  can  be  calculated  as 

n  _  dzexii{-iQ,szlc)£z{z)f 
■■  ■ 


(10) 


The  integral  in  the  denominator  is  taken  over  the  inner  wall  sur¬ 
face,  and  we  assume  here  that  the  power  losses  due  to  its  finite 
conductivity  dominate.  Integrating  in  the  numerator  one  should 
include  all  TM-modes  generated  by  the  effective  magnetic  mo¬ 
ment  on  the  hole  using  Eqs.  (6)-(9)  from  [4],  in  spite  of  a  large 
amplitude  of  only  the  trapped  TM,  mode.  While  all  other  ampli¬ 
tudes  are  suppressed  by  factor  r56  ^  1,  their  contributions  are 
comparable  to  that  from  TM, ,  because  this  integration  produces 
the  factor  r^6  for  any  TM^  mode.  The  integral  in  the  denomina¬ 
tor  is  dominated  by  TM,.  Performing  calculations  yields 


Zoeli>%  (V^e?) 


where  6,(0)  6^(6)/ is  the  normalized  electric 

field  produced  at  the  hole  location  by  a  filament  charge  on  the 
chamber  axis,  see  [7]  and  [4]. 

Results  for  a  particular  shape  of  the  chamber  cross  section 
are  obtained  from  the  equations  above  by  substituting  the  cor¬ 
responding  eigenfunctions. 


III.  Circular  Chamber 

For  a  circular  cross  section  of  radius  5  the  eigenvalues  knm  = 
Pnm/bi  where  pnm  is  mth  root  of  the  Bessel  function  Jn  (a?) ,  and 
the  normalized  EFs  are 


Jnjfinmr) 


r  cosn^?  1 
sin  n(p  j  ^ 


(12) 


withJV^^  =  ;r62€„/2^i(ju„m)/2,whereeo  =  2ande„  =  1  for 
n  ^  0.  ForTE-modes,  with  Jnifinm)  =  0,  and 

L  /_  -x  MKmr)  f  cosnip  I 

*  ’'^'■"7^1  J  ' 


where  =  T:h'^en{l  -  In  this  case 

=  l/(27r6),  which  follows  from  the  Gauss  law.  Assuming 
the  hole  located  at  ^  =  0,  we  get  from  Eq.  (4) 


27ren6^ 


(14) 


and  fromEq.  (11) 


(15) 
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For  TE-modes  from  Eq.  (8) 


p,  _  ^zti'nm 


(16) 


Note  that  only  the  modes  with  cos  ntp  can  be  trapped,  while  sin- 
modes  just  do  not  “see”  the  hole. 

The  results  of  this  section  coincide  with  those  of  [1],  [2],  ex¬ 
cept  Rs  in  [1],  where  the  contribution  of  only  the  trapped  mode 
to  Eq.  (10)  was  taken  into  account.  Formulas  for  an  axisymmet- 
ric  enlargement  with  area  A  of  the  longitudinal  cross  section  are 
easily  obtained  fromEqs.  (14)-(15)  with  n  =  0  by  substitution 
47r6A. 


IV.  Rectangular  Chamber 

For  a  rectangular  chamber  of  width  a  and  height  b  the  eigen¬ 
values  knm  =  TTy/n^/a’^  +  ra^/b^  forn, m  =  1,2,...,  and  the 
normalized  EFs  are 

2  .  Trnx  .  nmy 

enm{x,  y)  =  sin - sin  ,  (17) 

y/ab  0.  0 


with  0  <  a?  <  a  and  0  <  y  <  6.  Let  a  hole  be  located  in  the  side 
wall  at  ar  =  a,  y  =  y/^.  Then  Eq.  (4)  gives 

and  fromEq.  (11)  the  impedance  is 


Rfim  — 
where 


+  rri^a?  ^  f •  4 

2Sa^b^{nH^ +m'^a^)  \6’  6  /  \  b  ) 

(19) 


Efw  v)  -y^(-iVM^(2(  +  i)^] 

^  ’  ~  cosh[7r(2/  +  1)m/2] 


(20) 


is  a  fast  converging  series;  see  pictures  in  [7].  Both  the  frequency 
shift  and  especially  the  impedance  decrease  very  fast  if  the  hole 
is  displaced  closer  to  the  comers  of  the  chamber,  i.e.  when  yh 
b  or  yh  0. 


V.  Estimates 

In  a  vacuum  chamber  with  many  discontinuities  their  mutual 
interaction  is  very  inqiortant.  For  trapped  modes  in  a  circular 
pipe  this  interaction  was  studied  in  [2],  but  the  results  are  appli¬ 
cable  for  any  cross  section  of  the  chamber.  A  few  holes  in  one 
cross  section  work  as  a  single  combined  discontinuity.  If  the  av¬ 
erage  distance  g  between  adjacent  cross  sections  with  holes  is 
shorter  than  l/F^,  the  number  of  the  cross  sections  with  holes 
which  work  as  an  effective  combined  discontinuity  is  A^e//  = 
y/2j{Tsg)>  Referring  to  [2]  for  more  detail,  in  this  case  we  use 
the  following  estimate  for  the  reduced  impedance  of  a  cyclic  ac¬ 
celerator  due  to  the  trapped  modes 

Re-  =  -^R,,  (21) 

where  F,,  Ar,,  and  are  given  by  the  formulas  above. 

For  the  LHC  liner  we  consider  a  model  having  a  square  cross 
section  with  side  a  =  36  mm.  The  liner  wall  has  thickness 


t  =  1  mm  and  the  inner  copper  coating.  There  are  666  narrow 
longitudinal  slots  with  width  s  =  1.5  mm  and  length  5  =  6  mm 
per  meter  of  the  liner,  with  iVf  =  8  slots  in  one  cross  section, 
which  makes  spacing  y  =  12  mm.  The  slots  are  located  at  dis¬ 
tance  a/4  from  comers.  Using  xj^r  =  u;^5/7r  for  a  long  slot  in 
the  thick  wall  [8],  we  get  for  the  lowest  E-mode  (TMn)  near 
5.9  GHz 

Re-  =  9.2VRRR  Ohms ,  (22) 

n 

where  RRR  =  30  —  100  for  copper.  The  estimate  for  the 
model  with  the  circular  cross  section  of  radius  6  =  18  mm  was 
16.by/RRR  Ohms  [2].  These  estimates  presume  identical  slots. 
A  distribution  of  slot  areasAengths  reduces  ReZin  signifi¬ 
cantly:  e.g.,  for  the  Gaussian  distribution  with  RMS  (TAlAave  = 
0.1,  the  above  result  l&,b\/RRR  Ohms  turns  into  7  Ohms,  inde¬ 
pendent  of  RRR,  see  [2]. 

VI.  Conclusions 

The  trapped  modes  in  waveguides  with  an  arbitrary  single- 
connected  cross  section  are  considered.  The  formulas  for  the  fre¬ 
quency  shift  and  the  resonance  impedance  are  derived  in  a  gen¬ 
eral  case,  and  the  results  for  circular  and  rectangular  chambers 
are  given. 

The  transverse  coupling  impedance  due  to  trapped  modes  is 
calculated  in  a  similar  way,  see  formulas  for  the  case  of  a  circular 
chamber  in  [2]. 
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Abstract 

A  general  theory  of  the  beam  interaction  with  small  discontinu¬ 
ities  of  the  vacuum  chamber  is  developed  taking  into  account 
the  reaction  of  radiated  waves  back  on  the  discontinuity.  The 
reactive  impedance  calculated  earlier  is  reproduced  as  the  first 
order,  and  the  resistive  one  as  the  second  order  of  a  perturbation 
theory  based  on  this  general  approach.  The  theory  also  gives,  in 
a  very  natural  way,  the  results  for  the  trapped  modes  due  to  small 
discontinuities  obtained  earlier  by  a  different  method. 

1.  Introduction 

A  common  tendency  in  design  of  modem  accelerators  is  to 
minimize  beam-chamber  coupling  impedances  to  avoid  beam 
instabilities  and  reduce  heating.  Even  contributions  from  tiny 
discontinuities  like  pumping  holes  have  to  be  accounted  for,  due 
to  their  large  number,  which  makes  analytical  methods  for  cal¬ 
culating  the  impedances  of  small  discontinuities  very  important. 
According  to  the  Bethe  theory  of  diffraction  by  small  holes  [1], 
the  fields  diffracted  by  a  hole  can  be  found  as  those  radiated  by 
effective  electric  and  magnetic  dipoles.  The  coupling  impedance 
of  pumping  holes  in  the  vacuum  chamber  walls  has  been  calcu¬ 
lated  earlier  [2],  [3],  [4]  using  this  idea.  The  imaginary  part  of 
the  impedance  is  proportional  to  the  difference  of  hole  polariz¬ 
abilities  iir  —  x)y  where  the  magnetic  susceptibility  ^  and  the 
electric  polarizability  x  small  compared  to  the  cubed  typical 
dimension  P  of  the  chamber  cross  section.  From  considerations 
of  the  energy  radiated  into  the  chamber  and  through  the  hole,  the 
real  part  of  the  hole  impedance  comes  out  to  be  proportional  to 
(^2  _|_  ^2^^  being  usually  much  smaller  than  the  reactance. 

In  tlie  present  paper  we  further  develop  this  analytical  ap¬ 
proach  by  taking  into  account  the  reaction  of  radiated  waves 
back  on  the  discontinuity.  It  leads  to  a  more  general  theory,  and 
allows  us  to  reproduce  easily  all  previous  results,  including  those 
about  trapped  modes  due  to  small  discontinuities  [5].  While  our 
consideration  here  is  restricted  to  small  holes,  it  can  be  readily 
applied  to  other  small  discontinuities  like  enlargements  or  irises 
because  the  idea  of  effective  polarizabilities  works  equally  well 
in  these  cases  also  [6]. 

IL  General  Analysis 

Let  us  consider  an  infinite  cylindrical  pipe  with  an  arbitrary 
cross  section  S  and  perfectly  conducting  walls.  The  z  axis  is 
directed  along  the  pipe  axis,  a  hole  is  located  at  the  point  (b,  z  = 
0),  and  a  typical  hole  size  h  satisfies  h  b.  To  evaluate  the 
coupling  impedance  one  has  to  calculate  the  fields  induced  in  the 
chamber  by  a  given  current.  If  an  ultrarelativistic  point  charge 
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q  moves  along  the  chamber  axis,  the  fields  harmonics 
produced  by  this  charge  on  the  chamber  wall  without  hole  would 
be 

Et(z;  CO)  =  ZoH^  ^  -Zoqe‘^^  .  (D 

n,m  ^nm 

where  enmi^)  are  eigenvalues  and  orthonormalized  eigen¬ 
functions  (EFs)  of  the  2D  boundary  problem  in  5: 

^nm  =  0  ;  ^nm  I35  =  0  .  (2) 

Here  V  is  the  2D  gradient  in  plane  S;  k  —  co/c;  v  means  an 
outward  normal  unit  vector,  f  is  a  unit  vector  tangent  to  the 
boundary  dS  of  the  chamber  cross  section  5,  and  {v,  f,  z]  form 
a  RHS  basis. 

A.  Fields 

At  distances  /  such  that  h  I  b,  the  fields  radiated  by 
the  hole  into  the  pipe  are  equal  to  those  produced  by  effective 
dipoles  [1],  [7]^ 

Mr  =  (^lrrrH^  +  f^zH^)/2; 

M,  =  +  (3) 

where  superscript  'h'  means  that  the  fields  are  taken  at  the  hole. 
In  general,  ^  is  a  symmetric  2D-tensor.  If  the  hole  is  symmetric, 
and  its  symmetry  axis  is  parallel  to  2,  the  skew  terms  vanish,  i.e. 

When  the  effective  dipoles  are  obtained,  e.g.,  by  substitut¬ 
ing  beam  fields  (1)  into  Eqs.  (3),  one  can  calculate  the  fields  in 
the  chamber  as  a  sum  of  waveguide  eigenmodes  excited  in  the 
chamber  by  the  dipoles,  and  find  the  impedance.  This  approach 
has  been  carried  out  in  [2],  and  for  an  arbitrary  chamber  in  [8]. 
However,  a  more  refined  theory  should  take  into  account  the  re¬ 
action  of  radiated  waves  back  on  the  hole.  The  TM-eigenmodes 
contribution  to  the  radiated  fields  is  a  series 

^  =  E  +  a;J-j(-z)]  ,  (4) 

nm 

where  F  means  either  E  or  H  and  superscripts  denote  waves 
radiated  respectively  in  the  positive  (+,  z  >  0)  or  negative  (— , 
z  <  0)  direction.  Thefieldsof{n,  m}thTM-eigenmodeinEq.  (4) 

^Polarizabilities  xfr,  x  are  related  to  the  effective  ones  oig,  oim  used  in  [7],  [2] 
as  =  -X/2  and  =  ^/2,  so  that  for  a  circular  hole  of  radius  a  in  a  thin 
wall  \fr  =  8a^/3  and  x  =  4a 
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are  expressed  [7]  in  terms  of  EFs  (2) 


E7 

—  knm^Hm  ®Xp(ir„;;,z)  J  —  0  J 

(5) 

ik 

H7 

=  —zx  Venm  exp(±r;,^z) , 

where  propagation  factors  r„„  =  should  be  re- 

placed  by  with  finm  =  (k^  -  for  k  >  knm^  For 

given  values  of  dipoles  (3)  the  unknown  coefficients  can  be 
found  [8]  using  the  Lorentz  reciprocity  theorem 

^nm  ~  ^nm^T  ?  (6) 


B,  Impedance 

The  longitudinal  impedance  of  the  hole  is  defined  as 

Zik)  -  --  /  z;  (o) ,  (14) 

Q  J-OO 

where  the  field  at  the  axis  is  given  by  Eq.  (4)  with  coefficients 
(6)  and  (8)  in  which  the  corrected  near-hole  fields  (10)-(12)  are 
substituted.  It  yields 


Z{k) 


ikZoel 

2 


fz 


1  -  l^rr(S2  -  S') 
2l-Si)]  ’ 


l-X(Si 


(15) 


^nm  —  “ 


ikZ{) 


2r. 


1(2 


^nm 


^nm  — 


^okl 


(7) 


In  a  similar  way,  the  contribution  of  TE-eigenmodes  to  the  radi¬ 
ated  fields  is  given  by  an  analogue  of  Eq.  (4)  with  the  excitation 
coefficients 


^nm  —  -H  d^mPv  "b  ^nm^z  » 


(8) 


Cnm 

dfim 


2k'^ 

^’'nm 


Wzh 


h 

nm 


9nm  — 


IT' 


ik 


2Zoeor^m^nm 


V  h" 
VT«„m  > 


(9) 


where  EFs  h„m  satisfy  the  boundary  problem  (2)  with  the  Neu¬ 
mann  boundary  condition  =  0,  and  are  corre¬ 

sponding  eigenvalues. 

Now  we  can  add  corrections  to  the  beam  fields  (1)  due  to  the 
radiated  waves  in  the  vicinity  of  the  hole.  It  gives 


E, 

Hr 

Hz 


El  -b  fzzK^oHr  +  ^zzKZqHz 
l-X(Si-Ei) 

l-l^'rr(S2-E^)  ’ 

X^EJZo  +  ^lrrr^Hr 
i-fzz'E'i 


(10) 

(11) 

(12) 


where  Cy  =  El/iZoq)  =  —  5Zjej(0)Vyej(h)//c^  is  merely  the 
normalized  electric  field  produced  at  the  hole  location  by  the 
beam  moving  along  the  chamber  axis,  cf.  Eq.  (1).  In  deriving 
this  result  we  have  neglected  the  coupling  terms  between 
and  Hz,  cf.  Eqs.  (10)-(12),  which  contribute  to  the  third  order  of 
an  expansion  discussed  below,  and  also  have  taken  into  account 
that  =  ^zr- 

For  a  small  discontinuity,  polarizabilities  x  =  0{h^),  and 
they  are  small  compared  to  b^.  If  we  expand  the  impedance  (15) 
in  a  perturbation  series  in  polarizabilities,  the  first  order  gives 

Z,{k)  =  -^^{frr-X)  ,  (16) 

that  is  exactly  the  inductive  impedance  obtained  in  [8]  for  an 
arbitrary  cross  section  of  the  chamber.  For  a  particular  case  of 
a  circular  pipe,  from  either  direct  summation  in  (1)  or  applying 
the  Gauss  law,  we  get  e^  =  substitution  of  which  into 

Eq.  (16)  leads  to  a  well-known  result  [2],  [3].  From  a  physical 
point  of  view,  keeping  only  the  first  order  term  (16)  corresponds 
to  dropping  out  all  radiation  corrections  in  Eqs.  (10)-(12). 

These  corrections  first  reveal  themselves  in  the  second  order 
term 

Zlik)  =  - (E2  -  E')  +  Vrz ^3  (17) 

-bx'(Si-E,)]  , 

which  at  frequencies  above  the  chamber  cutoff  has  both  a  real 
and  imaginary  part.  The  real  part  of  the  impedance  is 


where  (s  =  {/z,  m]  is  a  generalized  index) 

_  ly-r,(Vy.J)\  ^ 

^  (Vrhlf  .  _  1  ^  r' 

‘  44-  2  44^  k?  ’ 


E'  = 


.k^h^ 
4  4-  r: 


=  ^3  =  zE 


r: 


(13) 


Since  this  consideration  works  at  distances  not  shorter  than  /,  and 
/  >  /?,  the  sununation  in  Eq.  (13)  should  be  restricted  to  values 
of  5  =  {«,  m}  such  that  ksh  <  1  and  jfc'fi  <  1. 


ReZ2(k)  = 


k^Zoel 


fx 


(18) 


+  f, 


+  r 


4-  ^k]  4-  k^kf 
S  s  P'skf 


where  the  sums  include  only  a  finite  number  of  the  eigenmodes 
propagating  in  the  chamber  at  a  given  frequency,  i.e.  those  with 
ks  <k  or  <  k. 

The  real  part  of  the  impedance  is  related  to  the  power  P  scat¬ 
tered  by  the  hole  into  the  beam  pipe.  Re  Z  =  IPfq^,  and  can 


3377 


be  calculated  in  an  alternative  way  from  energy  considerations: 
P  =  where  we  sum  over  all  propagat¬ 

ing  modes  in  both  directions,  and  Ps  means  the  time-averaged 
power  radiated  in  ^th  eigenmode:  P^^^  =  i)8j/:^/(2Zo)  and 
pW  =  Zok^'^kf/2,  Substituting  beam  fields  (1)  into  Eqs.  (6)- 
(9)  for  the  coefficients  A,  and  Bs  and  performing  calculations 
gives  the  result  (18).  Such  an  alternative  derivation  of  the  real 
part  has  been  first  carried  out  in  Ref.  [4]  for  a  circular  pipe  with 
a  symmetric  untilted  hole  =  0)-  Th®  result  (18)  for  this 
particular  case  coincides  with  that  of  [4].  Moreover,  in  this  case 
at  high  frequencies  the  series  can  be  summed  approximately  [4] 
to  give  ReZ  =  Zok'^eli^fr^^  -f-  x^)/(127r),  which  can  also  be 
obtained  by  calculating  the  energy  radiated  by  the  dipoles  in  a 
half-space  [8].  Note  that  the  additional  ^^^-term  in  Eq.  (18) 
could  give  a  leading  contribution  to  Re  Zy  e.g.,  for  a  long  and 
slightly  tilted  slot. 


C.  Trapped  Modes 

So  far  we  considered  the  perturbation  expansion  of  Eq.  (15) 
implicitly  assuming  that  correction  terms  O(V^)  and  0(x)  in 
the  denominators  of  its  RHS  are  small  compared  to  1.  Under 
certain  conditions  this  assumption  is  incorrect,  and  it  leads  to 
some  non-perturbative  results.  Indeed,  at  frequencies  slightly 
below  the  chamber  cut-offs,  0  <  ks  —  k  ks,  —  or  the  same 
with  replacement  kg  /c',  —  a  single  term  in  sums  Dp  S2* 
or  E3  becomes  very  large,  due  to  very  small  Tg  =  (k'^  - 
(or  r')  in  its  denominator,  and  then  the  “corrections”  or 
X  S  can  be  of  the  order  of  1.  As  a  result,  one  of  the  denomi¬ 
nators  of  the  RHS  of  Eqs.  (15)  can  vanish,  which  corresponds 
to  a  resonance  of  the  coupling  impedance.  On  the  other  hand, 
vanishing  denominators  in  Eqs.  (10)-(12)  mean  the  existence  of 
non-perturbative  eigenmodes  of  the  chamber  with  a  hole,  since 
non-trivial  solutions  E,  H  ^0  exist  even  for  vanishing  external 
(beam)  fields  =  0.  These  eigenmodes  are  nothing  but 

the  trapped  modes  studied  in  [5]  for  a  circular  waveguide  with 
a  small  discontinuity  (see  [9]  for  waveguides  with  an  arbitrary 
cross  section). 

Let  us  for  brevity  restrict  ourselves  to  the  case  =  0  and 
consider  Eq.  (1 1)  in  more  detail.  For  =  Owe  have 


Hz 


^  4r  k?- 


+  . 


=  0, 


(19) 


where  . . .  means  all  other  terms  of  the  series  I]2»  At  fre¬ 
quency  A:  ::::  knm  slightly  below  the  cutoff  oftheTM„;„-mode, 
the  fraction  in  Eq.  (19)  is  large  due  to  small  Vnm  in  its  denom¬ 
inator,  and  one  can  neglect  the  other  terms.  Then  the  condition 
for  a  non-trivial  solution  Hr  to  exist  is 

.  (20) 

This  equation  gives  us  the  frequency  shift  A/  of  the  trapped 
TM-mode  down  from  the  cutoff 


<2') 

Jnm 

One  can  easily  see  that  denominator  [1  —  x(^i  ^1)]  in 
Eq.  (10)  does  not  vanish  because  singular  terms  in  Ej  have  a 


“wrong”  sign.  However,  due  to  the  coupling  between  E^  and 
Hz,  a  non-trivial  solution  E^,  Hz  ^  Oof  simultaneous  equations 
(10)  and  (12)  can  exist,  even  when  E^  =  0.  The  corresponding 
condition  has  the  form 

Kn,  -  \  {hLf  -  X  •  (22) 

which  gives  the  frequency  of  the  trapped  TE„;„-mode. 

One  can  easily  show  that  for  the  particular  case  of  a  circular 
pipe  the  results  (20)-(22)  coincide  with  those  obtained  by  a  dif¬ 
ferent  method  in  Ref.  [5].  For  more  detail,  a  physical  picture  of, 
and  resonance  impedances  due  to  trapped  modes,  see  [5]  and  [9] . 

III.  Conclusions 

The  analytical  approach  discussed  above  provides  a  general 
picture  for  the  coupling  impedance  of  a  small  discontinuity  of 
the  vacuum  chamber.  It  gives  the  real  and  imaginary  part  of 
the  impedance,  as  well  as  trapped  modes.  Results  for  typical 
shapes  of  the  chamber  cross  section  (circular  or  rectangular)  are 
easily  obtained  from  the  expressions  above  using  specific  EFs, 
see,  e.g.,  in  [7]  or  [9].  The  transverse  impedance  can  be  derived 
in  a  similar  way  [8]. 

We  have  not  considered  explicitly  effects  of  the  wall  thickness, 
assuming  that  the  hole  polarizabilities  are  the  inside  ones  [3], 
and  they  include  these  effects.  We  also  neglected  the  radiation 
escaping  through  the  hole,  contributions  of  which  to  the  real  part 
ofthe  impedance  are  estimated  [2],  [3],  [5],  and  usually  are  small. 

At  high  frequencies  (near  or  above  the  chamber  cutoff)  the 
mutual  interaction  of  many  holes  is  important  and  can  cause 
resonances  if  the  hole  pattern  is  periodic,  e.g.  [10],  [4].  A  more 
complete  theory  should  take  this  interaction  into  account. 
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Abstract 

The  longitudinal  and  transverse  coupling  impedances  of  a  small 
discontinuity  on  the  accelerator  chamber  wall  can  be  expressed  in 
terms  of  the  electric  and  magnetic  polarizabilities  of  the  discon¬ 
tinuity.  The  polarizabilities  are  geometrical  factors  and  can  be 
found  by  solving  a  static  (electric  or  magnetic)  problem.  How¬ 
ever,  they  are  known  in  the  explicit  analytical  form  only  for  a  few 
simple-shaped  discontinuities,  for  example,  for  an  elliptic  hole 
in  a  thin  wall.  In  the  present  paper  the  polarizabilities  of  a  ring- 
shaped  cut  in  the  wall  are  obtained.  The  results  are  applied  to 
calculate  the  coupling  impedances  of  button-type  beam  position 
monitors. 


1.  Introduction 

The  coupling  impedances  of  a  small  discontinuity  on  the  wall 
of  the  vacuum  chamber  of  an  accelerator  have  been  calculated  in 
terms  of  the  polarizabilities  of  the  discontinuity  [1],  [2],  [3].  The 
basic  idea  of  the  approach  used  is  related  with  the  Bethe  theory  of 
diffraction  by  small  holes  [4],  which  shows  that  fields  produced 
by  a  hole  can  be  approximated  by  those  due  to  effective  dipoles 
induced  on  the  hole  by  an  incident  (beam)  field.  The  magnitudes 
of  the  effective  electric  P  and  magnetic  M  dipoles  are  expressed 
through  the  incident  fields  at  the  hole  location  without 

hole  [4],  [5] 


P,  =  -xeoE^ll-,  M,  =  fH'l/l ,  (1) 

where  /  is  the  electric  polarizability  and  ^  is  the  magnetic  sus¬ 
ceptibility  of  the  hole,  v  is  the  normal  vector  to  the  hole  plane,  and 
f  is  the  tangential  one.  In  general,  ^  is  a  symmetric  2D-tensor, 
but  we  will  consider  here  only  axisymmetric  holes. 

The  hole  polarizabilities  are  known  in  an  analytical  form  only 
for  a  few  simple  cases.  For  a  circular  hole  of  radius  Z?  in  a  thin 
wall  f  =  Sb^/3  and  X  =  [4].  There  are  also  analytical 

results  for  elliptic  holes  in  a  thin  wall  [5].  The  polarizabilities 
for  the  case  of  a  thick  wall  have  been  studied  using  a  variational 
technique  in  [6]  for  circular  holes,  and  in  [7]  for  elliptic  holes. 
There  are  also  some  approximate  formulae  for  slots  [8]. 

In  the  present  paper,  the  polarizabilities  of  an  annular  cut  in 
a  thin  wall  are  obtained  and  used  to  estimate  the  beam  coupling 
impedances  of  the  button-type  beam  position  monitors  (BPMs). 

IL  General  Analysis 

When  the  wavelength  is  large  compared  to  the  hole  size,  the 
polarizabilities  can  be  obtained  from  the  electro-  or  magnetostatic 
problem:  find  the  fields  due  to  an  aperture  (hole)  in  a  metal  plane 
when  it  is  illuminated  from  one  side  by  a  homogeneous  static 
(normal  electric  or  tangential  magnetic)  field. 
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A.  Integral  Equations 

Let  a  hole  in  the  plane  z  =  0  be  illuminated  by  a  far  magnetic 
field  Ho  from  z  >  0  side.  We  assume  that  the  hole  center  co¬ 
incides  with  the  origin  of  the  plane  coordinates  (m,  v),  and  the 
field  is  directed  along  u.  One  can  decompose  this  far  field  as 
Hq/2  +  Ho/2  =  Ho  for  z  >  0,  and  as  Ho/2  -  Ho/2  =  0  for 
z  <  0,  and  consider  two  separate  problems  —  the  symmetric 
and  the  antisymmetric  one  [6],  [9].  For  a  zero  thickness  plane, 
the  symmetric  magnetic  problem  is  trivial  (the  field  is  Ho/2  ev¬ 
erywhere).  The  antisymmetric  problem  can  be  reduced  to  the 
integral  equation  [9]  for  the  function  G(r)  =  2Hz(r,  0)/Ho 


L 


dr'G{r')K{r,r')  =  u  , 


(2) 


where  r  =  (m,  v),  the  integration  runs  over  the  aperture,  and  the 
kernel  is  symmetric 


io(jr-r) 


1 


2;r|r-r'| 


(3) 


If  Eq.  (2)  is  solved,  the  magnetic  susceptibility  is  [9] 

ip-u  =  j  dr'uG{r^)  ,  (4) 

For  an  axisymmetric  aperture,  one  can  simplify  Eq.  (2)  using 
u  =  rcos(p,  substituting  G(r)  =  g(r)  cos (p,  and  intergating 
over  the  polar  angle  (p\  It  yields 


/. 

J[A1 


dr'r'g{r')KAr,r')=r, 


(5) 


with  the  following  kernel 


Km(x,  y) 


daJi((Tx)Ji((ry) 


f 


2(x  +  y)3 


'^‘(2’2=^’(x  +  y)0’ 


where  J„(x)  is  the  n-th  order  Bessel  function  of  the  first  kind, 
and  2^1  is  the  Gauss  hypergeometric  function.  This  kernel  has  a 
In-singularity  at  ac  =  y 


K, 


7t(x  +  y)^ 

+  C>(|Ar  -y|ln|Ac  -y|)  . 


(7) 


The  magnetic  susceptibility  in  this  case  is 

•\jr  :=  71  f  drr^gir)  .  (8) 

Jlh] 
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In  Eqs.  (5)  and  (8)  symbol  [h]  denotes  the  interval  of  the  radius- 
vector  variation:  [h]  =  [0,  b]  for  a  circular  hole  of  radius  b,  and 
[h]  =  [a,  b]  for  an  annular  cut  with  inner  radius  a  and  outer 
radius  b. 

In  a  similar  way,  a  solution  /(r)  of  the  electrostatic  problem 
satisfies  the  integral  equation 


dryf(/)Ke(r,  r')  =  1 , 


(9) 


with  a  more  singular  [O  ((jc  -  y)“^)]  kernel 

poo 

Ke(x,  y)=  daa^jQ{ax)jQ{ay) . 
Jo 


(10) 


The  electric  polarizability  of  the  axisymmetric  hole  is 

X=2n  f  drrfir),  (11) 

Jm 

A  solution  g{r)  of  the  integral  equation  (5)  must  have  the 
correct  singular  behavior  near  the  thin  metal  edge:  g(r)  a 
when  —  r^0orA  =  r-  a-->0.  For  the  problem  (9), 
the  function  fir),  which  is  proportional  to  the  electric  potential, 
must  behave  as  \/a  near  the  edge  to  provide  for  the  correct 
singularity  A  of  the  electric  field.  In  the  case  of  a  circular  hole 

of  radius  b  the  exact  solutions  of  Eqs.  (5)  and  (9)  are  known  [4]. 
They  are  g(r)  =  ArUns/b^  -  r'^)  and  /(r)  =  2a/^  - 
substituting  of  which  in  (8)  and  (11)  gives  the  polarizabilities  of 
a  circular  hole  cited  in  Introduction. 


Figure.  1.  Magnetic  susceptibility  (in  units  of  b^)  of  a  narrow 
annular  cut  versus  its  relative  width  w/b\  solid  line  for  (14), 
long-dashed  line  for  octagon  model  (15),  and  short-dashed  line 
for  slot  model  (16).  The  dotted  line  shows  the  susceptibility  of 
the  circular  hole  f/b'^  =  8/3. 

Then  from  Eq.  (8)  the  magnetic  susceptibility  of  a  narrow  (w  = 
b  -  a  <^b)  annular  cut  in  a  thin  plate  is 

,  TT^b^a 

^  ~  ln(32fc/ty)  -  2  ’ 

It  is  interesting  to  compare  Eq.  (14)  with  the  estimate  [8]  ob¬ 
tained  by  approximating  the  annular  cut  with  an  octagon  and 
using  the  magnetic  susceptibilities  for  narrow  slots: 


B.  Narrow  Cut:  Analytical  Solution 

Suppose  the  width  w  =  of  the  gap  is  small,  w 

b.  For  a  narrow  annular  cut,  the  electric  polarizability  can  be 
approximated  by  that  of  a  narrow  (yet  bented)  slot  of  width  w 
and  length  2nb  was  x  ^  7t^w^bl4,  see  [8].  It  is  obvious  that 
X  is  small  compared  to  since  the  normal  electric  field  does 
not  penetrate  far  through  the  narrow  gap,  unlike  the  tangential 
magnetic  field  on  the  parts  of  the  annular  cut  which  are  parallel 
to  its  direction. 

Introducing  dimensionless  variables  jc  =  r^b  and  y  =  r/b, 
we  are  looking  for  a  solution  of  Eq.  (5)  in  the  form  g(jc)  = 
Cix)/^/il  -  x)ix  —  p),  where  p  =  a/b,  and  C(jc)  is  a  regular 
function  in  the  interval  [p,  1].  For  a  narrow  gap  5  =  1  —  ^  1, 

and  one  can  expand  C(x)  as  C(jc)  =  C  +  0(5).  Substituting  this 
into  Eq.  (5)  and  keeping  only  the  singular  part  (7)  of  the  kernel 
(the  rest  would  give  corrections  0(5)  to  the  RHS)  leads  to  the 
equation 


1 


_c 
7t  Jp 


dx[ln(S/\x^y\)-2] 
^/il  -  x)ix  -  p) 


(12) 


where  we  neglected  terms  0(5  In  5)  in  the  RHS.  Replacing  vari¬ 
ables  X  =  1  -  m5,  y  =  1  -  u5,  and  using  the  identity 


L 


^  du  ln|M  —  v| 
Vm(1  “  u) 


=  — 2;r  In  2  , 


we  get  from  (12) 


C  =  [ln(32/5)-2]- 


(13) 


3V4/  ln(27tb/w)-7/3  ' 

While  the  behavior  is  similar,  this  estimate  is  a  few  times  smaller 
than  (14),  see  Fig.  1.  Moreover,  even  a  more  extreme  model  — 
two  long  slots  of  length  2b  and  width  w  oriented  parallel  to  the 
magnetic  field  —  give  the  susceptibility 


TtP 


(16) 


3  ln(16Z?/u;)  -  7/3  ’ 

which  is  still  smaller  than  Eq.  (14),  see  Fig.  1. 

As  seen  from  Fig.  1,  the  susceptibility  (14)  becomes  close  to 
that  of  a  circular  hole  for  relatively  narrow  gaps,  w/b  >0.1.  To 
check  this  surprising  result,  and  to  find  the  applicability  range 
for  Eq.  (14),  we  proceed  below  with  a  variatonal  study  of  Eq.  (5). 

C.  Wide  Cut:  Variational  Approach 

An  elegant  variational  technique  for  polarizabilities  has  been 
developed  in  [6].  Multiplying  Eq.  (5)  by  rgir)  and  integrating 
over  r,  we  convert  it  to  the  following  variational  form  for  the 
magnetic  susceptibility  ^ 

TTb^  _  fp  xdx  Jp  ydyg{x)K„(x,  y)g(y) 

xjr 


(17) 


A  solution  g(x)  of  Eq.  (5)  minimizes  the  RHS  of  Eq.  (17).  We 
are  looking  for  it  in  the  form  of  a  series 


g(x}  =  ^c„g„(x)  with 


(18) 


n=0 
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Figure.  2.  Magnetic  susceptibility  (in  units  of  of  an  annular 
cut  versus  its  relative  width  xDjh,  Thin  points  show  the  zeroth 
iteration,  and  thick  points  are  for  the  second  one.  The  solid  line 
corresponds  to  Eq.  (14)  for  narrow  gaps,  and  the  dotted  line  is 
the  limit  of  a  circular  hole,  w  =  b. 


8o(x)  = 


1 


gk(x)  =  Tk-i 


where  c„  are  unknown  coefficients,  and  Tn  (x)  are  Chebyshev’s 
polynomials  of  the  first  kind.  Denoting  dn  =  dxx^gnix)  and 
Un  =  Cndfi,  we  define  the  matrix 


Kkn  = 


ydy  gk{x)Km{x,  y)gn{y)/{dkdn)  , 


(19) 


and  convert  Eq.  (17)  into  the  following  form 

nb^  _  ^k,n^kKkn^n 

*  “  (£.».)“  ■  ‘  ’ 

Following  [6] ,  one  can  prove  that  minimizing  the  RHS  of  Eq.  (20) 
yields 

,  (21) 

k,n 

where  matrix  K~^  is  the  inverse  of  the  matrix  K,  Eq.  (19). 
The*  further  procedure  is  straightforward:  nth  iteration  (n  = 
0, 1,2,.. .)  corresponds  to  the  matrix  (19)  truncated  to  the  size 
(n  4- 1)  X  (n  +  1).  In  the  zeroth  iteration  the  truncated  matrix  is 
merely  a  number,  AToo;  it  corresponds  to  the  analytical  study  of 
Sect.  II.B.  All  integrations  and  matrix  inversions  have  been  car¬ 
ried  out  using  Mathematica.  Calculations  show  that  only  even 
terms  of  the  series  (18)  contribute,  i.e.  ci  =  C3  =  . . .  =  0,  and, 
effectively,  one  can  use  g  =  go  +  <^2  +  ^^4^3  +  •  •»  and  squeeze 

matrix  K  removing  odd  lines  and  rows.  The  results  for  ifr  versus 
the  cut  width  are  shown  in  Fig.  2.  As  one  can  see,  the  zeroth 
iteration,  as  well  as  the  analytical  solution  (14),  is  good  for  nar¬ 
row  gaps,  wjb  <  0.15,  but  it  is  also  not  bad  for  wide  ones.  The 
process  practically  converges  in  three  iterations  (effective  0,1,2) 
for  the  whole  range  of  the  cut  width  0  <  w/b  <  1, 


Sect.  II.  For  example,  a  narrow  annular  cut  of  radius  b  and  width 
w  b  on  the  thin  wall  of  a  circular  pipe  of  radius  r  b 
produces  the  longitudinal  impedance 

iZoco(f-x)_  iZo(ob^ 

Sn^cr^  ~  Scr^[]ni32b/w)-2]'  ^  ’ 

This  result  can  be  used  to  estimate  the  impedance  of  a  button-type 
BPM.  Taking  into  account  the  wall  thickness  reduces  the  esti¬ 
mate,  cf.  [6],  [8].  For  other  cross  sections  of  the  chamber,  Re  Z, 
and  the  transverse  impedance,  see  [3]  and  references  therein. 
Note  that  the  impedance  (22)  of  a  narrow  cut  with  wfb  >  0.05 
is  larger  than  (but  less  than  twice)  that  of  a  circular  hole  with 
radius  b,  and  tends  to  the  last  one  when  w  b. 

IV.  Conclusions 

The  magnetic  susceptibility  of  an  annular  cut  in  a  thin  wall 
is  calculated  using  the  analytical  and  variational  methods.  The 
estimate  for  the  coupling  impedance  of  a  button-type  BPM  is 
obtained. 

The  electro-  and  magnetostatic  problems  considered  above  can 
also  be  solved  numerically.  With  boundary  conditions  which  en¬ 
sure  a  given  homogeneous  field  far  from  the  aperture  plane,  a 
static  electric  or  magnetic  potential  can  be  computed  using  stan¬ 
dard  codes.  We  have  done  this  for  the  electric  polarizability  of  an 
axisymmetric  aperture,  in  which  case  the  problem  is  effectively 
a  2-D  one,  using  the  POISSON  code.  Results  for  a  narrow  gap 
and  a  hole  coincide  with  the  expected  ones.  The  case  of  a  thick 
wall  can  be  also  studied  in  this  way.  Unfortunately,  for  the  mag¬ 
netic  problem,  as  well  as  for  an  arbitrary  aperture,  this  approach 
requires  3-D  codes  and  cumbersome  computations. 

We  plan  a  further  study  using  different  methods  to  take  into 
account  the  effects  due  to  the  wall  thickness. 

The  author  would  like  to  thank  Dr.  R.L  Gluckstem  and  Dr. 
R.K.  Cooper  for  useful  discussions. 
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III.  Impedances 

The  beam-chamber  coupling  impedances  can  be  obtained  us¬ 
ing  formulas  from  [1],  [2],  [3]  and  polarizabilities  found  in 
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Abstract 

In  a  storage  ring  the  existence  of  skew  quadrupoles,  solenoids, 
and  other  coupling  elements  breaks  the  independence  of  the  hor¬ 
izontal  and  vertical  motions.  With  the  flat  beams  used  in  elec¬ 
tron/positron  colliding  beam  storage  rings  this  coupling  results 
in  an  increase  in  the  vertical  beam  size  with  an  attendant  loss  in 
luminosity.  By  defining  a  ‘badness’  parameter  Be  the  luminos¬ 
ity  loss  can  be  directly  related  to  measurements  of  the  coupling. 


Introduction 


The  coupling  of  horizontal  and  vertical  motions  in  colliding 
beam  storage  rings  results  in  an  unwanted  increase  in  vertical 
beam  size  and  hence  in  a  loss  of  luminosity.  It  is  useful  in  deal¬ 
ing  with  coupling  to  be  able  to  relate  how  severe  the  luminosity 
degradation  is  for  a  given  amount  of  coupling.  To  this  end  it  is 
useful  to  define  a  ‘badness’  parameter  Be: 

^  ^£(BBI)^£(BBI+Coup) 

where  £(BBI+Coup)  is  the  luminosity  obtained  with  coupling 
present,  and  £(BBI)  is  the  luminosity  without  coupling  and 
only  the  beam— beam  interaction  to  determine  the  beam  size  (and 
hence  the  luminosity).  With  this  definition  for  Be  the  condition 
needed  so  that  the  coupling  is  negligible  is  simply 


Be<l, 


(2) 


The  usefulness  of  Be  comes  when  we  can  relate  it  directly  to  the 
coupling.  This  is  the  problem  to  be  addressed  in  the  rest  of  the 
paper. 

Assuming  equal  beam  sizes  with  ay  ax  one  finds[l] 


fN^ 

^Traxoy 


(3) 


where  N  is  the  number  of  particles  in  each  beam,  ax  and  ay  are 
the  beam  sigmas  along  the  principal  axes,  and  2S0  =  (0^  -  ) 

is  the  angle  between  the  beams  due  to  the  coupling.  This  dif¬ 
ferential  rotation  is  not  present  if  the  opposing  beams  follow  the 
same  trajectory  since,  in  this  case,  there  is  time  reversal  sym¬ 
metry.  However,  with  a  pretzeled  orbit,  or  with  a  two  ring  ma¬ 
chine,  the  coupling  each  beam  sees  is  different  and  the  symmetry 
is  lost.  Using  Eq.  (3)  in  Eq.  (1)  and  using  the  fact  that,  for  weak 
coupling,  ax  is  independent  of  the  coupling  gives 


5  ^  «ry(BBI-bCoup)  -  o-j^(BBI) 
~  <T^(BBI-fCoup) 
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1  /  <7^-s0*  y 

2  Vcr^(BBI-bCoup)j  ’ 

where  indicates  the  quantity  must  be  evaluated  at  the  IP. 
There  are  two  components  to  Bei  The  first  term  on  the  RHS  of 
Eq.  (4)  is  due  to  the  vertical  blow-up  of  the  beams  and  the  sec¬ 
ond  term  is  due  to  the  decrease  in  overlap  when  the  beams  are 
rotated  with  respect  to  one  another. 


Vertical  Beam  Blowup 

Consider  first  the  vertical  blow-up  term  in  Eq.  (4).  The  prob¬ 
lem  with  this  term  is  that  it  is  not  an  easy  matter  to  compute 
(7y  (BBI-l-Coup)  —  oy  (BBI).  The  reason  for  this  is  that  the 
beam  blowup  due  to  coupling  is  essentially  a  linear  phenomena 
while  the  beam-beam  induced  blowup  is  highly  nonlinear  in  na¬ 
ture.  It  is  a  nontrivial  matter  to  determine  how  the  beam-beam 
interaction  couples  with  the  coupling  to  affect  the  beam  height. 
One  option  is  to  simply  assume  that  the  beam-beam  interaction 
and  the  coupling  can  be  taken  as  independent  processes  so  that 
the  the  beam  height  scales  in  quadrature: 

cr;^(BBI-|-Coup)  =  (t^(BBI)  -I-  (T^(Coup) ,  (5) 

where  ciy(Coup)  is  the  vertical  beam  height  with  coupling 
but  without  the  beam-beam  interaction.  The  problem  is  now 
simpler  since  ny  (BBU-Coup)  can  be  approximated  using 
the  design  or  observed  beam-beam  tune  shift  parameter  and 
oy  (Coup)  can  be  obtained  from  coupling  data.  In  order  to  test 
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Eq.  (5)  computer  simulations  were  performed  using  the  weak- 
strong  model  developed  by  Krishnagopal  and  Siemann[2]  mod¬ 
ified  to  include  coupling.  The  results  of  the  simulations  show 
more  of  a  linear  rather  than  a  quadratic  dependence.  This  is  rea¬ 
sonable  since  the  coupling  changes  the  strength  of  some  of  the 
resonances  driven  by  the  beam-beam  interaction.  A  more  con¬ 
servative  formula  would  then  be  to  take 

CFy(BBH-Coup)  =  (7y(BBI)  -j-  oy  {Coup)  .  (6) 

In  the  spirit  that  Be  is  to  be  used  as  a  first  check  on  whether  the 
coupling  is  significantly  degrading  the  luminosity,  Eq.  (6)  will 
be  used.  Putting  Eq.  (6)  in  Eq.  (4)  gives 

..  4(Coup)  If  <T*xSe*  y 
""  ~  4(BBI+Coup)  2  V4(BBH-Coup)y 


The  computation  of  ay  (Coup)  is  relatively  straightforward. 

The  normal  mode  coordinate  transformation  for  the 4x4  coupled  Figure  2:  la  envelope  for  eigenmode  a.  Adapted  from  Bagley 

one-turn  transfer  matrix  T  is  written  as[3, 5]  and  Rubin  figure  1 . 


where  I  is  the  identity  matrix,  ‘f  denotes  the  syn^lectic  con¬ 
jugate,  and  7  is  given  by  7^  -h  11C||  =  1.  Eigenmode  a  is  the 
nearly  horizontal  mode  and  b  is  the  nearly  vertical  mode.  To  re¬ 
move  the  beta  dependence  a  can  be  transformed  to  a  via 

a  =  Ga,  (9) 

where 


and  similarly  for  where  Pa  is  the  beta  for  eigenmode  a.  T  is 
now  written  in  terms  of  the  normalized  normal  modes  as 


Without  the  beam-beam  interaction  the  normal  mode  motions 
are  independent  so  the  total  sigma  is  the  quadrature  sum  of  the 
mode  sigmas: 

O^(Coup)  =  6a  Py,a  + 

=  ^y,a  +  ^y,6  )  C4) 

where  6a  and  65  are  the  emittances  for  the  normal  modes 
Consider  first  the  a  eigenmode.  Since  6a  ^  65  the  motion  due 
to  the  a  mode  dominates  so,  to  a  good  approximation,  a^;  =  ux,  a 
and  the  y-axis  coincides  with  the  minor  axis  of  the  a  mode. 
From  figure  2,  which  is  adapted  from  Bagley  and  Rubin[3]  fig¬ 
ure  1,  we  have  _ 

cy,a  =  y/ ^aPh  |C'l2|  ,  (15) 

For  the  h  motion  oy^b  is  calculated  from  Eq.  (14): 

oy,b  =  y/^bPb  ♦  (16) 


T  =  G-^VUV  (11) 

where 

V  =  GVG-^ 


(  l7  G„CG,-'  \ 

V-GfcCtGji  l7  ) 


Since  the  coupling  is  weak  the  following  approximations  can  be 
made: 

Pa  =  Px,a  —  Px^  Pb  —  Pyjb  —  Pyj  (13) 

where  pj^  and  Py  are  the  horizontal  and  vertical  betas  without 
coupling,  and  /?x,a  and  py^b  are  the  betas  for  the  a  and  h  modes 
projected  onto  the  X  and  Y  axes  respectively  with  X  and  Y  ly¬ 
ing  along  the  principal  axes  of  a  beam  (cf.  figure  2). 


Combining  Eqs.  (14),  (15),  and  (16),  and  using  Eq.  (13)  gives  at 


the  IP 


ay  (Coup) 


(17) 


With  knowledge  of  the  C  matrix  around  the  ring  one  can  calcu¬ 
late  6a/6b[4,  6]  and  hence  Oy  (Coup). 

How  does  the  contribution  to  ay  from  cry  ^  and  try  ^  compare? 
Both  oy^a  and  oy^b  scale  linearly  with  C  in  the  sense  that  if  C 
around  the  ring  is  scaled  by  some  factor  then  both  oy^a  <Y,b 
will  be  scaled  by  the  that  factor[l].  However,  it  is  important  to 
note  that  Oy  ^  is  dependent  upon  the  coupling  matrix  around  the 
ring  as  opposed  to  Oy  ^  which  is  determined  solely  by  the  cou¬ 
pling  matrix  at  the  IP.  Thus,  it  is  always  possible  to  make  the  a 
mode  contribution  to  Oy  equal  to  zero  by  using  a  single  skew 
quad  but  the  b  mode  contribution  will  always  be  present  unless 
the  ring  is  totally  (‘locally’)  decoupled. 

Ignoring  the  tilt  term  for  the  moment,  the  calculation  of  Be 
from  Eqs.  (7)  and  (17)  and  from  knowledge  of  the  coupling  is 
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straight  forward  if  somewhat  cumbersome.  If  one  only  wants  a 
rough  number,  one  can  first  assume  that  the  oy^a  contribution  has 
been  zeroed  out  using  a  skew  quad.  It  can  be  shown  that[l] 

—  1=5^2/(712^  ,  (18) 

where  (•  •  •),  is  an  average  over  the  ring.  Using  this  in  Eqs.  (7) 
and  (17)  then  gives  for  the  vertical  blowup  term 


Be 


2€x 


ey(BBH-Coup) 


(19) 


t^the  magnitude  of  the  SC 22  wave.  Furthermore,  for  a  given 
<1C22  at  any  point  in  the  ring,  it  is  easily  shown  that  the  percent¬ 
age  change  in  the  overlap  integral  due  to  a  finite  SO  is  indepen¬ 
dent  of  the  local  and  fSy .  The  conclusion  is  that  a  quick  visual 
inspection  of  synchrotron  light  signals  from  the  bends  in  the  arcs 
will  give  an  indication  of  how  the  beams  are  overlapping  at  the 
IP.  One  must  always  remember,  however,  that  it  is  possible  for 
the  phases  to  be  such  that  there  is  no  tilt  at  one  point  in  the  arcs 
but  unacceptable  tilt  at  the  IP  (or  vice  versa). 
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Using  Eq.  (19)  along  with  data  on  C'i2[3,  7]  for  the  Cornell 
Electron/positron  Storage  Ring  CESR  shows  that  with  a  mod¬ 
est  amount  of  global  coupling  Sc  can  be  as  high  as  0.3  and  with 
local  decoupling  can  be  decreased  to  as  low  as  0.07[1].  This  is 
in  line  with  the  qualitative  observation  that  local  decoupling  is 
necessary  to  obtain  the  highest  luminosity[7]. 
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For  a  given  beam  since  the  a  eigenmotion  dominates. 

Therefore,  with  negligible  error  we  can  take  the  angle  of  a  beam, 
9  to  corre^ond  to  Oa  —  the  angle  for  the  a  mode  ellipse.  6a  is 
related  to  C22  as  shown  in  figure  2.  Using  this  gives 

so*  =  \{ox-e*_)  =  ^jn22,  (20) 

where 

<^^^22  =  2  (^22,+  -*  ^^22,-)  •  (21) 

Since  80*  depends  upon  the  difference  in  the  C^2»  with  pretzeled 
orbits  SO*  may  be  zeroed  using  a  single  skew  sextupole. 

The  critical  SO*  is  defined  as  the  angle  needed  to  give  a  bad¬ 
ness  of  0.1.  From  Eq.  (7)  this  is  found  to  be 


Q  4(BBI-bCoup) 


(22) 


[2]  S.  Krishnagopal  and  R.  Siemann,  “Bunch-length  effects  in 
the  beam-beam  interaction,”  Phys.  Rev.  D,  41 , 23 1 2  (1990) . 

[3]  P.  Bagley  and  D.  Rubin,  “Correction  of  Transverse  Coupling 
in  a  Storage  Ring,”  Proc.  1989  Part.  Acc.  Conf.  (San  Fran¬ 
cisco)  p.  874,  (1989). 

[4]  Y.  Orlov  and  D.  Sagan,  “Calculation  of  the  Crab  Rotation 
Angle  firom  the  One  Turn  Transport  Matrix,”  Cornell  CBN 
91-04,  (1991). 

[5]  M.  Billing,  “The  Theory  of  Weakly,  Coupled  Transverse 
Motion  in  Storage  Rings,”  Cornell  CBN  85-2,  (1985). 

[6]  M.  B  illing,  “  ‘  Vertical  ’  Emittance  due  to  Linear  Lattice  Cou¬ 
pling,”  Cornell  CON  86-6,  (1985). 

[7]  D.  Rubin,  private  communication. 


Combining  Eq.  (22)  with  Eq.  (20)  gives 


SC. 


_n.fi  ,01  4(BBI-bCoup) 

22,crit-0A6^l- - - - 


=  0.46 1 


(6y(BBI-|-Coup) 


(23) 


Eq.  (23)  shows  that  SC 22^crit  is  independent  of  /?*  or  /?* .  This 
is  just  a  reflection  of  the  fact  that  the  C’s  are  properly  normal¬ 
ized.  Hiis  is  an  important  point:  From  measurement  of  the  ^(722 
‘wave’  outside  of  the  IP  one  can  get  a  sense  of  whether  80^2  is 
too  large,  ^fortunately,  C22  is  hard  to  measure  accurately[3]. 
However,  (7i2  is  relatively  easy  to  measure  and  since  the  C 
matrix  can  be  represented  as  the  superposition  of  two  rotating 
phasors[5]  the  magnitude  of  the  ^Ci2  wave  should  be  very  close 
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RFQ-DTL  MATCHING  SOLUTIONS  FOR  DIFFERENT  REQUIREMENTS  * 

D.  Raparia,  Brookhaven  National  Laboratory,  Upton,  NY  11973,  USA 


Abstract 

The  Radio-Frequency  Quadrupole  (RFQ)  has  a  FODO  lattice 
and  Drift-Tube-Linacs  (DTL)  in  general  also  have  FODO  lat¬ 
tices.  Therefore  the  natural  solution  for  the  matching  between 
these  is  a  FODO  lattice.  For  matching  in  all  three  planes  one  then 
needs  sixteen  degrees  of  freedom.  However,  different  require¬ 
ments,  depending  on  the  applications,  may  change  this  solution. 
For  example,  in  the  production  environment  (like  medical  and 
industrial  applications),  one  needs  fixed  current  and  fixed  beam 
quality.  On  the  other  hand,  in  the  research  environment  one  not 
only  needs  all  degrees  of  freedom,  but  may  also  want  to  chop  of 
beam  pulse.  This  paper  discusses  matching  solutions  for  these 
different  requirements. 

L  INTRODUCTION 

To  provide  successful  beam  delivery  from  one  device  to  an¬ 
other,  one  generally  needs  a  beam-line  matching  section  con¬ 
necting  these  two  devices.  The  main  functions  of  matching  sec¬ 
tion  (MS)  are  (1)  to  match  the  beam  into  the  following  device 
in  all  phase  space,  and  (2)  to  provide  space  for  useful  (neces¬ 
sary)  diagnostics.  A  good  MS  should  have  these  functions  de¬ 
coupled.  The  MS  should  provide  sixteen  degree  of  freedom:  ten 
are  machine  parameters,  namely  a^,  (ampli¬ 
tude  function)  and  £>a; ,  ,  Dy ,  Dy  (dispersion  function)  and  six 

trajectory  matching  parameters  Ax,  Ax',  Ay,  Ay'Az,  Az'.  If 
the  RFQ  and  DTL  are  in  a  straight  line  ( no  horizontal  or  vertical 
bend),  then  one  only  has  ten  constraints,  namely  six  amplitude 
functions  and  four  trajectory  matching  parameters.  If  the  num¬ 
ber  of  variables  (knobs)  is  equal  to  number  of  constraints,  we  will 
call  this  solution  an  optimum  solution  (OS),  and  if  the  number 
of  variables  is  less  than  the  number  of  constraints,  the  solution  is 
called  over  constrained  (OCS).  Finally  if  the  number  of  the  vari¬ 
ables  is  more  than  the  constraints,  the  solution  will  be  an  under 
constrained  solution  (UCS).  These  solutions  may  have  different 
lattices,  such  as  FODO  [1],  [2],  [5],  [6],  [7],  [11],  FOFODOD 
[10]  or  triplet  [9]. 

The  choice  of  solution  will  depend  upon  requirements  and 
limitations  such  as  space,  emittance  growth,  funding,  etc.  The 
important  ingredients  which  go  into  the  choice  of  the  solution  to 
minimize  the  emittance  growth  and  particle  loss  are  :  (1)  Physi¬ 
cal  beam  size;  there  should  not  be  a  sudden  change  in  beam  size. 
In  other  words,  the  zero  current  phase  advance  per  unit  length 
(cr/L)  should  have  no  discontinuity.  (2)  Space  charge  forces;  the 
tune  depression(^  )  should  not  be  too  low,  (3)  Neutralization; 
in  the  case  of  H“ ,  neutralization  should  be  avoided,  particularly 
when  the  beam  energy  is  low,  (4)  Diagnostics;  there  should  be 
enough  space  left  for  necessary  diagnostics. 

The  most  sensitive  errors  are  the  trajectory  position  matching 
errors.  Emittance  growth  and  particle  losses  are  relatively  less 

*  work  performed  under  the  auspices  of  the  U.  S.  Dept,  of  Energy. 
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Figure  1.  TRACE3D  Beam  profiles  for  OS  (SSC  MS) 


sensitive  to  the  amplitude  function  matching  errors.  One  can  es¬ 
timate  the  effect  of  these  errors  as  follows:  Position  mismatch, 

^  =  1  -f  i  amplitude  function  mismatch,  ^  = 

,WhGreAXlq  =  Ax^-^(aAx-\-(3Ax'f, 

and  (T  and  (Tq  are  the  rms  beam  sizes  for  unmatched  and  matched 
beam  respectively. 


IL  MATCHING  SOLUTIONS 

RFQs  have  FODO  lattices  and,  generally,  DTLs  also  have 
FODO  lattices.  Therefore,  the  natural  choice  lattice  for  MS  is 
FODO.  To  provide  matching  in  all  phase  spaces,  one  needs  two 
FODO  cells,  two  bunchers  between  quadrupoles,  and  four  steer- 
ers  [1]  (OS).  The  number  of  FODO  cells  may  be  less  than  two, 
depending  upon  the  requirements  and  limitations  (OCS)  [8]  [6]. 
The  number  of  cells  may  also  be  more  than  two  [2],  in  order 
to  provide  extra  constraints  such  as  space  for  chopper,  bending 
magnet  [5],  etc  (UCS). 

In  this  section  we  will  consider  solutions  of  each  type.  We  will 
use  the  SSC  RFQ  [4]  and  SSC  DTL  Tankl  [3].  The  output  ener¬ 
gies  of  the  RFQ  and  Tankl  are  2.5  MeV  and  13.4  MeV,  respec¬ 
tively  and  the  noninal  current  is  25  mA. 
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Quadrupole  No. 

5  cm 

7  cm 

9  cm 

Q1  (T/m) 

-125.01 

-126.47 

-126.80 

Q2  (T/m) 

149.63 

155.41 

141.82 

Q3  (T/m) 

-125.82 

-108.06 

-38.22 

Q4(T/m) 

140.29 

112.07 

7.581 

Table  I 

DTL  First  Four  Quad.  Grad,  for  5, 7,  9  cm,  MS(OCS) 
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Figure  2.  TRACE3D  Beam  profiles  for  5  cm  MS(OCS) 


A.  Optimum  Solution  (OS) 

Figure  1  shows  the  TRACE3D  beam  profiles  for  the  SSC  MS. 
This  MS  has  four  variable  PMQs  and  two  bunchers,  to  provide 
six  variables  for  amplitude  function.  The  variable  PMQs  were 
also  movable  transversely  to  provide  four  steering  variables  to 
match  trajectory.  It  had  enough  space  to  provide  diagnostics. 
The  phase  advance  per  /3X  at  the  end  of  RFQ  is  22.40  deg,  and 
at  the  beginning  of  DTL  was  20.85  deg.  The  tune  depression  in 
this  section  is  0.92. 

B.  Over  Constrained  Solution  ( OCS) 

In  the  production  environment,  one  needs  reliability  rather 
than  flexibility.  The  fewer  the  variables,  the  better  the  reliabil¬ 
ity.  Partial  or  full  matching  may  be  accomplished  by  altering  a 
few  end  cells  of  the  RFQ  and  the  first  few  cells  of  the  DTL. 

In  the  following  examples  we  have  only  drift  lengths  of 
5,7, and  9  cm  between  the  RFQ  and  the  DTL  and  have  used  the 
first  four  quadrupoles  in  the  DTL  for  the  matching  in  the  follow¬ 
ing  cells,  The  first  four  quadrupole  gradients  for  these  cases  are 
given  in  Table  1.  TRACE3D  profiles  for  case  of  5  cm  MS  (OCS) 
are  shown  in  Figure  2. 

C.  Under  Constrained  Solution  ( UCS) 

In  this  situation,  one  might  have  to  accommodate  other  con¬ 
straints.  For  example,  one  might  have  to  chop  the  beam  pulse 
length  [9],  or  the  DTL  lattice  is  not  FODO  [10],  or  ctq/L  is  quite 
different  in  the  RFQ  and  DTL  [7]. 

We  consider  an  RF  chopper  to  chop  the  beam.  We  have 
tried  two  solutions  namely,  (1)  FODO  lattice  where  choppers 
are  placed  between  quadrupoles  and,  (2)  triplets  to  provide  long 
drift  space  for  one  chopper.  In  the  first  case,  a  systematic  search 
was  made  for  minimum  number  of  choppers  which  could  kick 
the  beam  centroid  at  least  0.8  cm  (beam  pipe  radius).  The 
TRACE3D  beam  profiles  are  shown  in  Figure  3  for  the  FODO 
solution  which  was  optimize  for  the  minimum  emittance  growth. 
In  this  case  we  have  four  choppers,  having  plates  which  are  6  cm 
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Figure  3.  TRACE3D  Beam  Profiles  for  UCS  (FODO). 
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Figure  4.  PARTRACE  Beam  profile  for  UCS  (FODO)  with 
chopper. 


long  and  2.54  cm  apart.  The  chopper  pulse  is  about  5kV  at  few 
MHz.  These  choppers  are  located  at  element  numbers  9, 11, 17 
and  19  in  Figure  3.  This  arrangment  could  kick  the  beam  cen¬ 
troid  1  cm  off  axis  as  shown  in  Figure  4. 

For  the  second  solution,  to  provide  30  cm  long  drift  space  with 
beam  size  less  than  0.8  cm,  we  have  used  two  triplets,  and  four 
quadrupoles  to  bring  the  beam  size  slowly  to  match  to  the  DTL. 
Again  this  solution  is  also  optimized  for  the  minimum  emittance 
growth.  Figure  5  shows  the  TRACE3D  profiles  for  the  triplet  lat¬ 
tice.  Again,  the  chopper  operating  parameters  are  same  as  above, 
but,  instead  four  6  cm  long  plates,  it  uses  one  30  cm  long  plate, 
corresponding  to  element  number  9  in  Figure  5.  Figure  6  shows 
the  beam  profiles  through  this  section.  In  this  case  also  the  beam 
centroid  is  kicked  1  cm  off  axis. 

III.  CONCLUSIONS 

We  have  also  done  PARMTEQ  and  PARMILA  calculations 
for  these  cases.  1000  macro-particles  were  used  to  form  a 
matched  beam  into  the  RFQ.  The  same  particles  were  followed 
in  the  MS  and  DTL.  Table  II  shows  the  output  emittances  at  the 
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Figure  6.  PARTRACE  Beam  Profiles  for  UCS  (Triplet)  with 
chopper. 


end  of  TANK  1 .  In  MS  and  DTL  no  particle  loss  occurred  except 
in  the  case  of  UCS  triplet  where  particle  loss  is  about  0.5  %.  The 
emittance  growth  in  casees  of  OS,  OCS  (5  cm)  and  UCS  (FODO) 
are  reasonable. 


Solutions 

Aet 

Ae^ 

RFQ 

0.189 

0.208 

0.124 

- 

OS 

0.202 

0.219 

0.124 

5.% 

o.% 

OCS  (5  cm) 

0.194 

0.214 

0.149 

4.% 

20.% 

OCS  (7  cm) 

0.213 

0.215 

0.161 

10.% 

30.% 

OCS  (9  cm) 

0.347 

0.215 

0.188 

44.% 

52.% 

UCS  (FODO) 

0.208 

0.217 

0.139 

6.% 

12.% 

UCS  (Triplet) 

0.193 

0.243 

0.150 

12.% 

21.% 

Table  II 

DTL  Tank  1  output  normalized  rms  emittances.  €x,fy  are  in 
units  of  TT  mm-mrad,  is  in  units  of  jt  MeV  deg.  Aet  is  the 
average  emittance  growth  in  x  and  y  plane  with  respect  to  the 
RFQ  output. 
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Abstract 

A  bipolar  n-jump  design  is  reported  for  the  Fermilab  Main  In¬ 
jector  (Lattice  MI-17).  The  total  amount  of  jump  is  1.3  units. 
Both  the  betatron  and  dispersion  waves  are  confined,  while  the 
betatron  tunes  remain  nearly  unchanged. 

L  Introduction 

The  Fermilab  Main  Injector  has  been  designed  to  overcome 
some  of  the  unfavorable  effects  on  the  particle  motion  around 
transition  energy.  Unlike  the  Main  Ring,  the  Main  Injector  has 
a  very  large  aperture,  so  that  beam  loss  due  to  scraping  can  be 
avoided.  The  bunch  area  at  transition  will  be  less  than  0.1  eV- 
sec,  so  that  the  nonlinear  Johnsen  effect  [  1]  can  be  avoided.  Also 
rapid  ramping  across  transition  is  possible,  so  that  the  nonadia- 
batic  time  can  be  reduced.  Nevertheless,  negative-mass  instabil¬ 
ity  will  develop  when  the  bunch  intensity  is  high  enough.  The 
only  way  to  avoid  this  instability  is  to  incorporate  a  yt  jump. 

During  a  yt  jump,  it  is  difficult  to  confine  the  betatron  waves 
and  dispersion  wave,  and  at  the  same  time  preserve  the  betatron 
tunes.  The  existing  yt  jumps  at  the  CERN  PS  and  the  Fermilab 
Booster  have  been  performed  at  the  expense  of  creating  unfa¬ 
vorable  increases  in  dispersions.  In  the  scheme  to  be  presented 
below,  such  unpleasant  dispersion  increase  has  been  avoided  by 
utilizing  the  dispersion-free  regions  in  the  Main  Injector.  Sim¬ 
ilar  scheme  had  been  considered  by  Bogacz  et  al  and  Peggs  et 
al.  [2],[3] 

IL  Review  of  Theory 

An  off-momentum  particle  will  pass  through  the  special  quads 
for  yt  jump  off-centered  and  acquire  a  kick,  thus  changing  its 
path  length  around  the  ring.  The  change  in  yt  has  been  given  by 
Risselada:  [4] 

N 

CoA(k-2)  =  -  ^  a:,(i  +  m  +  m  ^  +•••)/)■ ,  (1) 

i=l 

with  the  matrix  M  defined  as 

Ki  -J  ^xiPx  i 

^  ‘j  ^  •  (2) 

zsinTrV;^ 

In  the  above,  Co  is  the  circumferential  length  of  the  ring,  Ki  is  the 
strength  of  the  special  quad  at  location  Si ,  while  Pxi » ^xi ,  and  D/ 
are  the  horizontal  beta  function,  phase  advance,  and  dispersion 
at  Si,  and  the  horizontal  betatron  tune,  all  before  the  pulsing 
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of  the  special  quads.  Thus,  Eq.  (1)  is  an  expansion  in  terms  of 
O(Kfi). 

During  the  jump,  naturally  we  would  like  little  or  no  change 
in  the  betatron  tunes  and,  Vy,  while  keeping  the  dispersion 
and  the  horizontal  and  vertical  beta  functions  below  reasonable 
values. 

For  small  quad  strength  Ki's,  the  changes  in  tunes  are 
1  ^ 

AVj.  y  =  ^  ^i(Pi)x,y  •  (3) 

1=1 

To  keep  Av;^  =  0  and  Avy  =  0,  we  can  go  with  doublets,  each 
having  fiiKi  +  P2F2  —  0.  The  Main  Injector  has  90°  cells. 
So  we  can  put  one  special  quad  of  strength  K  at  the  F  quad  of 
one  cell  and  another  of  strength  —  at  the  F  quad  of  some  later 
identical  cell  as  follows: 

pf  F  F  F 

‘  I  *  I  '  I  * 

D  D  I  D 

F  quads  are  used  because  fix  and  D  are  usually  at  a  maximum 
there;  so  Ay>  will  be  maximized. 

For  a  special  quad  of  strength  Ki ,  the  betatron  waves  down¬ 
stream  are 

A^jc,y('y)  =  ^i.fii.^)fii)x,yKi  sin[2(^(5)  —  <t>i)x,y^  »  (4) 

whereas  the  dispersion  wave  downstream  is 

AZ)(s)  =  .  (5) 

To  confine  betatron  waves  in  90°  cells,  we  can  place  a  doublet 
of  special  quads  of  the  same  sign  at  successive  identical  cells,  or 
place  one  at  F  of  one  cell  and  the  other  of  opposite  sign  at  F  of 
the  3rd  cell  that  is  180°  downstream: 

f  t  t 

' - 1 - - 1 - or  ' - ^ ^ 

J 

The  latter  is  preferred  since  Vx  and  Vy  are  preserved. 

On  the  other  hand,  dispersion  wave  can  only  be  confined  be¬ 
tween  two  special  quads  of  the  same  sign  placed  at  90°  cells 
180°  apart,  or  of  opposite  sign  placed  360°  apart: 

t  t  t 

'  I  '  I  '  or  . ‘  I  '  I  '  I  ' 

i 

One  possible  way  to  accommodate  all  these  restrictions  is 

f  f 

^ . '  I  '  I  '  I  '  I  '  I  ' 

But,  unfortunately,  these  4  quads  give  Ay^  =0.  Thus,  it  appears 
that  there  is  no  way  to  satisfy  all  the  restrictions. 
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For  the  yt  jumps  in  the  CERN  PS  and  the  Fermilab  Booster, 
doublets  of  special  quads  are  used  to  null  the  tune  changes  and 
confine  betatron  wave  but  not  the  dispersion  wave.  This  scheme 
gives  M  ^  =  0  and  simplifies  Eq.  (1): 

1  ^ 

Ay~^  =  - Y]  Dfp^jKiKj  cosijiv^  -  10,-  -  (^yU) . 

2Cosin7rV;c 

so  that  the  change  in  is  second  order  in  M  or  In  order 

to  have  a  bipolar  jump,  two  families  of  doublets  must  be  needed. 
This  scheme  had  also  been  considered  by  Holmes  for  the  Main 
Injector.  [5] 

For  machines  with  dispersion-free  regions,  there  is  another 
scheme.  [2]  Here,  groups  of  4  quads  are  used  to  confine  both  the 
betatron  and  dispersion  waves,  but  changes  in  betatron  tunes  are 
ignored  for  the  time  being: 

f  t  f  t 

1 - j - 1 - ^ ^ ^ ^ - L 

Next,  we  place  in  dispersion-free  regions  another  family  of  spe¬ 
cial  quad  doublets  at  F’s  90°  apart.  Here,  betatron  waves  are 
again  confined.  But  no  dispersion  wave  will  be  created  and  Ayt 
will  be  unaffected.  The  strength  of  this  second  family  is  adjusted 
to  null  out  AVjc  and  Avy,  In  this  scheme,  all  orders  of  M  or  Kfi 
contribute.  But  the  first  order  usually  dominates.  This  scheme  is 
termed  matched  by  Bogacz  et  al,  and  the  first  one  unmatched,  [2] 

III.  Application  to  Main  Injector 

The  Main  Injector  will  be  ramped  at  y  =  163  s"^  when 
crossing  transition.  The  nonadiabatic  time  is  tc  =  1.96  ms. 
For  a  bunch  of  emittance  0. 1  eV-sec,  the  nonlinear  time  is  tn  = 
1.06  ms,  assuming  that  the  nonlinear  momentum  compaction 
Thus,  we  need  ay,  jump  of  at  least  A  ^  2y,(rcH-?n)  = 
1.0.  Numerical  simulations  show  that  a  much  cleaner  crossing 
will  result  if  the  jump  is  ~  1.3.  In  this  bipolar  application,  our 
aim  is  therefore  Ay,  ^  ±0.65. 

The  Main  Injector  lattice  MI- 17  is  two-fold  symmetric,  so  we 
need  only  to  study  one  half.  We  start  at  location  MI52.  There 
are  19  90°  cells  in  a  row  in  the  arc;  we  put  in  20  special  quads  (5 
sets  of  4’s),  After  a  dispersion-ffee  neutrino-extraction  region 
at  MI40,  there  are  6  90°  cells  in  a  row;  we  put  in  4  special 
quads  (1  set  of  4’s).  The  second  family  of  doublets  is  placed  in 
the  dispersion-free  regions:  2  quads  at  MI40  (v  extraction),  2 
quads  at  MI32  (opposite  to  kicker),  4  quads  at  MI30  (rf  region), 
and  2  quads  at  MI22  (opposite  to  kicker).  The  results  are  listed 
in  Table  1.  The  lattice  functions  and  D  before  the  jump, 
at  jump-up,  and  jump-down  are  plotted  in  Fig.  1(a),  (b),  and 
(c),  respectively.  We  see  that  a  y,  jump  of  +0.683  and  -0.625 
has  been  achieved  with  dispersion  well-confined  within  2.2  m 
and  Px  within  78  m.  Both  betatron  tunes  are  matched  up  to 
<  0.002.  In  fact,  the  MI- 17  lattice  is  not  well-matched;  the 
dispersion-freeregions  are  not  exactly  at  D  =  0,  and  the  betatron 
functions  do  not  repeat  themselves  exactly  for  every  FODO  cell. 
In  addition,  the  cells  are  not  exactly  90° .  If  these  were  corrected, 
the  confinements  of  the  betatron  and  dispersion  waves  could  have 
been  very  much  improved.  Nevertheless,  these  results  are  much 


Table  1:  A  bipolar  y,  jump  scheme  for  MI- 17 


MI-17 

up 

down 

Vx 

26.40748 

26.40606 

26.40940 

Vy 

25.40998 

25.40836 

24.41182 

Px  Max  (m) 

59.86643 

78.04456 

68.88534 

Py  Max  (m) 

63.17612 

64.12093 

65.25474 

D  Max(m) 

1.97820 

2.04025 

2.20696 

Yt 

21.58789 

-hO.6826 

-0.6254 

j 

4-0. 1822  T 

-0.1586  T 

j  B'de  (2) 

-0.4305  T 

+0.3724  T 

better  than  those  obtained  in  Ref.  2  for  the  MI- 15  lattice.  There, 
the  dispersion  reaches  a  maximum  of  2.64  m  and  the  Px  reaches 
97.5  m. 


IV.  Jump  Rate 

During  the  process  of  the  y,  jump,  the  special  quads  are  first 
pulsed  at  the  roughly  the  machine  ramping  rate  so  that  y,  is  raised 
slowly  by  0.68  unit.  Near  the  transition  energy,  the  current  in  the 
special  quads  are  reversed  suddenly,  so  that  y,  drops  to  a  value 
which  is  0.63  unit  below.  After  that,  the  pulse  current  is  slowly 
reduced  to  zero.  The  rate  of  jump  is  limited  only  by  the  allowable 
flux  change  in  the  laminations  of  the  quads,  which  is  roughly 
1.5  T  at  100  Hz,  ox  B  ^  942  T/s,  provided  that  good  silicon 
steel  is  used.  From  Table  1,  we  see  that  the  largest  integrated 
change  in  flux  gradient  is  0.803  T  in  the  second  family.  If  we 
assume  the  quads  are  of  length  1  m  and  the  distance  to  pole  tips  is 
2  in,  the  change  in  flux  at  pole  tips  is  AR  =  0.041  T.  Therefore, 
the  fastest  jump  or  reversal  of  current  can  be  made  in  43  fxs  or 
about  4  turns. 

For  the  design  of  Holmes  [5],  the  dispersion  increases  by 
4.8  m  per  unit  Ay,.  In  order  that  the  horizontal  emittance  does 
not  increase  appreciably,  one  needs  to  limit  the  rate  of  jump. 
However,  since  the  change  in  dispersion  is  so  small  in  the  present 
design,  this  restriction  no  longer  applies. 
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Abstract 

Several  aspects  of  the  beam-cavity  interaction  were 
investigated  in  a  beam  test  of  the  superconducting  accelerating 
cavity  module  for  the  CESR  upgrade:  the  time  structure  of  the 
cavity  wake  potential,  sampled  with  two  bunches,  the  effect  of 
the  module  on  the  total  machine  loss  factor,  and  the  influence 
of  the  cavity  tuner  position  on  the  frequencies  and  damping 
times  of  coupled  bunch  modes.  The  spectra  of  some  of 
higher- order  modes  excited  by  the  beam  were  also  recorded. 
The  results  are  discussed. 

L  INTRODUCTION 

The  CESR  luminosity  upgrade  plan  calls  for  increasing 
the  average  current  to  500  mA  per  beam  and  shortening  the 
bunch  length  to  1  cm  [1],  in  comparison  with  the  present 
operating  conditions  of  approximately  150  mA  per  beam  and 
1.8  cm  bunch  length.  At  the  higher  current,  the  parasitic 
interaction  of  the  bunched  beams  with  the  surrounding 
structure  will  be  much  stronger.  We  therefore  pay  special 
attention  to  the  design  and  testing  of  new  components  for 
operation  at  higher  current.  Four  cells  of  superconducting 
(SC)  cavities  with  specially  designed  higher-order  mode 
(HOM)  dampers  [2-4]  will  be  installed  in  the  CESR  to  replace 
the  existing  20  cells  of  copper  cavities.  This  reduce  the 
parasitic  impedance  of  the  RF  system  and  its  parasitic 
interaction  with  the  beam.  Calculations  [5]  and  measurements 
of  the  copper  model  of  the  cavity  [6]  indicate  that  the  design  is 
adequate  to  the  requirements  of  a  high  current  storage  ring. 

The  beam  test  of  the  superconducting  cavity  took  place 
recently  at  the  CESR  storage  ring  [7,  8].  Experiments  were 
undertaken  in  an  effort  to  understand  the  time  structure  of  the 
cavity’s  wake  potential  and  to  observe  the  interaction  of  the 
beam  with  the  cavity  HOMs.  Beam  stability  studies  were 
done  for  different  bunch  patterns.  No  instabilities  due  to  the 
SRF  cavity  were  encountered.  The  spectra  of  some  HOMs 
were  recorded  and  no  resonant  excitation  of  those  modes  was 
found. 

IL  TOTAL  CESR  LOSS  FACTOR 

Studies  of  the  higher  mode  losses  for  CESR  have  been 
done  by  M.  Billing  [9].  Scaling  laws  for  the  loss  factor  of 
different  components  in  the  vacuum  chamber  are  in  good 
agreement  with  experimental  data;  we  used  them  to  predict  the 
total  loss  factor  of  the  machine  under  the  conditions  of  our 
test.  Both  the  predictions  and  the  separate  calorimetric  mea- 
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Figure  1 .  The  total  CESR  loss  factor  (experimental  data  and 
prediction). 

surements  of  the  loss  factor  of  the  superconducting  cavity 
module  [8]  show  that  the  loss  factor  of  the  SC  cavity  is  much 
less  that  the  total  CESR  loss  factor.  Nevertheless  we 
measured  the  total  loss  factor  of  the  machine  before  and  after 
installation  of  the  SC  cavity,  to  make  sure  that  there  were  no 
gross  errors  in  the  calorimetric  measurements.  The  predicted 
and  measured  total  CESR  loss  factors  are  shown  in  the  Fig.  1. 

III.  TIME  STRUCTURE  OF  THE  WAKE 
POTENTIAL 

An  elegant  method  of  wake  potential  sampling, 
proposed  by  A.  Temnykh  [10],  was  used  in  the  beam  test:  with 
two  bunches  of  equal  current,  placed  close  to  each  other,  one 
can  measure  the  power  loss  due  to  the  HOMs  of  some 
discontinuity  of  vacuum  chamber.  By  using  different  bunch 
spacings  we  can  obtain  information  about  the  time  structure  of 
the  wake  potential.  Also,  we  can  calculate  the  loss  factor  and 
wake  potentials  for  the  two-bunch  case  using  computer  codes 
like  ABCI  [11]  and  AMOS  [12]  and  compare  these 
calculations  with  the  measured  values.  Let  us  define  the  loss 
factor  for  this  case  as 

NPfrev 

K  -  , 

where  Iq  is  the  average  beam  current;  is  the  revolution 
frequency;  N  is  the  number  of  bunches,  and  P  is  the  HOM 
power. 

The  loss  factor  will  be  equal  to  the  loss  factor  of  a 
single  bunch  if  the  wake  potential  decays  completly  before  the 
arrival  of  the  second  bunche,  or  if  the  HOMs  with  high  R/Qs 
are  all  detuned  far  enough  from  harmonics  of  one  half  the  RF 
frequency  (so  that  the  wake  fields  are  not  close  to  being 
completly  in  phase  or  completly  out  of  phase). 
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Figure  2.  The  loss  factor  of  the  SRF  cavity  assembly  sampled 
by  two  bunches  (experimental  data  and  prediction). 

The  minimum  spacing  between  two  bunches  is  equal  to 
the  wavelength  of  the  RF  system,  i.e.  60  cm  for  CESR.  We 
measured  the  power  dissipation  in  the  HOM  loads  of  the 
cavity  module  calorimetrically  [8]  and  varied  the  bunch 
spacing  from  1  to  5  buckets.  The  measurements  were  done 
for  a  beam  energy  of  5.3  GeV  and  for  three  different  total 
beam  currents:  10,  20,  and  30  mA.  Figure  2  shows  the 
measured  loss  factor  in  comparison  ABCI  and  AMOS 
calculations.  The  agreement  is  very  good. 

IV.  OTHER  TESTS 

A.  Influence  of  the  Cavity  Tuner  Position  on  the  Beam 
Dynamics 

Using  the  cavity’s  fundamental  mode  frequency  tuner, 
we  changed  the  HOM  frequencies  to  investigate  the  influence 
of  the  HOMs  on  the  beam  dynamics  and  to  look  for  any 
unexpectedly  dangerous  (high  R/Q*Q)  HOMs.  In  these  tests, 
the  RF  power  for  the  SC  cavity  was  switched  off  and  the 
fundamental  mode  frequency  remained  detuned.  While 
scanning  the  tuner  position,  we  were  able  to  maintain  a  100 
mA  beam,  and  there  were  no  beam  instabilities.  We 
continuously  monitored  the  HOM  power  deposited  by  the 
beam.  The  loss  factor  was  calculated  from  the  temperature  of 
the  HOM  load.  The  dependence  of  the  loss  factor  on  tuner 
position  is  shown  in  Figure  3.  The  small  variation  of  the  loss 
factor  shows  that  there  was  no  resonant  excitation  of  HOMs  as 
their  frequencies  changed.  In  addition,  we  measured  the  tunes 
and  damping  times  of  coupled  bunch  modes  with  a  nine  bunch 
beam,  using  a  spectrum  analyzer,  for  two  positions  of  the 
tuner.  The  technique  of  these  measurements  is  the  same  as 
described  in  [13].  No  significant  changes  in  damping  times  or 
tunes  were  observed  between  the  two  tuner  positions:  all 
changes  were  within  the  repeatability  of  the  measurements. 

B,  Dipole  loss  factor 

We  tried  to  investigate  the  dipole  component  of  the 
cavity  loss  factor  by  displacing  a  120  mA  (in  9  bunches)  beam 
(with  a  bunch  length  of  about  15  mm)  horizontally  and 
vertically  by  ±10  mm  in  the  SC  cavity.  According  to 
calculations,  the  monopole  component  of  the  loss  factor  is 
0.43  V/pC,  and  the  dipole  component  is  0.006  V/pC  for  a  10 


Figure  3.  Dependence  of  the  cavity  loss  factor  on  the  cavity 
tuner  position. 

mm  beam  displacement.  The  cooling  water  AT  was  about 
3.5  °C  for  each  HOM  load.  That  means  that  the  contribution 
from  the  dipole  component  should  be  of  order  of  0.05 ®C, 
according  to  the  prediction.  The  resolution  of  our  calorimetry 
is  0.03®C,  and  the  noise  level  is  of  the  same  order.  No 
changes  in  the  cooling  water  AT  were  seen  in  excess  of  the 
resolution  and  noise  level  of  the  measurement. 

C.  Spectra  of  HOMs 

Experiments  were  done  to  search  for  dangerous  HOMs 
by  exciting  the  cavity  via  a  single-bunch  beam  of  30  mA,  with 
a  varying  transverse  displacement  of  the  beam.  The  HOM 
spectra  were  observed  and  recorded  using  a  spectrum 
analyzer. 

We  used  results  of  URMEL  [14]  and  CLANS  (for 
monopole  HOMs)  [15]  calculations  and  measurements  of  the 
copper  cavity  model  [6]  to  compare  with  the  beam  test 
measurements.  Unfortunately  we  did  not  succeed  very  much 
in  exact  identifying  of  the  HOMs  though  we  can  say  that  for 
monopole  HOMs  Q- factors  are  of  order  of  one  hundred,  and 
for  dipole  and  quadrupole  HOMs  (2- factors  are  typically  less 
then  one  thousand.  That  is  consistent  with  previous 
measurements.  No  resonant  excitation  of  HOMs  or  beam 
instabilities  were  observed. 

V.  CONCLUSIONS 

Several  aspects  of  the  beam-cavity  interaction  were 
investigated  in  the  beam  test  of  the  superconducting 
accelerating  cavity  module  for  the  CESR  upgrade,  in  an 
attempt  to  find  dangerous  HOMs,  to  understand  the  time 
structure  of  the  cavity  wake  potential,  and  to  check  the  effect 
of  the  module  on  the  total  machine  loss  factor.  The  loss  factor 
results  are  in  a  good  agreement  with  the  predictions.  The 
results  of  wake  potential  sampling  indicate  that  the  wake 
fields  of  the  SRF  cavity  will  not  limit  the  CESR  performance 
in  bunch  train  operation[l].  No  beam  instabilities  or 
dangerous  HOMs  were  encountered  while  sweeping  the  HOM 
frequencies  using  the  cavity  tuner  or  exciting  multipole  HOMs 
by  displacing  the  beam  off  axis  horizontally  and  vertically. 
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Comparison  of  the  Predicted  and  Measured  Loss  Factor  of  the  Superconducting 

Cavity  Assembly  for  the  CESR  Upgrade* 


S.  Belomestnykht,  W.  Hartung,  J.  Kirchgessner,  D.  Moffat,  H.  Muller,  H.  Padamsee,  and 

V.  Veshcherevich  t 

Laboratory  of  Nuclear  Studies,  Cornell  University,  Ithaca,  NY  14853  USA 


I.  INTRODUCTION 

Superconducting  cavities  have  been  chosen  to  replace  the 
existing  copper  cavities  for  the  future  upgrade  of  CESR.  The 
use  of  superconducting  cavity  modules,  specially  designed  for 
a  high  current  collider,  allows  us  to  lower  the  cavity 
impedance  and  the  loss  factor  of  the  accelerating  system  and 
thereby  increase  the  threshold  for  multi-  and  single-bunch 
instabilities  [1,  2].  The  prototype  superconducting  cavity 
assembly  was  developed  at  the  Laboratory  of  Nuclear  Studies, 
Cornell  University  [3,  4]  and  successfully  tested  recently  in  a 
beam  test  in  the  CESR  storage  ring  [5]. 

Figure  1  shows  a  schematic  of  the  entire  module  which 
includes  the  cavity,  the  24  cm  round  beam  pipe,  the  fluted 
beam  pipe,  the  ferrite  HOM  loads,  sliding  joints,  gate  valves 
and  tapers  to  the  CESR  beam  pipe. 

The  beam  tubes  were  designed  so  that  all  of  the  higher 
order  modes  (HOMs)  propagate  out  of  the  cavity  and  are 
damped  by  ferrite  HOM  loads  which  are  located  outside  the 
cryostat  and  which  are  an  integral  part  of  the  beam  tube. 

Systematic  studies  were  done  to  estimate  the  interaction 
of  a  bunched  beam  with  the  cavity  module  including  the  HOM 
load  [6,  7].  ABCI,  TBCI  and  AMOS  were  used  for 
calculating  the  loss  factor  as  a  function  of  the  bunch  length. 
Also,  an  analytical  approach  was  developed  to  estimate  the 
coupling  impedance  and  loss  factor  of  the  HOM  loads. 

The  loss  factor  has  been  measured  in  a  beam  test  using 
calorimetric  method;  we  measure  the  water  temperature  rise 
and  the  flow  rate  of  the  cooling  water  to  the  HOM  load.  To 
measure  the  loss  factor  vs.  bunch  length  (10  to  25  mm),  we 
used  two  different  sets  of  CESR  optics  and  different  RF 
voltages.  The  experimental  data  points  are  in  a  good 
agreement  with  predicted  values. 

IL  HOM  LOADS 

In  the  high  power  RF  test  of  the  first  HOM  load  prototype 
[8],  several  ferrite  tiles  cracked.  Subsequent  examination 
revealed  that  the  solder  bond  between  the  ferrite  and  the  tin¬ 
plated  stainless  steel  shell  was  poor.  The  HOM  load  was 
therefore  redesigned.  A  new,  so-called  “porcupine”  load  was 
developed  (see  Figures  2).  It  consists  of  a  stainless  steel  shell 
with  18  copper  plates  bolted  along  the  inside.  Each  copper 
plate  carries  two  T  long  or  four  1”  long  soldered  TT-lllR 
ferrite  tiles  The  width  of  the  tiles  is  1.5”  and  the  thickness  is 
0.125".  Copper  tubing  is  brazed  to  each  plate  for  water 
cooling.  This  modular  design  is  more  tolerant  of  soldering 
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Figure  1.  Schematic  of  the  SRF  cavity  module. 


problems  than  its  predecessor. 

Three  loads  have  been  fabricated.  We  used  two  of  them  in 
the  beam  test.  The  third  was  subjected  to  a  separate  high 
power  test.  An  inner  conductor  was  placed  concentric  to  the 
HOM  load  and  the  assembly  was  connected  to  50  Ohm 
coaxial  line  terminated  by  30  kW  water  load  (see  Figure  3). 
We  used  a  500  MHz  klystron  as  a  source  of  RF  power.  The 
dissipated  power  was  measured  via  RF  (directional  couplers) 
and  calorimetry  (temperature  rise  and  flow  rate  of  the  cooling 
water).  Tile  surface  temperature  measurements  were  done 
with  “button”  type  temperature-indicating  labels.  The  test 
load  reached  an  average  power  density  of  20  W/cm^  and 
measured  surface  temperatures  were  excess  of  150®C,  at 
which  point  the  water  AT  was  55°C.  The  water  flow  rate  was 
equal  to  0.9  gpm  during  this  test.  The  test  was  done  in  air,  not 
in  vacuum.  The  agreement  between  the  RF  and  calorimetric 
measurements  of  the  dissipated  power  was  quite  good. 


Figure  2.  Higher  order  mode  load. 
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500  MHz  RT  power  from  Wilson  Klystron 


1  -  Waveguide  Hat;  2-6  1/8”  50  Ohm  Coaxial  Line; 

3  -  50  dB  Directional  Coupler;  4  -  Coaxial  Tapers; 

5  -  Ferrite  Load;  6  -  Coaxial  Reducer  ; 

7-3  1/8”  50  Ohm  Coaxial  Line;  8  -  30  dB  Directional  Coupler 

9-30  kW  Water  Load 

Figure  3.  Layout  of  the  HOM  load  high  power  test. 

III.  CALCULATIONS  OF  THE  LOSS  FACTOR 

One  can  calculate  the  loss  factor  of  an  axially  symmetric 
accelerating  structure  using  TBCI  [9]  or  ABCI  [10,  11]. 
Unfortunately,  these  programs  do  not  allow  us  to  calculate 
wake  fields  in  the  presence  of  absorbing  materials  such  as 
ferrite.  On  the  other  hand,  AMOS  [12]  can  handle  such 
materials  but  we  have  not  yet  successfully  applied  it  to 
complex  geometries.  In  the  mean  time  we  are  using  a 
palliative  measure:  we  calculate  the  loss  factor  of  the 
simplified  geometry  (we  did  not  take  into  account  the  RP 
coupler  and  flutes)  of  the  cavity  module  without  ferrite  and  of 
the  ferrite  load  alone  adding  results  to  get  the  total  loss  factor 
of  the  assembly.  As  an  alternative  to  AMOS,  we  also  used  an 
analytical  approach  [7]. 

A.  The  Loss  Factor  of  the  Cavity  Module 

Initial  calculations  of  the  loss  factor  for  the  cavity  module 
were  done  using  TBCI  [6].  The  RF  coupler,  the  flutes  on  one 
of  the  beam  tubes,  and  ferrite  were  not  taken  into  account. 
Moreover,  the  cavity  module  had  to  taper  to  two  different 
beam  pipe  cross-sections,  because  of  variation  in  the  CESR 
vacuum  chamber  dimentions.  We  averaged  TBCI  results  for 
bunches  travelling  in  each  direction  to  obtain  the 
“irreversible”  contribution.  We  found  that  the  cavity's  loss 
factor  is  larger  than  that  of  the  tapers  for  long  bunches  (c^  > 

1.4  cm),  but  smaller  for  short  bunches. 

We  did  futher  calculations  with  ABCI,  the  latest  version 
of  which  has  such  advantages  as  a  moving  mesh,  an  improved 
method  for  calculating  the  wake  potentials,  and  variable  radial 
mesh  size.  ABCI  results  for  the  geometry  used  in  [6]  are 
consistent  with  the  TBCI  results. 


Figure  4.  Simplified  geometry  of  the  HOM  load  for  AMOS: 
L=  101.6  mm,  rx=  114.0968  mm,  mdr^^  117.2718  mm. 


B.  The  Loss  Factor  of  the  HOM  Load 

As  mentioned  above,  the  new  HOM  loads  have  ferrite 
tiles  attached  to  copper  plates  which  are  placed  at  a  slightly 
smaller  radius  than  that  of  the  beam  tube.  At  present  AMOS 
deals  only  with  the  axisymmetric  case  when  a  lossy  material 
fills  an  outward  protrusion  in  the  beam  pipe.  Therefore  we 
used  the  modified  geometry  shown  in  Figure  4  for  the 
calculation. 

The  predicted  loss  factors  for  the  cavity  module  (ABCI) 
and  the  HOM  load  (AMOS  and  analytical)  are  shown  in 
Figure  5. 

IV.  LOSS  FACTOR  MEASUREMENTS  IN  A 
BEAM  TEST 

We  measured  the  temperature  of  the  input  and  output 
cooling  water  for  each  HOM  load,  along  with  the  water  flow 
rate.  The  values  yield  the  power  transferred  to  the  water  from 
the  ferrite: 


where  P  is  the  power  transferred  to  the  cooling  water  from  the 
ferrite  of  two  HOM  loads;  is  the  water  flow  rate;  C  is  the 
specific  heat  capacity  of  the  water;  p  is  the  water  density;  Tqi^ 
and  Tin  I^e  output  and  input  temperatures  of  the  cooling 
water. 

This  power  should  be  approximately  equal  to  the  power 
lost  by  the  beam  due  to  its  interaction  with  the  cavity  structure 
below  the  cutoff  frequencies  of  the  beam  pipes  because  (i)  in 
our  HOM  load  design  (Figure  2)  other  heat  transfer 
mechanisms  (conduction  through  the  copper  plate  to  the 
stainless  steel  shell,  and  heat  radiation)  should  not  give  a 
significant  contribution  in  comparison  with  water  cooling,  and 
(ii)  the  HOMs  with  resonance  frequencies  below  cutoff 
frequencies  of  the  nearby  beam  pipes  (2.2  GHz  and  3.4  GHz) 
are  trapped  inside  the  accelerating  structure,  so  all  their  energy 
should  ^  dissipated  in  the  lossy  material  of  the  HOM  loads. 

We  used  two  different  sets  of  CESR  optics  to  obtain 
bunch  lengths  between  10  and  25  mm.  Some  machine 
parameters  for  these  optics  are  given  in  Table  1.  Uniformly- 
filled  bunches  were  used.  Most  measurements  were  done  with 
one  bunch  or  9  bunches.  For  uniformly-filled  bunches,  the 
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Figure  5.  The  calculated  loss  factor  of  the  cavity  module 
(ABCI),  and  HOM  load  (AMOS  and  analytical)  as  a  function 
of  bunch  length. 


3395 


0  10  20  30  40  50 

I  bunch,  mA 


Figure  6.  The  loss  factor  of  the  SRF  cavity  vs.  current  per 
bunch. 

^  ^  frev 
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where  Ig  is  the  average  beam  current;  ^  is  the  revolution 
frequency;  N  is  the  number  of  bunches. 

We  do  not  have  a  bunch  length  monitor  for  CESR,  but 
previous  measurements  [13, 14]  indicate  that  there  is  no  bunch 
lengthening  in  the  storage  ring;  so  we  can  calculate  bunch 
length  via 


where  a  is  the  momentum  compaction  factor;  c  is  the  speed  of 
light;  Dg  is  the  synchrotron  frequency;  is  the  relative 

energy  spread;  /i  is  the  RF  harmonic  number,  Eq  is  the  beam 
energy;  Vrp  is  the  RF  voltage;  Up  is  the  energy  loss  per  turn 
due  to  synchrotron  radiation;  and  U pgfi  is  the  coherent  energy 
loss  per  turn  due  to  the  total  loss  factor  of  the  ring. 

To  verify  that  we  do  not  have  bunch  lengthening,  the  loss 
factor  was  plotted  as  function  of  bunch  current  for  the  same 
machine  optics  (high  energy  lattice)  and  RF  voltage  (Fig.  6). 
The  theoretical  bunch  length  O)  is  equal  to  15.3  mm  for  this 

case.  One  can  see  that  the  loss  factor  does  not  depend  on 
current,  i.e.  there  is  no  evidence  of  the  bunch  lengthening. 

The  experimental  results  for  the  loss  factor  versus  bunch 
length  are  compared  with  the  predictions  in  Figure  7.  One  can 
see  that  there  is  some  disagreement  for  the  shortest  bunch 
length.  That  disagreement  may  be  due  to  propagation  of  some 
portion  of  the  HOM  power  into  the  beam  pipes  for  frequencies 

Table  1.  Selected  Parameters  of  the  CESR  Storage  Ring 


Parameter 

High  Energy 
Lattice 

Low  Energy 
Lattice 

Revolution  frequency 

390.14788  kHz  1 

Beam  energy 

5.265  GeV 

4.400  GeV 

SR  energy  loss  per  turn 

1.0105  MeV 

0.4928  MeV 

Momentum  compaction 

0.01142 

0.00926 

Energy  spread 

6.122-10-4 

5.116-10-4 

10  12  14  16  18  20  22  24  26  28  30 


(T,  mm 

Figure  7.  The  loss  factor  of  the  SRF  cavity  assembly 
(experimental  data  and  prediction). 

above  cutoff.  Also,  there  is  a  big  disagreement  for  the  25  mm 
bunch  length.  That  data  point  was  obtained  with  the  low- 
energy  CESR  lattice,  using  only  the  SRF  voltage  (the  CESR 
NRF  system  was  switched  off  and  the  NRF  cavities  were 
detuned).  Unfortunately,  the  accelerating  voltage  was  not 
high  enough  to  allow  us  make  measurements  with  high  beam 
current:  the  total  current  was  limited  to  29  mA  in  9  bunches 
due  to  poor  life  time.  Therefore  the  signal  was  small  and  this 
data  point  may  have  a  big  systematic  error. 

V.  CONCLUSIONS 

The  calorimetric  method  was  successfully  applied  to 
measure  the  loss  factor  of  the  superconducting  cavity 
assembly  in  the  CESR  beam  test.  The  results  are  consistent 
with  predicted  values. 
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CONTROL  OF  TRAPPED  ION  INSTABILITIES 
IN  THE  FERMILAB  ANTIPROTON  ACCUMULATOR 

Steven  J.  Werkema,  Fermi  National  Accelerator  Laboratory^,  Batavia,  IL  60510  USA 


Significant  progress  has  been  made  in  the  control  and 
understanding  of  trapped  ion  induced  instability  in  the 
Fermilab  Antiproton  Accumulator.  In  addition  to  a  clearing 
electrode  system,  a  novel  method  of  clearing  Hydrogen 
ions  by  lightly  bunching  the  beam  with  RF  has  been  devel¬ 
oped.  These  ion  clearing  techniques  have  eliminated 
trapped  ion  induced  instability  as  a  limiting  factor  in  anti¬ 
proton  source  performance.  A  brief  description  of  these 
techniques  and  why  they  work  is  presented  in  this  paper. 

1.  INTRODUCTION 

The  residual  gas  in  the  Fermilab  Antiproton 
Accumulator  is  ionized  by  coulomb  interactions  with  the 
antiprotons  in  the  beam  at  a  rate  of  one  unit  of  charge  per 
antiproton  every  2  to  5  seconds.  The  production  process 
imparts  substantially  less  than  thermal  transverse  energy  to 
the  resultant  ions  [1].  The  ions,  therefore,  will  have  a 
Maxwellian  velocity  distribution  at  the  temperature  of  the 
vacuum  chamber.  Virtually  all  the  ions  produced  in  this 
manner  are  trapped  in  the  space  charge  potential  well  of  the 
antiproton  beam  where  they  will  oscillate  at  a  frequency 
which,  among  other  things,  depends  on  the  mass  and 
charge  of  the  ion  (see  Equation  3). 

Approximately  half  of  the  ions  produced  are  hydrogen. 
The  mass  and  charge  of  hydrogen  ions  {Hi  and  H^)  is 
such  that,  over  a  large  range  of  beam  sizes  and  intensities, 
the  frequency  of  ion  oscillations  about  the  center  of  the 
beam  will  coincide  with  the  low  order  betatron  resonance 
frequencies  of  the  beam.  The  motion  of  hydrogen  ions  will 
therefore  drive  coherent  oscillation  of  the  beam  [2], 


A.  Beam  Coherent  Oscillation  Spectrum 

The  transverse  coherent  oscillation  spectrum  of  the 
antiproton  beam  induced  by  the  motion  of  trapped  ions  is 
shown  in  Figure  1. 
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Figure  1:  Ion  driven  horizontal  coherent  oscillation 
spectrum,  q  is  the  fractional  part  of  the  betatron  tune. 


The  spectrum  includes  both  slow  and  fast  wave  dipole 
oscillation.  There  is  also  an  indication  of  quadrupole  mo¬ 
tion  (i.e.  the  3-2q  and  4-2q  lines).  This  spectrum  was 
measured  using  transverse  dipole  pickups  and  differentially 
driven  electronics  which  attenuate  common  mode  signals, 
such  as  quadrupole  oscillation,  by  at  least  27  dB. 
Therefore,  it  can  be  concluded  that  the  amplitude  of  the 
quadrupole  motion  is  very  large.  Transverse  beam 
quadrupole  oscillation  is  in  fact  an  expected  and  serious 
consequence  of  the  presence  of  trapped  ions  [5]. 


IL  MEASUREMENT  OF  TRAPPED  ION 
EFFECTS 

It  is  difficult  to  directly  observe  any  parameter  of  the 
ion  motion  in  the  beam.  What  is  usually  observed  are  beam 
phenomena  caused  by  ion  motion.  The  impact  of  trapped 
ion  motion  on  global  accumulator  beam  parameters  such  as 
transverse  emittance  and  betatron  tune,  have  been  de¬ 
scribed  elsewhere  [3], [4].  More  directly  connected  to  the 
ion  motion  is  the  beam  coherent  oscillation  spectrum  in¬ 
duced  by  the  motion  of  ions  in  the  beam.  A  determination 
has  been  made  of  which  beam  oscillation  modes  the 
trapped  ions  couple  to.  Measurements  of  the  transverse 
beam  transfer  function  have  also  been  made  at  the  beam 
dipole  betatron  resonance  frequencies  both  in  the  presence 
of  trapped  ions  and  without  trapped  ions. 


t  Operated  by  the  Universities  Research  Association,  Inc 
under  contract  with  the  U.S.  Department  of  Energy. 


B.  Beam  Transfer  Function  Measurements 

The  motion  of  ions  in  the  beam  and  the  coupling  of  the 
ions  to  the  dynamics  of  the  beam  is  non-linear  [2].  The 
non-linearity  is  manifest  in  the  transverse  beam  transfer 
function.  Figure  2  shows  the  transverse  response  of  52  mA 
of  protons  circulating  in  the  antiproton  accumulator.  Due  to 
the  positive  charge  of  the  beam,  no  trapped  ion  effects  are 
expected. 

By  contrast,  Figure  3  shows  the  transverse  response  for 
68  mA  of  antiprotons.  The  double  peaked  characteristic  is 
believed  to  be  due  to  the  influence  of  trapped  ions  on  the 
response  of  the  beam  to  a  transverse  stimulus.  This  effect  is 
enhanced  if  any  of  the  various  ion  clearing  mechanisms  are 
made  less  effective  or  turned  off  (see  Figure  4).  This  char¬ 
acteristic  is  observed  up  to  very  high  frequencies  (up  to 
-100  MHz). 

A  self  consistent  theory  which  explains  the  details  of 
the  ion  modified  beam  transfer  function  is  still  under  de¬ 
velopment  [6].  The  double  peaked  feature  may  be  qualita- 
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lively  understood  by  considering  the  non-linearity  of  the 
ion  motion  in  the  beam. 


Figure  2:  Beam  transfer  function  at  the  (2  -  q)f^^  res¬ 
onance  with  52  mA  of  protons  in  the  accumulator. 


Frequency  (Hz) 

Figure  3:  Beam  transfer  function  at  the  (2  -  q)f^^  res¬ 
onance  with  68  mA  of  antiprotons  in  the  accumulator. 


For  a  transversely  cylindrical  Gaussian  beam  of  width 
a  in  a  vacuum  chamber  of  infinite  radius,  the  radial  electric 
field  due  to  the  beam  line  charge  density  X  is  given  by: 


E(r)  = 


A  1- 


iTte, 


(1) 


The  equation  of  motion,  to  second  order  in  r/cr,  for  an  ion 
of  charge  to  mass  ratio  7JA  in  the  presence  of  this  field  is: 
Amr  =  ZeE(r) 


r  + 


-  I  + 

4  VcT 


r  =  0 


(2) 


nip  is  the  proton  mass.  O)^  is  the  ioh  linear  bounce  fre¬ 
quency,  and  is  given  by: 


Iz  e\X\~ 
]j  A  47te^ma^ 


(3) 


All  higher  order  terms  in  Equation  (2)  are  even  powers 
of  r/cT.  Thus,  large  amplitude  motion  occurs  with  a  smaller 
oscillation  frequency  than  the  zero  amplitude  motion. 

During  a  beam  transfer  function  measurement  the 
beam  is  driven  near  its  resonant  frequency  by  a  network 


analyzer.  The  ensuing  transverse  oscillation  of  the  beam 
drives  the  ion  motion  at  that  frequency  to  larger  amplitudes 
[7]  causing  a  downward  shift  in  the  ion  oscillation  fre¬ 
quency.  This  depletes  the  ion  population  oscillating  near 
the  beam  resonance.  The  effect  of  the  network  analyzer 
drive  is  to  temporarily  increase  the  transverse  stability  of 
the  beam  by  depopulating  the  ion  distribution  near  the 
beam  resonance. 

III.  CLEARING  TRAPPED  IONS  BY  RF 
MODULATION  OF  BEAM 

To  date,  the  most  successful  strategy  for  dealing  with 
trapped  ion  instabilities  in  the  Fermilab  Antiproton 
Accumulator  has  been  to  eliminate  the  ions  from  the  beam. 
There  are  two  primary  techniques  in  routine  use  which  ac¬ 
complish  this.  The  first  technique  is  the  use  of  clearing 
electrodes  placed  at  most  of  the  longitudinal  minima  in  the 
beam  space  charge  potential  [4].  The  clearing  electrodes  al¬ 
low  operation  of  the  Antiproton  Accumulator  up  to  anti¬ 
proton  intensities  of  approximately  130  mA. 

The  second  ion  clearing  technique  is  to  destabilize  the 
ion  motion  by  modulating  the  line  charge  density  of  the 
beam  by  the  application  of  a  small  amount  of  RF  voltage. 
Ion  clearing  with  RF  has  permitted  stable  operation  the 
Accumulator  with  antiproton  intensities  as  high  as  220  mA 
(the  intensity  limit  has  not  yet  been  reached). 


Frequency  (kHz) 

Figure  4:  Beam  transfer  function  at  the  (2  -  q)f^^  res¬ 
onance  with  132  mA  of  antiprotons  in  the  accumulator. 
The  voltage  of  the  ion  clearing  RF  system  is  varied 
from  OFF  to  1007  V. 

The  impact  of  RF  ion  clearing  on  the  transverse  stabil¬ 
ity  of  the  beam  is  illustrated  in  Figure  4.  As  the  RF  voltage 
is  increased  the  magnitude  of  the  beam  response  is  reduced 
and  the  beam  response  approaches  the  linear/ion-free  re¬ 
sponse  shown  in  Figure  2.  The  removal  of  ions  from  the 
beam  also  gives  rise  to  a  defocusing  tune  shift  which  is 
evident  from  the  increase  in  the  frequency  of  the  maximum 
response  as  the  RF  voltage  is  raised. 

An  important  property  of  RF  ion  clearing  is  that  most 
of  the  stabilizing  benefit  is  realized  just  by  turning  the  RF 
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system  on'i*.  Relatively  little  stability  is  gained  by  further 
turning  up  the  RF  voltage.  This  feature  of  RF  ion  clearing 
is  not  quantitatively  understood. 


A.  Stability  of  Small  Amplitude  Ion  Motion 


In  order  to  understand  the  effect  of  a  small  RF  modu¬ 
lation  of  the  beam  on  the  ion  motion  it  is  instructive  to  be¬ 
gin  with  small  amplitude  motion  such  that  the  non-linear 
terms  in  Equation  (2)  are  negligible.  To  account  for  the 
bunching  of  the  beam,  X  in  Equations  (1)  and  (3)  is 
replaced  with  A  =  Ap(l  “  5cosco^^t).  where  8  is  the 
fraction  of  the  beam  in  the  RF  bucket,  and 
The  RF  harmonic,  h,  is  2  for  the  results  presented  in  this 
paper.  With  this  modification  Equation  (2)  becomes: 

r  +  -  5  cos  co^^i)r  =  0  (4) 

Making  the  change  of  variable  x  =  (O^^t  12  ,  the  linearized 
equation  of  motion  becomes: 

- +  {a-2q  cos  2;c)r  =  0  (5) 

dx' 

where 


a  =  4 


/ 


and  q 


2 


(6) 


Equation  (5)  is  the  Mathieu  equation.  A  pertinent  property 
of  the  Mathieu  equation  is  that  the  motion  is  unbounded  for 
certain  regions  in  (a,q)  parameter  space.  The  condition  that 
ion  motion  is  unstable  at  the  (n  -  q)f^  resonance  of  the 
beam  for  all  values  of  the  bunching  parameter  5  is  given 
by: 


This  condition  is  not  met  at  the  three  modes  most  relevant 
to  ion  induced  instability  (see  Figure  1).  Accordingly,  small 
amplitude  ion  motion  is  stable. 


B,  Monte  Carlo  Analysis  of  Trapped  Ion  Motion 

In  order  to  investigate  the  nature  of  relatively  large 
amplitude  ion  motion  a  Monte  Carlo  simulation  of  the  ion 
motion  was  written  which  numerically  solves  the  non-lin¬ 
ear  equations  of  motion  in  a  vacuum  chamber  of  finite  ra¬ 
dius.  The  simulation  generates  the  initial  ion  positions  ac¬ 
cording  to  a  Gaussian  distribution  with  the  same  c  as  the 
beam.  The  beam  c  is  chosen  to  give  a  linear  ion  bounce 
frequency  equal  to  the  frequency  of  a  beam  resonance.  The 
initial  ion  velocities  are  generated  according  to  a  SOO^K 
Maxwellian  distribution.  A  simulated  ion  is  tracked  until  it 
has  either  undergone  many  thousands  of  oscillations  or  is 
lost  to  the  vacuum  chamber  wall. 

The  results  of  the  Monte  Carlo  suggest  that  RF  modu¬ 
lation  of  the  beam  has  the  effect  of  shrinking  the  amplitude 
range  for  stable  ion  motion.  Deeper  RF  modulation  results 

t  When  the  RF  cavity  is  off  it  is  also  shorted.  When  the 
cavity  is  turned  on  the  beam  will  see  some  small  voltage 
due  to  excitation  of  the  cavity  by  the  beam. 


in  a  smaller  stable  phase  space  area  for  ion  motion  (see 
Figure  5). 
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Figure  5:  Width  of  the  ion  initial  amplitude  distribution 
for  stable  simulated  ion  motion  as  a  function  of  applied 
RF  voltage.  At  250  Volts,  approximately  92%  of  the 
beam  is  bunched. 


The  Monte  Carlo  also  shows  that  RF  clearing  is  inef¬ 
fective  for  clearing  heavy  ions  (f  <  f).  Cleared  hydrogen 
ions  will  therefore  be  replaced  by  heavier,  less  harmful,  ion 
species.  Any  pockets  of  ions  which  are  not  cleared  by  the 
clearing  electrode  system  will  be  partially  neutralized  by 
ions  which  do  not  adversely  impact  beam  stability. 
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LONGITUDINAL  EMITTANCE  OSCILLATION  IN  A 
SUPERCONDUCTING  DRIFT  TUBE  LINAC 

J.W.  Kim  and  K.W.  Shepard,  Argonne  National  Laboratory,  Argonne,  IL  60439  USA 


In  drift  tube  linacs  a  beam  energy  spread  results  from  the  fi¬ 
nite  beam  size.  Radial  variation  of  the  axial  accelerating  field 
induces  a  beam  energy  spread,  which,  in  general,  will  accumu¬ 
late  as  the  beam  passes  through  successive  drift  tubes.  This  paper 
shows  that  under  some  conditions  of  periodic  transverse  focus¬ 
ing  and  longitudinal  phase  focusing,  the  correlation  between  the 
longitudinal  and  transverse  motion  can  be  used  to  correct  the  en¬ 
ergy  spread.  The  process  of  achieving  such  a  correction  is  first 
described  in  a  simplified  situation,  and  then  demonstrated  for  a 
particular  tuning  using  a  ray-tracing  program  which  models  a 
low  velocity  and  low  charge  state  linac  designed  for  radioactive 
ion  beams. 


1.  INTRODUCTION 

The  design  of  an  ISOL-type  radioactive  beam  facility  utilizing 
the  present  ATLAS  accelerator  as  a  secondary  beam  accelerator 
is  described  in  several  papers  at  this  conference  [1]  [2].  One  re¬ 
quirement  for  such  a  project  is  a  low  charge  state  injector  linac 
for  the  ATLAS  superconducting  linac.  A  key  issue  with  such  an 
injector  linac  is  to  maintain  small  longitudinal  emittance  while 
maximizing  transverse  acceptance.  These  two  requirements  tend 
to  conflict  since  acceleration  of  a  finite  size  beam  through  a  drift 
tube  linac  increases  the  beam  energy  spread  because  of  radial 
variation  of  the  accelerating  field.  The  variation  is  quadratic  in 
the  lowest  order,  causing  longitudinal  beam  quality  to  deteriorate 
rapidly  with  increasing  beam  radius.  The  beam  energy  spread  is 
inversely  proportional  to  the  wavelength  of  the  slow  wave  in  the 
drift  tube  structure,  thus  becoming  worst  at  low  particle  veloci¬ 
ties. 

The  longitudinal  emittance  increase  could  in  principle  accu¬ 
mulate  throughout  the  acceleration  process.  However,  by  proper 
matching  of  longitudinal  phase  focusing  to  the  periodic  trans¬ 
verse  focusing  structure,  emittance  growth  can  be  limited  by 
using  the  correlation  between  longitudinal  and  transverse  phase 
spaces.  This  process  is  clearly  manifested  in  numerical  ray¬ 
tracing  studies  performed  in  the  design  of  the  low  charge  state 
(q/A  >  1/66),  low  velocity  >  0.004)  injector  linac  described 
in  reference  [2].  In  what  follows,  first  a  simplified  version  of 
the  correction  mechanism  is  described,  and  then  numerical  ray¬ 
tracing  results  are  presented. 

IL  A  MECHANISM  OF  LONGITUDINAL 
EMITTANCE  CORRECTION 

Figure  1  shows  schematically  a  linac  in  which  transverse  fo¬ 
cusing  elements  alternate  with  short  drift  tube  accelerating  struc¬ 
tures,  resonant  cavities,  which  are  operated  in  a  phase  focusing 
mode.  The  cell  length  is  Iceii  (=lres  +  I  drift),  and  the  stability 

0-7803-3053"6/96/$5.00  ®1996  IEEE 


condition  of  transverse  motion  in  such  a  structure  is  that  Ulceii  > 
1/4,  where  f  is  the  focal  length  [3]. 


Figure  1:  A  periodic  focusing  structure  in  a  drift  tube 
linac  along  with  a  matched  beam  envelope. 


In  considering  the  behavior  of  a  beam  through  the  structure, 
we  make  several  simplifying  assumptions.  First,  the  transverse 
focal  length  is  a  half  of  the  cell  length  so  that  the  phase  advance 
of  the  transverse  motion  is  90°,  which  implies  that  all  particles 
have  the  same  radial  displacements  every  other  cell.  Second,  we 
consider  only  the  energy  spread  induced  by  the  first  and  third 
resonators  (i.e.  assume  the  second  resonator  has  no  radial  varia¬ 
tion  in  accelerating  field). 


A  correction  mechanism  is  depicted  in  Figure  2  for  a  three 
cell  structure.  The  upper  graphs  show  the  longitudinal  phase 
space,  and  the  lower  graphs  display  the  correlation,  showing  en¬ 
ergy  spread  versus  radial  displacement.  Figure  2  (a)  shows  a 
beam  energy  spread  induced  at  the  first  resonator.  The  longi¬ 
tudinal  emittance  increase  is  indicated  by  shading.  On  going 
through  the  second  resonator,  shown  in  Figure  2  (b),  the  matched 
phase  focusing  action  of  the  resonator  effectively  inverts  the  en¬ 
ergy  spread.  On  arrival  at  the  third  resonator,  the  particles  have 
advanced  180°  in  transverse  motion  so  that  the  particles  repeat 
the  displacement  they  had  in  the  first  resonator,  but  the  energy 
spread  is  inverted.  The  beam  bunch  is  thus  effectively  ’pre¬ 
compensated’  for  the  radial  variation  in  energy  gain  about  to  be 
experienced  in  traversing  the  third  resonator.  The  beam  energy 
spread  is  then  perfectly  corrected  at  the  third  resonator  as  shown 
in  Figure  2  (c). 


We  can  examine  the  action  of  the  second  resonator  more  quan¬ 
titatively  as  follows.  We  define  U(0op)  to  be  a  slope  of  the  energy 
gain  versus  operating  phase  angle  at  <j)op.  An  approximate  con¬ 
dition  for  matched  phase  focusing  for  ions  of  velocity  is  then 


U  i(t>op)  ~ 


(1) 
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mechanism  for  correcting  the  energy  spread  resulting 
from  radial  variation  of  the  accelerating  field.  The  solid 
line  indicates  the  phase  space  at  the  entrance  of  the 
resonator,  and  the  dashed  line  at  the  exit.  See  the  text 
for  details. 


where  co  is  the  angular  radio  frequency.  This  condition  can  be 
satisfied  by  adjusting  the  operating  phase  angle  0^^.  The  above 
relation  has  two  implications  of  interest: 

1)  in  going  to  low  particle  velocities,  we  must  reduce  the  drift 
length,  or  V(<l)op)  by  shifting  the  operating  phase  angle  closer  to 
the  maximum  energy  gain  phase  (e.g.  see  Figure  3  in  the  next 
section), 

2)  in  going  to  smaller  q/A,  however,  we  require  stronger  phase 
focusing  for  matching,  which  requires  increasing  the  operating 
phase  angle. 

In  the  present  application,  2)  above  is  beneficial  in  allowing 
the  operating  phase  angle  to  be  sufficiently  large  to  provide  good 
linearity  in  the  phase  focusing.  These  effects  have  been  observed 
with  the  ray-tracing  calculations  in  a  low  charge  state  linac  de¬ 
scribed  in  the  next  section. 

When  the  phase  focusing  is  not  well  matched  to  the  linac 
structure,  emittance  correction  is  weaker,  and  correction  period 
spreads  out  over  more  cells. 

III.  NUMERICAL  SIMULATIONS 

The  above  corrective  process  clearly  appears  in  numerical  sim¬ 
ulations  of  a  proposed  low  energy  injector  linac  for  ATLAS  [2]. 
Phase  space  motion  in  such  a  linac  was  calculated  using  a  ray¬ 
tracing  program  developed  at  ATLAS.  The  design  particle  is 
^^^Sn^+,  and  the  initial  velocity  (fi)  is  0.008.  The  focusing  ele¬ 
ment  is  a  quadrupole  triplet,  perfect  quadrupole  fields  with  hard 
edges  being  assumed  in  the  program.  A  realistic  quadrupole  de¬ 
sign  [4]  can  give  a  phase  advance  of  60°  with  /  =  Iceii-  The  drift 
tube  structures  modeled  in  the  program  are  the  quarter  wave  su¬ 
perconducting  resonators  used  at  the  low  energy  end  of  PII  linac 
at  ATLAS  [5].  The  linac  parameters  which  are  input  to  the  pro- 


Table  1:  Input  parameters  for  the  ray-tracing  program 


Resonator 

48.5  MHz,  4  gap 

An»^0 

0.008,  -20° 

Quadrupole  strength 

350  T/m 

Triplet  length  (cm) 

(Q1,Q2,Q3)=(4,7,4) 

hes »  ^dri ft 

14  cm,  29  cm 

Pout,  after  7  resonators 

0.013 

gram  are  listed  in  Table.  1.  The  operating  phase  and  energy  gain 
relationship  of  the  1 1-type  resonator  is  shown  in  Figure  3  for 
i32sn2+  at  a  mean  energy  gain  of  4.5  MeV/m.  The  slope  Vicpop) 
is  roughly  0.2  MeV/rad/q  at  an  operating  phase  of  -20°,  which 
satisfies  the  condition  (1)  for  P  near  0.009. 


Figure  3:  The  operating  phase  angle-energy  gain  curve 
of  II  resonator  for  ^^^Sn^"*"  at  an  average  energy  gain  of 
4.5  MeV/m 


Figure  4  shows  the  longitudinal  phase  space  and  Figure  5  the 
coupled  phase  space  at  the  entrance  and  exit  of  the  first,  second, 
and  fifth  resonators.  The  normalized  transverse  emittance  is  0.6 
7t  mm-  mrad,  and  the  longitudinal  emittance  is  57r  keV-nsec.  In 
(a)  of  Figure  4  and  5  the  beam  energy  spread  at  the  exit  of  the 
first  resonator  is  clearly  shown.  In  (b)  of  Figure  4  and  5  the 
process  of  inversion  of  the  energy  spread  through  phase  focusing 
is  manifested.  In  (c)  of  Figure  4  and  5  we  clearly  see  that  the 
energy  spread  is  cancelled  by  the  effect  of  the  radial  variation  in 
energy  gain  through  the  fifth  resonator. 

The  longitudinal  emittance  on  the  first  seven  resonators  of  the 
injector  linac  is  displayed  in  Figure  6.  The  emittance  increase  and 
correction  extends  over  the  first  five  resonators.  In  fact  the  emit¬ 
tance  correction  process  continues  throughout  the  linac  (0.008  > 
P  >  0.03),  and  longitudinal  emittance  appears  to  be  oscillatory 
[2].  The  oscillation  amplitude  becomes  larger  for  a  beam  having 
larger  transverse  emittance. 
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Figure  4:  Longitudinal  phase  spaces  at  the  entrance  and 
the  exit  of  the  first,  second  and  fifth  resonators  shown 
in  the  left  and  right  graphs,  respectively. 


Figure  6:  Longitudinal  emittance  in  the  first  seven  res¬ 
onators  of  the  injector  linac. 


IV.  CONCLUSION 

If  the  beam  size  is  sufficiently  smaller  than  the  wavelength  of 
the  slow  wave,  a  beam  energy  spread  due  to  non-linear  radial 
variation  of  energy  gain  in  a  drift  tube  linac  can  be  negligible. 
However,  for  low  q/A  ions  at  low  energies  it  can  be  difficult  to 
obtain  transverse  focusing  to  insure  an  adequately  small  beam. 
The  resulting  emittance  growth  can  be  corrected  using  the  cor¬ 
relation  between  transverse  and  longitudinal  phase  spaces  that 
we  have  discussed.  This  correlation  is  beneficial  for  the  design 
of  a  low  energy  injector  for  a  radioactive  beam  facility  proposed 
at  ANL,  in  which  high  beam  quality  and  large  transverse  accep¬ 
tance  are  essential. 
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ELECTRIC  FIELDS,  ELECTRON  PRODUCTION,  AND  ELECTRON  MOTION  AT 
THE  STRIPPER  FOIL  IN  THE  LOS  ALAMOS  PROTON  STORAGE  RING 


M.PLUM 

Accelerator  Operations  and  Technology  Division 
Los  Alamos  National  Laboratory,  Los  Alamos,  NM  87545 


The  beam  instability  at  the  Los  Alamos  Proton  Storage  Ring 
(PSR)  most  likely  involves  coupled  oscillations  between 
electrons  and  protons.  For  this  instability  to  occur,  we  must 
have  a  strong  source  of  electrons,  and  so  we  have  begun  to 
investigate  the  various  sources  of  electrons  in  the  PSR.  We 
expect  copious  electron  production  in  the  injection  section 
because  this  section  contains  the  stripper  foil.  This  foil  is 
mounted  near  the  center  of  the  beam  pipe,  and  both  circulating 
and  injected  protons  pass  through  it,  thus  allowing  ample 
opportunity  for  electron  production.  In  this  paper  we  will 
discuss  various  mechanisms  for  electron  production,  beam- 
induced  electric  fields,  and  electron  motion  in  the  vicinity  of 
the  foil. 

I.  INTRODUCTION 


current  is  about  10  mA  over  the  250-ns  chopping  period,  or 
about  7  mA  averaged  over  the  entire  macropulse.  In  contrast 
to  the  other  electron-production  processes,  there  is  no  net 
charge  deposited  on  the  foil  due  to  convoy-electron 
production.  The  kinetic  energy  of  the  convoy  electrons  is 
430  keV. 

The  SEM  coefficient  for  800-MeV  protons  incident  on  carbon 
is  about  0.006.  Our  foil  has  two  surfaces,  so  we  expect  to  see 
about  0.012  electrons  leaving  the  surfaces  of  the  foil  for  each 
proton  that  passes  through  the  foil.  During  production 
conditions  [1],  the  peak  rate  of  SEM  emission  is  about  0.12  A, 
and  the  average  rate  (over  a  one  second  interval)  is  about 
270  |JiA.  The  SEM  electrons  have  kinetic  energies  up  to  about 
20  eV. 


In  the  PSR,  the  stripper  foil  is  a  200  |Xg/cm^  carbon  foil 
suspended  near  the  center  of  the  beam  pipe  by  a  web  of  carbon 
fibers.  Many  electrons  are  created  when  both  the  circulating 
and  injected  protons  pass  through  this  foil,  as  shown  in 
Table  1.  We  have  identified  four  sources:  “convoy”  electrons 
stripped  from  the  injected  beam,  secondary-emission 
(SEM)  electrons  due  to  the  injected  and  circulating  particles 
passing  through  the  foil,  thermionic  electrons  due  to  foil 
heating,  and  delta-ray  (knock-on)  electrons  due  to  the  injected 
and  circulating  protons  passing  through  the  foil.  We  also 
expect  SEM  from  any  beam-pipe  surfaces  the  beam  may 
interact  with,  and  electron-ion  pairs  from  residual-gas 
ionization. 

11.  ELECTRON  PRODUCTION 

The  convoy  electron-production  rate  is  the  same  as  the 
incoming  particle  rate,  minus  the  1%  to  10%  stripping 
inefficiency.  During  normal  production  conditions,  the  peak 

Table  1.  Electron  production  per  injected  particle. 


Electron  source 

no.  per 

injected 

H® 

Kinetic. 

Energy. 

Average 

Current 

Convoy  electrons 

1.0 

430  keV 

75  pA 

Secondary  electrons 

3.6 

up  to 
--20  eV 

270  pA 

Knock-on  electrons 
from  the  foil 

1.2 

up  to 

2.4  MeV 

90  pA 

Thermionic  electrons 

<0.002 

-0.24  eV 

<0.12  pA 

Res.  gas  electron-ion 
pairs 

0.0037 

up  to 

2.4  MeV 

0.28  pA 

To  get  the  knock-on-electron  production  rate,  we  apply  the 
equations  of  F.  Sauli  [2]:  the  number  of  electrons  created  with 
energy  greater  than  Eq,  in  carbon  of  thickness  pt=200  |Lig/cm^, 
from  a  proton  of  velocity  Pc,  is 

Ar  =  (0J54MeVcm  J^“(2.45McV)] 

We  are  interested  in  knock-on  electrons  with  kinetic  energies 
large  enough  to  escape  from  the  foil.  If  we  we  take  the  case  of 
a  knock-on  electron  created  near  the  center  of  the  foil,  Eq  must 
be  slightly  greater  than  5  keV  for  the  electron  to  escape. 
Using  this  value  for  Eq,  A^=  0.004.  The  rate  of  knock-on 
electron  emission  from  the  foil  is  therefore  about  one  third  of 
the  SEM  emission  rate.  The  knock-on  electrons  have  kinetic 
energies  up  to  about  2.4  MeV.  The  probability  of  the  electron 
having  kinetic  energy  E  is  approximately  proportional  to  1/E^, 
so  most  of  the  electrons  are  concentrated  at  low  kinetic 
energies. 

To  calculate  the  rate  of  electron  emission  due  to  thermionic 
emission,  we  note  that  the  peak  foil  temperature  is  about 

1900  during  production  conditions.  At  this  temperature 
the  thermionic  electron  current  density  is  8.4  |IA/cm^  and 
even  if  we  assume  the  entire  16  mm  x  16  mm  foil  is  heated  this 
gives  us  peak  current  of  just  22  pA,  about  four  orders  of 
magnitude  less  than  the\eak  SEM  current.  The  foil 
temperature  does  not  change  much  over  the  360-ns  period  of 
the  PSR.  The  thermionic  current  is  highly  sensitive  to  the  foil 
temperature  -  for  a  foil  temperature  just  100  °K  higher,  the 
current  density  will  be  45  pA/cm^.  The  kinetic  energies  of 
these  electrons  is  about  0.24  eV. 
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To  calculate  the  current  we  expect  from  residual-gas 
ionization,  we  use  the  simple  formula  [3]  I  ion  = 
our  case,  for  production  conditions,  the  gas  density  n  = 
9.7  X  10^^  W,  the  ionization  cross  section  a  =  94  x 
the  length  of  the  ionization  volume  d  =  4.5  m,  and  the  average 
current  Ibeam  -  5.2  A.  Using  these  parameters,  the  average 
ionization  current  Iion  =21  pA.  The  various  electron 
production  rates  can  also  be  expressed  in  terms  relative  to  the 
number  of  injected  if  particles,  as  shown  in  Table  1.  The 
distribution  of  kinetic  energies  for  these  electrons  is  similar  to 
the  knock-on  electrons  -  up  to  2.4  MeV. 

III.  E-FIELD  AT  THE  FOIL  SURFACE 

To  find  out  what  happens  to  electrons  emitted  from  the  foil, 
we  need  to  calculate  the  E-fields.  We  start  by  simplifying  the 
problem  by  assuming  that  the  foil  completely  covers  the  beam- 
pipe  aperture,  that  it  is  perfectly  conducting,  and  that  it  is  at 
zero  potential.  We  also  assume  an  electrostatic  case,  since  the 
beam  intensity  does  not  vary  much  over  the  distance  of  several 
beam-pipe  diameters,  and  since  the  magnetic  field  due  to  the 
beam  is  weak  (for  a  43  A  beam  passing  through  a  circle  of 
radius  0.5  cm,  the  B-field  at  0.5  cm  is  only  1.7  x  10'^  Tesla). 
These  assumptions  simplify  the  problem  enough  to  allow  us  to 
easily  calculate  the  perpendicular  component  of  the  electric 
field  at  the  surface  of  such  a  foil.  The  parallel  component  of 
the  E-field  is  of  course  zero,  since  we  are  assuming  the  foil  is 
perfectly  conducting. 


Evaluating  this  expression  using  the  same  realistic  parameters 
above,  we  get  1.2  x  10^  V/m  for  the  E-field  at  the  surface  of 
the  foil  at  the  center  of  the  beam. 


IV.  BIASING  THE  STRIPPER  FOIL 


Because  of  the  suspected  e-p  instability,  we  would  like  to 
either  prevent  electrons  from  leaving  the  foil,  or  efficiently 
collect  them.  In  most  situations  the  preferred  method  would 
be  to  use  clearing  electrodes  or  clearing  rings,  but  with  the  foil 
located  in  the  middle  of  a  metal  frame,  the  electric  field  lines 
emanating  from  any  clearing  electrodes  or  rings  would  mostly 
terminate  on  the  frame,  and  not  on  the  surface  of  the  foil  where 
we  need  them.  So  the  solution  we  adopted  was  to  bias  the  foil. 


However,  with  an  E-field  of  about  10^  V/m  at  the  surface  of 
the  foil,  it  is  very  difficult  to  bias  it  enough  to  prevent  the  SEM 
and  thermionic  electrons  from  boiling  off.  To  calculate  the 
effect  of  a  biased  foil,  we  assume  a  perfectly  conducting  “soup 
can”  with  one  lid  biased  to  a  potential  Vq,  and  solve  Laplace’s 
equation.  There  is  no  beam  present  in  this  calculation.  The 
end  result  is 


y  2Vo 


JoUonr/a) 


smhUo„z/a) 

smh{jo„d/2a) 


Figure  1  shows  ^foiiO.z)  using  our  now  familiar  parameters 
from  the  PSR.  Differentiating  to  get  the  E-field  in  the  z 
direction, 


To  calculate  the  E-field  at  the  surface  of  the  foil,  we  assume  a 
uniform,  centered  distribution  of  charge  of  radius  b,  in  a 
perfectly  conducting  beam  pipe  of  radius  a,  that  extends  in  the 
z  direction.  The  charge  density  p  is  a  function  of  r  and  z  only. 
Due  to  the  lack  of  space,  we  cannot  go  into  more  detail  (see 
ref.  4  for  more  details),  but  we  have  solved  [5]  Poisson’s 
equation  to  get  the  electric  potential: 


^beam(f,Z,d) 


y  2pafcJiOo„a/fc)7oO'Q„r/fc)^, 
Eo  Jon  JiUon  f  sinh(7o„  d / b) 


(sinh(;o„  z/a)-sinhOo„  (z-rf)/a)-sinh(;o„ 


E^(r,z) 


^  2Vo  ,  ^  ^  cosh(jQ„(dl2-z)la) 

^  (jon )  sinh(7o„  d  /  2a) 


This  calculation  shows  that  if  we  put  a  10,000  V  bias  on  the 
foil,  the  E-field  at  the  center  of  the  surface  of  the  foil  will  be 
about  170,000  V/m.  This  is  not  nearly  high  enough  to  prevent 
electrons  from  leaving  the  foil,  since  the  field  due  the  beam  is 
over  10*^  V/m.  To  overcome  the  field  due  the  beam,  we  would 
need  a  bias  voltage  of  at  least  57  kV!  So  the  best  we  can  do 
with  our  present  foil  ladder  is  to  create  a  potential  well  near 
the  surface  of  the  foil,  by  biasing  the  foil  below  the  depth  of 
the  beam’s  potential  well,  which,  we  see  from  Fig.  1,  is  about 
10  kV. 


where  Eq  is  the  permittivity  constant,  Jq  and  Ji  are  Bessel 
functions,  and  jon  is  the  rf  zero  of  7o»  Figure  1  shows  a  plot  of 
^beam(0yZ,d),  using  realistic  parameters  from  the  PSR  (p  = 
2.2  X  10"^  coul/cm^,  a  =  7.5  cm,  b  =  0.5  cm,  r  -  0,  z  =  0,  d  ^ 
50  cm  [larger  values  of  d  will  not  change  the  result]).  We  see 
that  once  we  get  about  25  cm  away  from  the  foil  our  potential 
has  reached  a  maximum  of  9800  V,  and  that  the  potential 
climbs  very  steeply  during  the  first  couple  of  centimeters. 


From  Fig.  1  we  see  that  if  the  foil  is  biased  with  no  beam 
present,  low-energy  electrons  leaving  the  foil  are  pushed  back 
onto  the  foil  due  to  the  triangle- shaped  potential  well.  If  the 
beam  is  present  and  the  foil  is  grounded,  low-energy  electrons 
will  be  pulled  off  the  foil  due  to  the  sharp  drop  in  the  potential 
well  caused  by  the  beam.  If  the  beam  is  present  and  the  foil  is 
biased  below  the  depth  of  the  beam’ s  potential,  then  we  create 
a  potential  well  a  couple  of  centimeters  from  the  surface  of  the 
foil.  Low-energy  electrons  pulled  off  the  foil  will  be  trapped 
in  this  well  until  the  proton  bunch  has  gone  by,  and  the 
electrons  will  then  be  pushed  back  onto  the  foil  to  be 
reabsorbed. 


To  get  the  E-field,  we  differentiate  ^beam  to  get 

7  2fcp7o(jo„r/a)J;0'o„j>/a)sinhO'o„(z-rf/2)/a) 


EAr,z)- 


/i=i 


Eq  Jol  JiUon )  cosh(;o„  d  /  2a) 
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VI.  SUMMARY 


Fig.  1.  A  plot  of  the  potential  due  to  the  beam  (solid  line), 
the  biased  foil  (dashed  line)  and  the  sum  (bold).  We  assume 
a  7.5-cm-radius  beam  pipe  with  a  full-aperture,  perfectly 
conducting  foil  at  one  end,  a  foil  bias  of  10,000  V,  and  a 
beam  radius  of  0.5  cm  with  a  charge  density  of 
2.2  X  10"^  C/cw?  (43  A).  The  dashed  line  does  not  contact 
the  y  axis  at  -10,000  because  of  convergence  problems  at 
z=0.  The  polarities  of  all  the  potentials  have  been  reversed 
to  make  the  concept  clearer. 


V.  A  RESISTIVE  FOIL 

Of  course  the  PSR  stripper  foil  is  not  perfectly  conducting. 
The  16-mm  x  16-mm  x  200  |ig/cm^  carbon  postage-stamp  foil 
presently  in  use  at  the  PSR  is  supported  by  about  115  ea. 
5-micron-diameter  carbon  fibers,  spaced  at  2-mm  intervals, 
and  stretched  across  a  rectangular  metal  frame  with  inside 
dimensions  of  15.4  cm  x  17.0  cm.  The  fibers  form  two  planes 
of  webbing  that  support  the  foil,  and  the  average  fiber  length 
between  the  foil  and  the  frame  is  about  7.5  cm.  We  have 
measured  the  bulk  resistivity  of  the  fibers  to  be  1.2  mQ-cm,  or 
6  kQ/cm.  If  we  assume  the  fibers  make  good  electrical  contact 
with  the  frame  and  the  foil,  the  total  resistance  is  about  200  Q. 
The  carbon  foil  starts  out  as  amorphous  carbon  with  a  very 
high  bulk  resistivity  of  about  4  or  5  Q-cm.  It  may  anneal  after 
spending  some  time  in  the  beam,  and  therefore  reduce  the  bulk 
resistivity,  but  this  effect  has  not  been  studied.  From  all  of  this 
we  see  that  the  minimum  resistance  between  the  foil  and  the 
frame  is  about  200  Q,  and  that  it  could  be  a  lot  higher  due  to 
marginal  electrical  contact  between  the  foil  and  the  fibers  and 
between  the  fibers  and  the  frame.  To  help  minimize  the 
resistance,  in  1993  we  started  using  conductive  epoxy  to  fasten 
the  fibers  to  the  frame. 

Because  of  the  resistance  between  the  foil  and  the  frame,  the 
potential  of  the  foil  will  jump  around  as  electrons  are  emitted 
from  it.  If  the  potential  jumps  are  large  enough,  they  can 
affect  the  electrons  emitted  from  the  foil.  To  estimate  the 
magnitude  of  the  jumps,  we  consider  the  case  of  a  grounded 
foil  fi:ame,  with  no  cable  leading  to  any  test  equipment,  with  a 
perfectly-conducting  foil  sitting  at  the  end  of  a  200  Q  resistor. 
For  a  peak  SEM  and  knock-on  current  of  0.16  A,  the  potential 
of  the  foil  should  jump  up  by  just  32  V.  This  is  not  enough  of 
a  change  in  potential  to  significantly  alter  the  electron 
trajectories.  The  time  constant  is  less  than  1  ns,  so  the  time 
structure  of  the  potential  fluctuations  match  the  time  structure 
of  the  beam. 


We  have  identified  five  different  sources  of  electrons  in  the 
injection  section  of  the  PSR:  convoy  electrons,  SEM  electrons, 
knock-on  electrons,  thermionic  electrons,  and  electrons  from 
residual-gas  ionization.  We  have  characterized  these  sources 
with  simple  calculations  of  their  energies  and  production  rates. 
The  three  most  prolific  sources  are  the  SEM,  the  knock-on, 
and  the  convoy  electrons.  We  have  also  made  some  simple 
calculations  of  the  potential  and  electric  fields  in  the  vicinity 
of  a  perfectly  conducting,  full-aperture,  biased  stripper  foil 
with  a  beam  passing  through  it.  We  found  that  by  biasing  the 
foil,  we  can  create  a  potential  well  that  will  trap  low-energy 
electrons  emitted  from  the  foil.  This  technique  has  been 
successfully  applied  [6]  to  control  the  electrons  created  in  the 
injection  section  of  the  PSR. 

This  paper  is  just  a  beginning.  More  work  is  needed  on 
modeling  the  E-field  and  potential  distributions  for  a  resistive 
foil,  modeling  the  fields  for  an  asymmetric  gaussian  beam 
distribution  (as  opposed  to  the  uniform  cylindrical 
distributions  assumed  in  this  note),  and  modeling  the  effect  of 
a  foil  that  covers  only  a  fraction  of  the  full  aperture.  More 
work  is  also  needed  to  investigate  sources  of  electrons  other 
than  those  due  to  interactions  of  the  beam  with  the  stripper 
foil. 
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ELECTRON  CLEARING  IN  THE  LOS  ALAMOS  PROTON  STORAGE  RING 
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The  instability  observed  in  the  Los  Alamos  Proton  Storage 
Ring  (PSR)  has  been  tentatively  identified  as  an  electron- 
proton  instability.  A  source  of  electrons  must  exist  for  this 
instability  to  occur.  The  PSR  injection  section  contains  the 
stripper  foil,  and  therefore  provides  several  strong  sources  of 
electrons.  We  have  installed  an  electron  clearing  system  in  the 
injection  section  to  clear  out  these  electrons.  The  system 
comprises:  1)  a  foil  biasing  system  to  clear  the  SEM  and 
thermionic  electrons,  2)  a  pair  of  low-field  bending  magnets 
with  a  Faraday  cup  to  clear  the  convoy  electrons,  and  3)  two 
pairs  of  clearing  electrodes,  one  upstream  and  one  downstream 
of  the  stripper  foil,  to  clear  the  remaining  electrons.  In  this 
paper  we  will  discuss  the  design  and  performance  of  the 
Electron  Clearing  System,  and  its  effect  on  the  instability.  We 
will  also  present  some  results  from  other  charge-collection 
experiments  that  suggest  there  is  also  substantial  electron 
production  in  parts  of  die  ring  other  than  the  injection  section. 


1.  INTRODUCTION 

Electrons  are  an  important  issue  for  the  PSR  because  we 
suspect  our  instability  is  an  e-p  instability.  In  this  instability, 
background  low-energy  electrons  are  trapped  in  the  space- 
charge  potential  of  the  proton  beam.  Above  a  certain 
threshold,  the  electrons  and  protons  develop  coupled 
oscillations  that  grow  in  time,  eventually  leading  to  beam  loss. 
The  biggest  sources  of  electrons  are  probably  in  the  injection 
section,  which  contains  the  16-mm  x  16-mm  x  200  pg/cm^ 
carbon  stripper  foil.  Because  of  this  foil,  we  have  [1] 
electrons  due  to  secondary  emission  (SEM)  from  the  stripper 
foil,  “convoy”  electrons  stripped  from  the  incoming  H“  beam, 
thermionic  electrons  from  energy  deposition  in  the  stripper 
foil,  and  knock-on  electrons  from  interactions  of  the 
circulating  and  injected  protons  with  the  stripper  foil.  We  also 
have  residual-gas  ionization,  and  SEM  from  any  beam-pipe 
surfaces  the  proton  beam  may  interact  with.  The  SEM  and 
thermionic  electrons  have  low  energies  (a  few  eV),  the  convoy 
electrons  have  kinetic  energies  of  430-keV,  and  the  knock-on 
electrons  have  kinetic  energies  that  range  from  a  few  eV  to 
2.4  MeV.  For  each  particle  injected  into  the  ring,  we 
expect  from  the  foil  1.0  convoy  electrons,  3.6  SEM  electrons, 
1.2  knock-on  electrons,  and  less  than  0.002  thermionic 
electrons.  We  also  expect  about  0.0074  electron-ion  pairs 
created  over  the  length  of  the  section  from  residual-gas 
ionization. 


IT  ELECTRON  CLEARING  SYSTEM 

To  control  these  electrons  we  built  three  subsystems, 
illustrated  in  Fig.  1:  1)  clearing  electrodes  (two  pair)  for  the 
ions  and  electrons  from  residual  gas  ionization,  and  the 
electrons  from  SEM  off  the  beam-pipe  walls  caused  by  beam 
halo  scraping;  2)  a  stripper-foil-biasing  system  to  control  the 
thermionic  and  SEM  electrons  from  leaving  the  foil;  and  3)  a 
bending  magnet  and  Faraday  cup  for  the  430-keV  convoy 
electrons.  We  will  now  briefly  discuss  each  of  these  three 
subsystems. 


III.  CLEARING  ELECTRODES 

The  purpose  of  the  clearing  electrodes  is  to  clear  the  charged 
particles  caused  by  residual-gas  ionization  and  the  SEM 
electrons  caused  by  the  beam  halo  scraping  on  the  beam-pipe 
walls.  These  electrodes  must  create  an  electric  field  (E-field) 
strong  enough  to  overcome  the  E-field  due  to  the  space  charge 
of  the  beam.  In  high-intensity  machines,  these  space-charge 
fields  can  be  considerable.  For  the  PSR  the  maximum  space- 
charge  electric  field  is  about  250,000  V/m.  We  installed  two 
pair  of  clearing  electrodes,  one  upstream  and  one  downstream 
of  the  stripper  foil.  Our  aluminum  electrodes  are  curved  to 
match  the  cross  section  of  the  beam  pipe,  and  each  one  covers 
90  degrees  of  the  circumference.  Each  electrode  can  be  biased 
up  to  30  kV.  The  electrodes  upstream  of  the  stripper  foil  are 
separated  by  10  cm,  and  the  electrodes  downstream  of  the 
stripper  foil  are  separated  by  14  cm.  These  separations 
correspond  to  maximum  E-fields  of  600,000  V/m  and 
430,000  V/m,  respectively. 


rV.  STRIPPER-FOEL  BIASING 

The  purpose  of  the  stripper-foil  biasing  subsystem  is  to  control 
the  SEM,  thermionic,  and  low-energy  knock-on  electrons 
emitted  from  the  foil.  We  cannot  simply  use  clearing 
electrodes  or  clearing  rings  for  this  purpose,  since  the  foil  is 
suspended  in  the  center  of  a  metal  frame,  and  the  E-field 
created  by  the  electrodes  would  be  strong  between  the  foil 
frame  and  the  electrodes  but  weak  at  the  center  of  the  foil, 
where  we  need  it  the  most.  So  we  chose  instead  to  bias  the 
stripper  foil.  With  our  high  beam  intensities,  the  electric  field 
at  the  center  of  the  surface  of  the  foil  is  about  1  MV/m  [1], 
assuming  a  perfectly-conducting,  full-aperture  foil.  We  cannot 
bias  it  enough  to  prevent  electrons  from  being  pulled  off  the 
foil,  but  if  we  bias  it  below  the  depth  of  the  beam’s  potential 
well  («10  kV),  we  can  create  a  potential  well  1  to  2  cm  away 
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from  the  foil  to  trap  the  electrons.  Then,  when  the  beam 
intensity  drops  at  the  end  of  the  beam  bunch  the  bias  E-field 
will  be  strong  enough  to  attract  the  electrons  and  reabsorb 
them.  The  electrons  are  therefore  cleared  after  each  revolution 
of  the  beam  around  the  ring,  or  about  every  360  ns.  We  can 
bias  the  foil  up  to  about  1 1  kV,  limited  by  the  insulating 
properties  of  the  foil-mounting  system. 

V.  FARADAY  CUP 

The  purpose  of  the  faraday-cup  subsystem  is  to  collect  the 
430-keV  convoy  electrons.  The  energy  of  these  electrons  is 

too  high  to  clear  with  electrodes,  so  we  bend  them  90^  with  a 
low-field  bending  magnet  into  a  Faraday  Cup.  A  second 
magnet  identical  to  the  first,  but  opposite  in  polarity,  and 
located  just  downstream  of  the  first,  cancels  the  closed-orbit 
distortion  and  the  effects  of  the  non-linear  magnetic  fields. 
We  also  installed  a  screen  at  the  entrance  to  the  Faraday  cup, 
flush  with  the  inside  of  the  beam  pipe,  to  avoid  any  wake-field 
effects.  We  can  bias  this  screen  to  reduce  the  SEM  effects 
when  the  convoy  electrons  hit  the  Faraday  cup,  and  also  to 
attract  any  low-energy  electrons  and  negative  ions  from  within 
the  beam  pipe.  We  found  that  a  Faraday  cup  bias  of  +200  V,  a 
screen  bias  of -100  V,  and  a  magnetic  field  of  420  Gauss,  is 
sufficient  to  clear  the  convoy  electrons. 


VI.  WHAT  ABOUT  THE  DELTA  RAYS? 

The  three  subsystems  discussed  above  deal  effectively  with  all 
the  electron  sources  but  one  —  the  delta-ray  (or  high-energy 
knock-on)  electrons.  These  electron  energies  span  the  range 
from  a  few  eV  to  2.4  MeV.  Most  of  the  delta  rays  from  the 
foil  have  low  kinetic  energy,  and  they  will  be  trapped  between 
the  foil  and  the  Faraday-cup  magnets,  and  should  eventually 
be  cleared  by  the  biased  foil.  The  medium-energy  delta  rays 
will  be  deflected  into  the  Faraday  cup,  and  the  few  (about 
3x10'^  per  proton)  high-energy  delta  rays  that  pass  through  the 
Faraday-cup  magnets  will  be  lost  on  the  beam-pipe  walls. 
After  commissioning  the  electron-clearing  system  in  1993,  we 
believe  we  can  collect  almost  all  the  electrons  created  in  the 
PSR  injection  section  (Section  0). 


VIL  THE  RESULTS 

During  machine  development  tests  in  1993,  we  performed 
experiments  with  both  bunched  and  coasting  (dc)  beams. 
Some  examples  of  signals  from  the  stripper  foil  are  shown  in 
Fig.  2.  We  found  that  the  Electron  Clearing  System  does  a 
good  job  at  effectively  clearing  the  electrons.  We  found  that 
we  can  raise  the  threshold  of  the  coasting-beam  instability  by 
about  20%,  and  increase  the  growth  time  of  the  bunched-beam 
instability  by  almost  an  order  of  magnitude  (but  not  alter  its 
threshold).  The  instability  was  not  cured.  We  suspect  that 
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Fig.  2.  Signals  from  the  stripper  foil,  using  capacitive 
coupling  to  the  HV  cable.  The  top  signal  is  for  0  V  bias,  and 
the  bottom  signal  is  for  3  kV  bias.  Note  that  biasing  the  foil 
reduces  the  signal  caused  by  electron  emission  from  the  foil. 
Beam  parameters:  Injection  time  =  500  ps,  storage  time  = 
300jis. 


although  we  were  able  to  clear  the  electrons  from  Section  0, 
there  are  probably  other  strong  sources  of  electrons  in  one  or 
more  other  sections.  To  search  for  other  sources,  we  have 
initiated  a  new  set  of  experiments  of  identify  and  characterize 
them. 


VIII.  OTHER  SOURCES  OF  ELECTRONS 

In  another  section  of  the  ring  (Section  3)  we  have  a  pinger  [2] 
with  two  4-m  long  electrodes.  By  biasing  the  electrodes  we 
can  use  the  pinger  as  an  ion  chamber  to  collect  charge  from 


Fig.  3.  An  example  of  the  charge  collected  from  Section  3  of 
the  PSR.  This  data  was  taken  during  production  conditions, 
with  a  maximum  charge  of  about  3.75  ^iC  in  the  ring.  The  data 
remain  flat  above  200  V  and  below  -200  V. 


within  the  beam  pipe.  Poisoning  the  vacuum  at  low  beam 
intensities  gives  the  result  expected  for  residual  gas  ionization, 
but  at  higher  beam  intensities  we  have  observed  unusual  and 
unexplained  results  for  bunched  beams.  An  example  [3]  is 
shown  in  Fig.  3,  where  a  small  change  in  the  electrode  biasing 
makes  a  big  change  in  the  amount  of  charge  collected.  In 
another  case,  with  the  same  setup,  we  collected  charge 
equivalent  to  25%  of  the  total  beam  charge  in  the  ring! 


IX.  SUMMARY 

The  Los  Alamos  Proton  Storage  Ring  has  an  instability  at  high 
beam  intensities  that  we  have  tentatively  identified  as  an  e-p 
instability.  We  built  an  Electron  Clearing  System  to  attempt 
to  cure  the  instability.  We  found  that  although  we  effectively 
cleared  the  electrons  from  the  most  prolific  section  of  the  ring, 
we  made  only  small  improvements  in  the  instability  threshold. 
We  have  identified  other,  surprisingly  strong,  sources  of 
electrons,  and  we  are  working  to  understand  them. 
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Abstract 

The  Advanced  Photon  Source  (APS)  storage  ring  is  a  7- 
GeV  light  source  with  forty  straight  sections.  Intense  x-ray 
beams  will  be  delivered  by  insertion  devices  installed  in  these 
straight  sections.  Installation  of  insertion  devices  in  the  APS 
storage  ring  produces  several  effects  which  can  degrade  overall 
performance.  Rigid  ring  performance  requirements  exist  which 
can  be  used  to  set  limits  on  insertion  device  field  quality,  i.e.  the 
first-  and  second-field  integrals  of  the  transverse  magnetic  field. 
Individual  multipole  error  specifications  can  be  determined  by 
considering  the  lifetime  of  the  beam.  For  nominal  operation 
of  the  APS  storage  ring,  the  vertical  aperture  corresponding  to 
a  10-hour  lifetime  is  approximately  3.35  mm,  which  limits  the 
level  of  multipole  error.  We  find  that  the  skew-octupole  error 
has  the  most  significant  effect  on  the  reduction  of  the  aperture; 
the  reasons  are  discussed  in  this  paper. 

1.  Introduction 


operation  of  the  insertion  devices  once  they  are  installed  in  the 
ring,  specifically  the  expectation  that  gaps  will  be  scanned  during 
operation.  This  places  significantly  tighter  constraints  on  field 
quality  than  for  the  fixed  gap  operation,  and  dictates  to  a  certain 
extent  how  the  field  quality  specification  should  be  written.  The 
requirement  that  the  interaction  between  a  given  insertion  device 
and  other  beamlines  be  consistent  with  beam  stability  criterion 
limits  the  allowable  field  errors  in  that  device.  The  maximum 
allowable  changes  in  beam  properties  caused  by  insertion  device 
operation  place  the  strictest  requirements  on  field  quality. 

11.  Effects  of  an  Ideal  Insertion  Device 

Since  in  an  ideal  insertion  device  (ID)  the  first-  and  second- 
field  integrals  vanish,  the  device  does  not  distort  the  equilibrium 
orbit.  However  it  is  well  known  that  IDs  have  a  vertical  focusing 
effect  on  the  beam.  This  can  be  illustrated  by  writing  the  Hamil¬ 
tonian  with  respect  to  the  oscillating  equilibrium  orbit  suggested 
by  L.  Smith  [1]  as 


Installation  of  insertion  devices  (IDs)  into  the  APS  storage 
ring  produces  several  effects  which  can  degrade  overall  per¬ 
formance.  Rigid  ring  performance  requirements  already  exist 
which  can  be  used  to  set  limits  on  insertion  device  field  quality. 
Shown  in  Table  1  is  a  list  of  insertion  device  properties  and  the 
storage  ring  parameters  affected. 


Table  1 

Ring  Performance  Parameters  Affected  by  Insertion  Device 
Field  Quality. 


Insertion  Device  Property 

Ring  Parameter  Affected 

Field  Integral, 

HorizontalA^ertical  Beam 

Position  Stability 

Second  Field  Integral, 

HorizontalA^ertical  Beam 

I2y,,  =  f  f  By,,dldl' 

Position  Stability 

Quadrupole  Integral, 

Tune, 

f  dBy/dxdl 

Beam  Size 

Skew  Quadrupole  Integral, 

Coupling, 

/  dBxIdxdl 

Beam  Size 

Sextupole  Integral, 

Dynamic  Aperture, 

fd^B/dx^dl 

Lifetime 

Octupole  Integral, 

Dynamic  Aperture, 

fd^Bldx^ 

Lifetime 

It  is  important  to  take  into  account  the  anticipated  manner  of 

Work  supported  by  U.S.  Department  of  Energy,  Office  of  Basic  Energy 
Sciences  under  Contract  No.  W-3 1-109 -ENG-38. 


H  = 


M+pI)  + 


2  V2/>2  p  ) 


(1) 


4  fi 


where  k  =  In  is  the  period  length,  and  p  is  the  radius  of 

curvature  in  the  ID  peak  field.  If  we  neglect  the  fast  oscillating 
(compared  to  betatron  oscillation)  term  contained  in  sink^,  we 
may  treat  the  ID  as  a  long  quadrupole  with  all  nonlinear  elements 
lumped  at  the  center.  The  tracking  studies  [2]  based  on  this 
model  showed  identical  results  from  the  full-blown  numerical 
integration  through  the  ID  field.  The  same  study  also  showed 
that  the  ultimate  dynamic  aperture  is  limited  by  the  nonlinear 
effects  of  the  ID. 

For  the  Type-A  undulator  which  is  one  of  the  major  IDs  in¬ 
stalled  in  APS  storage  ring,  the  effective  integrated  focusing 
strength  is  equal  to  242  Gauss,  which  is  two  orders  of  magni¬ 
tude  smaller  than  the  typical  quadrupole  strength  in  the  ring. 
Thus,  the  perturbation  of  linear  lattice  functions  due  to  the  ID  is 
negligible.  However,  the  effective  integrated  octupole  strength 
is  equal  to  600  Gauss/cm^,  which  has  a  serious  effects  on  the 
dynamic  aperture.  In  the  specification  of  multipole  tolerances  of 
ID,  the  allowable  multipole  components  will  be  compared  with 
these  values. 


III.  Field  Integral  Specifications 

A.  Beam  Position  Stability 

The  fundamental  beam  performance  requirement  from  which 
ID  field  quality  specifications  can  be  inferred  is  beam  position 
stability.  This  has  been  stated  for  the  APS  storage  ring  as  shown 
in  Table  2. 
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Table  2 

APS  Storage  Ring  Beam  Stability  Requirements 


A:r 

Ax' 

Ay 

Ay' 

16  /xm 

l.lfirad 

4.4  fim 

0.45  fxrad 

These  requirements  are  derived  from  the  need  for  the  beam  to 
be  stable  to  within  10%  of  its  emittance,  which  translates  to  5% 
of  its  rms  size.  Table  2  assumes  jSjc  =  14  m  and  py  —  10  /n, 
which  are  the  values  at  the  IDs. 

It  is  important  that  these  stability  specifications  be  interpreted 
as  the  maximum  amount  that  the  beam  position  can  change  with 
time.  For  example,  it  is  acceptable  to  install  a  device  which  has 
a  relatively  large  field  integral,  provided  it  does  not  change  with 
time.  If  it  does  change  appreciably  with  time,  for  example  when 
scanning  the  gap,  several  things  can  still  be  done  to  stabilize  the 
beam.  First,  because  the  amount  of  field  integral  change  with 
gap  is  approximately  known,  one  can  introduce  local  steering 
compensation  which  tracks  with  gap,  producing  a  net  field  inte¬ 
gral  which  is  independent  of  gap  to  the  first  order.  Tfiis  type  of 
stabilization  might  be  called  “open  loop”  compensation. 

It  would  be  imprudent  to  assume  that  the  open  loop  com¬ 
pensation  of  ID  steering  can  be  done  significantly  better  than  a 
factor  of  ten.  Therefore,  to  generate  an  ID  field  integral  specifi¬ 
cation  guaranteed  to  meet  beam  stability  requirements  without 
being  overly  restrictive,  the  following  procedure  is  proposed. 
First,  compute  the  amount  of  field  integral  for  one  insertion  de¬ 
vice  which  will  move  the  beam  around  the  ring  at  most  by  the 
amounts  in  Table  2.  If  we  allow  the  uncompensated  field  integral 
to  be  ten  times  this  amount,  stability  requirements  can  be  met 
since  it  is  safe  to  place  a  requirement  of  a  factor  of  ten  reduction 
from  open  loop  compensation. 

In  fact,  the  APS  storage  ring  will  not  have  one  ID,  but  rather 
thirty-four  IDs.  Because  the  contributions  of  these  devices  to  the 
overall  orbit  motion  is  quasi-random,  one  would  expect  the  net 
orbit  motion  to  be  on  the  order  of  \/^  multiplied  by  the  effect  of 
a  single  ID.  To  compensate  for  this,  we  will  rely  on  the  real-time 
closed  orbit  feedback  system  using  the  photon  beam  position 
monitors.  Since  \/34  is  less  than  ten  and  we  can  assume  that 
the  feedback  system  will  reduce  the  orbit  distortion  by  a  factor 
of  ten,  the  requirement  still  can  be  met.  Also,  it  is  unlikely  that 
all  34  beamlines  will  scan  their  gaps  simultaneously,  improving 
the  situation  further. 

Of  all  the  quantities  in  Table  2,  the  restriction  on  vertical  beam 
motion  forms  the  tightest  constraint.  Specifically,  a  change  in 
insertion  device  field  integral,  gap  open  vs.  gap  closed,  of  1 1.2 
Gauss-cm  (Iljc)  will  produce  4.4  iim  of  vertical  beam  motion 
somewhere  around  the  ring.  Horizontally,  one  arrives  at  26.5 
Gauss-cm  of  11^  to  produce  16  fim  of  motion.  A  conservative 
specification  for  the  uncompensated  field  integral,  as  described 
above,  is  therefore  100  Gauss-cm. 

Similar  arguments  for  the  second  field  integral  indicate  that 
1 1,200  Gauss-cm^  of  12^  will  produce  4.4  ixm  of  vertical  beam 
motion.  Also,  37,400  Gauss-cm^  of  12^  produces  16  //m  of  hor¬ 
izontal  beam  motion.  A  reasonable  requirement  for  the  uncom¬ 
pensated  second  field  integral  is  therefore  100,000  Gauss-cm^, 


or  0.001  Tesla-m^. 

The  results  of  this  section  are  summarized  in  Table  3.  Specifi¬ 
cations  both  before  and  after  open-loop  compensation  are  stated. 
Clearly,  it  is  desirable  to  have  insertion  devices  whose  first-  and 
second-field  integrals  do  not  require  compensation.  This  may 
not  be  realistic,  because  it  is  extremely  difficult  to  measure  the 
integrals  of  Bx  in  the  presence  of  large  By. 

Table  3 


First-  and  Second-Field  Integral  Specification. 


Quantity 

Before  Compensation 

After  Compensation 

100  Gauss-cm 

10  Gauss-cm 

12,, y 

100,0000  Gauss-cm^ 

10,000  Gauss-cm^ 

B.  Good  Field  Region 

The  values  in  Table  3  give  the  allowable  amount  of  variation 
with  gap  of  field  integrals  for  particles  moving  along  the  geo¬ 
metric  axis  of  the  device.  An  equally  important  concept  is  the 
allowable  variation  in  field  integral  over  a  “good  field  region” 
at  fixed  gap,  A  reasonable  “good  field  region”  is  ±5  mm  hori¬ 
zontally,  and  ±2  mm  vertically.  Considering  that  the  horizontal 
and  vertical  beam  sizes  are  =  330  iim  and  ay  =  89  /xm,  re¬ 
spectively,  this  allows  for  10  ax^y  plus  a  missteering  allowance 
of  2  mm  horizontally  and  1.1  mm  vertically. 

If  one  could  specify  that  the  first  field  integral  not  change  by 
more  than  10  Gauss-cm  over  this  region,  and  that  the  second  field 
integral  not  change  by  more  than  10,000  Gauss-cm^,  it  would 
be  insured  that  the  compensation  would  not  have  to  be  modified 
when  orbit  changes  are  made.  This  represents  the  ideal  situation, 
because  it  is  extremely  difficult  to  construct  such  a  device,  or 
even  to  confidently  measure  it  without  using  beam. 

Since  insertion  device  photons  will  be  accurately  aligned  rel¬ 
ative  to  beamline  x-ray  beam  position  monitors  and  held  fixed 
with  a  high  degree  of  reproducibility  from  fill  to  fill,  one  can 
specify  a  more  relaxed  tolerance,  and  perform  careful  first-  and 
second-field  integral  compensation  vs.  gap  for  a  signal  trajec¬ 
tory  through  the  device.  For  the  APS ,  the  tolerances  will  be  fixed 
at  100  Gauss-cm  and  100,000  Gauss-cm^  across  ±5  mm  hor¬ 
izontally  and  ±2  mm  vertically,  including  variation  with  gap. 
In  terms  of  the  normal  {bn)  and  skew  (a„)  multipole  coefficients 
defined  at  APS: 

00 

{By  +  iB,)dl  =  BqL  +  ian){x  + 1»".  (2) 

«=0 

These  requirements  translate  to  B^Lbn  =100  Gauss-cm,  200 
Gauss,  400  Gauss/cm,  and  800  Gauss/cm^  for  n=0,  1,  2,  3, 
respectively.  These  tolerances  should  be  compared  with  the 
lattice  magnet  tolerances  and  the  effective  strength  of  the  ID 
itself.  For  example,  the  tolerances  on  the  quadrupole  magnets  at 
APS  are  B{)Lbn  =58  Gauss,  12  Gauss/cm,  and  6  Gauss/cm^  for 
n=l,  2,  3,  respectively.  Recalling  the  effective  strength  of  the 
ID  is  B{)Lb\  =242  Gauss  and  B^Lb^  =600  Gauss/cm^,  we  can 
set  reasonable  tolerances  as  B^Lbn  =100  Gauss-cm,  50  Gauss, 
200  Gauss/cm,  and  600  Gauss/cm^.  At  this  stage,  the  tolerances 
on  skew  components  can  be  the  same. 
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This  requirement  places  bounds  on  allowable  multipole  com¬ 
ponents  which  are  necessary,  but  not  sufficient. 

IV.  Multipole  Tolerances 

In  the  previous  section  we  considered  the  constraints  on  the 
field  quality  based  on  beam  position  stability.  The  other  require¬ 
ments  listed  in  Table  1  will  also  limit  the  multipole  tolerances. 
These  tolerances  should  be  compared  with  the  allowable  multi¬ 
pole  components  specified  in  the  previous  section. 

Since  the  lattice  perturbation  firom  the  effective  quadrupole 
strength  of  the  ID  is  negligible,  B^Lbi  =50  Gauss  is  acceptable. 

The  requirement  on  the  vertical  beam  size  is  that  the  change 
of  beam  size  should  be  less  than  5%  of  the  natural  beam  size, 
assuming  10%  emittance  coupling  from  the  lattice  magnets.  The 
corresponding  skew  quadrupole  strength  is  BqLui  =157  Gauss. 
Thus  BqLui  =50  Gauss  specified  in  the  previous  section  also 
satisfies  this  requirement. 

The  design  beam  lifetime  at  the  APS  is  10  hours.  The  study  [3] 
showed  that  the  required  vertical  aperture  is  3 .3  mm  during  nom¬ 
inal  operation.  Even  though  the  vertical  vacuum  chamber  size 
(half  gap  of  the  ID  chamber)  is  4  mm,  a  particle  with  horizon¬ 
tal  oscillation  amplitude  of  5  mm  should  be  stable  within  the 
required  vertical  aperture  of  3.3  mm. 

In  order  to  determine  the  physical  aperture  including  the  in¬ 
tegrated  multipole  components  in  the  ID,  a  tracking  study  was 
done.  We  first  studied  the  effects  on  the  physical  aperture  due 
to  the  individual  multipole  components,  whose  strengths  are 
specified  in  the  previous  section.  The  result  obtained  by  us¬ 
ing  the  program  RACETRACK  [4]  is  shown  in  Fig.  1.  In  the 
tracking  studies,  we  assume  34  IDs  installed  in  the  ring  and 
consider  the  particle  lost  if  its  amplitude  is  larger  than  4  mm 
at  the  ID  section.  From  the  figure  we  find  that  we  need  to 
tighten  the  skew  multipole  tolerances.  The  skew  multipoles 
have  more  effects  on  reducing  the  physical  aperture  because  the 
lattice  tunes  are  close  to  the  sum-  and/or  difference-resonance 
line  caused  by  the  skew  multipoles.  After  a  few  iterations  we 
found  that  the  aperture  requirement  can  be  met  at  BQLb2  =200 
Gauss/cm,  BoLa2  =100  Gauss/cm,  BoLb^  =300  Gauss/cm^, 
and  BqLu^  =50  Gauss/cm^.  Taking  into  account  all  effects, 
i.e.  tune  shift,  beam  size  change,  dynamic  aperture,  and  beam 
position  stability,  we  arrive  at  the  reasonably  consistent  set  of 
multipole  tolerances  shown  in  Table  4. 


Table  4 

ID  Integrated  Multipole  Tolerance  Specifications. 


n 

Normal  Component 

BoLb„ 

Skew  Component 

BoLOn 

0 

100  Gauss-cm 

100  Gauss-cm 

1 

50  Gauss 

50  Gauss 

2 

200  Gauss/cm 

100  Gauss/cm 

3 

300  Gauss/cm^ 

50  Gauss/cm^ 

Physical  Aperture 


Figure  1 

Physical  Aperture  with  Multipole  Component. 


tipole  tolerance  is  also  satisfied. 
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A  conclusion  is  that,  if  the  requirements  on  the  first-  and 
second-field  integrals  are  satisfied,  the  requirement  on  the  mul- 
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Abstract 

The  proposed  1-MW  neutron  spallation  source  is  a  rapid¬ 
cycling  synchrotron  (RCS)  with  a  design  intensity  of  1 .04  x  10^^ 
protons.  A  H~  beam  from  the  linac  is  injected  into  the  syn¬ 
chrotron  via  the  charge  exchange  process.  Due  to  the  high  in¬ 
tensity  of  the  beam,  the  minimization  of  beam  loss  is  one  of  the 
primary  concerns.  In  this  paper,  we  study  a  possible  beam  loss 
associated  with  field  ionization,  which  includes  estimates  of  the 
charge  fraction  and  level  distribution  of  the  excited  hydrogen 
atoms  after  stripping,  and  an  estimate  of  lifetime  of  the  excited 
hydrogen  atoms  in  the  transverse  magnetic  field. 

I.  Introduction 

Minimization  of  beam  losses  is  one  of  the  major  goals  at  the 
proposed  neutral  spallation  source  at  Argonne.  Among  the  vari¬ 
ous  injection-loss  mechanisms,  the  beam  loss  due  to  field  ioniza¬ 
tion  has  recently  received  a  great  deal  of  attention  after  Hutson 
and  Macek  at  Los  Alamos  reported  that  the  measured  0.2-0.3% 
of  beam  loss  at  the  Proton  Storage  Ring  (PSR)  [1]  was  attributed 
to  field  ionization  of  the  n  >  3  excited  hydrogen  atoms  in  the 
1.2-Tesla  bending  magnet  located  downstream  of  the  stripping 
foil. 

If  the  foil  strips  the  electrons  of  injected  ions  completely, 
we  will  not  have  the  field- ionization  loss.  However,  for  a  given 
foil  thickness,  the  stripping  efficiency  is  less  than  100%  result¬ 
ing  in  the  fraction  of  neutral  hydrogen  in  the  various  excited 
states.  It  is  these  hydrogen  atoms  that  will  be  ionized  in  the  mag¬ 
netic  field  and,  following  a  wrong  orbit,  eventually  lost. 

11.  Field  Ionization 

Let’s  consider  an  energetic  hydrogen  atom  moving  through 
the  uniform  magnetic  field  B  whose  direction  is  normal  to  the 
velocity  v.  Magnetic  field  in  the  lab  frame  is  transformed  to 
mostly  electric  field  in  the  rest  frame  according  to: 

F{V/m)  =  yficB{T),  (1) 

where  7  and  /?  are  the  usual  relativistic  quantities,  c  is  the  speed 
of  light,  B  is  the  magnetic  field  in  the  lab  frame,  and  F  is  the 
electric  field  in  the  rest  frame.  This  external  electric  field  puts 
the  hydrogen  atom  in  Stark  states. 

The  Hamiltonian  for  the  hydrogen  atom  in  a  Stark  state  may 
be  written  as 


H  =  Ho  +  H' 


H'  =  —eFz  =  — eFrcos^,  (2) 


Work  supported  by  U.S.  Department  of  Energy,  Office  of  Basic  Energy  Sci¬ 
ences  under  Contract  No.  W-31-109-ENG-38. 


Figure  1 

Lifetime  of  Stark  States  (n=5, 6)  of  Hydrogen  Atom  in  the 
Magnetic  Field  at  400  MeV.  (The  group  of  lines  represents 
n(n+l)/2  energy  states  for  a  given  n.) 

where  we  assume  the  external  field  is  in  the  z-direction.  Due 
to  the  external  field,  the  potential  well  of  unperturbed  hydrogen 
atoms  is  distorted  in  such  a  way  that  the  width  of  the  barrier  be¬ 
comes  finite,  which  in  turn  allows  the  possibility  of  ionization 
via  tunneling. 

In  order  to  include  the  effect  of  ionization  in  the  solution  of 
the  Schrodinger  equation,  Landau  [2]  introduced  the  complex 
energy  values  defined  as 

(3) 

where  £*0  and  T  are  two  constants,  which  are  positive.  The  phys¬ 
ical  significance  of  the  complex  energy  can  be  seen  by  writing 
the  time  factor  in  the  wave  function  of  the  form 

It  can  be  seen  that  the  probability  of  finding  the  electron  inside 
the  barrier  decreases  with  time  as  Thus  F  determines 

the  lifetime  of  the  state  defined  by  r  =  ft/F,  whose  relation  sat¬ 
isfies  Heisenberg’s  uncertainty  relation.  If  we  measure  the  en¬ 
ergy  state,  the  spectrum  will  be  centered  at  £0  with  width  F. 
In  the  literature  £0  is  commonly  called  Stark  energy  and  F  is 
linewidth  (of  the  spectrum). 

Damburg  and  Kolosov  [3]  solved  Schrodinger  equation  in  the 
parabolic  coordinate  system^  for  £0  and  F  using  the  perturba¬ 
tion  method.  They  obtained  the  series  in  F  for  the  Stark  energy 
and  derived  a  semiempirical  formula  for  F. 

Damburg  and  Kolosov’s  formula  was  used  to  calculate  the 
Stark  energy  and  the  lifetime  of  hydrogen  atoms  in  excited  states 

^The  choice  of  parabolic  coordinates  for  the  Stark-effect  problem  is  not  in¬ 
cidental.  For  a  clear  exposition  of  choosing  a  proper  coordinate  system,  see  p. 
1676  in  Ref.  [4] 
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[5].  The  results  for  n,  the  principal  quantum  number,  equal  to  5 
and  6  are  shown  in  Fig.  1,  where  the  lifetimes  of  n{n  .+  l)/2 
energy  states  for  a  given  n  are  plotted  as  a  function  of  magnetic 
field. 

In  the  calculation,  we  assumed  the  injection  energy  of  400 
MeV  and  considered  the  magnetic  field  strength  up  to  0.5  T. 
However,  the  ionization  lifetime  greater  than  10”®  sec  should 
be  interpreted  carefully,  for  the  average  radiation  transition  life¬ 
time  of  a  hydrogen  atom  is  of  the  order  of  10”®  sec  or  greater 
for  n  >  3  [6] 

III.  Charge  Fraction  of  i/”  Ions 

When  ions  traverse  a  carbon  foil,  charge  exchange  pro¬ 
cesses  occur.  Assuming  that  the  electron  capturing  process, 
governed  by  the  F”®  law,  is  negligible,  there  are  three  impor¬ 
tant  electron  loss  processes: 

(i)  H~  with  cross  section  (T_io, 

(ii)  H~  ^r+,  with  cross  section  cr_ii, 

(iii)  i7+,  with  cross  section  (Tqi. 

In  terms  of  these  cross  sections,  the  charge  fractions  can  be 


written  as 

1 

II 

g—(a_io+<7_ii)ar 

II 

o 

- .  — f<7oi+<r_ii  W 

/  1  \  ^  —  e  ^  ^ 

(<r_io  -h  a^n)  —  croi  L 

Nh+  = 

1 

1 

1 

o 

where  x  is  the  foil  thickness  (the  number  of  target  atoms/cm^), 
and  Nff- ,  Nffo  and  Nff+  are  the  three  charge  fractions  in  the 
beam. 

Theoretical  calculations  for  electron  loss  cross  section  have 
been  worked  out  by  several  authors.  One  of  these  theories  is  due 
to  Gillespie  [7].  His  results  agreed  well  with  the  measurements 
in  the  wide  range  of  energy  including  the  measurements  done  at 
Fermilab  with  200-MeV  beam  and  the  one  at  Los  Alamos  with 
800-MeV  beam.  These  measured  cross  sections  are  presented  in 
Table  1,  which  indicates  that  cross  section  varies  as  .  Gille¬ 
spie’s  theory  also  shows  such  a  scaling  law^. 


Table  1 

Electron  Loss  Cross  Sections. 


Kinetic  Energy 

cr_io  +  cr_ii 

<^01 

(MeV) 

(X  10-1®  cm®) 

(x  10-1®  cm®) 

200  (Measured,  [8]) 

1.56  ±  0.14 

0.60  ±0.10 

400  (Fitted) 

0.98 

0.38 

800  (Measured,  [9]) 

0.67 

0.33 

But  both  sets  of  data  with  beam  at  200  MeV  and  800  MeV 
show  slightly  smaller  values  than  the  theory  [8].  In  order  to  es¬ 
timate  the  cross  section  for  400-MeV  beam,  instead  of  using  the 
theoretical  result  directly  (which  may  be  all  right),  we  fit  two 
measurement  data  with  the  scaling  law.  The  result  obtained 

^  Stopping  power  of  the  foil  is  also  governed  by  the  same  scaling  law,  which 
indicates  that  the  two  processes  are  similar.  In  fact,  both  processes  are  domi¬ 
nated  by  electron-electron  elastic  scattering. 


Figure  2 

Charge  Fractions  vs.  Foil  Thickness  at  400  MeV. 


is  also  included  in  Table  1 .  The  accuracy  of  this  fit  is  within  one 
standard  deviation  of  measurement. 

Substituting  the  estimated  cross  section  into  Eq.  (5),  we  ob¬ 
tain  the  charge  fractions  as  functions  of  foil  thickness.  These 
results  are  shown  in  Fig.  2.  Numerical  values  for  the  interest¬ 
ing  range  of  foil  thicknesses  are  also  summarized  in  Table  2. 

Table  2 

Charge  Fraction  after  Carbon  Foil  of  Various  Thicknesses. 


Foil  Thickness 

(Hg/cm?) 

Nh- 

(%) 

TVffo 

(%) 

(%) 

200 

0.0007 

1.7 

98.3 

210 

0.0004 

1.3 

98.7 

220 

0.0002 

1.1 

98.9 

230 

0.0001 

0.85 

99.15 

240 

0.00007 

0.67 

99.33 

250 

0.00004 

0.54 

99.46 

IV.  ^-Distribution 

After  the  foil,  the  neutral  hydrogen  atoms  are  distributed  (or 
populated)  in  different  states.  At  present  no  theory  exists  for 
excited-state  production  using  the  beam-foil  method.  However, 
we  may  mention  the  atomic-collision  theory  for  radiative  cap¬ 
ture  of  free  electrons  by  bare  nuclei  in  the  high  velocity  limit, 
which  shows  dependence  on  the  principal  quantum  number 

of  the  capture  cross  section  [6].  Even  if  it  is  not  clear  whether 
we  can  apply  this  approach  to  beam-foil  interaction,  the  early 
measurement  results  at  low  energy  (less  than  1  MeV/au)  showed 
such  a  dependence  on  principal  quantum  number®.  An  interest¬ 
ing  theoretical  analysis  [11]  of  post-foil  measurement  of  elec¬ 
tromagnetic  radiation  and  ion  charge  also  suggests  that  the  level 
populations  decrease  as  n”®  and  depend  universally  on  the  ki¬ 
netic  energy  of  the  incoming  beam.  From  these  early  studies  we 
leam  [11]: 

♦dependence  of  the  level  population  on  principal  quantum 
number  according  to  n“®  is  observed  frequently  but  not  exclu- 

^June  Davidson  [10]  used  neutral  helium  at  0.275  MeV  in  order  to  measure 
the  absolute  population  in  3  <  n  <  6  after  6  ^g/cm'^  carbon  foil. 
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sively, 

•dependence  of  the  level  population  on  foil  thickness  is  un¬ 
known, 

♦dependence  of  the  level  population  on  kinetic  energy  of  the 
incident  beam  was  not  observed. 

Since  the  above  studies  are  not  conclusive  enough  to  apply 
the  findings  to  400  MeV  ions  passing  the  carbon  foil  as  pro¬ 
posed  for  the  neutral  spallation  source  at  Argonne,  we  pay  atten¬ 
tion  to  the  recent  experimental  study  on  beam-foil  interaction 
[12].  Assuming  that  the  n  distribution  is  governed  by  a  power 
law  the  exponent  of  the  power  law  p  is  measured  for  a 
given  foil  at  800  MeV.  The  results  are  found  to  be: 

for  a  given  25.0  pgfcm?  carbon  foil 
p  =  3.41  for  n=2,...,5 
p  =  8.0  forn=10,...,14 

for  a  given  198.0  pg/crn^  carbon  foil 
p  =  1.29  forn=2,...,5 
8.0  for  n=10,...,14. 

It  is  interesting  to  note  that  a  single  power  law  is  unable  to  char¬ 
acterize  the  n  distribution  of  excited  states  over  a  wide  range  of 
n  and  the  low-lying  states  become  more  evenly  populated  for 
the  thicker  foils. 

V.  Application 

The  injection  orbit  in  the  IPNS-Upgrade  RCS  [13]  is  shown 
in  Fig.  3.  With  a  250-pg/cm^  stripper  foil,  about  0.54%  of  the 
beam  emerges  from  the  foil  as  partially  stripped  neutral  hy¬ 
drogen  atoms,  some  of  which  are  in  the  ground  state  and  some  of 
which  are  in  excited  states.  If  these  particles  are  allowed  to  enter 
a  normal  bending  magnet  field,  they  will  become  stripped  and 
either  hit  the  vacuum  chamber  wall  or,  if  not  lost,  form  a  halo  of 
large  betatron  oscillation  around  the  normal  proton  beam. 

Figure  3  shows  that  the  neutrals  pass  through  the  center  of  one 
quadrupole  (QD)  and  enter  the  next  quadrupole  (QF)  at  -11  cm, 
where  the  field  is  0.3  T,  unless  the  ^-catcher  is  installed.  This 
field  over  a  length  of  0.5  m  is  enough  to  strip  all  electrons  with 
n  >  5,  or  about  20%  of  the  beam.  In  this  estimation,  we  as¬ 
sumed  that  n-distribution  follows  dependence,  and,  since 
the  foil  thickness  is  250  pg/ crv? ,  we  used  p  =  1 .29  for  the  con¬ 
servative  estimate.  The  catcher,  therefore,  is  placed  upstream  of 
this  quadrupole  (QF)  as  shown  in  Fig.  3. 

The  relatively  short  bumper  magnets,  B3  and  B4  shown  in 
Fig.  3,  can  also  ionize  the  beam.  However,  the  beam  loss 
due  to  the  field  ionization  in  these  bumper  magnets  is  negligi¬ 
ble. 


QFil  QDK  crUQO  MOT 


Figure  3 

Injection  Orbit  in  the  IPNS-Upgrade  RCS. 
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VL  Conclusion 

In  order  to  minimize  the  beam  loss  in  the  proposed  IPNS- 
Upgrade  RCS  due  to  field  ionization,  we  propose  to  use  the  rel¬ 
atively  thick  stripper  foil  with  thickness  of  250  pglcrr?  and  to 
install  a  -catcher  in  the  ring  together  with  the  careful  trajec¬ 
tory  control  of  the  neutral  hydrogen  atoms. 
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Abstract 

The  magnet  lattice  appropriate  for  a  tau-chann  factory  had 
been  studied  extensively  [1].  Here  we  discuss  two  possible 
simplifying  features  which  make  the  design,  construction,  and 
operation  of  the  machine  simpler  without  sacrificing  perfor¬ 
mance.  These  two  features  may  be  characterized  and  identified 
as  a)  luminosity  optimization  in  the  “monochromatic”  mode, 
and  b)  chromaticity  correction  with  sextupoles  only  in  the  arcs. 


where  K  =  =  1.48x10'^^  m  at  the  beam  energy  of  E  = 

1.55  GeV  for  J/\|f  production.  In  these  equations  and  through¬ 
out  this  paper  all  symbols  have  their  conventional  meanings 
and  all  quantities  are  evaluated  at  the  collision  point.  The 
luminosity  is 


L  Introduction 

A  tau-charm  factory  is  a  high  luminosity  (L^  10^^  cm'^  s"^) 

e''‘e'  collider  with  a  center-of-mass  energy,  2E  (E  =  beam 
energy),  adjustable  from  3  to  6  GeV.  The  lower  limit  is  set  by 
the  charmonium,  J/\|/,  production  threshold  of  3.1  GeV  and  the 
upper  limit  is  set  by  the  production  threshold  for  pairs  of 

charmed  baryons,  e.g.  at  2x2.74  GeV  for  ( The  high 
luminosity  requires  that  the  two  beams  be  stored  in  separate 
rings,  here  assumed  to  be  located  one  directly  above  the  other. 
Because  of  the  extremely  narrow  width  of  J/xj/  (T  = 
0.086  MeV),  it  has  been  proposed  [1]  that  for  J/\|/  production 
the  lattices  of  the  two  rings  be  tuned  to  have  large  equal  and 
opposite  vertical  dispersion  functions,  ±Dy,  for  the  two  beams 
at  the  collision  point.  The  collision  energy  spread  would  then 
arise  only  from  the  vertical  betatron  width  Gyp  of  the  beams. 
To  keep  the  energy  spread  within  the  J/\|/  width,  we  must  have 


This  so-called  “monochromatic”  tuning  was  considered 
necessary  for  J/\(f  production  even  at  a  sacrifice  of  luminosity. 
We  will  show  that,  properly  optimized,  the  achievable  lumi¬ 
nosity  is  actually  higher  for  the  “monochromatic”  tune. 

II.  Optimization  OF  Luminosity 

For  the  head-on  collision  of  two  identical  beam  bunches 
containing  N  particles  each,  the  beam-beam  tune  shifts  are 


where  f  is  the  bunch  collision  frequency.  The  luminosity  is 
clearly  largest  when  =  ^  =  empirical  maximum  attain¬ 

able  value  =  0.04.  This  condition  gives 


When  this  condition  is  satisfied,  we  have 


and 


L 


f  N^  Px 

■ 


(5) 

(6) 


For  the  standard  tuning  =  Dy  =  0  and  Eq.  (4)  gives 
Py/px  =  Cy/Bx  =  ^  value  generally  much  less  than  unity.  In  this 
case,  we  should  take  Py  =  0.01  m  =  the  smallest  practicable 
value  in  one  of  the  two  dimensions.  Taking  further,  f  = 
30  MHz  (10-m  bunch  spacing)  and  =  250xl0‘^  m-rad  we 
obtain 


Px(m) 

Py/Px 

N 

L  (cm"^s“^) 

0.02 

0.5 

1.02x10“ 

0.98x10^^ 

0.05 

0.2 

0.81x10“ 

0.63x10^3 

Px  ^2)  shows  that  with  these  parameters  one  can  barely  reach  the 

^x  (^x  ^  *  desired  luminosity  of  lO^^cm'^s"^. 

For  the  “monochromatic”  tuning,  the  example  lattice  we 
Py  studied  gives  Dy  =  0.4  m  and  =  0.6  MeV  at  the  beam  energy 

^y  (^x  ^y)  *  E  =  1.55  GeV  for  J/\|/.  Equations  (1)  and  (4)  then  give 

*  Work  supported  by  the  U.S.  Department  of  Energy,  Office  of  Basic  and 
Energy  Sciences,  under  Contract  No.  W-31-109-ENG-38. 
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tice  offers  essentially  no  special  difficulties  and  is  shown 
in  Fig.  1.  However,  some  special  attention  is  required  for 
chromaticity  correction  and  dynamic  aperture  problems. 


It  is  unlikely  that  Ey  can  be  made  smaller  than  £x/190.  Equa- 
tion  (8)  then  says  that  must  be  smaller  than  Py.  We  therefore 
set  Px  equal  to  the  minimum  practical  value  of  0.01  m.  Equa¬ 
tions  (7)  and  (8)  then  give 

Py  =  0.03m  and  ey  =  4xl0^m,  (9) 

and  Eqs.  (5)  and  (6)  give 

Ns2.7xl0"  and  L  =  2.3x1  O^^cm-Vl .  (10) 

The  higher  luminosity  is  derived,  of  course,  from  the  higher 
beam  intensity  which  is,  however,  allowed  by  the  beam-beam 
effect  for  this  design. 

The  very  small  collision  energy  spread  is  desirable  at  all 
energies  and  for  all  experiments.  There  is  no  need  ever  for  the 
zero-dispersion  design. 

III.  Arc  Lattice 

The  linear  lattice  is  conventional  and  consists  of  two  180° 
arc  sections  joined  by  two  118.4-m-long  straight  sections:  one 
for  injection  and  rf,  the  other  for  beam  collision  and  the  detec¬ 
tor  assembly.  The  arc  sections  are  composed  of  ten  60°  7.4-m 
FODO  cells  each  (including  the  horizontal  dispersion  suppres¬ 
sor  cells)  with  parameters  adjusted  to  give  a  natural  horizontal 

emittance  of  -250x10"^  m. 

IV.  Colliding  Straight  Lattice 

The  injection  straight  lattice  is  conventional  and  straight¬ 
forward  and  will,  therefore,  not  be  discussed.  The  collision  or 
interaction  straight  lattice  is  developed  along  the  following 
guiding  features: 

1.  The  collision  is  head-on.  The  strong  low-p  quadrupole 
doublets  next  to  the  collision  point  are  superconducting, 
and  are  common  to  and  have  identical  focal  actions  on 
both  beams.  The  lattice  is,  thus,  symmetric.  Outboard  of 
the  common  quadrupole  doublets,  the  beams  are  separated 
vertically,  first  by  electrostatic  separators  followed  by  sep¬ 
tum  dipoles.  Hie  linear  orbit  fimctions  are  adjusted  to 

Dx  =  0,  Dy  =  ±0.4  m  ,  Px  =  0.01  m,  py  =  0.03  m,  Ey  < 
4x10"^  m  and,  since  the  lattice  is  symmetric,  =  D'y  = 
=  (Xy  =  0.  (Here,  as  before,  all  values  given  are  those  at 
the  collision  point.) 

2.  We  choose  not  to  cross  the  beams  so  that  a)  the  central  col¬ 
lision  energy  can  be  fine-adjusted  (up  to  ~2Ce  =1.2  MeV) 
by  vertically  parallel-displacing  one  beam  against  the 
other,  and  that  b)  the  no  crossing  geometry  in  the  injection 
straight  is  more  convenient  for  injection  and  for  accom¬ 
modating  rf  cavities.  The  design  of  the  matched  linear  lat- 


V.  Chromaticity  Correction  and  Dynamic 
Apertures 

Without  correction  the  natural  chromaticities  of  the  linear 
lattice  are  approximately  -27  (horizontal)  and  -39  (vertical). 
The  major  contribution  comes  from  the  very  strong  supercon¬ 
ducting  low-p  quadrupoles.  The  traditional  wisdom  is  to  cor¬ 
rect  the  chromaticity  “at  the  source.”  To  do  this,  many 
additional  complicated  and  difficult  matching  conditions  must 
be  met  in  the  linear  straight  lattice 

For  this  tau-charm  factory  we  tried  to  avoid  this  complica¬ 
tion  by  locating  the  sextupoles  in  the  arcs  only.  Since  the  arcs 
consist  of  60°  FODO  cells,  we  can  place  two  pairs  of  sextu¬ 
poles  in  each  arc  such  that  the  two  members  in  each  pair  are 
identical  in  strength,  located  at  identical  p  values,  and  sepa¬ 
rated  by  K  phase-advance.  In  this  way,  the  chromaticity  cor¬ 
recting  effects  of  the  two  members  add,  but  their  resonance 
driving  effects  cancel.  With  one  pair  placed  at  high  P^  and  the 
other  at  high  Py,  we  can  adjust  the  strengths  of  the  two  pairs  to 
correct  the  x-  and  y-chromaticities  simultaneously.  We  found, 
indeed,  that  after  correcting  the  chromaticities  to  zero,  the 
dynamic  apertures  are  >  80a  (a  =  larger  of  a^  and  Gy)  at  the 
central  energy  and  >  25a  at  tlOag  from  the  central  energy. 

Actually,  with  the  rather  large  vertical  dispersions  at  the 
superconducting  low-p  quadrupoles,  one  can  provide  chroma¬ 
ticity  corrections  “at  the  source”  by  inserting  superconducting 
skew-sextupole  coils  in  these  low-p  quadrupoles,  except  it  is 
now  impossible  to  cancel  their  resonance-driving  harmonics 
by  other  skew- sextupoles  located  7C-phase  advance  away. 

VI.  Reference 

[1]  J.  M.  Jowett,  Frontiers  of  Particle  Beams:  Factories  with 
e+e-  Rings,  edited  by  M.  Dienes,  M.  Month,  B.  Strasser, 
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Abstract 

When  a  positron’s  energy  deviation  8E/E  exceeds  the  rf 
acceptance,  or  when  it  receives  an  angular  kick  for  the  betatron 
motion  that  exceeds  some  limiting  admittance,  the  positron 
will  be  lost.  The  main  contributions  to  the  total  beam  lifetime 
come  from  single  Coulomb  and  Touschek  scattering.  In  this 
report  we  investigate  the  dependence  of  the  residual  gas  pres¬ 
sure  and  the  vertical  aperture  of  the  Advanced  Photon  Source 
storage  ring  on  the  total  beam  lifetime.  We  present  results  of 
calculating  the  total  beam  lifetime  as  a  function  of  vertical 
aperture  for  varying  average  ring  pressure,  beam  current,  and 
coupling  coefficient. 

L  Introduction 

The  vertical  aperture  and  pressure  enter  the  lifetime  calcu¬ 
lation  through  the  single  Coulomb  scattering.  In  particular,  the 
variation  in  vertical  aperture  is  due  to  elastic  scattering  on 
nucleii.  The  Touschek  lifetime  numbers  do  not  vary  with  verti¬ 
cal  aperture  and  are  read  from  the  table  in  Ref.  [1].  The  total 
beam  lifetime  is  calculated  and  plotted  as  a  function  of  the  ver¬ 
tical  aperture. 

The  so-called  SPEAR  scahng  calculation  is  also  included. 
Experimental  observations  [2]  at  the  SPEAR  storage  ring  seem 
to  suggest  that,  for  short  bunches  with  rms  bunch  length 
smaller  than  the  beam  pipe  radius  b,  the  effective  longitudinal 
broadband  impedance  seen  by  the  beam  at  frequencies  beyond 
(0^,  =  c/b  (c  being  the  speed  of  light)  is  scaled  down  by  a  fac¬ 
tor  of  .  This  phenomenological  power  law  is 

referred  to  as  the  “SPEAR  scaling  law.” 

11.  Method  OF  Calculation 

The  single  Coulomb  scattering  lifetime  for  a  pressure  of 
1  nTorr,  T,  is  calculated  for  a  range  of  vertical  apertures. 
Included  are  elastic  and  inelastic  scattering  on  nucleii  and  elec¬ 
trons.  The  vertical  aperture  is  taken  from  1  mm  to  20  mm,  in 
1-mm  increments.  The  highest  value  of  the  vertical  aperture 
corresponds  to  the  aperture  in  the  insertion  straight  sections. 
The  vertical  aperture  values  and  the  corresponding  single-Cou¬ 
lomb  scattering  lifetime  values  are  used  to  obtain  the  single- 
Coulomb  scattering  lifetime  as  a  function  of  the  assumed  pres¬ 
sure  from  the  formula 


*  Work  supported  by  the  U.S.  Department  of  Energy,  Office  of  Basic 
Energy  Sciences,  under  Contract  No.  W-31-109-ENG-38. 


where  P  is  the  assumed  pressure  in  nTorr.  The  single-Cou¬ 
lomb  scattering  lifetime  and  Touschek  lifetime  are  inserted 
into  the  following  equation 


^total  ^gas  '’^Touschek 

in  order  to  obtain  the  total  beam  lifetime. 

The  Touschek  lifetime  is  calculated  for  the  APS  storage 
ring,  by  use  of  the  code  ZAP  [3].  For  the  SPEAR  scaling  cal¬ 
culations,  one  needs  to  find  the  rms  value  of  the  lenghtened 
bunch.  Cl ,  and  its  corresponding  rms  momentum  spread,  . 
Once  these  numbers  are  obtained  from  Option  2  of  the  ZAP 
code,  they  are  input  into  the  Touschek  scattering  routine  of 
ZAP.  The  results  are  used  in  the  present  work. 

In  each  case,  the  calculated  rms  minimum  bunch  length 
Cl  is  0.58  cm  and  the  corresponding  rms  momentum  spread 

is  0.96x10"^  .  In  the  case  of  SPEAR  scaling,  and  Op 
increase,  respectively,  to  0.89  cm  and  1.48x10“^  for  5.22  mA 

current,  and,  respectively,  to  1.51  cm  and  2.50x10“^  for 
10.44  mA  current. 

III.  Analysis  OF  Results 

Each  plot  shows  the  total  beam  lifetime,  as  a  function  of 
vertical  aperture,  for  pressures  of  1  nTorr,  2  nTorr,  3  nTorr,  and 
4  nTorr;  for  currents  of  1  mA,  5.22  mA,  and  10.44  mA;  and  for 
10%  and  1%  coupling.  The  total  beam  lifetime  for  10.44-mA 
current  and  1%  coupling  is  not  shown.  In  this  case,  the  current 
is  too  high  and  the  coupling  too  low  to  obtain  interesting 
results.  The  bucket  height  is  assumed  to  be  ±  2%.  As  may  be 
seen  in  Figs.  1  through  5,  the  beam  lifetime  decreases  with 
increasing  current  and  decreasing  coupling.  In  the  case  of 
SPEAR  scaling,  holding  the  coupling  fixed  and  increasing  the 
current  will  not  appreciably  change  the  hfetime.  This  may  be 
seen  by  comparing  Fig.  6  with  Fig.  8  and  Fig.  7  with  Fig.  9. 

Each  of  these  graphs  also  shows  a  vertical  bar,  at  the  total 
beam  lifetime  of  10  hours.  This  is  the  minimum  allowed  life¬ 
time  for  optimum  APS  storage-ring  operation.  Clearly,  life¬ 
times  below  10  hours  for  given  vertical  apertures  are  too  low. 
Such  vertical  apertures  are  to  be  avoided.  Therefore,  this 
method  may  predict  what  kinds  of  bunches  may  be  sustained  at 
what  apertures  by  estimating  the  aperture  for  which  a  given 
bunch  will  operate  at  exactly  10  hours.  For  the  APS  storage 
ring  we  consider  three  phases  [4]:  the  commissioning  phase, 
for  which  the  vertical  aperture  is  40.7  mm.  Phase  I,  for  which 
the  vertical  aperture  is  12  mm,  and  Phase  II,  for  which  the  ver¬ 
tical  aperture  is  8  mm.  According  to  the  APS  list  of  parame- 
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ters  [5],  the  maximum  circulating  current  for  a  single  bunch  is 
5  mA. 

From  Figs.  1-9  it  is  immediately  seen  that  a  0.58-cm 
bunch  will  not  be  sustained  under  4-nTorr  pressure  at  all,  and  a 
0.58-cm,  5-mA  bunch  cannot  be  sustained  under  a  pressure  of  ^ 
3  nTorr  either  (Figs.  3  and  4).  For  SPEAR  scaling,  both  0.89-  * 

cm  and  1.51-cm  bunches  having  10%  coupling  can  be  sus-  | 
tained  under  3-nTorr  pressure  in  the  insertion  straight  sections  ^ 
(Figs.  6  and  8),  while  the  0.89-cm  bunch  with  10%  coupling  | 
can  also  be  sustained  under  this  pressure  in  Phase  I  (Fig.  6).  f 

For  the  pressures  of  1  nTorr  and  2  nTorr  and  10%  cou-  2 
pling,  the  0.58-cm  bunches,  as  well  as  the  SPEAR-scaled  0.89- 
cm  and  1.51-cm  bunches,  are  sustained  for  vertical  apertures  of 
all  three  phases.  Moreover,  for  the  lowest  pressure  (1  nTorr), 
only  the  0.58-cm  bunches  with  5-mA  current  and  1%  coupling 
are  not  sustained  (Fig.  4). 

As  can  be  expected,  the  0.58-cm  bunches  with  the  best 
lifetimes  are  those  with  l-mA  current  and  10%  coupling.  As 
Fig.  1  shows,  they  can  be  sustained  in  the  ring  environment  of 
1-,  2-  and  3-nTorr  pressure  for  all  three  phases.  Figure  2 
shows  that  the  1-mA  current  bunches  with  1%  coupling  also  do 
well;  however,  at  3  nTorr  they  cannot  be  sustained  in  Phase  11. 

On  the  other  hand,  the  0.58-cm,  10-mA  bunches  do  rather 
poorly.  From  Fig.  5  it  is  seen  that  only  bunches  having  10% 
coupling  are  sustained  at  1 -nTorr  pressure.  Longer  bunches  2 
stand  a  better  chance  under  these  conditions.  • 

1 
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0.56  cm  bunch  length,  1  mA  current,  105C  coupling 


Figure  1 


0.58  cm  bunch  length,  1  mA  current.  1%  coupling 


Figure  2 


0.58  cm  bunch  length,  5.2  mA  current,  10%  coupling 


Figure  3 
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Abstract 

Rebucketing  in  the  Relativistic  Heavy  Ion  Collider,  RHIC  ,  de¬ 
scribes  the  process  of  moving  the  beam  from  the  26MHz  accel¬ 
erating  system  to  the  196MHz  storage  system  with  as  little  beam 
loss  as  possible.  This  puts  a  stringent  requirement  on  the  beam 
longitudinal  area  done  at  top  energy.  The  ample  bucket  space 
after,  but  not  too  close  to,  transition  is  explored  by  computer 
simulation  to  relax  such  stringent  conditions, 

L  Introduction 

The  ultimate  task  of  the  RHIC  RF  systems,  which  has  one 
set  of  accelerating  cavities  and  a  set  of  storage  cavities  [1],  is  to 
put  the  bunches  in  storage  cavities,  with  as  little  beam  loss  as 
possible,  for  physics  experiments.  The  longitudinal  emittance 
determines  how  difficult  it  is  to  make  such  a  “handoff  ’  between 
accelerating  cavities  and  storage  cavities  [2]. 

The  storage  system  buckets  are  approximately  5  ns  long. 
Therefore,  given  a  margin  of  80%  for  safety,  the  bunches  have  to 
be  made  no  greater  than  4  ns  long  in  order  for  the  storage  system 
to  rebucket  them.  The  bunch  length  is  defined  as  containing  95% 
of  the  particles  in  a  bunch.  The  nominal  bunch  length  for  gold 
beam  at  top  energy  is  greater  than  5  ns.  Means  have  to  be  sought 
to  make  shorter  bunches.  Away  from  the  immediate  transition 
region  in  which  the  bunch  is  naturally  short,  the  bunch  length  can 
be  shortened  (or  lengthened)  by  manipulating  the  bucket  height 
or  the  bucket  phase  relative  to  the  bunch  center. 

Since  the  bunch  length  is  inversely  proportional  to  V  4 ,  the 
adiabatic  compression  of  bunch  length  has  a  quartic  power  law 
for  the  voltage  required.  For  instance,  a  bunch  is  6ns  long,  which 
is  typical  for  gold  at  top  energy,  at  voltage  of 300/cV.  Tocompress 
itdown  to  4n5,  the  voltage  has  to  increase  to  300*  ( I  =  l.SMV, 
which  is  excessive  in  comparison  with  the  maximum  available 
voltage  from  the  accelerating  cavities. 

The  bunch  rotation  technique  is  a  non-adiabatic  way  to  shorten 
the  bunches.  Its  main  advantages  are  speed,  and  lower  require¬ 
ments  on  the  available  voltage  from  the  cavities.  Its  limitation  is 
that  it  develops  long  tails  if  the  bunch  area  is  too  large.  In  this 
note,  we  explore  by  means  of  computer  simulation  the  region 
after  transition  where  ample  bucket  area  is  available  to  suppress 
the  long  tails,  and  thus  eliminate  large  beam  losses. 

11.  Beam  dynamics  after  transition 

The  longitudinal  particle  dynamics  are  governed  by  the  single 
particle  Hamiltonian 

*Work  performed  under  the  auspices  of  the  US  Department  of  Energy, 
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H  =  W^  +  ^^[cos0-cos(^j-t- 

2Eo  Rq  y  2tc  h 

(<f>  -  <t>s)  +  0{W^)  (1) 

where  y  is  the  Lorenz  factor  of  the  beam,  Eq  is  the  particle  rest 
energy,  is  the  rf  harmonic  number,  Rq  is  the  average  radius  of 
the  ring,  W  =  Es  is  the  synchronous  energy,  cOrf  is  the 

angular  rf  frequency,  j;  =  ^  —  p  is  the  phase  slip  factor,  and  (t>s 
is  the  synchronous  phase.  In  the  case  of  a  constant  speed  magnet 
ramp  (R)  and  constant  rf  gap  voltage  (K/),  the  behavior  of  a 
particle  is  complete  determined  by  the  ratio  of  Solving  the 
equation  with  respect  to  the  top  energy  {y  =  108,  ytr  =  22.8) 

-  =  {-).op  (2) 

y  y 

wefindthatequivalentpointy  26,  where  the  particle  dynamics 

behave  exactly  the  same  as  at  top  energy. 

The  bucket  size  scales  inversely  proportional  to  the  square  root 
of  how  close  it  is  to  transition,  i.e. 

if  we  move  from  the  equivalent  point  down  close  to  transition, 
the  bucket  size  increases  dramatically  comparing  with  that  of 
around  top  energy  where  the  bucket  size  hardly  changes. 

III.  Simulation  Results 


Figure.  1.  On  the  left:  mountain  range  plot  of  the  bunch  shape 
in  a  rebucketing  process  from  simulation.  On  the  right:  phase 
space  plot  when  the  bunch  is  mismatched  after  shifting  the  stable 
fixed  point  back  to  the  center  of  the  bunch 

The  basic  idea  of  bunch  rotation  is  to  first  lengthen  the  bunch 
and  then  make  it  mismatched  to  the  bucket.  In  RHIC  rebucket¬ 
ing,  the  procedure  goes  as  follows.  First  we  lengthen  the  bunch 
by  shifting  the  unstable  fixed  point  of  the  bucket  to  the  bunch 
center.  After  a  fraction  of  a  synchrotron  period  the  bunch  has 
elongated  along  the  separatrix  of  the  bucket.  The  stable  fixed 
point  is  then  shifted  back  to  the  bunch  center  again.  The  bunch, 
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being  mismatched,  starts  to  rotate  in  the  phase  space.  After  the 
bunch  rotates  3/8  of  a  synchrotron  period  to  reach  its  minimum 
bunch  length  position,  the  storage  cavities  are  turned  on  and  the 
accelerating  cavities  are  turned  off.  Figures  1  and  2  illustrate 
the  rebucketing  process,  for  a  particularly  large  bunch  area,  to 
illustrate  the  beam  loss  situation. 


Figure,  2.  On  the  left:  phase  space  plot  when  the  bunch  is  at  its 
narrowest.  On  the  right:  phase  space  plot  several  synchrotron 
periods  later  after  rebucketing. 

We  simulate  the  rebucketing  process  for  gold  beam  in  three 
cases:  stationary  bucket,  stationary  bucket  with  the  nonlinear 
ofi  =  —0.6  [3]  and  moving  bucket.  In  each  case,  we  scan  for 
bunch  areas  of  0.6,  0.7,  0.8  and  \.Q  eV  s/u,  and  for  each  bunch 
area  we  scan  at  6  different  points  away  from  transition  range 
from  Ay  =  y  -  y,;-  =  0.7  to  Ay  =  3.2.  In  all  cases  the  rf 
voltage  is  600k  V,  and  B  =Q.05T/s  for  the  moving  bucket,  the 
nominal  ramp  rate  for  RHIC . 


Figure.  3.  In  a  stationary  bucket.  Percentage  of  beam  loss  vs. 
y.  The  curves  from  top  to  bottom  correspond  to  bunch  area  of 
1.0,0.8,0.7,0.6ey.y/M. 


For  case  1,  in  Figure  3,  we  plot  the  beam  loss  as  a  function 
of  how  far  away  from  transition  for  various  bunch  areas.  Upon 
close  examination,  these  curves  are  united  through  a  reduced 
variable  Ay  where  €  is  the  bunch  area  and  jc  =  0.71  from 
data  fitting.  In  Figure  4,  we  plot  the  beam  loss  with  respect 
to  the  reduced  variable.  Figures  5  and  6  are  for  the  cases  2 
and  3  respectively.  As  expected,  when  the  non-linear  factor  is 
considered,  the  beam  in  the  phase  space  distorted  more,  and  thus 
the  beam  loss  becomes  worse.  If  we  use  a  moving  bucket  to 
accomplish  the  rebucketing,  the  bucket  size  is  reduced,  and  the 
beam  loss  increases. 
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Figure.  4.  In  a  stationary  bucket.  Percentage  of  beam  loss  vs. 
reduced  parameter  Ay 


Beam  energy 


reduced  variable 


Figure.  5.  In  a  stationary  bucket  with  ai  =  —0.6.  Left  fig- 
ure:Percentage  of  beam  loss  vs.  y.  The  curves  from  top  to 
bottom  correspond  to  bunch  area  of  1.0,  0.8,  0.7,  0.6  eVsju, 
Right  figure:  Percentage  of  beam  loss  vs.  reduced  parameter 
Ay^“^. 


From  these  beam  loss  curves  and  the  reduced  variable,  we  can 
plot  curves  for  constant  beam  loss  in  the  space  of  bunch  area  and 
Ay.  Such  a  plot  allows  us  to  choose  where  rebucketing  should 
take  place.  Each  point  on  a  curve  represents  at  what  energy  the 
rebucketing  takes  place  and  the  maximum  bunch  area  that  will 
give  rise  of  the  amount  of  beam  loss.  For  example,  if  we  choose 
to  tolerate  5%  beam  loss  while  rebucketing  at  energy  y  =  25.5, 
following  on  the  5%  curve,  the  maximum  bunch  area  will  then 
be  ^5'SeYslu.  That  is,  any  bunch  area  greater  than  ^5‘SeWslu 
will  result  more  than  5%  beam  loss.  It’s  clear  from  Figure  7  that 
the  closer  toward  transition  (ytr  =  22.8)  the  less  beam  loss  will 
occur,  and  the  larger  bunch  area  that  it  can  tolerate.  Of  course, 
we  can’t  arbitrarily  get  too  close  to  transition,  because  of  other 
complications  associated  with  transition  itself. 

IV.  Conclusion 

Comparing  with  rebucketing  at  top  energy,  rebucketing  after 
transition  has  some  good  features.  First,  it  does  not  require  any 
new  hardware  investment,  it  is  just  a  matter  performing  the  same 
task  at  a  lower  energy.  Second,  since  it  is  performed  at  low 
energy,  any  beam  loss  has  less  impact  on  the  performance  of 
the  superconducting  magnets.  Third,  it  opens  up  the  emittance 
bottleneck.  Depending  on  what  bunch  area  will  result  from  tran¬ 
sition,  we  can  choose  many  different  points  to  rebucket  the  beam. 
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Figure.  6.  In  a  moving  bucket.  Left  figurerPercentage  of  beam 
loss  vs.  y .  The  curves  from  top  to  bottom  correspond  to  bunch 
area  of  1.0,  0.8,  0.7,  0.6  eVsfu.  Right  figure:  Percentage  of 
beam  loss  vs.  reduced  parameter  Ay 
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Figure.  7.  Constant  beam  loss  curves  for  rebucketing  in  a  sta¬ 
tionary  bucket. 


Fourth,  it  can  be  conducted  both  with  stationary  buckets  (zero 
magnet  ramp)  and  moving  bucket  (nonzero  magnet  ramp).  The 
subsequent  acceleration  is  done  by  the  storage  system. 

V.  Acknowledgment 

The  authors  would  like  to  thank  fruitful  discussions  with  M. 
Brennan. 


References 

[1]  The  Conceptual  RHIC  RF  design.  Tech  Note,  RHIC/RF-22, 
1994. 

[2]  D.  P.  Deng  Gold  Beam  Longitudinal  Emittance  Limit  at 
Rebucketing.  Tech  NoteRHIC/RF-18,  1994 

[3]  J.  Wei  et  al.  in  these  proceedings  for  its  effects. 


3423 


CLOSED-ORBIT  DRIFTS  IN  HERA 
IN  CORRELATION  WITH  GROUND  MOTION 

V.  Shiltsev,  B.  Baklakov,  P.  Lebedev,  Budker  INP,  630090,  Novosibirsk,  RUSSIA 
and  C.  Montag,  J.  Rossbach,  DESY,  22603  Hamburg,  GERMANY 


Abstract 

This  article  describes  the  results  of  orbit  motion  measurements 
in  HERA  e-p  collider.  Power  spectral  density  of  vertical  drifts 
of  HERA  proton  beam  orbit  was  obtained  in  a  frequency  range 
from  6  ♦  10“^  Hz  up  to  250  Hz.  The  slow  closed-orbit  drifts  were 
found  to  have  diffusive  character  and  to  grow  as  the  square  root 
of  time  interval.  Simultaneous  measurement  of  ground  vibra¬ 
tions  at  HERA  tunnel  has  shown  significant  correlation  of  the 
orbit  drifts  with  the  ground  motion.  It  was  observed  that  the  or¬ 
bit  motion  substantially  affects  the  proton  loss  rate. 

L  INTRODUCTION 

Quadrupole  vibrations  due  to  ground  motion  cause  distortion 
of  beam  orbits  in  HERA  and  beam-beam  separation  at  the  inter¬ 
action  point.  The  goal  of  these  measurements  was  to  reveal  di¬ 
rectly  the  correlation  between  the  HERA  tunnel  vibrations  and 
the  closed  orbit  distortions  (COD).  To  do  this,  the  signals  of 
beam  position  monitors  (BPM)  and  seismometers  were  recorded 
with  high  precision.  The  search  was  performed  in  a  very  broad 
frequency  band  of  almost  7  decades  from  6*10“^  Hz  to  250  Hz. 
At  the  same  time,  the  dependence  of  the  particle  loss  rate  in  the 
ring  on  the  orbit  motion  is  a  point  of  keen  interest,  therefore,  we 
recorded  and  took  in  processing  the  signal  from  a  proton  loss 
monitor.  During  the  measurements,  most  of  the  data  on  beams 
were  obtained  under  luminosity  run  conditions  of  HERA  with 
the  typical  parameters:  proton  current  of  30-45  mA  at  820  GeV, 
electron  (positron)  current  of  10-25  mA  at  28  GeV.  The  mea¬ 
surements  care  described  in  detail  in  [1]. 

11.  INSTRUMENTS  AND  METHODS 

Sensors  for  the  ground  motion  were  four  SM-3KV  type  ve¬ 
locity  meters  (a  pair  of  vertical  and  a  pair  of  horizontal)  which 
allow  us  to  obtain  data  in  0.1  -  140  Hz  frequency  band  with  a 
sensitivity  of  about  80  mV/(//m/s);  and  a  pair  of  three  compo¬ 
nent  CMG-3T  geophones  made  by  Guralp  Systems  Co.  with  a 
flat  velocity  response  of  0.75  mV/(/im/s)  in  the  band  0.003  Hz 
-  50  Hz.  The  noises  of  the  probes  were  found  to  be  much  less 
than  the  ground  motion  signals  in  the  corresponding  frequency 
ranges  [1].  The  vibration  detectors  were  set  in  the  HERA  Hall 
North  (HI  detector  area)  and  in  the  HERA  Hall  West  at  the  depth 
of  about  25  m. 

The  transverse  proton  beam  closed  orbit  was  detected  by  a 
pick-up  BPM  at  WR35  sector  of  HERA  =  227m,  j3y  = 
25m).  The  BPM  sensitivity  was  1.5  mV///m  in  respect  to  ^  = 
Im.  (Further,  the  orbit  motion  will  be  normalized  to  the  point  of 
a  lattice  with  /?  =  Im.  It  is  about  the  HERA  interaction  point 
values  of  /?*  =  0.7m  and  =  1.4m).  The  rms  BPM  noises  are 


Figure  1 .  Spectrum  of  vertical  COD  of  proton  beam  (normal¬ 
ized  to  ^=lm).  Squares  are  for  the  data  from  Ref.  [3]. 

about  0.1  pm  in  a  frequency  band  of  0.5  Hz  and  about  0.5  pm 
for  a  100  Hz  band. 

The  HERA  proton  loss  monitor  detects  the  beam  halo  parti¬ 
cles  scattered  in  the  material  of  a  collimator.  Note,  that  the  loss 
rate  variation  depends  on  beam  shaking  as  well  as  on  the  beam 
shape  (cross  section)  deformations  because  the  collimator  ”jaw” 
was  from  the  only  side  of  the  beam.  The  monitor  is  described  in 
detail  in  [2]. 

The  signals  from  all  the  monitors  were  digitized  simultane¬ 
ously  by  ADCs  with  variable  sampling  frequency  (from  0.1  Hz 
to  1  kHz)  and  then  were  sent  to  the  memory  for  storage.  To  get 
information  in  different  frequency  ranges,  the  low-pass  filters  at 
200  Hz,  20  Hz,  2  Hz,  and  0.5  Hz  were  applied. 

The  properties  of  noises  can  be  described  by  the  power  spec¬ 
tral  density  (PSD)  S{f).  Its  dimension  is  power  in  a  unit 
frequency  hand,  for  example,  vr?  j  Hz  for  the  PSD  of  dis¬ 
placement.  The  value  of  S{f)  relates  to  the  rms  value  of 
the  signal  Xrmsifx^h)  in  frequency  band  from  /i  to  /2  as 

Xrms{fiif2)  =  yj S{f)df.  The  normalized  spectrum  of 
the  correlation  K(f)  of  two  signals  x{i)  and  y{t)  is  defined  as 

y/{Xif)X*{f}}{Y{f)Y*{f)y 

where  the  brackets  <  ....  >  mean  the  time  averaging  over  the 
different  measurement  data,  and  X {f)andY (/)  are  the  Fourier 
transformations  ofx{t)  and  y{t).  Note,  that  correlation  is  a  com¬ 
plex  function  A' (/)  =  Co(/)  exp  (-iA0(/)).  The  coherence 
Co{f)  of  the  two  signals  is  equal  to  the  modulus  of  K{f).  By 
the  definition,  the  value  of  the  coherence  does  not  exceed  1.0. 
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Figure  2.  Spectra  of  proton  loss  rate  and  p-BPM  signals,  ^  ^ 

Figure  3.  Spectrum  of  the  coherence  between  vertical  ground 


The  value  of  A(f)[f)  reflects  phase  advance  between  the  corre-  ^^^tion  and  vertical  closed-orbit  drifts  of  p-beam, 
sponding  Fourier  harmonics  of  the  two  signals. 


III.  RESULTS 

The  power  spectral  density  of  the  vertical  motion  of  the 
HERA  proton  beam  closed  orbit  (scaled  for  /?  =1  m)  from 
b  lO”"®  Hz  up  to  250  Hz  (  almost  7  decades  in  frequency  )  is 
shown  in  Fig.l.  In  order  to  get  better  estimation  of  the  PSD  at 
the  lowest  frequency  three-day  data  record  (29 .09  -  0 1 . 1 0. 1 994) 
were  processed.  It  is  interesting  to  note  that  the  measured  PSD 
is  well  consistent  with  the  analysis  of  weekly  orbit  drifts  all  over 
the  HERA-/?  ring  [3],  those  data  are  marked  by  squares  in  Fig.l . 
The  spectrum  can  be  divided  in  two  parts:  continuum  below  1 
Hz  and  a  series  of  peaks  at  frequencies  above  1  Hz.  The  contin¬ 
uous  part  can  be  approximated  by  the  formula  (see  dashed  line 
in  Fig.l) 

19.1 0“^ 

Scooif)  =  —j2 -  [fim^/Hz],  (2) 

This  part  of  spectra  describes  the  slow  drift  of  the  HERA  pro¬ 
ton  orbit  that  looks  like  a  “random  walk”  process,  and  its  PSD 
corresponds  to  the  rms  orbit  displacement  proportional  to  the 
square  root  of  the  time  interval  of  observation  y/T, 

The  Fourier  processing  of  the  proton  loss  signal  (see  Fig.2) 
shows  that  at  frequencies  above  1  Hz  the  spectrum  of  proton 
orbit  vibrations  (solid  line  in  Fig.2)  and  the  spectrum  of  proton 
losses  variations  (solid  line  marked  by  points)  follow  each  other. 
For  example,  the  spectral  lines  at  2.5  Hz,  6.25  Hz,  9.8  Hz,  12 
Hz,  16  Hz,  18  Hz,  19  Hz,  22  Hz,  24.4  Hz,  48.8  Hz,  50  Hz, 
etc,  are  clearly  seen  in  both  PSDs.  This  coincidence  points  to 
certain  connection  (correlation)  of  the  particle  losses  and  orbit 
motion.  Results  of  direct  correlation  measurements  allow  us  to 
conclude  that  below  50  Hz  the  most  of  these  peaks  are  caused 
by  mechanical  vibrations  (for,  example,  24.4  Hz  and  48.8  Hz 
harmonics  are  due  to  mechanical  pumps  in  HERA),  and  above 
50  Hz  they  are  due  to  the  multiples  of  50  Hz  in  magnet  power 
supplies. 

The  spectrum  of  the  coherence  between  the  vertical  ground 
motion  (detected  by  CMG-3T  and  SM3-KV  probes  at  the  tun¬ 


nel  depth  in  the  Hall  West  pit)  and  proton  closed  orbit  vibrations 
measured  by  the  BPM  is  shown  in  Fig.3.  The  measurements 
were  performed  during  5  days  (September  16-21,  1994),  and 
the  spectrum  covers  a  frequency  band  of  0.001  Hz  -  200  Hz.  A 
number  of  FFTs  of  the  data  records  was  about  60  -  90,  and  it 
allowed  us  to  reduce  the  statistical  error  of  the  coherence  mea¬ 
surement  down  to  a  «0.1.  As  it  is  seen  in  Fig.3,  the  significant 
coherence  (above  la)  was  detected  at  frequencies  24.4  Hz  and 
6.25  Hz,  There  is  no  valuable  correlation  at  frequencies  of  the 
microseismic  ground  waves  which  occupy  a  band  of  0.1-03  Hz 
in  the  PSD  of  the  HERA  tunnel  motion,  and  their  amplitudes 
are  about  2  /im  [1].  The  reason  is  that  their  wavelength  of  20- 
30  km  is  much  longer  than  the  betatron  wavelength  in  HERA 
(about  200  m).  Inspite  of  the  PSD  of  the  tunnel  vibrations,  there 
is  no  peak  due  to  these  waves  in  the  COD  PSD  which  is  shown 
in  Fig.l. 

It  is  hard  to  conclude  definitely  on  the  COD-ground  correla¬ 
tion  at  frequencies  of  0,02  -  0.3  Hz,  where  the  value  of  Co[f) 
is  about  1-2  cr.  The  remarkable  fenomena  in  this  frequency  re¬ 
gion  are  the  waves  from  the  remote  earthquakes  that  happened 
some  dozen  times  during  the  period  of  the  experiments.  Inspite 
of  their  large  amplitude  (up  to  400  //m)  these  seldom  events  pro¬ 
duced  no  effect  on  HERA  beams  because  their  wavelength  is 
above  hundreds  of  km. 

Below  a  frequency  of  0.01  Hz,  the  coherence  is  as  big  as  0.6  - 
0.7,  what  is  above  3cr  limit.  This  allows  us  to  consider  the  slow 
tunnel  motion  to  be  a  governing  source  of  the  closed  orbit  drifts 
in  HERA. 

Fig.4  demonstrates  that  the  proton  losses  are  due  to  the  orbit 
motion  at  the  frequencies  of  0.01  -  0.3  Hz  and  1-30  Hz.  The 
harmonics  observed  in  the  PSD  of  the  proton  losses  (Fig.2)  are 
clearly  seen  in  the  coherence  spectrum.  Nevertheless,  this  con¬ 
nection  is  not  still  fully  understood.  For  example,  there  is  no 
a  reasonable  model  to  describe  fast  changes  of  the  phase  shift 
/!s<i)[f)  between  the  BPM  and  the p-loss  monitor  signals  over  a 
frequency  range  of  0.01-30  Hz  -  see  Fig.5. 
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Figure  4.  Spectrum  of  coherence  between  proton  orbit  motion 
and  proton  loss  rate. 


Figure  5,  Phase  advance  between  /7-orbit  motion  and  proton 
loss  rate  signals  vs.  frequency. 


IV.  DISCUSSION 

The  observed  orbit  drifts  in  HERA  and  the  conclusion  on  their 
ground  motion  origin  are  in  agreement  with  predictions  of  the 
ATL  law  [4].  This  empirical  rule  states  that  besides  the  reg¬ 
ular  correlated  ground  motion  there  is  a  diffusion  of  relative 
positions  of  two  points  of  the  ground.  The  rms  value  of  the 
displacement  dX  depends  on  the  distance  between  the  points 
L  and  the  observation  time  interval  T  as  dX^  =  A  •  T  •  L, 
where  the  constant  somewhat  depends  on  the  site  and  typically 
A  «  10“^  /{s  •  m).  Due  to  a  small  value  of  the 

coefficient  A,  this  diffusion  usually  takes  place  as  a  background 
for  the  large  regular  processes;  however,  it  was  properly  mea¬ 
sured  in  long-term  observations  in  geophysics  laboratories  and 
in  accelerator  tunnels  [4].  At  present  time,  the  interval  of  dis¬ 
tances  L=7  -  2000  m  and  the  corresponding  time  interval  from 


some  hours  to  17  years  are  considered  to  be  within  the  limits  of 
validity  of  the  law. 

The  ground  diffusion  leads  to  the  closed  orbit  distortion 
^COD  oc  AT C,  where  C  is  the  accelerator  circumference 
(6.3  km  for  HERA).  Thus,  the  PSD  of  the  COD  is  inversely  pro¬ 
portional  to  the  squared  frequency  Scod  =  A  ^  P/p,  The 
factor  P  contains  machine  lattice  parameters  and  is  derived  an¬ 
alytically  in  [4].  For  the  HERA  proton  ring  with  vertical  tune 
i/y=33.298,  this  parameter  is  about  P  «  60.  Finally,  from 
the  approximation  (2)  of  measured  HERA  proton  COD  spec¬ 
trum  Scooif)  ~  1*2  *  10^^ / Pljirri^ / H z],  one  can  get  the 
value  of  the  ground  diffusion  constant  A  =  1.2  •  10“^/P  « 
0.2  ♦  •  m).  It  is  within  the  range  of  previous  results 

on  the  ATL  diffusion  and  close  to  the  HERA-e  data  [3]. 
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Abstract 

An  acceleration  of  high  energy  polarized  protons  is  a  long  term 
issue  of  spin  phisics.  The  application  of  Lie  algebra  method  for 
the  calculation  of  the  strength  spin  resonanses  (both  intrinsic  and 
imperfection)  in  the  high  energy  proton  ring  is  discussed.  The 
simulation  results  of  the  polarized  proton  acceleration  in  RHIC 
with  two  Siberian  snakes  are  presented. 

L  Introduction 

Beam  polarization  can  be  lost  during  acceleration,  when  the 
particles  pass  the  spin  resonance.  These  resonances  appear  in 
the  case,  where  the  spin  precession  number  Gy  (G  —  1.793  is 
the  anomalous  magnetic  moment  for  protons)  is  the  integer  or  is 
equal  to  kP  ±  Qy.  Here  P  is  the  number  of  superperiods,  Qy 
is  the  vertical  betatron  frequency,  and  k  is  the  integer.  Depo¬ 
larization  (in  the  case  of  the  verticaly  polarized  beam)  is  caused 
by  horizontal  magnetic  fields  being  always  present  in  the  rings. 
Under  resonance  conditions,  the  action  of  these  fields  is  coher¬ 
ent,  and  they  force  the  spin  to  deviate  from  the  stable  vertical 
direction.  The  spin-betatron  resonances  are  due  to  the  horizontal 
fields  generated  by  the  vertical  betatron  motion. 

During  proton  acceleration  at  RHIC[5]  from  a  20  GeV  injec¬ 
tion  energy  to  a  250  GeV  experimental  energy,  the  beam  passes 
several  thousand  spin  resonances.  The  most  important  intrin¬ 
sic  resonances  are  approximately  within  Gy  =  kP  ±  Qy  ^ 
mPM  ±  Qb,  where  k  and  m  are  the  integers,  P  is  the  superperi¬ 
odicity,  M  is  the  number  of  the  FODO  cells  in  the  superperiod, 
and  In  Qb  =  (27r  Qy  —  6)  is  the  phase  advance  in  all  the  FODO 
cells  containing  the  bending  magnets.  Position  of  the  three  most 
powerful  resonances  is  the  following: 


Gy 

£  [r  3  B] 

3  X  81  +  (Qy  -  6) 

139 

5  X  81  -  (Qy  -  6) 

200 

5  X  81  +  (Qy  -  6) 

224 

where  81  is  the  product  of  the  superperiodicity  (3)  and  the  effec¬ 
tive  number  of  the  FODO  cells  in  the  superperiod  (27),  which 
comprise  insertions  for  dispersion  suppression.  The  simulation 
results  are  given  for  E  =  224  GeV.  The  most  important  imperfec¬ 
tion  resonances  are  near  the  powerful  intrinsic  ones.  Therefore, 
the  analysis  of  the  region  E  =  224  ±  2  GeV  considers  all  the 
important  aspects. 

There  are  a  lot  of  studies  devoted  to  description  of  depolariza¬ 
tion  due  to  the  isolated  spin  resonance  crossing  [1].  However, 
with  a  sufficiently  large  force  the  resonances  become  overlap¬ 
ping,  so  the  analytical  results  do  not  work.  There  is  a  possibility 
of  suppressing  these  resonances  using  the  Siberian  snakes  [2]. 
However,  the  predicted  so  called  ’’snake’s  resonances”  [3],  [4] 
expected  at  sufficiently  powerful  ordinary  spin  resonances  re¬ 
quire  the  special  examination.  The  contradictory  data  obtained 
by  a  model  tracking  [3]  impelled  us  to  use  the  code  SpinLie  [6]  to 


simulate  the  conservation  of  polarization  during  the  proton  beam 
acceleration  at  RHIC  with  the  Siberian  snakes. 

II.  Simulation  Model 

The  simulation  was  linear  in  order  to  save  the  computer  time. 
The  betatron  frequencies  were  Qx  =  28.19  and  Qy  —  29.18, 
respectively.  For  resonance  strength  estimation  we  introduced 
next  mashine  imperfections:  quads  rotation  angles  relative  to  the 
longitudinal  axis  and  quads  vertical  displacement  have  Gaussian 
distributions  (truncated  at  two  standard  deviations)  and  with  the 
amplitudes  of  0.3  mrad  and  0,25  mm,  respectively.  These  im¬ 
perfections  cause  the  RMS  orbit  disturbance  of  about  a  8  mm. 
The  residual  after  correction  RMS  orbit  deviation  was  approxi¬ 
mately  a  0.3  mm.  The  normalized  emittance  (according  to  [5]) 
was  assumed  to  be  equal  to  €nx  =  ^ny  =  ^^P<^x,ylPx,y  =  ^Ott 
mm  mrad. 

III.  Simulation  Results 

The  spin  resonance  force  [1]  can  be  characterized  by  the 
dependence  of  the  root-mean-square  spin  spread  = 

[(n{0,z)  where  no(^)  is  the  periodic  spin  solu¬ 

tion  for  a  synchronous  particle  on  an  ideal  orbit  and  n(6,z)  is  the 
periodic  spin  solution  for  a  off-exis  particle,  <>  denote  the  av¬ 
eraging  over  the  beam  distribution.  In  this  notations  a  resonance 
strength  is  the  half-width  of  the  dependence  on  the  level 

Awrm^  ^  0.6,  which  corresponds  to  the  angle  between  the  vec¬ 
tors  n  and  no  of  the  order  7r/4.  Figure  1  illustrates  the  simulation 
of  the  imperfection  resonances  (for  €nx  =  €ny  =  0).  The  dashed 
curve  in  this  figure  shows  complete  suppression  of  these  reso¬ 
nances  by  two  Siberain  snakes,  which  are  placed  diametrically 
opposite  in  the  collider  magnet  system  and  rotate  the  spin  by  n 
relative  to  the  longitudinal  and  horizontal  axes,  respectively. 


Figure.  1 .  Imperfection  resonances  and  their  suppression  by  two 
Siberian  snakes. 
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Figure.  2.  Intrinsic  resonances  without  orbit  disturbances  and 
their  suppression  by  two  Siberian  snakes 


424  425  426  427  428  429  430  431  432 

yG 

Figure.  3.  Intrinsic  and  imperfection  resonances,  and  their  sup¬ 
pression  by  two  Siberian  snakes 


NUy 

Figure.  4.  The  root-mean-square  spin  spread  versus  vertical 
betatron  frequency  under  the  resonance  condition  Q^pin  =  399+ 
Qy.  Snakes  ON.  Two  cases  are  presented:  the  vertical  phase 
advantage  on  snakes  are  0  and  tt  correspondently. 


Figure  2  shows  the  simulation  of  the  intrinsic  resonances  with¬ 
out  C.O.  disturbances  with  two  Siberian  snakes  on  and  off  (for 
^nx  ^  ^ny  =  IOtv).  The  joint  of  the  intrinsic  and  imperfection 
resonances  with  two  Siberian  snakes  on  and  off  is  presented  in 
Fig.  3. 

In  calculations,  the  snake  is  assumed  to  be  ideal,  i.e.,  it  is  a 
thin  snake  with  a  zero  betatron  phase  advance  (AQjc  =0  and 
Aj2y  =  0).  The  length  and  phase  advance  on  the  snake  should 
be  specially  studied.  As  Fig.  4  shows,  the  different  phase  ad¬ 
vance  is  favorable  for  different  values  of  the  full  betatron  fre¬ 
quency.  This  figure  presents  the  root-mean-square  spin  spread 
versus  the  vertical  betatron  frequency  under  the  resonance  con¬ 
dition  Qspin  =  399  +  Qy  (expected  spin  resonance  point).  Two 
curves  correspond  to  two  values  of  the  vertical  betatron  phase 
advance  on  the  snake  A(2y  =  0  and  A j2y  =  1/2 . 

rv.  Spin  Tracking 

Additionally  to  estimation  of  the  resonance  strength  Lie  alge¬ 
bra  technics  was  applied  for  spin  tracking  while  particle  acceler¬ 
ating.  The  below  results  are  obtained  in  the  assumption  that  the 
beam  consists  of  50  particles  with  the  Gaussian  distribution  in 
the  phase  space.  The  particle  coordinates  are  prescribed  relative 
to  a  zero  (ideal)  orbit. 


Figure.  5.  Spin-flip  due  to  crossing  imperfection  resonance 
(yG  =  425)  and  its  canceling  by  two  snakes 

The  acceleration  rate  of  about  120  keV/tum  is  close  to  a  lower 
boundary  of  the  designed  rate.  The  alinement  errors  and  the  orbit 
compensation  are  taken  into  account.  Figure  5  shows  a  spin-flip 
due  to  the  adiabatical  imperfection  resonance  crossing  and  then 
strong  depolarization  from  nearest  intrinsic  resonance.  When 
Siberian  snakes  are  on  we  did  not  see  spin-flip  and  depolarization 
(upper  curve).  Corresponding  beam  spin  spread  is  presened  on 
Figure  6. 

V.  Conclusion 

The  obtained  results  show  that  the  Lie  algebra  method  is  ap¬ 
plicable  to  calculating  the  dynamics  of  a  spin  motion.  Moreover, 
they  confirm  the  abilitiy  of  the  Siberian  snakes  concept  and  the 
possibility  of  a  polarized  proton  beam  acceleration  at  RHIC  up 
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ELGeV] 


Figure.  6.  Spin  dispertion  in  the  beam  crossing  imperfection 
resonance  (yG  =  425) 


to  top  energy.  However,  the  validity  of  the  simulation  depends 

on  whether  the  conditions  correspond  to  the  real  ones. 
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